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1 Introduction

This paper is concerned with the study of the global regularity of weak solutions of boundary
transmission problems for nonlinear elliptic systems with p—structure, 1 < p < oo. The
systems are defined in polygonal or polyhedral domains Q = U;Q; € R%, d > 2, and have the
following form for v : Q — R™, u; = u

N
divy (DaWi(Vug)) + fi=0 inQ;, 1<i< M, (1)

u; —uj =0 on 09; N 0Qy, (2)

DaWi(Vug)ityj + DaW;(Vuy)iij; =0 on 99; N 9y, (3)
u=g¢g onlp, (4)

DAW;(Vu;)ii; = h on Iy. (5)

The functions W; : R™*? — R can be interpreted as energy densities and satisfy growth
conditions which will be specified in section 3. D4W;(A) denotes the gradient of W;(A) for
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A € R™*4. Tt is admitted that the energy densities W; have different growth properties on
each subdomain. The transmission problems include for example the following equation:

div (u(z) |[VulP D2 Vu) + f =0,

where p(x) and p(z) are piecewise constant with respect to the partition of 2. The main re-
sult states, that the weak solution u‘Q is in W%_ev’""(Qi) for a suitable r; € [p;, 2] if p; € (1, 2]

and from WHPiiie’pi(Qi) if p; > 2, provided that the energy densities are ordered quasi-
monotonely.

In the case of transmission problems for linear elliptic systems it is well known, that the
structure of weak solutions in the neighborhood of cross points (points, where different
subdomains come together) can be completely described by an asymptotic expansion, see
(3, 13, 16, 17, 20, 24, 26, 27, 28]. The singular exponents in the expansion characterize the
regularity of the solution. In the papers [2, 21, 30, 28, 14] estimates for the singular exponents
were derived for transmission problems of the Laplace operator as well as for the equations
of linear, isotropic elasticity with piecewise constant material parameters. It turned out, that
a quasi-monotone distribution of the Ianaterial parameters in combination with some geomet-
rical conditions leads to piecewise H2-regularity of weak solutions. There are also various
examples which show, that the regularity can get very low (i.e. H'*€ e > 0 small) if these
conditions are violated.

For scalar nonlinear elliptic equations asymptotic expansions are known in some special cases,
see [34, 5, 15, 22]. For systems or transmission problems it is an open question, whether the
structure of weak solutions in the neighborhood of corners, edges or cross points can be de-
scribed by such expansions completely. A very useful tool to deduce regularity results for
these cases is the difference-quotient technique. This technique is widely used in order to
derive interior regularity results, see for example [25, 35, 4, 31, 23|, and was improved by
C.Ebmeyer and J.Frehse in order to prove global regularity results on polyhedral domains,
[7, 9, 10]. In this paper, the difference-quotient technique is applied to prove the main result.
Test functions of the form &(x) = @?(z)(u(z + he;) — u(x)), where u is a weak solution, ¢ is
a cut-off function, A > 0 and ¢; is a basis vector, are inserted into the weak formulation. The
difficulty is, that the differences are taken across the transmission boundaries and due to the
different growth properties of the differential operators on the subdomains, the functions £ are
not admissible test functions in general. Therefore, it is assumed, that the energy densities W
of the transmission problem satisfy a quasi-monotonicity condition, which guarantees, that
there exist vectors e; for which £ is admissible. The quasi-monotonicity condition, which will
be introduced in this paper, is a considerable modification and generalization of the original
definition by M.Dryja, M.V.Sarkis and O.B.Widlund. In [6] they defined quasi-monotonicity
for the distribution of the parameters in Poisson’s equation with piecewise constant coef-
ficients. In this paper, we change the point of view and define quasi-monotonicity for the
distribution of the energy densities which correspond to the transmission problem. The rela-
tion between the definition in [6] and our definition is discussed in chapter 4.

The presented regularity results generalize those from [11], where the homogeneous Dirichlet-
problem for two subdomains with plane interface and p; = py = 2 is considered. As a special
case, our results can be applied to a class of linear elliptic transmission problems and to
coupled linear elastic, not necessarily isotropic, materials and provide new estimates for the
singular exponents in the asymptotic expansions.



The paper is organized as follows: In section 2, the domains and function spaces are de-
fined following the approach in [19]. The weak formulation of the transmission problem and
existence results are presented briefly in section 3. Here, the main theorem of monotone op-
erators plays a crucial role. In section 4, the quasi-monotonicity is introduced and illustrated
by various examples for two and three dimensional domains. The main theorem is stated
and proved in section 4 using the difference-quotient technique. The paper closes with an ap-
pendix, where some essential inequalities are given, which follow from the growth properties
and convexity of the energy densities W;.

2 Domains and function spaces

Throughout the whole article it is assumed that Q C R% d > 2, is a bounded polygonal or
polyhedral domain with Lipschitz-boundary. It is further assumed that there exists a finite
number of pairwise disjoint polyhedral domains €; C ©, 1 < i < M, with Lipschitz-boundaries
such that

Q= Uﬁl’ Fij = 891089]
i=1

On each of these subdomains a differential operator will be given and the growth properties
of these operators may vary from subdomain to subdomain. Therefore, the following function
spaces are introduced, which take into account the splitting of 2 (analogously to [19]):
For 1 <i< M let p; € (1,00), p:= (p1,...,pm) and ppin := min{p;, 1 <i < M}. Then
17(Q) i= {u € 1Pn(Q) : ulg, € L7 ()},
WP(Q) = {u e Whomin(Q) : ul, € lepi(Ql-)},

where u‘ . is the restriction of u to the subdomain §2;. These spaces are endowed with the
following norms:

oy ZH
lellyr.y —ZH

Note, that we do not distinguish in the notation between scalar and vector valued functions
or spaces. The next lemma states some essential properties of these spaces:

LPi(Q

Whei(Q,)

Lemma 2.1. [19] Let p; € (1,00) for 1 <i < M. Then

1. LP(Q) is a reflevive Banach space and the dual space is given by (Lﬁ(Q))I = LI(Q),
where ¢ = (q1,-..,qm) and ¢; = pl, i.e. p%_ + i =1
2. WYP(Q) is a reflexive Banach space.

3. C>(Q) is dense in LP(Q) and also in W1P(€).



Since W1P(Q) is contained in W1Pmin(Q), the trace operator
1.9 17# Pmin
WHP(Q) — W Pain ™™ (0Q) © u — u{aﬂ

is well defined, linear and continuous [13]. Analogously to [19], the space of traces of functions
from W1P(Q) is defined as follows:

j2
W v

P(99) = {u|m L ue leﬁ(Q)},

,1—-L). The trace theorem [13] also shows, that the latter space is

where 221 = (1—
2 p1 Py )
a subspace of {u € Ll((?Q : u|((mmﬂ,) € Wl_P_i’pi((?Q NoSY;)}. For the description of mixed

boundary value problems, the following spaces are useful: Let 9Q = T'p UT y, where I'p and
I'y are open and disjoint.

VE(Q) = {u eW'(Q): ul, = 0} ,

WD/ ) = {“|FD S ue W(ﬁ—l)/ﬁ(am} 7

WED/P(Py) = {U|FN Cu € Vﬁ(Q)} = {U‘I‘N :uwe WPD/P(9Q) and u|FD = O}.
Finally, there is an equivalent characterization of the space W1h7(Q).

Lemma 2.2. Let p; € (1,00) for 1 <i< M. Then

) = e 1)l <) and o

o.) Ir, = (vla,)

Moreover WYP(Q) is a closed subspace of {u € LP(Q): ul, € Wl’pi(Qi)}.

Fz’j} ’ (6)

In other words, the space W1P(Q) consists of all functions which are piecewise in WP (;)
and which do not jump at the interfaces I';;.

Proof. Let u € WP(Q) be a scalar-valued function and ¢ € C°(Q,RY) = {v: Q = R%: v ¢
C>®(Q2),suppv C Q}. Since u € WhPmin(Q), there holds for the distributional derivative of w:

O:<Vu,<p>—/Vu-godx:—/udivgodx—/Vu-godx
Q

:_Z/ le uztp Gauss_z/ (P nl
M i1
(u{ﬂ) r

=1 j= 1/
Since ¢ € C5°(Q,RY) is arbitrary, it follows that (u Q) r. <u‘ﬂ) r
i ij j
is proved in (6). In order to prove the inverse relation one has to show, that functions from
the space on the right hand side in (6) are elements of W 1Pmin(Q). To prove this, one has to
calculate the distributional derivative of these functions. With the help of Gauss’ Theorem
the assertion follows. O

i ij) (p - 1i;) ds.

_=0onTy and "C”
)



The Sobolev embedding theorems can be carried over directly to the W(Q) spaces, see [19],
and consequently there is also an inequality of Poincaré-Friedrichs’ type:

Lemma 2.3. Let Q C R? be a bounded polyhedral domain with Lipschitz boundary which is
decomposed into M pairwise disjoint polyhedral subdomains with Lipschitz boundaries; 1 <
pi<oo forl<i< M. IfV C Wl’ﬁ(Q) 1s a closed subspace with the property

ueV, Vu=0inQ = u=01in,
then there exists a constant ¢ > 0 such that for every u € V: |[ull 15 < ¢[[Vullpsq)-

Proof. This lemma can be proved (as in the case M = 1,p = 2, [38]) by contradiction using
that the embedding W1P(Q) — LP(Q) is compact. O

Difference quotients of weak solutions will be estimated in the proof of the regularity results.
Therefore we introduce the Nikolskii space, which takes difference quotients into account
explicitly.

Definition 2.1 (Nikolskii space). [1, 29/ Let Q C R? be an open domain, s = m-+o, where
m = 0 1s an integer and 0 < o < 1. For 1 <p < oo

Ns,p(Q) = {’LL € LP(Q) N HUHNS,,,(Q) < OO}, (7)
where Dou( + ) — Dou(a)?
“ulx + — D%u(x
ooy = ey + Y sup [ i @)
la=m 120
hEeR
0<|h|<n

and Q, = {z € Q: dist(z,0Q) > n}.

The relation between Nikolskii spaces and Sobolev-Slobodeckij spaces is described in the next
lemma:

Lemma 2.4. [1, 29, 36, 37] Let s,p be as in Definition 2.1. If @ = R% or if Q C R? is a
bounded domain with Lipschitz boundary, then the following embeddings are continuous:

for every e >0 : NETEP(Q) C WHP(Q) C N*P(Q).

Proof. If Q ¢ R? is a bounded domain with Lipschitz boundary, then there exist linear and
continuous extension operators Ey : W3P(Q) — W*P(R%) and Ey : N*P(Q) — N*P(R?)
for s > 0 and 1 < p < oo (see [13, Theorem 1.4.1.3] for W*P and [29, p. 381] for N5P).
Furthermore, the restriction operators from R? to Q are continuous as well. Therefore it
suffices to prove Lemma 2.4 for the case Q = R%,

For s,p as in Definition 2.1 and 1 < r < oo we denote by B .(R?) the Besov spaces on R?. For
the definition see e.g. [33, 36]. There holds B (R?) = W*P(R%) and Bj  (RY) = N'5P(R?),
[36, sections 1.3 and 2.2.9]. The following embeddings are continuous for € > 0, [37, sec. 2.3.2,
Prop. 2] and [36, sec. 2.1.1]:

N*TP(RY) = BSEE(RY) € By ,(RY) = W*P(R?) C By  (RY) = N*P(RY).

This completes the proof. Note, that in Lemma 2.4 the assumptions on ) can be weakened:
Lemma, 2.4 is valid for domains for which continuous extension operators £y and sy exist. [



For inner products and norms of matrices A, B € R™*% m > 1,d > 2, the following abbrevi-
ations are used:

QL

A: B =tr(BTA) = tr(ABT) :iz A Bij,

1/2

4] = [y

i=1 j=1

For R > 0 and = € R%, Bg(z) denotes the open ball with center x and radius R: Bp(z) =
{yeR?: |z —y| < R} and OBRr(z) = {y € R%: |z —y| = R}.

3 Weak formulation of the transmission problem and exis-
tence of solutions

In this section we describe the assumptions on the structure of the boundary transmission
problem (1)-(5) and give some short comments on the existence of weak solutions.
Let Q C R? be a polygonal or polyhedral domain with Lipschitz boundary which is decom-
posed into M pairwise disjoint Lipschitz-polyhedrons ; (compare section 2). 0Q = T'p ULy,
I'p and I'y open and disjoint; by 7i;; we denote the exterior normal vector of €2; with re-
spect to I';;, 7;; = —17i;; and 7; is the exterior normal vector of §); with respect to 9€2; N Of.
Let m > 1 and assume, that there are given M functions W; : R™*¢ — R. The boundary
transmission problem reads:
Find u: Q — R™, u|, = u;, such that:
ul-—uj =0 on Fija (
DAWi(Vui)ﬁij + DAWj(Vuj)ﬁji =0 on I}y, (
u=g onlp, (12
DAWZ(VUZ)ﬁZ =h on FN. (

Here and in the sequel, the following notation is used: Let A, B,C' € R™*¢

(DAWi(A)),, = 8;‘%“), L<k<m1<l<d, DaWi(A)cR™
’ kl
LW A)
D (A): B = ———B
AWi(A) ZZ BA, DR
k=1 1=1
m d 82W (A) 2 1/2
. 2. _ i)
v - 35 32 20D nc, (o - (355 (SR

d
div, (DaWi(Vu(z)) € R™, (div, (DaWi(Vu(z)); = > a% ((DAWi(Vu(x)))jl> .
=1

In this paper it is assumed, that the functions W; are of p—structure which means that the
functions W; and their derivatives satisfy the following growth properties (compare also [8, 9]):
Let p; € (1,00).



HO W; € CL(R™*4) N C2(R™*N{0}).
H1 There exist ¢j € R, ¢}, ¢, > 0, such that for every A € R™xd;

cp + ¢t [APPF S Wi(A) < & (1+[A[).
H2 There exists ¢ > 0 such that for every A € R

IDAWi(A)] < ¢ (1 + yA\m—l) .

H3 There exists ¢’ > 0 such that for every A € R™*4\{0}:

|DAW;(A)| < ¢ (1 + |A|pi*2) .
H4 Ellipticity condition, convexity of W;: There exist ¢; > 0 and x; € {0,1} such that for
every A, B € R™*4 A +£(:

DAWi(A)[B, B] > ¢; (ki + |A|)P 2 |BJ2.

We are now able to describe in which sense equations (9)-(13) shall be solved.

Definition 3.1. Let Q € R%, d > 2, with Q = Ui‘il Q; be a polygonal or polyhedral domain as

introduced above, m € N. Assume, that the functions W; : R™*% — R satisfy HO - H4 with

pi € (1,00). Let p'= (p1,-..,pm), €= (q1,---,qm) with ¢; = p}, = ]% and f € LI(Q,R™),
R o ~ R /!

g€ WFD/FTp R™) and h € (W@*l)/p(rN,Rm)) .

A functionu : Q — R™, u € WHP(Q) is a weak solution of the boundary transmission problem
(9)-(13) if u|FD =g and if for every v € VP(Q,R™):

M M
; /Q DaWi(Vui(z)) : Voi(w) dz = ;/ﬂ fi(z)vi(z)dz + (h,v), (14)

o / PN
(-,+) denotes the dual pairing between elements of <W(p*1)/p(FN)) and WE=D/P(Dy) .

If a weak solution u and the right hand sides f, g, h in equation (14) are smooth enough, then
u satisfies equations (9)-(13).

Remark 3.1. The functions W; can be interpreted as energy density functions. Furthermore
equation (14) is the weak Euler-Lagrange equation which is associated with the following
minimizing problem: Find u € W?(Q) with u|FD = g such that

for every v € WYP(Q) with U{FD =g: J(u) < J(w),

where J(v) = M, Jo, Wi(Vv)dz — [, fvda — (h,v).

Remark 3.2. Note, that the coupling of linear homogeneously elliptic systems of second order
with constant coefficients, where in addition the principal parts of the differential operators
coincide with the differential operators themselves and which are Euler-Lagrange equations
for minimizing problems, is also included here as a special case.



It shall be emphasized, that different exponents p; for the functions W; on each subdomain
Q); are possible. The following existence result is a direct consequence of the theorem on
monotone operators, see e.g. [39]:

Theorem 3.1 (Existence). Let Q C RY be a polyhedral domain with Lipschitz boundary
0Q = Tp UTN and assume that it is decomposed into M polyhedral subdomains € as in-
troduced in section 2. For 1 < i < M let p; € (1,00) and assume that W; : R™*4 — R
satisfies HO - H4. Furthermore let f € LI(Q), where ¢; = pl; g € WED/P(Tp) and

— - /
h € (Wo(p_l)/p(FN)> . If T'p = 0, the following solvability condition shall be satisfied for

every constant function v:

/ fvdx + (h,v) = 0. (15)
Q

Then there exists a weak solution u € WYP(Q) of problem (14) with u‘FD =g. IfTp =0,
then u is unique, else u is unique up to constants.

Proof. The theorem can be proved with the main theorem of monotone operators, see for
example [39]. Hypotheses HO - H4, inequality (50) in the Appendix and Poincaré-Friedrichs’
inequality guarantee that the nonlinear operator, which is related to the weak formulation,
satisfies the assumptions of the main theorem of monotone operators. In particular, the
operator WHP(Q) — (Wl’ﬁ(Q))/ tu— Zf\il sz DAW;(Vu;(z)) : V(-)dzx is continuous and
monotone on W1P(Q) and coercive on VP(Q) if T'p # 0. O

Remark 3.3. (Physically nonlinear elasticity) Let m = d € {2,3} and assume that Do W;(B)
is symmetric if B € R¥9 is symmetric. It is reasonable to consider the following equation
instead of equation (14):

M M
> | Dawiel (@) - el dr = > [ ron@ass g, o)

where e(u) = % (Vu + VuT) is the linearized strain tensor corresponding to the displacement
field w. For this equation, the statements of theorem 3.1 hold without any changes when
I'p # 0. In the case of I'p = (), one has to require that the solvability condition (15) is
satisfied for every v € ker e, which is the set of rigid body motions.

4 Regularity results for polyhedral domains

In this section, the main result on regularity of weak solutions of transmission problems on
polyhedral domains is proved. The main theogem 4.1 states: if the energy densities W; satisfy
a quasi-monotonicity condition, then u; € W27"i(§);) for a suitable r; € [p;, 2] for p; € (1, 2]
and u , € WH%*E’p (€) if p; > 2. As a special case, the theorem includes the earlier derived
results for Poisson’s equation and Lamé’s equation with piecewise constant coefficients, [14].
The quasi-monotone distribution of the energy densities W; is the essential assumption for
our main theorem. The definition will be given in section 4.1 and is inspired by the definition
of M.Dryja, M.V.Sarkis and O.B.Widlund in [6] for the distribution of the coefficients in

Poisson’s equation with piecewise constant coefficients. Let us remark, that our definition of



quasi-monotonicity is a considerable generalization of the definition in [6] and can be applied
to a large class of linear and nonlinear boundary transmission problems.

The proof of the main result uses a difference quotient technique for polyhedrons, which was
developed by C. Ebmeyer and J. Frehse in [8, 10], where they investigated the global regularity
of weak solutions of nonlinear elliptic systems of p—structure on polyhedral domains.
Throughout the whole section various examples illustrate the condition of quasi-monotonicity.
Furthermore, the obtained regularity results will be compared with known results for linear
elliptic transmission problems.

4.1 Quasi-monotone distribution of energy densities

In the proof of the main theorem, Q = Uzj‘i 1 Qi will be divided into a finite number of model
domains, where it is assumed that each of these model domains coincides with the intersection
of a ball with a collection of N suitable polyhedral cones (N depends on the model domain).
This motivates the next definition:

Definition 4.1 (Polyhedral cone). A set K C RY, is a polyhedral cone with tip in S if

1. There exists C C 9B1(0), C open and not empty, such that

-8
= R *
K {xe \x—S\eC}

2. There is a finite number of hyperplanes F;, 1 <1 < n, such that

OIC:CJEZO(WC

=1
Note, that K is open and S ¢ K.

Definition 4.2 (Quasi-monotonicity with respect to interior cross points).
LetKi,...,Kn C R? be pairwise disjoint polyhedral cones with tip in 0 such that R¢ = Uﬁilﬁ.
For s € N consider N functions W; : R® — RU {£oo}, 1 <i< N.

The functions W; are distributed quasi-monotonely with respect to the cones IC; if there exist
numbers ky,--- ,kn € R and a basis {eq,...eq} C R? with |e;| = 1, such that for every h > 0,
1<i<dandl<i,7<N there holds:

if (KKi+he))NIKC;#0, then W;(A)+k;j > Wi(A)+ ki for every Ac R, (17)
Here, KC; + hey = {:UE]Rd: x =1y + hey, yG/Ci}.

In the two dimensional case, this definition can be reformulated in a more illustrative way.
Let d = 2 and assume that the polygonal cones IC; in definition 4.2 are given as follows: There
are angles &g < ®; < ... < &y = &g+ 2w such that ;= {z € R?: 0 <7, ®;_1 < p < &;}.
Here, polar coordinates are used.

Lemma 4.1. Let d = 2. The functions W; : R® — R are distributed quasi-monotonely with
respect to the cones IC; if and only if the following two conditions are satisfied:



LN

Figure 1: Example for the geometric condition at an interior cross point S

1. There exist numbers k; € R and indices imin, imar € {1,..., N} such that for every
A € R?® (the indices are numbered modulo N ):

Wimaz(A) + kimaz 2 mmaz+1(A) + kjimaz‘i’l > st
S Winia—1(A) + Fip1 < Wi, (A) +

min T 1 Tmin—

tmaz

2. There exists a vector t € R?, ima QT —te K-

ﬂ =1, such that t € K

The second condition in the previous lemma states that £C; . and K
see also figure 1, where iy = 1.

are lying opposite,

Tmax

Proof. If IC; and W; satisfy conditions 1. and 2. in lemma 4.1, then it is easy to see that the
functions W; are distributed quasi-monotonely with respect to the cones K; in the sense of
definition 4.2: Choose e; = ¢. From 2. in lemma 4.1 and from the assumption that the cones
IC; are open, it follows, that there exists a vector ¢ # ¢ with £ € K and —7 € K, . . Choose

eo = t. With this choice, relation (17) is satisfied.

It remains to prove, that conditions 1. and 2. of lemma 4.1 can be deduced from definition
4.2. Assume that e; = () and that the cones K;, 1 < i < N, are numbered counterclockwise
in such a way, that the intersection of 'y with the upper half plane is not empty and that
e1 € K1. Tt follows from (17) that there holds for every K;, which is completely contained in
the upper half plane:

Tmax Tmin

if IC; +e1 NI #0, then j <iand W;(A) +kj > W;(A) +k; for every A € R®.

On the other hand, there holds for every K;, which is completely contained in the lower half
plane:

if IC; +e1NIC; #0, then j > i and W;(A) +k;j > W;(A) + k; for every A € R®.
It follows that there exist n € {1,..., N} and n € {n,n + 1} such that for every A € R*:
Wﬁ(A) + ki < W;H_l(A) + ki1 < ... < WN(A) + kn. (19)

10



In order to find 7min, tmax and f; several cases have to be distinguished.

1. Case: n = n and e; € Ky, i.e. the positive xq-axis is contained in Iy and the negative
x1-axis is contained in KC,,. Then imin = n, imax = 1 and f=e.

2. Case: n=n+1 and e; € Ky, i.e. the negative xi-axis is the interface between C,, and
Kpt1. It follows from the assumptions (definition 4.2) that Wy (A) + kny < Wi(A) + k1
and therefore iy, = 1. To find 4,5, assume without loss of generality that es - (?) > 0.
Then it follows that K11 + €2 N K, # () and therefore, by the assumptions of definition 4.2:
imin = n + 1. Furthermore there exists § € (0,1) such that t:= fey + (1 — @)ey satisfies
condition 2. of lemma 4.1.

The remaining two cases, where either only the positive xi-axis or the whole z-axis is part
of the boundaries of K1 or IC,,, can be treated similarly. O

The following corollary is essential in the proof of the regularity results.

Corollary 4.1. Let Ki,..., Ky C R? be polyhedral cones as in definition 4.2. Assume that
the functions W : R™*4 — R are distributed quasi-monotonely with respect to the cones IKC;
and that they satisfy HO-H1 for some p; € (1,00). Let {eq,...,eq} C R? be the basis in
definition 4.2. Then there holds for every h > 0,1 <1<d, 1<4,j <N:

If (i + he)) NKC; # 0, then pj > p;. Furthermore, if u € WLP(RY) and has compact support,
then also u(- + he;) € WHP(RY).

Proof. From K; + he; N K; # 0 it follows that W;(A) + k; = W;(A) + k; for every A € Rm*d
and therefore, by H1:

VAeR™: A+ |AP) +kj >+ ¢ AP + ki

This is only possible if p; > p;.

We prove the second assertion: Let u € Wl’ﬁ(Rd) with compact support. Then, by the
definition of the space W1P(R?): u € WhPmin(RY) and u‘,ci € WPi(IC;). Obviously, u(- +
he;) € WhPmin(R9) for h > 0. It remains to show, that u(- + hel)bci € WLPi(IC;). Note, that
u(z + hel)‘lci = u(y)|lci+hel with y = x + he;. Furthermore, K; + he; = Ujvzl ICi + he; N IC5.
Assume, that IC; + he; N KC; # 0. By the definition of WLP(RY), there holds u"Ci+hGlﬂKj €
WPi (K; + hey N ICj) and, due to the first assertion of corollary 4.1, p; > p;. Since u has
compact support, Holder’s inequality yields u{ Kithank,; € WLPi(IC; + he, N K;) for every j

with /C; + he; N KCj # (). Since u € W hpmin(R?), the assertion follows by arguments which are
similar to those in the proof of lemma 2.2. O

The next examples describe some possible choices for the functions W; and cones IC; for
d=23.

Example 4.1. For &g < &; < ... < Oy = dg+2rlet ;= {z € R%2: 0 <r, &; 1 < p < &, ).
Consider the functions W; : R? - R : 4 — & |A|* with g; > 0. The functions W; are

distributed quasi-monotonely with respect to the cones K; if there exists imin € {2,..., N}
such that

Iu’1>lu’2>>Iu’lmm<lu’2m1n+1<<1u’N<M1 (20)
and —K; NI, # 0, see figure 1. The constants k; in definition 4.2 can be chosen as 0.

The transmission problem, which corresponds to the functions W;, is Poisson’s equation with

11



piecewise constant coefficients p; on K;. Historically, quasi-monotonicity was first defined
by Dryja/Sarkis/Widlund in [6] for the distribution of these coefficients. In contrast to our
definition they did not require the geometric assumption —Ky NK;, . # 0, which is hidden in
definition 4.2.

Example 4.2. Let £; C R?, 1 <i < N be as in example 4.1 and assume that the functions
W; : R™*4 — R satisfy HO and H1 for some p; € (1,00) with p; # p; for i # j and
p1 = max{p;, 1 < i < N}. The functions W; are distributed quasi-monotonely with respect
to the cones K; if and only if there exists imin € {2,..., N} such that —K; N K; . # 0 and

P1 > P2 > - > Pigin—1 > Pigin < Pimin+1 < --- <PN < P1.

Example 4.3. Let K; € R%, 1 < i < N be as in example 4.1 and consider the functions
Wi ngxnﬁl — R, Wi(4) = (N —i—ul) |tr A)? —|—,u,‘AD , where p; > 0, \; + p; > 0 and
AP = A — —(tr A)I. The funcmons W; describe the elastic energy density for homogeneous,
isotropic, linear elastic materials with Lamé constants \;, u; if A is replaced by e(u). If there
exists an index ipiy € {2,..., N} such that

lu’ /‘1’2 > lu’imin < Iu’l'min“l’1 < IU’N Iu’l’
MAprZX+p >0 2 )\zmm F i < Nipint1 T M1 < oor KAN F U <AL+

and —KC;NK; ;. # 0, then the functions W; are distributed quasi-monotonely. This generalizes
the definition of quasi-monotonicity for the coefficients of Lamé’s equation in [14, definition

5.1].

Example 4.4. Let K; ¢ R%, 1 < i < N be as in example 4.1. Consider the functions
Wi : R* — R with W;(A) = C’ZA A, Where C; € R**% is symmetric and positive definite. Let
A; be the smallest and A; the largest eigenvalue of C;. If there exists iy € {2,..., N} such
that

MZA 2 Z2A32>2 0322\

Tmin

1z AN <At SALL 1 <AV S AN SN
(21)
and —KC1NK; . # 0, then the functions W; are distributed quasi-monotonely. Condition (21)
can be weakened if more details are known on the eigenvectors of the matrices C;. Note, that
example 4.3 is a special case of this example.
If s = 2, then the corresponding boundary transmission problem reads as follows for u :  C
R? — R: div(C;Vu) + f = 0 in Q; together with boundary and transmission conditions.
These equations describe transmission problems for anisotropic Laplace operators.

Example 4.5. Consider a cube which is decomposed into two subdomains as in figure 2
(left). Any two functions W; : R® — R which satisfy either a) or b)

a) dki, ko e R: VA€ RS : Wl(A)+k1>W2(A)+k2

b) dki,ko e R: VA€ R : Wl(A)+k1§W2(A)+k2
are quasi-monotonely distributed. In the filled Fichera-corner, see figure 2 (right), the quasi-
monotonicity condition is satisfied, if e.g. W1(A) + k1 < Wa(A) + ko < W3(A) + k3 for every
A € R®. For this case, a possible choice of the vectors e; is indicated in figure 2.

The next definition describes quasi-monotonicity for the case, when the cones K; do not fill
R? completely. The definition depends on the kind of the prescribed boundary conditions.

12
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Figure 2: Examples for interior cross points

Definition 4.3 (Quasi-monotonicity for cross points on the boundary). Let K; C R?,
1 < i < N, be pairwise disjoint polyhedral cones with tip in 0, C; = K; N 0B1(0). Set
C := int <UZ]\L1 C_Z) and assume that Co := OB1(0)\C is not the empty set. Further let
K:={zxeRl: L cC}and Ky := {x € R?: L € Cy}. Suppose that K has a Lip-

|| ||

schitz boundary and consider N functions W; : R® — R for 1 <i < N and a fized s > 2.

Dirichlet conditions on OK: Choose Wy(A) := oo for A € R%. The functions W; : R® — R,
1 <@ < N, are distributed quasi-monotonely with respect to the cones IC;, 1 < i < N,
if the functions Wo, W1, ..., Wy are distributed quasi-monotonely with respect to the cones
Ko, ..., Kn in the sense of definition 4.2.

Neumann conditions on OK: Choose Wy(A) := —oo for A € R®. The functions W; : R® — R,
1 <@ < N, are distributed quasi-monotonely with respect to the cones IC;, 1 < i < N,
if the functions Wo, W1, ..., Wy are distributed quasi-monotonely with respect to the cones
Ko, ..., Kn in the sense of definition 4.2.

Mized conditions on OIC: Assume that OC = yp U 7N, where yp and N are nonempty, open
and disjoint sets; I'p = {x € R? : o € v}, Iy = {z € R? : o € yn}. The functions
Wi, ..., Wn : R® = R are distributed quasi-monotonely with respect to the cones K; and the
splitting of the boundary into I'p and Uy if there holds:

There exist two disjoint polyhedral cones K_ oo, Koo with Ko = K—_ooUKs andT'p C 0Koo, Ty C
0K _w, such that the functions W_oo, Wee, W1, ..., Wn with W_(A) = —o0, W (A) = oo,
are distributed quasi-monotonely with respect to the cones Koo, K_ o0, K1, ..., Ky in the sense
of definition 4.2.

Remark 4.1. It follows from definition 4.3 that for every h > 0,1 <[ < d:

x+ he ¢ K for every x € T'p,
x4+ he € K for every x € T'y.

The next lemma reformulates definition 4.3 for the two dimensional case. Assume, that
K C R? is given in the following way (polar coordinates): There exist angles ®g < &1 < ... <
Oy < Pg+2msuchthat K;={z €R2:r>0,0 1 <p<®}, K={zcR?:r>0d <
(,O<‘I>N} andlCoz{xGR2: 7“>0,(I)N<(,0<(I)0+27T}.

13
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Figure 3: Two dimensional domain with mixed boundary conditions

Lemma 4.2. Consider N functions W; : R®* - R, 1 << N.
Dirichlet conditions on OK: Let OKC C I'p. The functions W; are distributed quasi-monotonely
with respect to the cones IC; if and only if

1. There exist constants ki, ..., kxy € R and ipg, € {1,..., N} such that for every A € R®:

min tmin

2. There exists t € R? such that t € K and —t € K.

Lmin

Neumann conditions on OK: Let OK C I'y. The functions W are distributed quasi-monotonely
with respect to the cones IC; if and only if

1. There exist constants ki, ..., kny € R and imqey € {1,..., N} such that for every A € R®:

2. There exists t € R? such that t € K and —t € K.

tmaz

Mixed conditions on OK: Assume that OK NOK1 C I'p and 0Ky NOK C I'y. The functions
W, are distributed quasi-monotonely with respect to the cones K; if and only if

1. There exist constants k; € R such that W1 (A) +ky > Wa(A) + ke > ... > Wn(A) + k.

2. L(Tp,T'n) =Pn — Py < 7, £ denotes the interior opening angle.

Proof. The assertions for the case of pure Dirichlet or Neumann conditions on 9K follow
directly from definition 4.3 in combination with lemma 4.1.
In the case of mixed boundary conditions assume, that 7. and 2. in lemma 4.2 hold. Then

a possible choice for ey, ez, Koo, K_o is the following, see also figure 3: e; = (giﬁgg ), ea =

(Z?ﬁgﬁig), Kevo={2:7>0,y <po<Py+rnfand Koo ={2: 7 >0,y +7 < p <

(I)O + 27‘1’}.

On the other hand, if the functions W; satisfy definition 4.3, part 3., for some cones Koo, K_ o
and a basis e, €9, then int Coo UK _oo = {z: 7> 0,y < p < Pg+27} and lemma 4.1 states,
that there exists # € R? with # € Ko, and —f € K_o. This shows, that ®¢+2r— P > 7. The
remaining part of lemma 4.2 again follows by lemma 4.1 with = Koo, K =K_ . O

Tmax min
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Figure 4: Example for mixed boundary conditions

Example 4.6. Assume that IC,K; € R? 1 < i < N, are given as in lemma 4.2 and that
the numbering is counterclockwise. Consider the functions W;(A) = & |A]%, pi >0, A € R

These functions are distributed quasi-monotonely if there exists ig € {1,..., N} such that
M1 2= oo 2 i < .. S UN in the Dirichlet case,
PSS iy = e 2 UN in the Neumann case,

and —K;, Ny # 0. In the case of mixed boundary conditions with I'p C 9K and 'y C 0Ky
the parameters p; are distributed quasi-monotonely if

M1 = p2 2 ... 2 UN
and £(I'p,T'n) < 7, where £ denotes the interior opening angle.

In the same way, examples 4.2-4.4 can be carried over to the case of a cross point on the
boundary.

Example 4.7. Mixed boundary conditions on one subdomain, d = 3: Consider the pyramid
K, given by A, B,C,D, S, in figure 4 with AB || CD, BC || AD and let N = 1 (only one
subdomain). Assume, that the faces ABS and BCS are parts of the Dirichlet boundary
and CDS and DAS are parts of the Neumann boundary. Let W : R™*3 — R satisfy
H1. Then one can find a basis eq,...,e3 and cones K_, Ky such that the assumptions in
definition 4.3, part3. are satisfied with N = 1. A possible choice is plotted in figure 4, where
e1 || BC, es || AB and ey || SB. K_ can be chosen as the complementary of K in the rear
half space with respect to the plane E. Furthermore Ko = R3\K UK _,. This example
shows, that for N = 1 and mixed boundary conditions the assumptions in definition 4.3 for
this case are slightly weaker than the assumptions in [8, 9]. There, for d = 3 at most three
faces may intersect at points S with changing boundary conditions.
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4.2 Regularity of weak solutions of the transmission problem
Consider the transmission problem (14). The assumptions for the main theorem are as follows:

Al Q C Rd,_d > 2, is a polygonal or polyhedral domain with Lipschitz boundary, 0Q =
I'pUTI'ny, I'p and I'y open and disjoint. Furthermore, 2 = Ui]‘ilQi, where €; is a
polyhedral domain with Lipschitz boundary, Q; N Q; = 0 if ¢ # j.

A2 For 1 <i< M, W;: R™*4 — R satisfies HO-H4 for some p; € (1,00) and &; € {0,1}.

A3 There exists a finite number of balls Bj(x;) with center z; € Q such that Q C |, Bi(x;)
and Q N By(x;) coincides with an appropriate polyhedral cone K; with tip in xy, i.e.
QN By(z;) = KN By(x;). Let Y1, Ny be those subdomains of Q with z; € WJ,
1 <j < N(), and Wi, ..., Win@) the corresponding energy densities. We assume,
that there exist N(I) pairwise disjoint polyhedral cones K; ; with tip in z;, such that

N(1)
K = U K1 ; and K;j N By(x;) = QN By(xy) for 1 < j < N(1).
j=1

On each of the composed cones K;, the corresponding energy densities W ;, 1 < j <
N(1), are distributed quasi-monotonely.

A4 f e L(Q) where ¢; = pl, = oo

A5 Dirichlet-datum: u‘rD = g‘rD where ¢ is an element of TW2@Pmax)(Q)) with Vg € L®(€)
for some domain 2 5> Q. The space WQ’(ﬁ’pmax)(Q) is defined as follows:
W2@pmas) (Q) = {g € W2pmin(Q) : g|, € W2Pi(QY;), 9lene € WvamaX(Q\Q)} and
Pmax = max;{p; }.

A6 Neumann-datum: H € Wha(Q, R™*4) 0 L>2(Q,R™*?) and DA W;(Vu)ii = Hii on T'y.

The assumption, that the Dirichlet-datum ¢ is defined on a larger region D> Q is for
technical reasons. Note, that for the Neumann-datum no extension to {2 is needed.

Theorem 4.1 (Main Theorem). Assume that assumptions A1-A6 are satisfied and that
u € WHP(Q) is a weak solution of problem (14). Then for every ¢,6 > 0 and 1 < i < M,
there holds:

ifpie (L2 ulg € N27T5(Q) N2 T0T (), (22)
1 SR,
ifpiel2o0):  ulg € NTTRT(Q) C TR T(Qy), (23)
with r; = 2d27d2pipi. Note, that p; < r; < 2 for p; € (1,2]. Furthermore, if p; € [2,00) and
ki = 1 in H4, then
.
ulg, € NE2(Q) nNTTRP(Q). (24)
If p; € (1,2] for everyi € {1,..., M}, then
= N%%nm—f(g) (25)
globally, where 7 = decg’%.
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Before we prove the main theorem in section 4.4, we first give some corollaries and remarks and
compare the results in theorem 4.1 with known results for linear elliptic boundary-transmission
problems.

Remark 4.2. Theorem 4.1 has local character, that means: If there is a subset Q C €, for
which the assumptions of theorem 4.1 are satisfied, then u‘Q has the regularity which is given
in theorem 4.1.

Corollary 4.2. Let the assumptions be the same as in theorem 4.1 with p; € (1,2] for every
i € {l,...,M} and assume that d = 2. Then by lemma 2.4 and the standard embedding
theorems for Sobolev-Slobodeckii spaces:

4P min

3 —
u € W2 “Frmin (Q) C C(Q) for every € > 0, small.

Remark 4.3. In the case M =1, i.e. the problem reduces to a boundary value problem on a
single domain, the result of theorem 4.1 is well known for p; € (1,2] (if g = 0 and x = 0 in H4)
and is derived by C. Ebmeyer and J. Frehse in [10, 9]. For p > 2, theorem 4.1 sharpens the
results in [9]. In the proof, Ebmeyer and Frehse developed and applied a difference quotient
technique, which will be adapted for the proof of theorem 4.1. In the case of two coupled
nonlinear elliptic systems with a plane interface, p; = po = 2 and pure Dirichlet conditions,
theorem 4.1 is a special case of the results in [11]. There, the authors require a geometric
condition, but they do not need a quasi-monotone distribution of the energy densities W;.

Remark 4.4. Assume, that m = d and that D4W;(B) is symmetric for symmetric B € R4,
Then theorem 4.1 also holds if in equation (14) Vu is replaced by £(u). The necessary changes
in the proof will be indicated. Therefore, transmission problems for linear and special classes
of physically nonlinear elastic materials are covered as well by theorem 4.1.

Remark 4.5. There exist higher local regularity results and results for smooth interfaces,
see for example [31, 23], where for the case k; = 0 in assumption H4 and 1 < p; < 2 the

_dpy ~
regularity u‘Q e Wiz (€2;) is derived for ©; CC €2;. The same result is obtained at plane

parts of the boundary of §;, if assumption H3 is replaced by H3: ‘DiWi(Aﬂ <d |A|pi*2,
see [32].

Example 4.8. (Coupling of a linear with a nonlinear equation) Consider an L-shaped domain
Q C R? which is decomposed into two subdomains Q1,Q9; T'1o = 991 N 9Ny (see figure 5).
The functions W; : R™*2 — R are chosen as follows (4 € R™*2):

1
Wi(A) = §(C’1A) A for a fixed C7 € ROW2*(mx2) “gymmetric and positive definite,
Wy : R™2 R satisfies HO-H4 for some ps € (1,00), p2 # 2.

The corresponding boundary-transmission problem for u : 2 — R™ reads:

div (01Vu) + f1=0 in Qq,
div (DAWQ(VU)) + fo =0 in Qo,

together with boundary and transmission conditions. Assume, that the given data f,g,h
satisfy the assumptions of theorem 4.1. Choose Sy € T'12\{S1,S2}. Since p; = 2 # po, it
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Figure 5: L-shaped domain

follows, that the energy densities W1 and Wy are distributed quasi-monotonely with respect
to Sp, see example 4.2. Let U(Sp) C Q be a neighborhood of Sy with U(Sp) N9 = @. Then
theorem 4.1 can be applied to u‘U( S0) and one obtains for every ¢ > 0:

3_
Ul sonas € W22 (U(S0) N ), (26)

3_g5 4po .
Wz 7242 (U(Sg) N Qo) if po < 2,

1 (27)
W TP (U(S) N Q) if py > 2.

u‘U(So)ﬁQQ €

This example illustrades, that in the general case of two polygonal or polyhedral subdomains
with Lipschitz boundaries, where a linear PDE (p; = 2) is coupled with a nonlinear PDE (po #
2), the quasimonotonicity condition A3 is satisfied at every point Sy € I'12\0€. Therefore,
theorem 4.1 can be applied locally in a neighborhood of these points Sp.

4.3 Comparison to results for linear elliptic boundary-transmission prob-
lems

For simplicity assume d = 2 and m € {1,2}. Let Q C R?, Q; = Ui]\ilﬁi, be a polygonal
domain and choose B; € Lin(R™*2 R™*2) symmetric and positive definite. For u; : Q; — R™
set

| F(Du
Bi(e(wi)) s e(w;) if m=2,

N[ N[

Due to the assumptions on B;, the operator div F;(Du;) is linear and elliptic. Consider the
following boundary transmission problem for f, g, h as in theorem 4.1 (p; = 2):

div F;(Du;) + f =0 in Q;,
u; —uj =0 on I'y,
Fi(Duy;)iii; + Fj(Duj)iij; =0 on I'yy,
u; =g on dQ;NIp,
F;(Duy)ni; =h on 0Q; NTy.

18
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For m = 2 these equations can be interpreted as the field equations of coupled linear
elastic bodies with elasticity matrices B;. The regularity theory for linear elliptic bound-
ary transmission problems states, that every weak solution u € W2(Q) with u; = u Q.

has an asymptotic expansion of the following form in the neighborhood of interior cross
points S or cross points on the boundary (polar coordinates r, ¢ with respect to S are used)
(3, 13, 16, 17, 20, 24, 26, 27, 28]:

USU = 77Su1reg + 775 Z r® Ug (hl T, SD), (28)
Reae(0,1)

where n° is a cut-off function, n° ureg‘ﬂi € W22(Q;) and « is an eigenvalue of a corresponding
eigenvalue problem, for details see e.g. [3, 26, 27, 28]. The functions v3 (Inr, ) contain in gen-
eral powers of Inr and generalized eigenfunctions. It holds, that r“ vg‘ o € WitRea=e2(Q)
for arbitrary € > 0, see [13, Thm. 1.4.5.3].

Assume now, that the matrices B; are distributed quasi-monotonely with respect to the cross
point S. A sufficient condition for this is described in example 4.4. Then by theorem 4.1:
nsub. € W%76’2(Qi) and n%u € W%*’Q(Q) for every € > 0. It follows, that Re o > 1 in
the aslymptotic expansion (28). In an earlier work, estimates for the eigenvalues were derived
for Poisson’s and Lamé’s equations with piecewise constant coefficients. There, the same
assumptions as in theorem 4.1 were used and by a homotopy argument it was proved, that
Re a > %, [14]. This indicates, that the results in theorem 4.1 are nearly optimal (up to €).
The following linear example shows, that if the assumptions of theorem 4.1 are violated, then
one cannot expect the regularity n°u; € W%_672(Qi).

Example 4.9. Consider a domain Q = Q; U Qs C R?, where Q; and €5 coincide in the
neighborhood of S = (0,0) with the cones (polar coordinates, figure 6):

Ki={zeR?: |x|>0,0<g0<g},
Ko={zcR?: ]x]>0,g<g0<g+<1>}, ¢ > 0.

Dirichlet-conditions are prescribed on 92 N 9K1, Neumann-conditions on 92 N 9Ky. The
problem under consideration is: Find a solution of the following linear boundary transmission
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problem for the Poisson equation with piecewise constant coefficients p1, o > 0:

MZAuz—i_fZ:O in Qiai:1727

u=g¢g onlp,

0
8—:; =h on FN,
up —ug =0  on 9021 N Oy,
6u1 6u2
pi=—— + po=—— =0 on 90 N INs.
Oni12 Oy

Let the data f;, g, h satisfy the assumptions of theorem 4.1 with p; = ps = 2. Weak solutions
of this boundary transmission problem admit an asymptotic expansion of the following type
near the cross point S, [28]:

775(90)“(93) = Ureg () + 775(90) Z ca |2|" valep),
0<axl

where 1% is a cut-off function with respect to S, ureg‘ , € W22(€;), co are constants which
are determined by the data f;,g,h; « is the singular exponent and v, the corresponding
eigenfunction. Note, that the singular exponents are real numbers in our special case and
that there are no logarithmic terms in the singular expansion. The singular exponents « solve
the following equation, [28]:
— g sin(a®) sin(ag) + pu1 cos(a®) cos(ag) = 0.

Choose 1 = 1,us = % For & < 3, the quasi-monotonicity condition in theorem 4.1 is
satisfied and therefore the smallest positive singular exponent oy, is larger than or equal
to % For ® > 7, the quasi-monotonicity condition is violated and if @ is large enough, one
obtains apmin < % In this case, one can guarantee U‘Qz € W1+O‘min_572(§2i), only. The behavior
of the singular exponents is illustrated in figure 6, where the exponents « are plotted versus
the opening angle ® of subdomain 2.

4.4 Proof of main theorem 4.1

In the proof of the main theorem, a difference quotient technique is used. This technique is
frequently applied to derive interior regularity results, [25, 35, 4, 31, 23], and is modified by
C.Ebmeyer and J. Frehse, [10, 8], in order to prove global regularity results on polygonal or
polyhedral domains. The main idea is to insert test functions of the form &;(x) = ¢*(u(x +
hej) — u(x)) into the weak formulation and to apply the convexity inequality (50) from the
Appendix. This leads to estimates in Nikolskii-spaces and by the embedding-lemma 2.4 to
regularity results in Sobolev-Slobodeckij spaces. The main problem is, that the differences
u(x + hej) — u(x) are taken across the interfaces and one has to check whether ¢; is an
admissible test function in V7(Q2). Due to the quasi-monotonicity condition, there exists a
basis {ej, 1 <1 < d} C R? such that the functions ¢; are indeed admissible test functions.
Furthermore, in the proof occur differences of the form W;(Vu(z))—W;(Vu(x)), which have to
be estimated in an appropriate way. Here, the quasi-monotonicity condition is also very useful.
The proof is organized as follows: The case of pure Dirichlet-conditions will be proved in
detail. For the remaining cases (Neumann, mixed and pure interface problems) the necessary
changes in the proof will be indicated.
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Figure 7: Example for the notation with Dirichlet conditions

Cross point on the boundary of 2 with pure Dirichlet conditions

Let S C 99 and assume, that there exists R > 0 such that Br(S) C Q and Q N Br(S) =
K N Br(S), where K is an appropriate polyhedral cone with tip in S and 9K N Bg(S) C I'p.
Assume further, that for every j € {1,..., M} with Q; N Br(S) # 0 there exists a polyhedral
cone KC; with tip in S, such that Q; N Br(S) = K; N Br(S). Note, that after a suitable
renumbering, K = Ufil ICi, see also figure 7. Due to the assumptions in theorem 4.1, the

cones KC; and functions W;, 1 < i < N, satisfy the quasi-monotonicity conditions in definition
4.3, part 1.; Ko := RN\K.

Let u € WHP(Q) be a weak solution of problem (14) with right hand sides g, f, h as in theorem
4.1; R" = R/2,hg = R" = R/4,R' = R/8. Choose ¢ € C°(R? R) with suppp C Br«(9),
<p| By(s) = 1 and 0 < ¢ < 1. Let further be ¢; one of the basis vectors given by definition
4.3. For the definition of an appropriate test function, an extension of u across the Dirichlet
boundary is needed:

(29)

u(z) if z €,
g(z) if z e Q\.

For the extended function @ it holds:

©?i € WhHPPmax) (Bp(S)) = {v € WlPmin(Bp(S e WhPi(Q; N Bgr(S)),

) : ”‘QmBR(S)

17 max
VeonBar(s) € WP (Ko N BR(S))} :

This follows since @221‘10 € Whri(IC;) for 1 <i < N, @QQ‘KO € Whpmax(Ky) and since, by

’Ci) Ly — <802a"<j>

The regularity results (22) and (23) will be derived in two steps. In a first step we prove
inequality (30) here after. This is the essential inequality from which we deduce in a second

the definition of @, ¢?@ does not jump across interfaces: (@211

0<1i,j <N.

for
ri;
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step estimates for Nikolskii-norms of @ and wu.

First step: We prove the following inequality:
There is a constant ¢ > 0 such that for 1 <l < dand 0 < h < hg:

N
Z/ﬂ ©* (@) (ki + |Va(a + her)| + [Va(a) )P~ Ja(e + her) — a(e)]* dz < ch, (30)
1=1 i

with x; from H4.

Proof of inequality (30): Define as test function for 0 < h < hg:

E(x) = ¢*(2) (az + her) — gz + her) — (a(z) — g(x))) = P* (@) Ap(a(z) - g(2)), =€ Q.

From the quasi-monotonicity assumptions and by corollary 4.1 it follows, that & € WP (Q).
Furthermore, & {FD = 0 and therefore ¢ € VP(Q) is an admissible test function. Inserting &
into the variational formulation (14) and rearranging the terms yields:

N N
Z/ QDQDAWZ-(VU)):V(Ahﬂ)dx:/fgdx—FZ/ ©?DAW;(Vu) : A Vgdz
i=1 78 Q i=1 /S

N
_ Z/ DAWi(Vu) : (A — g) ® V) da.  (31)
i=1 /4

Fora € R™,be R a®b= (a;bj)ij € R™*4 denotes the tensor product. Inequality (50) with
A = Vau(x + hey), B = Vu(z) = Vu(x) for x € Q, applied to the left hand side of equation
(31) results in (¢ > 0 is independent of h):

N
¢ Z/ O (ki + |Vii(z + hep)| + |Vi(x) )% | ApVi(z)|? da
i=1 7%
(50) N
< Z/ sDQAhW@-(Vﬂ)dx—Z/ ©? DA W;(Vu) : ApVidz
i=1 7 i1
(31) o
= Z/ g02AhW¢(Vzl))dx—/ feda
i=1 7S Q
N
—Z/ P>DAW;(Vu) : ApVgda
i=1 7

N
+ Z/ DAWi(Va) : (Dn(ii — g) @ Vie?) da
i=1 Y
:Il+12—|-13+14. (32)

In the next steps, the integrals Iy, ..., I; will be estimated. By Holder’s inequality one gets:

N
B2l < D 1ef I pas oy l2n (@ = 9)ll oy

i=1
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Put ; := {reR?: 2 =y+4he,0< h<hy,ye Q) DQ. Due to the quasi-monotonicity

and the special choice of the extension of u to 4, it is (u — g)|Q € WhPi(Q;). This follows

by arguments which are similar to those in the proof of lemma 2.2. By [12, Lemma 7.23] one
obtains

HSDAh( )HLPz(Q ) X HAh( g)HLPi(Qiﬁsuppgo) < ChHv(ﬂ_g)HLI’i(Qiﬂsuppg@) ’
where the constant ¢ depends on the vector e; but is independent of h. Therefore
N
12| < b Y Nl f | o) 1V @ = 9 1o @05upp o) - (33)
i=1

The same considerations can be made for I3 and I; using assumption H2 which yields

DAW;(Vu) € L%(;). One finally gets

N
13| < ch Y e DaWi(Vu) | Lai

— (QiNsupp )’ (34)
N

’14‘ <ch Z HQODAWZ(VU)HL%(QZ) HV(ﬁ - g)”LPi(fliﬂsuppgo) : (35)
=1

Again, cis a constant which is independent of h. It remains to estimate I7. Here, it is essential,
that the functions W; are distributed quasi-monotonely. Let k1,. .., ky be the numbers from
definition 4.3. (Do not confuse k; from definition 4.3 with x; from H4). It is

I = Z/ O? N, (Wi(Va) + k) doz = . ..

and by the product rule for differences, Ay (fg)(z) = (Anf)(x)g(z) + f(x + he)) Apg(x), it

follows:

_Z/ A (g ) + k;) dx—Z/ (Ape?)(Wi(Va(z + hey)) + k;) dz

= I11 + Lo

By assumption H1 and the fact, that ¢ € Cé’o(Rd), it holds with a constant ¢ which is
independent of h:

N N

[Tio] < ch Y (IIVa(- + he) [Py o, + i [l ) < by ([Vall, way TRiIl). (36)
i=1 i=1

In the next estimates, the following notation is used: Qy = Ko N Br(S). Note, that for

1<i<N,0<h<hg:

Q;Nsupp N U Qj + hey | = QNsuppp, (£2;+he;)Nsupp N Qj | = Qi+heNsupp .

J=0

1C=

(37)
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It follows that

N
I = Z/ 0> (Wi(Vii)) + kq) dz —/ 0 (Wi(Va)) + k;) dz
i=1 Qi+he; Q;
N
= Z/ @* (Wi(Va)) + k) dx — / 0> (W;(Va)) + k;) da
i=1 Ql+hel\ﬂz Qi\ﬂi+hel
3 N N
. Z Z/ 0> (Wi(Va)) + k;) da —/ 0> (Wi(Va)) + k;) da
i—=1 :07 Q; +helﬁQ Qiﬂﬂj-f—hel
N
= Z/ ©* (Wi(VaR)) + k;) dz — / 0> (W;(Va)) + k;) da
i=1 Qi+he;NQo Q;NQo+he;
+ Z / Wi(Va) + k; — W (Vi) — kj) da (38)
Z _] 1 Q +h€lmﬂ
J#i
= Ii11 + l119-

Since the functions W; are distributed quasi-monotonely it follows, that ; N Qg+ he; = 0 for
h >0 and 1 < i < N, compare definition 4.3. It remains, taking into account the definition
of  and H1, A5:

1111—2/ Wi(Va) + ki) dw

Q; +helﬂﬂo

(20)
Z/ Wi(Vg) + ki) dx \CZ\Q + he; N Qo Nsupp | <
Q +helﬂQQ i=1

Again due to the quasi-monotonicity of the functions W; it holds: if €; + he; N €Y # 0, then
W;i(A) + k;j = Wi(A) + k; for every A € R™*<. Therefore

Iz <0.
Collecting these estimates finally yields
-[1 < Ch,

where ¢ > 0 is a constant which is independent of h. This finishes the proof of inequality (30).
Second step: In this step, we derive estimates for the Nikolskii-norms of w on the basis of
inequality (30).

Since the addends on the left hand side of inequality (30) are nonnegative, it holds for
1 <1< N:

/ ©? (ki + |Vi(z + hey)| + [Va(z) )P 2 | AR Vi(z)]? dz < ch. (39)

Applying inequality (51) with «; = p;/2 to each subdomain separately yields for 1 <i < N:

2 o2
@ ‘Ah(l-{i +|Va;])2| dz<ch
Q;
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Since QD‘BR/(S) = 1 it follows for ;== {z € Bp/(S) N Q; : dist(z, d(Br(S) N %)) > n}

12
sup / h1 ‘Ah(ni + ]Vuz\)% dz <c¢
n>0 Qf

O<h<n "

and therefore N )
(ki + |Vui|) 2 € N22(Q; N Bg(S)).

Assume first, that p; € (1,2]. The remaining part of the proof for this case follows exactly
the considerations in [9] and is given here for completeness. Lemma 2.4 and the embedding
theorems for Sobolev Slobodeckii spaces state, that

(ki + Vi) 3 € W2=32(Q) € L&1¢() (40)
dpg
for every § and € = €(§) > 0, where Q, = Q; N Br/(S). Thus, Vu; € LdTPl*E(QQ). By standard

dp;
embedding theorems, the space W1Pi(Qf) is continuously embedded in Ldfplfe(Q;). This

dp; _
together with the previous estimate for Vu; shows, that u; € W a-1"¢(Q}) for every e > 0.
Choose o; = r; — § for arbitrary § > 0, where r; = 2dpi_ 45 in theorem 4.1. For 1 < p; <2

2d—2+p;
itis1 < o0; < jfll and therefore u; € Wl’gi(Qg). Thus for 0 < h < n < hg, 1 <1 < d and
My, :={z € Q,: Va(x + he;) = Vau(z) = 0} it holds (apply Holder’s inequality)

/ ‘h_%AhVu‘oi dx :/
Q;,n Q;,W\Mh

h™2 AV " (ki + |[Vui(z)| + |[Vui(z + hel)|)%(p¢f2)

(ki + | Vs ()| + |Vui(z + hey)|) "2 P2 dg

74

2

2
S ( / (075 20| (i + [V + her)| + [Fu(a) dx>
Q)
2]
2—0o;

0;(2—p;) 7
x (/ (ki + |Vui ()| + [Vui(z + hey)|) 27 dx)
Q/

1,1

By inequality (39) the first factor is bounded independently of h and 7. Furthermore, 1 <

%}I;i) < % and thus the second term is bounded independently of h and 7 as well. It
follows:
o
sup / ‘h_%AhVui der <c
n>0, Q)
0<h<n o

and relation (22) of theorem 4.1 is proved for p; € (1,2]. For the proof of the global re-
sult (25) note, that for arbitrary A, B € R™*4 : (JA| + [B[)""2 > (1 + |A| + |B|)Pi"2 >
(14| A|+|B|)Pmin—2 and proceed as subsequent to equation (30) with ; replaced by supp @M.

Assume now, that p; > 2. The following two inequalities can be deduced from (39):

/ ©? |ARVi(x) P do < ch, (41)

Q;

/ O |ARVa(z)]? de < ch  if ks = 1. (42)
Q;

This yields the assertions (23) and (24) and completes the proof of the Dirichlet case.

25



Cross point on the boundary of 2 with pure Neumann conditions

Note first, that it follows by the special structure of the Neumann data, compare AG6:
(Hii,v) = / (H"v)iids = / HT :Vuvdz +/(divH)vdx for every v € VP(1).
Q Q Q

Therefore, the weak formulation (14) is equivalent to: for every v € VP(Q)

M M M
Z/ DaAW;(Vu,) : Vvidm:Z/ (fi—i—divHi)vidm—i—Z/ HI :Vu;de.  (43)
i=1 7% i—1 /S i—1 /S

Let S C 9Q and assume, that there exists R > 0 such that Br(S) C Q and QN Bgr(S) =
K N Br(S), where K is an appropriate polyhedral cone with tip in S and 0K N Br(S) C I'y.
Assume further, that for every j € {1,..., M} with Q; N Br(S) # 0 there exists a polyhedral
cone K; with tip in S, such that Q; N Br(S) = K; N Br(S). Note, that K = Uf\;l K;. Due
to the assumptions in theorem 4.1, the cones K; and functions W;, 1 < i < N, satisfy the
conditions in definition 4.3, part 2.; Ko = RI\K.

Let u € WP(Q) be a weak solution of problem (14), R" = R/2,hg = R" = R/4,R' = R/8
and choose ¢ € C§° (R4, R) with supp ¢ C Bpi(9), <p|B (5) = 1 and 0 < p < 1. Let further
be e; one of the basis vectors given by definition 4.3. Fgr 0 < h < hg the following function

£(z) = (@) (u(x + hep) — u()) = o*(x) Dpulz),  z€Q

is an admissible test function in V7(Q). This is due to the quasi-monotonicity condition,
compare also corollary 4.1 and remark 4.1. Note, that no extension of u across the Neumann
boundary is needed. The next goal is to prove, that inequality (30) also holds in the case of
pure Neumann conditions (with u instead of @). Inserting £ into equation (43) and rearranging
the terms yields:

N N N
Z/ ©*DAW(Vu) : ApVudr = Z/ (f+divH)¢{dr + Z/ HT :veda
i=1 7 i—1 7S i—1 7
N
- Z/ DAW;(Vu) : (Apu @ V?) da. (44)
i=1 7S
Applying inequality (50) to (44) results in

N
CZ/ ¢ (ki + [Vul(z + hey)| + [Vu(@) )P~ |ApVul* da
i=1 /S

(50) & N
< Z/ ©* ARWi(Vu) da — Z/ ©*DAW;(Vu) : A Vudz
i=1 7% i—1 7

N N
() Z/ﬂ 2 LW (V) da — Z/Q (f + div H)¢ da
=1 % i=1 i

N N
—Z/ HT:V§dx+Z/ DAW;(Vu) : (Apu® V?)dz
i=1 74 i=1 74

:Il+IQ+Ig+I4. (45)
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The constant c is independent of . The integrals Is and I, can be estimated as in the case
of pure Dirichlet conditions, compare (33)-(35), and one gets

’IQ’ + ‘14‘ < ch

for some ¢ > 0 which is independent of h. Let kq,...kxn be the numbers from definition 4.3.
Then by the product rule for differences:

/ A ((9°(Wi(Vu) + k;)) da — / (AR®)(Wi(Vu) (z + hey) + k;) da

= 111 + Iio.

As in (36) it follows that |I12] < ch. Furthermore, with Qy = Ko N Bgr(S), I11 can be
transformed analogously to (38):

Iy = Z/ Wi(Vu) + k) da — / ©2(Wi(Vu) + k;) da
Q; +helﬂQQ Q;NQo+he;
+ Z / (WZ(VU) + k; — (W](VU) + /{?j)) dx. (46)
ij=1" QitheinQ
i

Due to the quasi-monotonicity condition, it is W;(Vu) + k; — (W;(Vu) + k;) < 0 if Q; 4 he; N
Q; Nsupp ¢ # 0 and in addition €; + he; N Qo = 0. Therefore it remains
N

I g—Z/ O*(W;(Vu) + k;) dz < Z/ ©* (¢} |VulP' + ¢ + ki) dz. (47)
. Q ﬂQo+hel Q; ﬂQo+hel

Estimation of I3: By the product rule for differences

N N
_ Z /Q Ap(@?HT - V) dz + Z / .(A;w?)HT(g; + hep) : Vu(z + hey) dx

N N
—}—Z/Q 302AhHT:Vu(ﬂ:+hel)dx—Z/ HT . (Apu® Ve?) dz

= I31 + Isp + I33 + I3a.
By the usual arguments, compare (33)-(35),
’132‘ + ’133’ + ’134’ < ch

where ¢ is independent of h. Analogously to the considerations in (38), keeping in mind that
Q; + he; N Qo Nsupp ¢ = ), one obtains

N
1'31:—2(/ ©?HT Vudx—/ gp2HT:Vudx>
i=1 Q;+he;NQo Q;NQo+he;
— Z / 2HT:Vuduv—/ O?HT . Vudz
ij=1 Q; +helﬁﬂ Q,ﬂQj—f—hel
i#j

27



since Q; + he; N Qy = 0, see also definition 4.3 and remark 4.1. By Holder’s and Young’s
inequality and since H € L*°(Q) it follows for arbitrary ¢; > 0 (¢, ¢ independent of h):

N
2
i< S ot o
‘ 31‘ ZZ; ¢ v L% (Qiﬂgo+h€l) ks ’ u‘ LPi (QiﬂQoJrhel)
N
i=1 Q;NQo+he; Q;NQo+he;
A6 —4qi = Di 2 Pi
< chZ&i + ZC6i ©” |[VulP' dz. (48)
i=1 =1 Qiﬂ90+hel
For 1 <7 < N choose 6; = <?> " where ¢} is the constant from assumption H1. Then with
(47) and ( 8):
T+ || < chZé @ +Z/ (e8P |VufP — ¢ [VulP — k; — &) d
Q ﬂQQ+hel

cth qz+z ki + |c]) 193 1 Qo + hey|
i=1 i=1
< c*h,

where ¢* is independent of h. Collecting the estimates, one obtains for (45):
N
Z/ 02 (ki + |Vu(z + hey)| + |Vu(z)|)P 2 |ApVul? dz < ch.

The remaining part of the proof is completely analogous to the considerations in the second
step for the Dirichlet problem.

Cross point on the boundary with mixed boundary conditions

Consider a cross point S € 92 with mixed boundary conditions in its neighborhood. Let
e1,...,eq be a basis as in definition 4.3, part 3. Assume, that ¢ € C§° (RY) is a suitable
cut-off function. For the choice of the test function £ one has to distinguish two cases, see
also remark 4.1. If suppp N (I'p + he;) C Q for 0 < h < hg, then choose £ as in the case of
pure Neumann boundary conditions. Else choose £ as in the case of pure Dirichlet conditions.
Proceeding analogously to these two cases yields the assertion.

Interior cross point

Choose &(z) = ¢*(x)(u(z + he;) —u(z)) as test function, where ¢ is a suitable cut-off function
with suppy C €2, and proceed analogous to the case of pure Neumann conditions. This
completes the proof of theorem 4.1.

Remark 4.6. If in the weak formulation (14) Vu is replaced by e(u) = 3(Vu+VuT), then the
proof of the regularity result for equation (16) is completely analogous to the one of equation

28



(14), one has to replace Vu by e(u), only, and (30) changes to the following inequality:
N
Z/ 0% (ki + [e(@(x + hep)| + |e(@(2)) )" [ Ape(@(@))[" 2 da < ch,
i=1 7

This leads to e(u;) € L%_G(Qg). By Korn’s inequality, the estimates can be carried over to
Vu and considerations analogous to those in the second step of the proof for the Dirichlet
problem can be carried out in the case p; € (1,2]. In the case p; > 2, the argumentation is
similar to (41)-(42) and again the estimates can be carried over to Vu by Korn’s inequality.
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A Some essential inequalities
Lemma A.1. 1. For A,B€R®, |B| > |A| and t € [0, 1] it holds,[35, formula (2.20)] :

4|B+t(A—B)| > |A|l + |B|. (49)

2. Assume, that W : R™*4 — R d > 2, satisfies HO and H4 for some p € (1,00) and
k€ {0,1}. Then there exists ¢ > 0 such that for every A, B € R™*%:

W(A) = W(B) > DaW(B) : (A= B)+c(k+|B|+ A’ ?|A- B> (50)
3. Let k € {0,1}, a > 0. There exists a constant ¢ > 0, such that for every z,y € R*:
(5 + ) = (5 + [y < e (r + || + [y)* " o =yl (51)

Remark A.1. For the case 1 < p < 2 and W(A) = |AJP inequality (50) is proved in [18,
Lemma 4.2].

Proof. Proof of inequality (49): For 0 <t < 1 and A, B € R® with |B| > |A| it holds:

B+t(A—B)| > |(1-1)|B| - t]A]| >

3 1 1 1 1
7Bl =7 1Al =S [Bl = 2 |B[+ 7 [A].
4 4 2 4 4

Proof of inequality (50): For t € [0,1] set f(t) = W(B + t(A — B)). Assume first, that
B+ t(A — B) # 0 for every ¢t € [0,1]. In this case,

1
W(A) - W(B) = f(1) - f(0) = f'(0) + /0 (L—t)f"(t)dt
= DAW(B): (A—B) + /1(1 —t)DAW (B +t(A — B))[A — B, A — B]dt
H4 ’ E _9 2
> DAW(B): (A— B)+ c/ (l—t)(k+|B+t(A-B))P2dt|A-B?  (52)
0

If 1 <p<2, then

1<p<2 1 —2 2
g DAW(B):(A—B)+C/ (1= ) (k4 £|A]+ (1 —#)|B)"2 dt|A — B|
0

> DsW(B): (A—B)+c(k+|B|+|A|)P %A - BJ*.

In the case p > 2, it follows from (52) by inequality (49) for |B| > |A| and p > 2:

W(A) —W(B) = DaW(B): (A— B) + 0/4(1 —t)(k+|B+t(A—-B)|)P? dt|A - BJ?
0

(

49) i
> DAW(B):(A—B)+ﬁ/4(1—t)dt(fi+|B|+|A|)P2|A—B|2.
0

On the other hand, if |A| > |B], then a change of variables, ¢ = 1 — s, and reasoning similarly
to the case |B| > |A| yields the assertion.
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If there exists ¢y € (0,1] with B + t9(A — B) = 0, then consider A; := A + 0C for
§ > 0,C € R™*9\{0}. Note, that B +t(As — B) # 0 for every ¢ € [0,1] and by the first step,
inequality (50) holds for A5 and B for every 6 > 0. Taking the limit 6 — 0 yields the assertion.

Proof of inequality (51): Assume first, that a > 1. For |z| > |y| > 0, Taylor’s expansion
yields

1
0< (+ [2))* = (k+ [y))" </ (ke + 1 =) y)* |z -yl dt
0

1
<o / (k4 J2] + )L dt | — y]
0

and (51) is proved for o > 1. Assume now, that 0 < a < 1 and |z| > |y| > 0. Then

0< (5 + 12D = (5 + [y)") (26 + [2| + [y])
= (k)™ = (5 + D+ (ke al) (5 + yD) (5 + ) = (5 + [y )

N~

<0

1. step
< clm 4zl +y)® |z —yl < e@r+ 2]+ |y)* |z =yl

The lemma, is proved. O
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