[> restart:
> read "ODE3solve.mpl™:
Package "Solving third-order holonomic differential equations™, Maple 16

Copyright 2017, Mouafo Wouodjie Merlin, University of Kassel
Package "Hypergeometric Summation™, Maple V - Maple 17
Copyright 1998-2013, Wolfram Koepf, University of Kassel @

|:Here are the Maple implementations in chapter 5 related just to the OF2 functions.

|:> ###H#H##H## THE EXPONENT DIFFERENCES #######
[In chapter 5, section 5.2 which is called "Exponent differences", we have the following Maple
| implementations:
[> L02 = X"2*Dx/3+(X*b2+x+x*b1)*Dx2+b2*b1*Dx~1;
| L02 := x* DX’ + (x bl +x b2 4+ x) DX + b2 bl Dx — 1 )
[> gen_exp(L02,t,x=0);
| [[0,t=x], [1 —bl,t=x], [1—b2, t=x]] (3)
[ > gen_exp(LOZ,t,x:infinity)
1 bl b2 1

Ht 3+3+3 £ x” @

[> #H##HE EXAMPLE IN THE THESIS #####H#H

[In chapter 5, section 5.5.7 which is called "Examples™, those are the Maple implementations for the
| example that we have used in the OF2 type solutions:

> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),k,J(X)):

3 2
F::[d 3 (X )]x2+(bl+b2+1)[d—2 J(x)]x+b1b2(i J(x)j—J(x):O ©)
| dX dx dx
[> LA:=de2diffop(F,J(X));
] LA = x* DX’ + (xbl +xb2 +x) DX +b2 bl Dx —1 (6)
[> L12:=subs({b1=1/3,b2=1/7}, LA)
L12 := X DX—I—Zl xDx2+ZDx—1 ©)

> T =2*(X-D)"2*(X-3)*(X-7)"3)/ ((X-9)"2*(x-12)"3) ;
2(x—1)2%(x=3) (x=17)°

f= @®)
i (x—9)% (x —12)3
[> L:=ChangeOfvariables(L12,¥);
L:=21DX (x—1)2(x=3)2 (x—=7)2 (x—9)° (x —12)° (x* — 60 x* + 830 x* — 3852 x 9)




+5193)° + (318 — 3720 X' + 86200 x° — 649176 X° — 635762 x* + 32319144 X°

— 159987168 X% + 300375864 x — 173735685 ) DX® (x —1) (x —3) (X —7) (X

—9)* (x—12)° (x* —60 x> + 830 x* — 3852 x +5193) + (x** — 240 x*® + 63960 x**
— 3904976 x= + 130520372 x'? — 3065641808 x* + 54803306488 x*°

— 746349293552 x° + 7599004335182 X% — 56984531313168 x’ + 311300882943048 x°
— 1223256100618800 X + 3388591949109444 x* — 6395117622870960 X°

+ 7748517717658728 x> — 5387188885607952 X -+ 1632102637284153) Dx (X

3 4 4 3 2 5 2
| -9 (x—12) —42 (X*—60x>+830x°—3852x +5193) (x —1) (x—7)
[> ext:=indets(L,{RootOf,name}) minus {x,Dx};

i ext:= g (10)
> ext:= indets(map(s-> ReplirrRoot(s,{}),ext),{RootOFf, name});
i ext:= o (11)
> extppp:={};

extppp = & (12)

> E:= Singular(L,extppp);
E:=[[x—11] [x—12, 12], [, =], [x—3, 3], [x* — 60 x> + 830 x* — 3852 x + 5193, (13)
RootOf ( Z*—60 7> +830 72 —3852 7+5193)], [x—9,9], [x—7,7]]
B F:=NotAppSing(L,E,ext);
Fi=[[x—11] [x—3,3], [x—=9,9], [x—12,12], [, ©], [x —7, 7]] (14)
B Sirr:=i1rrsingOF2(L,t,F,ext);
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B Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);

Sreg = [[[x—l,l], (X —3,3], [x—7,7]],Ho % %} [o,E 3}, [0,2,1—8”“1—2, (16)

[[0,0,07, [0,0,07, [0,0,0]], [[[x—l,l],
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> RSreg:=SregseptrueOF2(L,Sreg,ext);
RSreg = H [[X—1,1] [x—3,3], [x—7,7]], Ho ﬁ,i}, [o,E 2] [o 2, EH

Z
WF s kol s ol [5 T hell o)
[> R1:=IrrRegAppsingOF2(L,t,E,ext);
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> Fl:= SirrOF2infol(L,R1[1],R1[2],X,t,ext);

F1— H[g,x—g, [ngz 2, @}, [12,x—12, —L‘r’o?)}, 3, {Rootof (73 (19)
9(x—9) (x—12)

+ 242, index=1), RootOf (_Z® + 242, index=2) }, {RootOf (_Z* + 242, index=1),

2

RootOf (_Z° + 242, index=2) }], [oo, % 2x], 1, @, @H, 6,6, (x—9)% (x —12)% (x

_9) (x—12)2}
> findOF2Rat(L,R1,F1,x,t,T,ext);

1 1 2(x—1)%(x—=3) (x=7)°
117 20
“[3 7 ] (x—9)% (x —12)° H (20)

> TIME = time();
HypOF2Solutions(L);
time()-TIME;
TIME := 4.375

[{[[5: 7o) 25

0.828 (21)

|:Here are another examples related to the OF2 type solutions. Those examples are not in my PhD thesis.

[> #HHHH#H## THE EASY CASE ####HHH
> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),k,J(X)):
3 2
F o= [d— I(x )] X2+ (bl +b2 +1) [d—z J(x)] X + b1 b2 (i J(x)j I =0 (22
i dx® dx dx
[> LA:=de2diffop(F,J(X)):

i LA :== X* DX’ + (xbl 4+ x b2 +x) DX 4+ b2 bl Dx—1 (23)
[> L12:=subs({b1=1/7,b2=1/5},LA);




23 AT 1 A
L12 = x" DX’ + o xDx2+35 Dx — 1

B T =2*(X-D)*(X-3)*(X-7)"3)/ ((X-9)*(x-12)"3);

fo 20x=1) (x=3) (x=7)°

i (x—9) (x—12)°

> L:=ChangeOfVariables(L12,T);

L:=35DX (x—1)2(x—=3)2 (x—=7)2 (x—=9)* (x —12)°® (x* =52 x° + 654 x* — 2724 x
+3177)° + (47 X8 — 4888 X' + 109184 X° — 887448 x° + 1577382 x* + 13791960 x°
— 66454056 x> + 74432088 X +29847123) DX (x —1) (x —3) (x—7) (x—9)% (x
—12)° (x* =52 X3 + 654 x* — 2724 x + 3177) + (x** —208 x'° + 62688 x**
— 4003552 ™ + 136634380 x*2 — 3121053072 x*! + 51346447872 x'°

— 511984588809888 X° + 1109983631731596 x* — 1509287444297136 X°
+1091269894148352 X* — 222950742289632 X — 85264151958783) Dx (x —9)% (X

4 4 3 2 5 2
| —12)" =70 (X' 52X +654 X" — 2724 x +3177) " (x = 7)
[> ext:=indets(L,{RootOf,name}) minus {x,Dx};

ext:= g
> ext:= indets(map(s-> ReplirrRoot(s,{}).,ext),{RootOf,name});
i ext:= @
> extppp:={};
extppp == @

[> E:= Singular(L,extppp);

E:=[[x—1,1], [x—12,12], [, ®], [x —3, 3], [X* =52 x> + 654 x* — 2724 x + 3177,
| RootOf (_Z' —52 _7°+654_7° —2724 _7+3177) |, [x—9,9], [x—7,7]]

[> F:=NotAppSing(L,E,ext);

i F:=[[x—1,1] [x—3,3],[X—9,9], [x—12,12], [, ], [Xx—7,7]]

[> Sirr:=irrsingOF2(L,t,F,ext);
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> Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);
Sreg = [[[x 1,15, [x—3,3], [X—7,7]], Ho %%} [o,%,%}, [o%%” (33)
175 w5 s w7 5 sl s 7]
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s slollE s ostolllE s s ol o]
[> R1:=IrrRegAppsingOF2(L,t,E,ext);
R1:= [[[x 9,9], [x —12,12], [ e, 1], [491:3[] 12035, 9(|J8?18—2113) E (35)
_»23 i g18°/ 23 [ 15 RootOf (_Z> + 66, index=1) 23
105° o (1y3 +1)¢/3 105 ] t 35"

15 RootOf (_Z* + 66, index=2) 23 15 RootOf (_Z* + 66, index = 3) _ﬁ} [

t 35 t 35 |
113 93 20tl3 23 20tl3 23
43 1057 (1y3 —1) ¢/3 105" (1V3 +1) ¢/3 105 ”

g 182/ 2 418%/3 g 182/ 2 418%/3
H9(|ﬁ—1)t1’3_9t’ (Y3 +1)eld odl3
st gag?ld [15 RootOf (_Z° + 66, index=2)

o(1Vv3 +1) /3 o(1y3 —1) ‘ t

_ 15Ro0tOf (_Z° +66, index=1) 15 RootOf( Z> + 66, index = 3)

t ’ t
_ 15Ro0tOf (_Z* +66, index=1) 15 RootOf (_Z° + 66, index=3)
t ! t
_ 15Ro0tOf (_Z° + 66, index =2) } [ 203 23 2243
t SN T ER S ER TN S

1/3 1/3 1/3
L2 2 L 22 | ”[%1%} 3, 1,3],

S yE ) ER (Y3 -1 ElB



8 18°/ 23 418213 a3 [ 8182} a3
,J—_ /3 105" g¢l3 105 || o(1y3 4+1)¢/® 105’
418°1° 23 ] [ g18’/® 23 g18’/® 23 ”
gft/3 105 o (13 +1) ¢/ 105" g(1y3 —1)¢/3 105

[ 15 RootOf (_Z° 4 66, index=2) 23 15 RootOf (_Z° + 66, index=1) _@}
t 35’ t 35 |

[ 15 RootOf (_Z> + 66, index=3) 23 15 RootOf (_Z* + 66, index=1) _ﬁ}
t 35’ t 35 |

[ 15 RootOf (_Z° + 66, index=3) 23 15 RootOf (_Z* + 66, index = 2) _@H H
t 35’ t 35 ||

Y A R S A - 22413 g3 I3
(1y3 —1)¢l3 105" {3 105 || (1/3 +1)¢/3 105" ¢I3

23 224! 23 22 23 H
105 || (1y3 +1)¢/3 105" (jy3 —1)¢/3 105 |||
23 2|3 23 23
~2(318 +9|\/?18 )t,2(l\/?18 318°/3)t ﬂ182[3\/?t},

9 "9

[15 (RootOf (_Z° + 66, index=2) — RootOf (_Z* + 66, index=1) ) t, 15 (RootOf (_Z*

+ 66, index=3) — RootOf (_Z% + 66, index=1) ) t, 15 (RootOf (_Z° + 66, index=3)

3430M3) ¢
2

— RootOf (7% + 66, index=2) ) t], [ (32!

. ('521]32_32”3)‘, _|21/3ﬁtH, [10,0,01, [0,0,0], [0,0,0]]], (-1
wucam oo £fn s 4o 2 2 (% £-3]
Tsows7os sl s o s 2 T ol 5 o)
[ (2o} 2 2 e wsesroenm
o7 stz st Sl7 5 w75 )




RootOf ( Z* —52 7 +654 7> —2724 7 +3177) 1], [10, 2,413, [[2, 4,211, [[[2, 0],

[410]! [4! 2]]]]’ [[[X_l, 1]’ [X_3,3], [X_9! 9]! [X_121 12]! [OO, OO]’ [X_7! 7]]’

[0 6 i} [o 6 i] 418°1° 23 g18’/> 23
75| odl3 1057 g(1y3 —1)¢/3 105
8182l o3 [15 RootOf (_Z° +66, index=1) 23
9(|\/?+1)t”3 105 | t 35’

15 RootOf (_Z* + 66, index=2) 23 15 RootOf (_Z° + 66, index=3) 23 ] [

t 35° t
A - Y A 22413
13 105" (5_1)113 105" (13 +1) /3 105]
12H“ H__ LH g18°/3 418/3,
35 35| g(1y3—1)t/® 9fl3
8 182/ 4182 gg?ld gag?l
9(J_+1) s odl3 " 9 (1y7 +1)¢/3 9(|J_—1)t1/3]’

[ 15 RootOf (_Z° + 66, index=2) 15 RootOf (_Z* + 66, index=1)
t t '

15 RootOf (_Z° + 66, index=3) 15 RootOf (_Z* + 66, index=1)
t t '

15 RootOf (_Z* + 66, index=3) 15 RootOf (_Z° + 66, index =2) } [
t t ’

221/3 21/3 221[3 21]3 221[3

_ (IJ_—ll)t”3 B T FIER I ERN T e I
e S wm ol s o 5 7 IS o)

3ot H [ 4;37? s |

 s1?l® o3 418 g 18°! 23

o (1V3 +1) /8 105" o¢l s r+1) [3 7 105"
g18’/® 23 HlS RootOf (_Z° +66, index=2) 23

o(1y3 —1)¢/3 105 t 35"

t 35 t 35°

15 RootOf (_Z° + 66, index=1) 23 [15 RootOf (_Z° + 66, index=3) 23
t 35 | t 35’

15 RootOf (_Z° + 66, index=1) _ﬁ] [15 RootOf (_Z° + 66, index=3) 23




15 RootOf (_Z° + 66, index=2) 23 23 23
t IJP_-— [3 105" 13
23 2213 23 2t 221’3 23
105 | (J_+1) [3 105" tllS 105 " (1y3 +1)¢l3 1057
224! 12 18
=< = 1,1,1],[1,1,1
(l\/_— 3 105 H [[ } [ 5°' 7 }}]![[ » ]a[ y 4y ]a

[3,3,3],[1,1,1],[3,3,3], [1,1, l]‘]

> Fl:= SirrOF2infol(L,R1[1],R1[2],X,t,ext);

lox—s, |26 o[ ees0 :
F1.—H[9,x 9,[ T },1, o @}, 12, x 12,[ el B {Rootof (_Z

+ 66, index=1), RootOf (_Z° + 66, index=2) }, {RootOf (_Z3 + 66, index=1),

Rootof (_Z° + 66, index=2) } ], [oo, % 2x], 1, @, @H, 5,6, (x—9) (x—12)% (x

—12)2]
B easyOF2(L,R1,F1,x,t,ext);
[ Hi 1 ] 2 (x—1) (x—3) (x—T7)° HH; %H 2 (x—1) (x—3) (X_7)3H

i 5'7 (x—9) (x—12)3 5’ (x—9) (x—12)°
> findOF2Rat(L,R1,F1,x,t,T,ext);
HHl 1” 2 (x—1) (x—23) (x—7)3H
i 5' 71 (Xx—9) (x—12)°
> TIME := time();
HypOF2Solutions(L);
time()-TIME;
TIME := 7.218
1 1 2(x—1) (x—3) x—=7)°
= =1 7107 1111},
H{HS 7} o)1 ]” (x—9) (x—12)° ”

0.641

> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),k,J(X)):

E— o I0x) | 2 d? d _
= |53 300 [+ b1 +b2 1) |5 300 x+b1b2(—J(x))—J(x)—O

dx dx
> LA:=de2diffop(F,J(x));
LA := x> DX’ + (x bl +x b2 4+ x) DX’ + b2 bl Dx — 1
> L12:=subs({bl=1,b2=1+Ro0tOF(x 2+1)},LA);
L12 := x*DX’ + (2x +x (1 +Rootof ( Z2+1))) D¥ + (1 +RootOf ( Z2+1)) Dx—1
> T =2*(X-D)"2*(X-3)*(X-7)"2)/ ((Xx-9)*(x-12));

(36)

37)

(38)

(39)

(40)

(41)

(42)



L:=DxX (x—1)

2
f o=

2(Xx—=1)"(x—3) (x—=17)

2

i (x—9) (x—12)
[> L:=ChangeOfvariables(L12,¥);

2

x—=32x=7)2x—=9* (x—12)* (3x* — 98 x> + 1058 x> — 4350 x

2
+5499) " 4 (1 +RootOf ( Z2+1)) (9x%+ 176 RootOf (_ 7 + 1) x° — 588 x’

— 5806 RootOf (_Z2 + 1) X° + 15776 x° + 72218 RootOf (_Z% + 1) x* — 227662 x°

— 411684 RootOf (_Z% + 1) x3 + 1932740 x* + 1000188 RootOf (_ 72 + 1) x°

— 9870720 x> — 434862 RootOf (_Z2 + 1) x + 29558196 x° — 1335366 RootOf (_ 72+ 1)
— 47406438 x + 31574367) (3x* —98 X% + 1058 X* — 4350 X +5499) (x —7) (X

—3) (x—1) (x—9)3(x—12)3Dx2—%((1 +3Rootof ( Z2+1)) (

-547157401526799 + 1640315296209240 x + 1877136788751552 x> — 350016 x**

+ 12594984 x* — 306602642 x*? + 5353573328 x'* — 69354920712 x*°

+ 679945841960 x° — 45 x'° + 5880 x*° — 5097833895956 x° + 29323504806456 X’
— 128971487877984 x® — 2253196066142232 x> — 17123543914158 RootOf (_ 7> + 1)

— 1059559724735838 Xx* + 429181878089880 X + 528 RootOf (_7° + 1) x**

— 34132 RootOf (_Z° + 1) x™ + 856206 RootOf (_Z° + 1) x** — 7848464 RootOf (_Z°
+1) x** — 89708864 RootOf (7% + 1) x*° + 3652659780 RootOf (7% + 1) x°

— 53915229562 RootOf (7% + 1) x® + 488313786912 RootOf (_Z° + 1) X’

— 3003412628448 RootOf (7% + 1) x° + 12913918449300 RootOf ( 22+ 1) X°
— 38725548708006 RootOf (_Z2 + 1) x* + 78674056953264 RootOf (7% +1) x°
—101103717757104 RootOf (_Z° 4 1) x* + 70417349719740 RootOf (_Z* +1) x) (x

5
—9)2(x—12)°Dx) —2 (3x*—98 x> + 1058 x> — 4350 x +5499)" (x —1) (x —7)

B ext:=indets(L,{RootOf,name}) minus {x,Dx};
ext := {RootOf ( Z2+1)}

> ext:= indets(map(s-> ReplirrRoot(s,{}),ext),{RootOf,name});

ext := {RootOf ( ZZ+1)}

> extppp:={};

extppp := &

> E:= Singular(L,extppp);

E .= Hx4 _ 98 3, 1058 2 1450 x + 1833, RootOf (3 Z2—98 Z2+1058 72

—4350 Z+5499) |, [x—1,1], [x—12,12], [, ], [x—3,3], [x—9,9], [x—7,7]

3 * 3

B F:=NotAppSing(L,E,ext);
| F=[[x—1,1],[x—3,3],[x—9,9], [x—12,12], [, o], [Xx—7,7]]
[> Sirr:=irrsing0F2(L,t,F,ext);

Sirr :=

[[x—9,9] [x—12,12], [ o, % ]], H

1
+3

(Z2+1)

" RootOf

3

(43)

(44)

(45)
(46)

(47)

(48)

(49)

(50)



— - ~ , -

1624 /3 1 , RootOf ( Z2+1) 162'° 1
3

(1y3 —1)¢/3 3 3 (13 +1) /3
RootOf ( 72 + 1) 10802/% 1 Rootof( Z2+1) 10802 3
T —3+_+ " 13
3 3 3 3(1V3 —1)t
2|3 2
L1y RootOf ( 7% +1) | 1980 — L1y RootOf ( Z°+1) ]
3 3 3(1V3 +1)t 3 3

3 RootOf (7% + 2, index=2)
t

3 N
[3Root0f(_z t+2, index=1) +1+Rootof (2 +1),

3 . -
1+ Rootof ( 2+ 1), SRo0tOf(_Z t+ 2,index=3) 1 | pootof (22 +1) H

16 2*/ got/s  1g2t3  gptld 462!I3
H Ja-0dlr B gymn)dlr 8RB gzl
162" 19080’/ 1980°/° 1080° /3

(|J_—1)t1’3H 3(1y3 —1) 3 etl® 31y 41)dl®
1980 ’ 1098023 , 108023
6t/ " 3(1y3 +1) ¢ 3(|ﬁ—1)t1/3]
3 RootOf ( 72 + 2, mdex=2) _ 3RootOf (_Z* +2, index=1)
t t
3 RootOf (_Z° +2,index=3) 3 RootOf (_Z* + 2, index=1)
t t

3RootOf ( 22 +2,index=3)  3RootOf ( 7> + 2, index=2) 11
- i) _l _l 1 ) [3l 3!
3'3
16212

t t
1]’[ (1vV3 —1)t

RootOf ( z +1) ]

l_i_RootOf(_Zerl) g2l /3
3 3 R E

2 13
_'_i_i_RootOf(_Z +1)’8§I3 L4

|J_+1 3 3 t 3
1

l 16 2t/ RootOf ( Z2+1)

1
+3

162

+

RootOf ( Z +

1)

+ S+t _ |
‘ (1IV3 +1)t 3 3
16 2 ’ L1 RootOf( Z+1) ] H 1980°1° 1

(1y3 —1)¢/3 B 3 Ul os(y3 —1) 3
Rootof ( Z2+1) 19802/ 1 Rootof( Z2+1) 10802

, = 113 + = + y 1]3

3 6t 3 3 (1V3 +1)t

2 2|3 2
L1y RootOf ( Z°+1) - 1980° ° 1 RootOf ( Z°+1) |
3 3 UE 3 3

+

+




10802 1 Rootof( Z2+1) 10802 3 1
s T3 3 a TR
3(1V3 +1)t 3(1V3 —1)t
2 3 . _
N RootOf(B_Z +1) H H 3 RootOf (7 t+2, index=2) 1+ Rootof ( 2 +1),

3 RootOf (7 + 2, index=1) 3 RootOf (72 + 2, index=3)

+1 4 RootOf (2> +1) } [

t t

3 RootOf (7% + 2, index=1)

t +1+Rootof (22 +1) |,

+1 +Rootof (22 +1),

3 o 3 L
[3Root0f(_Z t—|—2, index=3) +1+Rootof (2 +1), 3 RootOf ( Z t—|—2, index=2)

+1+R00t0f(_22+1)m [[—4 (V3 22 13213 v a (13 213 —321 /%)

8|21[3\/?t]’[(31980 +131980°/%) t  (1/3 1980%/3 —31980?/°) 1

12 ’ 12

% 19802[3\/?t}, [3 (RootOf (_Z* 42, index=2) — RootOf (_Z> + 2, index=1) ) t,

3 (RootOf (_Z% +2, index=3) —RootOf (_Z> + 2, index=1) ) t, 3 (RootOf (_Z> + 2,
index=3) —RootOf (_Z + 2, index=2) ) t]], [[0, 0, 0], [0, 0, 0], [0, 0,011, [ [[x — 1,
11, [x—3,31, [x—7,711 [[[0,0, -2 Rootof (_Z*+1) ], [0, -2 RootOf (_Z* + 1),
-2 RootOf (_Z#+1) 1,11, 1,11, [0, 0], [ -2 RootOf (_Z*+1), 0], [ -2 RootOf (_Z?
+1),0]],3], [[0,0, -Rootof (_Z>+1)], [0, -RootOf (_Z*+1), -RootOf (_ 7> +1) ],
[1,1,1], [[0, 01, [ -RootOf (_Z* +1), 0], [ -RootOf (_Z*+1),0]], 3], [[0, 0,
-2RootOf (_Z*+1) ], [0, -2 RootOf (_Z* +1), -2 RootOf (_Z*+1) ], [1,1, 1], [ [0,
| 0], [-2RootOf (_Z* +1), 0], [ -2 RootOf (_Z* + 1), 0]}, 3]1]]
> Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);
Sreg = [[[x—1,1], [x—3,3], [x—7,711, [[0,0, -2 RootOf (_Z*+1) ], [0, 0,
-RootOf (_Z2+1)], [0, 0, -2 Rootof (_Z2+1)]], [[0, -2 RootOf (_Z% +1),
-2 RootOf (_ Z>+1) ], [0, -RootOf (_Z>+1), -RootOf (_ 2> +1) ], [0, -2 RootOf (_Z2
+1), -2Rootof ( Z2+1) 1], [0, 0], [ -2 RootOf (_Z%+1), 0], [ -2 RootOf (_Z2
+1),0]],[10,01, [-Rootof (_Z>+1), 0], [ -Rootof (_Z*+1),0]], [0, 01,
| -2RootOf (_Z°+1),0], [-2RootOf (_Z*+1), 0]]]]
> RSreg:=SregseptrueOF2(L,Sreg,ext);
RSreg == [[ ][] [[Ix—1,1], [x—3,3], [x—7 711, [[0,0, -2 RootOf (_Z+1)], [0, 0,
~RootOf (_Z2+1) ], [0,0, -2 Rootof (_Z*+1) 1], [[[ -2 RootOf (_Z* +1),
-2 RootOf (_Z%+1) ], [01], [[ -RootOf (_Z*+1), -Rootof (_Z2+1) ], [07], [[
1]

| -2RootOf (_Z* +1), -2 RootOf (_Z"+1) ], [01]]]]
[> R1:=IrrRegAppsingOF2(L,t,E,ext);

(51)

(52)



l:=1 (53)
> F1:= SirrOF2infol(L,R1[1],R1[2],1,X,t,ext);
F1:= [H , % [-25%], 3, {RootOf (2 + 7 index=1), RootOf (2 + Z°, index=2) }, (54)

{RootOf ( 72 +1), RootOf (2 + 7% index=1), RootOf (2 + 73 index=2) }], [9, X—09,

[_ 1024
X—9

], 1, { }, {RootOf (_Z2 +1) }], [12, x—12, [ 18150

}, 1, { }, {RootOf (_Z2

+1)}H, 5,6, (X —9) (X —12), 1}
> easyOF2(L,R1,F1,x,t,ext);

2 2 (x—1)% (x—3) (x—7)2} [ 2
[[[1, RootOf (_Z"+1) |], X9) (x —12) .| [[1, RootOf (_Z°+1) ]], (55)
2(x=1)*(x=3) (x—17)°
i (x—9) (x—12)
[> FindOF2In(L,R1,F1,x,t,ext);
2 2 (x—1)% (x—3) (x—7)2} [ 2
[[[1, RootOf (7 +1)]], 20RO T3, rootor (_2+1) ) (56)
2(x—1)*(x—=3) (x—=T7)° H
i (x—9) (x—12)
[> TIME := time();
HypOF2Solutions(L);
time()-TIME;
TIME := 34.312

—7)2(x—9)° (x—12)°D¥

2
7” (5499 — 4350 x + 1058 x> — 98 x° + 3 x*)

(Z2+1)]

I

+ (9 (15 x** — 1623 x*? + 79349 x*! — 2318073 x'° + 45075498 x° — 614907602 x° + 6040382598 x’ — 43
+ 223351175871 X° — 824867387271 x* + 2104961242149 x> — 3505189872969 X
+ 3413344871016 x — 1477552421520 ) Dx) / ( (5499 — 4350 x + 1058 X2 — 98 x3

2
+3x)7 (3% — 101 x* + 1156 X% — 5408 ¥ + 9849 X — 5499) ) + (18 (6 x'2
— 621 x** + 28733 x*° — 785302 x° + 14104058 x® — 175093272 x” + 1537782840 x°
— 9607222674 X° + 42285234816 x* — 127655542107 X° + 250793603163 x°

— 288655394040 x + 148734510768 ) ) / ( (5499 — 4350 x + 1058 % — 98 x°



2
+3x%)° (3% — 101 %" + 1156 x° — 5408 % + 9849 x —5499) ) |1},

2 (x—1)%(x—3) (x—T7)2 ”
(x—9) (x—12)
26.328

[> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),.k,J(X));

S . L
= | =5 300 |+ (b2 +14b1) |5 000 |x =300 +b2b

” J(x)):o

d
dx
LA:=de2diffop(F,IJ(xX));

LA =%’ DX’ + (xb2 + x +xb1) DX + b2 bl Dx — 1
L12:=subs({bl1=1,b2=1/7},LA);

L12::x2Dx3+1—75xDX2+%Dx—1

T:=(2*(X-1)*(X-3)*(X-7)"3)/ ((x-9)*(x-12)"3) ;
o 20x=1) (x=3) (x—17)°
' (x—9) (x —12)3
L:=ChangeOfVariables(L12,T);
=7DX (x—1)2 (x—3)2 (x—7)? (x—9)* (x —12)® (3177 — 2724 x + 654 x> — 52 x°
+x4)% 43 (20830689 — 27346680 X -+ 17177688 X2 — 6348216 X + 1444242 X* 45 x°
— 196296 X° + 14768 X° =520 ') DX (x —1) (x—3) (x—7) (x—9)° (x —12)° (3177
— 2724 x 4+ 654 X* — 52 x> + x*) + (564228922154400 x — 777883985371440 x*
+ 624680810940240 x° — 328646471988996 X* — 208 x™> + x*° + 51096393696 X’
— 1231064592 x™° — 172695696 x** + 20647516 x** — 1008736 x** + 23376 x**
— 681599791818 x® + 119460916666080 x° — 30650023473552 Xx° + 5538208328208 X’
— 174852961459983) Dx (x —9)? (x — 12)% — 14 (3177 — 2724 x + 654 x* — 52 X°
+3)° (x—17)?2
ext:=indets(L,{RootOf,name}) minus {x,Dx};
ext:={}

ext:= 1ndets(map(s-> ReplirrRoot(s,{}).,ext),{RootOf,name});
ext:={}

extppp:={};
extppp = { }

E:= Singular(L,extppp);
=[[x—=3,3], [, o], [x—1,1], [x—9, 9], [x — 12, 12], [3177 — 2724 x + 654 X*

—52x> 4+ x* RootOf (3177 — 2724 Z+654 72—52 Z°+ Z%) ] x—17,71]
F:=NotAppSing(L,E,ext);

F=[[x—21,1], [x—=7,7], [x—3,3], [ %, o], [x—9,9], [x—12,12]]

Sirr:=i1rrsingOF2(L,t,F,ext);

(57)

(58)

(59)

(60)

(61)

(62)

(63)
(64)
(65)

(66)

(67)



Sirr =

1/3
[ ] [x—9,9], [x—12,12], | | - 5 + — 1

1/3 21 ! 1
t 2213 _ 2/3) (3
SR EE T
213
+2_11’ L 23 1 2/3) (3 +2_11 ' % 1?/3 +2_11’
=132 t
(a2 e )
1 1 1
1 o 1
(__ 1813 1+ I\/—181/3) {113 (__ 1813 _ I\/—181/3) {113
16 16
1 [ 15 RootOf(66 + Zindex=1) 1 15 RootOf(66+ 7% index=2)
+ o= +=
21 t 7’ t
1 15RootOf (66 + Z° index=3) , 1 1
7 t Tl 1 208 _ 2/3) (/3
(427G Ee):
1/3 1/3
* 21/3 1 2213 1 2/3) (/3 * 21’3 (1 9213 l 2/3) (L3
T Ch ) L C LR EE
B 1 1 4 18*°
: O
(1 22/3 _ I\/_22/3) {13 (_i 1813 1 I\/_181/3) {13
4 16
1 4 18%8 1
(_1_161 gl/3 _ I\/_181/3) a9 R (_1_161 gt _ 1 I\/_181/3) 3

1

[ 15 RootOf (66 + Z°, |ndex:2)
t

( = 1813 + I \/—181/3) {3

15 RootOf (66 + _z ,index=1) 15 RootOf (66 + Z°, index=3)

t ’ t

15 RootOf (66 + Z° index=1) 15 RootOf (66 + Z°, index=3)

t ’ t

3 - —
15 RootOf(GG—it-_Z,lndeX—Z) H [% %1] (3,3,1]

1 S s |
(1 22/3 _ I\/_ZZ/SJ {13 21" {43 21
4
1 L1 2 1
BRTE ’
(i 2213 I\/_22/3j s 21 g 21 (i 2213 | I\/_22/3j (/3

(68)



1 1 1 1
LEPTRAE o1
(__ 223 _ IJ__2y3 1/3 ”3+————Ivr_18”3) {3
4 16
L1 4 187 +L 1 L1 4 187
21" 9 {8 21 | (__1_1 g3_ 1 IJ__18U3J {113 217 9 {8
16
o e * o5
(__ 1813 _ IJ_181/3J {3
16
1 L H 15 RootOf (66 + _Z°, index=2)
( 1B_+_;L_|V5§-18u3)tu3 21 t
1 15RootOf (66 + Z° index=1) 1 | [ 15RootOf (66 + Z° index=23)
+ =, + =,
7 t 7 | t
. 1 15Ro00tOf (66 + 2’ index=1) . 1| [ 15RootOf (66 +_Z° index=3)
7 t 7 t
3 - —
+%’ 15R00tOf(66-|t—_Z,|ndex—2) % }H% (321 1123 /F) ¢ _%(

+
3218 11187 ¢ I\/_t21/3] [ %(3 18283 1+ 118%3 /7)) t,%(—3182/3
+118733) t, % I\/?t182/3} [15 (RootOf (66 + _Z° index=2) — RootOf (66

+ 7 index=1)) t, 15 (RootOf (66 + _Z° index=3) — RootOf (66 + _Z°, index

=1)) t, 15 (RootOf (66 + _Z° index=3) — RootOf (66 + _Z°, index=2)) t]], [ [0, O,
01, [0, 0, 0], [0,0,0]],[[[x—1,1], [X—7.7], [X—3,3]] [H ] [ %%
(1, 1,1], [[0,0], [%o} [%o” 3} Ho 0, 178 } [o, 78 , } (1,1,1], [[0,0],

7ok [Tkl oo 7 o7 7 oo 50f o]}

|

B Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);

Sreg:z[[[x—l,l], X—7,7] [x—3,3]],H0,0,%] [0 0, —] [ %H H % (69)
£}[o22 2.8 e 3} f mor 2.0} 2
of | [ o007 o] [ -]

B RSreg:=SregseptrueOF2(L,Sreg,ext);
(7M



|77 Lo} 77 ][5 7 o]

> R1:=I1rrRegAppsingOF2(L,t,E,ext);
> 1:=1;

I:=1
> Fl:= SirrOF2infol(L,R1[1],R1[2].1,X,t,ext);

Flzzmw Loexat o {}} [9 X—9, [ %],1,{},{}],[12,x—12,[

___§2§9_§},3,{Roouaf(aa-k_z,indele),Rooqu(aa—k_z?index:2)},

(x—12)

(x —12)2
> easyOFZ(L R1,F1,X,t,ext);
L L] 2x=1) (x=3) (x—7)%] "'1 1] 2(x—1) (x=3) (x=7)°|]
LT 7T (x—9) (x—12)3 "7 (x—9) (x—12)3
B findOFZIn(L,Rl,Fl,x,t,ext);
L L] 2x=1) (x=3) x=7°%1] L1 L2021 (x=3) x—=7)°%1]
_ 7] (x—9) (x—12)3 "7 (x—9) (x—12)°
> TIME := time();
HypOF2Solutions(L);
time()-TIME;
TIME := 65.578
1 2 (x—1) (x—3) (x—7)°
H{Hl 7]’ 0] [l]”’ (x—9) (x—12) H
i 1.359
[> HHEH THE LOGARITHMIC CASE #H#H#HHH

> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),k,IJ(X));
3 2
F::(d—J( ))x2+(b2+1+b1)(§ J(x )Jx—J(x)+b2b1(%J(x)):0
X
> LA:=de2diffop(F,J(X));
LA :=x°DX + (xb2 +x +xb1) D¥ +b2 bl Dx — 1
> L02:=subs({bl=1,b2=1/7},LA);

L02:= 2Dy + =2 7 D><2+7Dx—1

> F1= (2% (x-1)72* (x=3) * (X-7)*3) / ((Xx-9)"2* (x-12)"3) ;

mem:hL[L[HW—L”JX_Z7]”_33][[ ][0 [ 6}}

{RootOf (66 + 7 index=1), RootOf (66 + Z° index=2) }” 5,6, (x—9) (x—12)°3

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)



2 (x—1)2(x=3) (x—=7)°

| (x—9)% (x —12)3
[> L:=ChangeOfVariables(L02,f);
L:=7Dx (x—1)° (x—=3)2(x—=7)2 (x—9)° (x—12)° (5193 — 3852 x + 830 x> — 60 X

2
+x*)" + 3 (22645089 — 28857816 x + 18714312 x> — 7325064 x> + 1736178 x* +5 X

fi=

— 239048 X° 4+ 17760 x° —600 ') DX (x —1) (x—3) (x—7) (x—9)* (x — 12)° (5193

— 3852 x + 830 X* — 60 x> + x*) + (2835488467971504 x — 3598922709698256 X

+ 2694809695467600 x> — 1330495042610628 x* — 240 x*° + x*° + 198921889104 x°
— 9212730352 x™° + 28636848 x'! + 24210204 x'* — 1404816 x*> + 32240 x**

— 2416016455178 x° + 456801809131152 X° — 111773530633392 x°

+ 19582335010800 x’ — 988135334786511) Dx (x — 9)° (x —12)* — 14 (5193

5
| —3852x+830X — 60X +x') (x—1) (x—7)?
[> ext:=indets(L,{RootOf,name}) minus {x,Dx};

| ext:={}
> ext:= indets(map(s-> ReplirrRoot(s,{}),ext),{RootOf, name});
| ext:={}
[> extppp:={};
extppp := { }

> E:= Singular(L,extppp);
E:=[[x—3 3], [ =], [x—1,1] [5193 —3852 x + 830 x* — 60 X° + x*, RootOf (5193
| —3852_7+830_2°—60_Z+_Z') ], [x—9,9], [x—12,12], [x—7,7]]
> F:=NotAppSing(L,E,ext);
F=[[x—21,1], [x—=7,7], [x—3,3], [ %, o], [x—9,9], [x—12,12]]
B Sirr:=irrsingOF2(L,t,F,ext);
21/3 1 1

Sirr:=|[[ o, @], [x—9,9], [x—12,12]],

+
1/3 ’
t 21 (1 223 _ I\/_Zm) {3

4

16 1242 2

1 1 1
3 @B o1

+ = + 2|,
21 (l 9213 I\/—22/3) {13 21

4

16384 16384

2
(_ % 1913 4 8 /—121/3) t2/3 ( % 1913 _ § Wi 121/3) {213
L1
7

©

15 RootOf(242+ 73 index=2)
t

15 RootOf (242 + 7 index=1)
t

1

(l 023 _ 1 \/—22/3) {13

4

1
+7,

15 RootOf (242 + 7% index=3) , 1 ]
t 7

(79)

(80)

(81)
(82)
(83)

(84)

(85)

(86)



21/3 1 21/3 1

+
1/3 13
t ( 1 023, 1 \/—22/3j {13 t ( 1 2203 % | \/?22/3) {13

4 4

16384
1 2213 _ 213 (113
( . |\/_2 ) 9 (_% Q13 I\/—121/3j 213

16 12'° 16384 16 12'°

3 @B 9 (_ 8 o113 _ I\/—lzlls) 23 3 @B
3

16384 16384

+

1

)

9 (_ g ol/3 _ I\/_121/3) 23 9 (_ 2 U3 | I\/—121/3) {213

[ 15 RootOf (242 +_Z° index=2) 15 RootOf (242 + _Z° index=1)
t t !

15 RootOf (242 +_Z° index=3) 15 RootOf (242 + _Z°, index=1)
t t

15 RootOf (242 + 7% index=3) 15 RootOf (242 + _Z° index=2) H [i 2 1}
3 H

t t 3’
1/3
(4 23 _ 1, \/—22/3) {3 t
1 L1 2P 1 1
SR ’
(411 2213 I‘/_ij {13 21 ¢ 21 (411 2213 I‘/_ij {13
1 1 1
+ + |
21 (1 0213 _ 1 I\/?ij dr 21
4 4
16384 2 16 123 L2
2 21" 3 213 21 |
9 (% 121’3+% |J?12“3) 3 t
16384 L2 16 12172 L2
8 L3 _ s\2 a3 2173 ¢ 21 f
9(-3 |J—12 ) t
' 16384 L2 16384
21°
9 (_g ol3 _ 8 \/—121/3) {213 9 (_2 U3, 8 \/—121/3) {213




2 H 15 RootOf (242 + 7% index=2) . 1 15RootOf (242 + Z° index=1)
+ =, + =,
21 t 7 t
1] [ 15 RootOf (242 +_Z° index=3) . 1 15RootOf (242 +_Z° index=1)
711 t 7’ t
. 1] [25Ro0tOf (242 + Z'index=3) . 1 15Ro0tOf (242 + Z, index=2)
711 t 7’ t
+% }H; (32" +12"°y3) t - L (321311213 3), - I\/_t21/3} [3

—3121/3+I121/3\/_)t2,—%(3121/3+I121/3\/_)t2,—%l\/_t121/3],

[15 (RootOf (242 + _Z°, index=2) — RootOf (242 + 73 index=1) ) t, 15 (RootOf ( 242

+ 7 index=3) —RootOf (242 + 7% index=1)) t, 15 (RootOf (242 + _Z° index=3)

12

—7,7) [x—3,3]], H[o 0, —] [o 12 1—2] (1,1,1] [[o 0], [

7 77

Hjo 7] [0 77 foon| 3o} FFof)s} [[oo 7|

7 77 7

o3 a0 %0} [$o]

B Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);

12 8

Sreg := [[[x 115, [X—7,7], [x—3,3]], Ho 0, 7] [0 0, 7] [0,0,7”,[[0,7,
1

2[00 . & |} [ [0} [2.0]} [0y [2.0]
2 o] 01 2.0} [$0]

> RSreg:=SregseptrueOF2(L,Sreg,ext);

RSreg := [[] [ [[[x 1,13, [x=7,7], [x—3,3]],Ho,o,%],[o,o,%,[0,0,7 ,

|75 o[ 77 o] 7. 7 o]

:> R1: IrrRegAppsmgOFZ(L t,E,ext);

> 1:=1;

i =1

[> F1:= SirrOF2infol(L,R1[1],R1[2],1,X,t,ext);

1 2048
Fl::H[oo,;, [2x],1, { },{}}, 9,x—9,[ > 12, ¢ },{}},

9 (x—9)
) 302f<2) g } 3, {RootOf (242 + 7% index=1), RootOf (242 + 7. index=2) }
(x—12)

12,x—12,[

(87)

(88)

(89)

(90)



{RootOf (242 + 7% index=1), RootOf (242 + 7% index=2) }H 6,6, (x—9)2 (

—12)% (x—09) (x—12)2}

> FindOF2In(L,R1,F1,X,t,ext);
2

> TIME := time();
HypOF2Solutions(L);
time()-TIME;
TIME :=70.375

“{Hl %] [0}, [1]“, 2 lx (_Xl_):;? (_)(3_)1(;)27)3 ”

1.437

> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),k,I(X));:
3 2

F::(d—gJ(x))x2+(b2+1+b1) (d—ZJ(x))x—J(x)erzbl(iJ(x))=o
i dx dx dx
> LA:=de2diffop(F,J(x));
] LA :=x"DX + (xb2 +x +xbl) DX + b2 bl Dx — 1
[> L12:=subs({b1=1,b2=1/7},LA);

L12::x2Dx3+1—75xDx2+%Dx—1
B T =2*(X-D)*(X-3)*(X-7)"3)/ ((X-9)*(x-12)"3);
o 2(x=1) (x=3) (x=7)°

i ' (x—9) (x—12)3
[> L:=ChangeOfvariables(L12,¥);
L:=7D% (x—1)> (x—=3)2 (x=7)2 (x—9)* (x—12)°% (3177 — 2724 x + 654 X* — 52 X°

2
+x*) " 43 (20830689 — 27346680 x + 17177688 x> — 6348216 X° + 1444242 x* + 5 %8

— 196296 X° + 14768 x° —520 ') D¥ (x —1) (x—3) (x—7) (x—9)° (x —12)° (3177

— 2724 x 4 654 x* —52 x° +x*) + (564228922154400 x — 777883985371440 X
+ 624680810940240 x° — 328646471988996 x* — 208 x*° + x*® + 51096393696 x°
— 1231064592 x*° — 172695696 x** + 20647516 x> — 1008736 x*° + 23376 x**

— 681599791818 x° + 119460916666080 x° — 30650023473552 x° + 5538208328208 x’

— 174852961459983) Dx (x — 9)2 (x — 12)* — 14 (3177 — 2724 x + 654 x* — 52 X
5

| ) x=7)?

[> ext:=indets(L,{RootOf,name}) minus {x,Dx};

i ext:={}

> ext:= indets(map(s-> ReplirrRoot(s,{}),ext),{RootOFf, name});

_ _ _ 7,3 a2, 5.3
HHl %H 2 (X(xl—)gg)z((x?,—)l(;()3 . l “[1 %H = (X(xl_)gg)z((x3_)1(;()3 * H

(91)

(92)

(93)

(94)

(95)

(96)

(97)

(98)



> E:=

> extppp:={};

Singular(L,extppp);

ext:={}

extppp := { }

E:=[[x—=33] [ ], [x—1,1], [x—9, 9], [x — 12, 12], 3177 — 2724 x + 654 X°
—52x3 +x* RootOf (3177 —2724 Z+654 72—52 22+ 7], [x—7,71]

> F: =NotAppSing(L,E,ext);

F=[[x—1,1], [x—=7,7], [x

i —3,3], [ @], [x—9,9], [x—12,12]]
[> Sirr:=irrsing0F2(L,t,F,ext);

HL/3 1 1
Slrr = [[ @, 00], [X _9’ 9]1 [X - 12’ 12]]1 - W + Z) 1 2/3 2/3 1/3
t
(27 e
2/3
ey *orl e am
(4 223 1 \/—22/3) {3 t
1 1
1 +Z’ 1 gl/3 _ 1/3) (1/3
(__1 gl3 ¢ I\/_181/3) {3 (__1 I\/_18 )
16 16
1 [ 15 RootOf(66 + Zindex=1) 1 15 RootOf(66 + 73 index=2)
+ - + =,
21 t 7 t
. 1 15R00tOf (66 + 2’ index=3) +1] 1
7’ t 7100 1 28 _ 213 {113
— 132
(e 20
/3 1 HL/3 1
+ i3 1 023 1 \/—22/3 1/3 * i3’ (1 223 1 \/—22/3 1/3
(42 )t (42 )t
B 1 1 B 4 18°°
’ {3
(i 2213 _ 1 I\/?Zm’) {13 ( 1813 4 1 Iﬁwlls) {13
4 4 16
1 4 18°8 1
1/3
(_i 1813 _ I\/_181/3) {113 9 (—il gli3 _ 1 I\/_181/3) {13
16 16
1

( 1 181/3 + | ‘/_181/3j {3

16

__ 15 RootOf (66 +_z ,index=1)

[ 15 RootOf (66 + Z°, |ndex:2)
t

15 RootOf (66 + Z°, index=3)

t

_ 15Ro0tOf (66 +_Z°, index=1)

t

15 RootOf (66 + _Z°, index=3)

t

t

(99)

(100)

(101)

(102)

(103)



3 - _
15 RootOf(GG—it-_Z,lndex—Z) ” [% %1] (3,3, 1],

= L1 2
1 s _ 2/3) (/3 21" {43 21
= 1J32
AL
= L1 2P 1 =
! 1/3 !
(411 023 1 \/—22/3j {13 21 ¢ 21 (1 023 1 \/—22/3j {13
L1 L L1 H g
21° 1 s _ 2/3) (/3 o) 1,3, 1 1/3) ,1/3
(4 |J_2) (1618 + o V318 )t
L1418 1 1 L1 4 187
! 1/3 ! ! 1/3
2179 ¢ 21 (_1_16 1813 _ l IJ_181/3) 43 219
1 1 1
+ +
2L 1| (L L qqus_ vs) ws 217
( 18 I\/_18 j
1 L H 15 RootOf (66 + _Z° index=2)
( 1/3+i I\/?181/3) {113 21 t
L1 15 RootOf (66 4 _Z°, index=1) +l [ 15 RootOf (66 +_Z°, index=3)
7 t 701 t
. 1 15Ro0tOf(66 + 7 index=1) L1 [ 15 RootOf (66 + Z°, index=3)
7’ t 711 t
3 - _ 1717
L1 15 RootOf (66 + _Z°, index=2) FENLTE (322341243 3 ¢ - L
7 t 7 2 2
2

5 (3187° +118°°/3) ¢, % (-318%3

3213 41213 7)) g, I\/_t21/3][

+1188/3) ¢, % |ﬁt182’3] [15 (RootOf (66 + 7 index=2) — RootOf (66

+ Z3index=1)) t, 15 (RootOf (66 + Z° index=3) — RootOf (66 + Z°, index

=1)) t, 15 (RootOf (66 + _Z° index=3) — RootOf (66 + _Z° index=2)) t]], [[0, 0,

01, [0, 0, 0], [0,0,0]],[[[x—1,1], (X—7,7], [x—3,3]],mo 0,2 } [ %%}

o030} ol o #fo 220 oo
L

.0} [0} [ $ o3 v o1 36} 3]



|

B Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);

Sreg:=[[[x—1,1], [X—7,7] [x—3,3]],Ho,o,%} [o 0, —} [ %H H % (104)
e o 7[5 o) [F o]} oo [T o |7

ol oo [2e} 3]

[> RSreg:=SregseptrueOF2(L,Sreg,ext);

RSreg:z[[],[],[[[x—l,l], [X—7,7] [x—3,3]], Ho 0, & ] [o 0, 18 [0,0,%”, (105)

F e[ bl {5 7 ol

> R1:=IrrRegAppsingOF2(L,t,E,ext);

R1 := l[[x—g,g], [x — 12, 12], [, 1], HStf—II +%+ ROOtOf(S—ZzH) , (106)
(w%ﬁilll;tl/s +%+ RootOf(3_22+1) ' (l\/?_z:ll;tlls +%

| RootOf (72 +1) ] [ 1980 2131 Rootof ( Z2+1) 10802 3
3 3 + —~ + y

3 3 3(1y3 —1) /2
.1, Rootof( Z+1) 1980° 3 .1, Rootof( Z+1)
3 3 ’ 1/3 3 3 ’
3(1V3 +1)t
[3Root0f(_Z3+2, index=1) 1+ RootOf( 2 +1) 3 RootOf (72 + 2, index=2)
t - ' t

3 - _
1+ Rootof (72 41), SRootOf(_Z t+2’ index=3) +1+RootOf(_ZZ+1)H,
H 16 2/ Cg2tl3 gptld gotls ge0tl3
J3 1) &3 vz +1)dld &R Gy 1)l

162 ’ ] [ 1980%/ 1980%/ 19802/

3 —1) el s(y3—1)el3 683 3(0y3+1)¢/3

1980 ’ 19802 2 - 198022

6t/%  3(1y3 +1) ¢ 3(1y3 —1) /3

3 RootOf (7> + 2, index=2)
t

_ 3RootOf (_Z* +2, index=1)
t )
3 RootOf (73 + 2, index=3)
t

_ 3RootOf (_Z* +2, index=1)
t )




3RootOf ( 22 +2,index=3)  3RootOf ( 7> + 2, index=2) 11
n — n , 3,3,1,[3,3,

1/3 2 1/3
1 16 2 +l N RootOf (_Z°+1) 82" 1
(1V3 —1) t 3 3 &l 3
RootOf ( z +1) 16 2t 1 Rootof( Z+1) 82113 1
s+t it s
|J_+1 3 3 t 3
2
N RootOf ( z +1) ‘ l 16 2t +1 N RootOf (_Z°+1) |
(1IV3 +1)t 3 3
162 ’ L1 RootOf( Z+1) 10802/ 3 1
TEREER 3 2l TR}
(13 —1)t (13 —1)t
Rootof ( Z2+1) 19802/ 1 RootOf( Z2+1) 10802
+ ottt , b
3 6t 3 3 (V3 +1)t
2 2|3 2
L1y RootOf ( Z°+1) - 1980°°° 1 RootOf ( Z°+1) |
3 3 6itl3 3 3
10802 2 1 Rootof( Z2+1) 1980° 3 1
e a TEREE)
3(1V3 +1)t 3 3 3(1V3 —1)t 3
2 3 : —
N RootOf(3_Z +1) ” H 3 RootOf ( Z t+2, index=2) 1+ Rootof (2 +1),
3 . _ 3 . _
3 RootOf ( Z t+2, index=1) +l+RootOf(_ZZ+l)}, [ 3 RootOf ( 7 t+2, index=3)
3 . -
1+ Rootof (22 +1), SRo0tOf(_Z t+2’ index=1) 1\ rootof( 2 +1) |

3 . _ 3 . _
[3R00t0f(_Z t+2, index=3) +1+Rootof (22 +1), 3 RootOf ( Z t+2, index=2)

—|—1+R00t0f(_22—|-1)m, [[—4 (Y3 2 134321 3) 4 (1y3 2113 =321 13) ¢,

13 (31980%/°+1y3 1980%/%) t (143 1980*/ % —31980%/3) t
812 ﬁt]’[ 12 ’ 12 !

% 1980213\/?t}, [3 (RootOf (_Z* 42, index=2) — RootOf (_Z> + 2, index=1) ) t,

3 (RootOf (_Z% +2, index=3) —RootOf (_Z> + 2, index=1) ) t, 3 (RootOf (_Z> + 2,

index=3) — RootOf (_Z> + 2, index=2) ) t]], [[0, 0, 0], [0, 0, 0], [0, 0, 011], [[[x — 1,



1], [x—3,3], [x—7,71], [[0,0, -2 RootOf (_Z% +1) ], [0, 0, -RootOf (_Z*+1) ], [0,
0, -2 RootOf (_Z°+1) 1], [[0, -2 RootOf (_Z*+1), -2 Rootof (_Z*+1) ], [0,
-RootOf (_Z2+1), -Rootof (_Z2+1) ], [0, -2 RootOf (_Z>+1), -2 RootOf (_Z°
+1) 1], [[10,01, [ -2 RootOf (_Z*+1),0], [ -2 RootOf (_Z*+1),0]], [[0,0],
~RootOf (_Z°+1), 0], [ -Rootof (_Z*+1),0]], [0, 01, [ -2 RootOf (_Z*+1),0], [
~2RootOf (2 +1), 0111} [ 3, [ 1, [[1x =1, 11, x=3,3), [x= 7,711, [0, 0,

-2 Rootof (_Z2+1)], [0, 0, -RootOf (_ Z2+1) ], [0,0, -2 RootOf (_ Z2+1) 1], [[[

-2 RootOf (_Z* +1), -2 Rootof (_Z2+1) ], [07], [[ -RootOf (_Z*+1), -RootOf (_Z*

+1)1, 103], [[-2 RootOf (_Z*+1), -2 Rootof (_Z* +1) ], [01]]]], [Hx4— 2K

1058 »

+ =5 x* — 1450 x + 1833, RootOf (3 Z2—98 Z°+1058 7% —4350 Z +5499) H

[[01 214]]! [[2! 4! 2]]1 [[[210]1 [410]1 [412]]]}1 [[X_]-! 1]1 [X_‘?’! 3]! [x—9,9], [X

—12,12], [, ], [x—7,71], [[o, 0, -2 Rootof (_Z2+1) ], [0, 0, -RootOf (_Z2

1/3 2 1]3
+1)] 85/3 L1y RootOf (_Z2"+1) | 16 2 +1
t 3 3 (Y3 -1)t 3
Rootof ( 72 +1) 16213 1 RootOf( Z+1) 198023
+ - T tg T -
3 (IV3 +1)t 3 3 6t
2 23 2
L1 RootOf (_Z°+1) - 1980 s L1 RootOf (_Z°+1) |
3 3 3(1V3 —1)t 3 3
10802 .1, Rootof( Z+1) ] [3Root0f(_z3+2, index=1)
3(1V3 +1)dl3 3 3 | t

), 3RootOf ( Z2+2,index=2)

+ RootOf (_Z2+1), t +1 +RootOf (_Z2+1),

3 RootOf (7% + 2, index = 3)
t

+1 4 RootOf (22 +1) } [0, 0, -2 RootOf ( Z2+1) ]|,



l [0, -2 RootOf (_ 2> +1), -2 RootOf (_ Z2+1) ], [0, -RootOf (_Z%+1), -RootOf (_Z2

+1)][ 162113 gatl3 geptld gptld
(V3 —1)¢ t”"“’ L (yE 1)t ¢le
162113 16 2/ 19802/ 10802/ 3
—- —_ + ,
Wz +1) P (V3 3—1 3_1) AERPYIE

198023 . 1980 19802 , 108023 ‘
3(1y3 +1) /3 6t ’(\/—+1) 3(1VF —1) /3

[3Root0f(_23+2, index=2) _ 3RootOf (_Z° +2, index=1)
t t

3 RootOf (_Z® +2,index=3) _ 3 RootOf (_Z* + 2, index=1)

t t
3RootOf (_Z° +2,index=3) _ 3 RootOf (2’ +2, index=2) } [0, -2 RootOf (_72
t t i) i) —_—

+1), -2 RootOf (_ 7> +1) ]}, [[[o, 0], [ -2 RootOf (_Z°+1), 0], [ -2 RootOf (_Z°

+1),0]], [10,01, [-Rootof (_ Z2+1), 0], [-RootOf (_Z2+1), 0]],

16 2' L1, Rootof( 7 +1) g 2tl3 L1, Rootof( 2 +1)
J3 _1 gl 3 3 Cogls T3 3 ’
16 21 . L1, Rootof( Z’+1) gotl3 .1, Rootof( Z2+1)
C(VE )3 3 el s 3 |
182"/ 1 Rootof( Z+1) 162'° 1
(1y3 +1)¢/3 3 3 yF—1) ¢l 3
| Rootof (2 +1) ‘ H 10802/ 2 . 1, Rootof( Z+1)
3 (V3 —1)¢l® 3 3 ’
10802/ 1 Rootof( Z2+1) 198023 1
el T3t 3 ' ERE)
6t (1y3 +1) &3
| Rootof( 2 +1) 10802/ 2 .1, Rootof( Z+1) [ 10802
3 ©oettl® 3 3 (V3 +1) 12
1, Rootof( Z+1) 10802 2 1, Rootof( Z+1)
3 3 L3y 1)l 3 3 ’

t +1 +RootOf (_Z2+1),

3 RootOf (7% + 2, index=1)

[ [ 3 RootOf (_Z* + 2, index=2)

3 RootOf (7% + 2, index=3)

t

t +1+RootOf(_Zz+1)},[



). 3RootOf ( 2242, index=1)

+1 +Rootof (22 +1), t +1+Rootof (22 +1) |,

3 . _ 3 . _
[3R00t0f(_Z t+2, index=3) +1+Rootof (22 +1), 3 RootOf ( Z t+2, index=2)

+1 +RootOf (_Z*+1) H [[0,0], [-2RootOf (_Z°+1), 0], [ -2 RootOf (_Z* + 1),
o]]}, [11,1,17,[1,1,17,[3,3,31,[3,3,3], [1,1,1], [1, 1, 1]]”

> Fl:= SirrOF2infol(L,R1[1],R1[2],X,t,ext);
F1 = H[g,x—g, [—%}, 1, 2 {RootOf(_zz+1)}}, [12, ~12 [ 18150 } 1, 2 (107)

9

{RootOf (72 +1) }], [oo % [-25¢], 3, {RootOf (_Z+2, index=1), RootOf(_Z3+2,
index=2) }, {RootOf (_Z* + 1), RootOf (_Z* + 2, index=1), RootOf (_Z> + 2, index

| =2)}]],5,6, (x—9) (x—12),1]
> FindOF2In(L,R1,F1,x,t,ext);

2 2 (x—1)% (x—3) (x—7)2} [ )
(1, Rootof (#2+1)]), 203 DT (1, pootor (2 +1) 1) (108)
2(x=1)*(x=3) (x—17)° ”
i (x—9) (x—12)
[> TIME := time();
HypOF2Solutions(L);
time()-TIME;
TIME := 40.046
(X — — 72 (x—9)° (x—12)°D¥
[ [[trromertran [ 2
—98x° + 1058 X* — 4350 X + 5499)

+ (9 (15 x*® — 1623 x*2 + 79349 x'! — 2318073 x*° + 45075498 x° — 614907602 x® + 6040382598 x’ — 43
1223351175871 X° — 824867387271 X* + 2104961242149 x° — 3505189872969 X
+ 3413344871016 x — 1477552421520 ) Dx) / ((3x*— 98¢ + 1058 x2 — 4350 X

2
+5499)° (3% — 101 x* + 1156 x3 — 5408 2 + 9849 x — 5499) ) + (18 (6 x*2
11 10 9 8 7 6
— 621 x* + 28733 x*% — 785302 x° + 14104058 x® — 175093272 x’ + 1537782840 X
— 9607222674 X° + 42285234816 x* — 127655542107 X° + 250793603163 X

— 288655394040 x + 148734510768 ) / ((3x* —98 %%+ 1058 %2 — 4350 x



2
+5499) (3%° — 101 x* + 1156 X° — 5408 X2 + 9849 x —5499) ) |1},

2 (x—1)%(x—3) (x—T7)2 ”
(x—9) (x—12)

14.750

[> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),.k,J(X));
F = [d—z J(X)J X+ (b1 + b2 + 1) [d—zz J(X)J X + b1 b2 (i 20 | =300 =0
dx dx dx
> LA:=de2diffop(F,J(X));
LA := x> DX’ + (xbl +x b2 +x) DX 4+ b2 bl Dx — 1
> L12:=subs({bl=1,b2=1+RootOf(x"2+1)},LA);
L12 := x*DxX’ + (2x +x (1 +RootOf (_ Z2+1))) D¥ + (1 +RootOf ( Z2+1)) Dx—1
> T:=(2*(X-1)"2*(X=-3)*(X-7)"2)/ ((x-9)*(x-12));
2 (x—1)2(x—3) (x—7)°
(x—9) (x—12)
> L:=ChangeOfVariables(L12,T);
L:=Dx (x—1)° (x—3)? (x—=7)2 (x—9)* (x —12)* (3 x* — 98 x® + 1058 x* — 4350 x
+5499)° + (1 +Rootof ( Z2+1)) (98 + 176 RootOf (72 +1) x® — 588 X7
— 5806 RootOf (_Z° + 1) x° 4 15776 X° + 72218 RootOf (_Z* +1) x* — 227662 x°
— 411684 RootOf (_Z% + 1) x3 + 1932740 x* + 1000188 RootOf (_ 72 + 1) x°
— 9870720 x° — 434862 RootOf (_Z% + 1) x + 29558196 x* — 1335366 RootOf (_ 7% + 1)
— 47406438 x +31574367) (3 x* —98 x* + 1058 x* — 4350 x 4+ 5499) (X —7) (X

—3) (x—1) (x—9)3(x—12)3DX2—%((1 +3Rootof ( Z2+1)) (

f:=

-547157401526799 + 1640315296209240 x + 1877136788751552 x° — 350016 x**

+ 12594984 x*2 — 306602642 x> + 5353573328 x** — 69354920712 x*°

+ 679945841960 x° — 45 x'® + 5880 x'°> — 5097833895956 x° + 29323504806456 X’

— 128971487877984 x° — 2253196066142232 x> — 17123543914158 RootOf (7> + 1)
— 1059559724735838 Xx* + 429181878089880 x° + 528 RootOf (7% + 1) x**

— 34132 RootOf (_Z° + 1) x™ + 856206 RootOf (_Z° + 1) x** — 7848464 RootOf (_Z°
+1) x** — 89708864 RootOf (_7° + 1) x™ + 3652659780 RootOf (_7° +1) x°

— 53915229562 RootOf (7% + 1) x® + 488313786912 RootOf (_Z° +1) X’

— 3003412628448 RootOf (72 + 1) x° + 12913918449300 RootOf (22 + 1) X°

— 38725548708006 RootOf (7% + 1) x* + 78674056953264 RootOf ( 72 +1) x°
—101103717757104 RootOf (_Z? 4 1) x* + 70417349719740 RootOf (_Z> + 1) x) (x

5
—9)2 (x—12)°Dx) —2 (3x* —98 x> + 1058 x> — 4350 x 4+ 5499)" (x —1) (X —7)

(109)

(110)

(111)

(112)

(113)

(114)



> ext:=indets(L,{RootOf,name}) minus {x,Dx};
ext := {RootOf ( ZZ+1)}

B

> ext:=

E:

ext := {RootOf ( Z+1)}

> extppp:={};

= Singular(L,extppp);

extppp == @

indets(map(s-> ReplirrRoot(s,{}),ext),{RootOf,name});

c . H 498 5, 1058 2 1450 + 1833, RootOf (3_Z* — 98 7%+ 1058 72

Sirr :=

3 3

— 4350 Z+5499) |, [x —1,1], [x—12,12], [

> F:=NotAppSing(L,E,ext);
| F:=[[x—11] [x—3,3],[x—9,9], [x—12,12], [«
[> Sirr:=irrsing0F2(L,t,F,ext);

[[x—9,9], [x—12,12], [ o, ], H

o], [x—3,3],[x—9,9] [x—7,7]

OO]’ [X_7’ 7]]

82113 1 Rootof( Z2+1)

KK T3t

162113 1 Rootof( Z2+1) 16213

3 H

+=+

(1y3 —1)¢/® 3

" 3

3 C(1y3 1) ¢

1
* 3

19802 3

I3 +§+ 3

Rootof ( 72+ 1) ] l 1980 2[3 1 Rootof( Z2+1)

3(1y3 —1)¢/°

1 | RootOf (_Z*+1)
M 3 ’

[ 3 RootOf (7% + 2, index=1)
t

+= +

10802 3 1 Rootof ( Z2+1) ]
3 )

3(1y3 +1)¢/3 3

3 RootOf (73 + 2, index=2)

+1 4 RootOf (_Z2+1),

+1 +Rootof (_Z*+1),

). 3RootOf ( Z2+2,index=3)

t

t

+1 +RootOf (_Z*+1) H

16 2*/ Cg2t!d ge2tld gptld 462!3
H Jaondlr B3 gymn)dlr 8l gz )l
162" o 1080®/®  1980°/° 10803

(|J_—1)t1’3H 3(1y3 —1)el® et T a3(iyz 1) ele
10007 ’ 19807/ 1980%/
6t/ " 3(1y3 +1) ¢ 3(|ﬁ—1)t”3]

3 RootOf (7% + 2, index = 2)

_ 3RootOf (_Z* +2, index=1)

t
3 RootOf (73 + 2, index=3)

t

_ 3RootOf (_Z* +2, index=1)

t

3RootOf (_Z° +2, index=3)

t
3 RootOf (_Z* + 2, index=2)

t

t

Hgdapes

(115)

(116)

(117)

(118)

(119)

(120)



1/3 2 13
1 16 2 SR 1. RootOf ( Z°+1) | g2 '° 1
(1V3 —1)t 3 3 ¢l 3
2 1/3
+RootOf Z+1) 16 2t _’_l_i_RootOf(_Z +1), 8?13 L1
|\/_+1 3 3 t 3
. RootOf ( z +1) ] [ 16 2t +i N RootOf ( 7% +1)
(I3 +1)t 3 3 |
162 ’ 1 Rootof ( Z2+1) 198023 1
TR 3 i TEREE)
(13 —1)t (1V3 —1)t
Rootof ( Z2+1) 19802/ 1 RootOf( Z2+1) 10802/ 3
+ S i , A
3 6t 3 3 (13 +1)t
2 23 2
L1 RootOf (_Z°+1) ;R RootOf (_Z°+1) |
3 3 63 3 3
10802 1 Rootof( Z2+1) 10802 3 1
s T3 3 a TR
3(1V3 +1)t 3(1Vy3 —1)t
2 3 . _
N RootOf(B_Z +1) H H 3 RootOf ( Z t+2, index=2) +1+Rootof (2 +1),

3 : _ 3 L
3 RootOf ( Z t—i—2, index=1) 41 +RootOf(_ZZ+1)}, [ 3 RootOf ( Z t—i—2, index=3)

3 . _
+1 +RootOf ( 2 +1), 3 RootOf (_Z t+2’ index=1) +1+Rootof ( Z2+1) |,

3 o 3 L
[3Root0f(_Z t—|—2, index=23) +1+Rootof (2 +1), 3 RootOf ( Z t—|—2, index=2)

+1+RootOf(_ZZ+1)m, [[-4 (13 2 134321 3) ta(1y3 213 —32113) ¢,

8|21[3\/?t]’[(31980 +131980°/%) t  (1/3 1980%/3 —31980?/°) t

12 ’ 12

6
3 (RootOf (_Z% +2, index=3) —RootOf (_Z> + 2, index=1) ) t, 3 (RootOf (_Z> + 2,
index=3) —RootOf (_Z + 2, index=2) ) t]], [[0, 0, 0], [0, 0, 0], [0,0, 011, [ [[x — 1,
11, [x—3,3], [x—7,711 [[[0,0, -2 Rootof (_Z*+1) ], [0, -2 RootOf (_Z* + 1),
-2 Rootof (_Z#+1) 1,11, 1,11, [0, 0], [ -2 RootOf (_Z*+1), 0], [ -2 RootOf (_Z?
+1),0]],3], [[0,0, -Rootof (_Z>+1)], [0, -RootOf (_Z*+1), -RootOf (_ 7> +1) ],
[1,1,1], [[0,0], [-RootOf (_ Z2+1), 0], [-RootOf (_Z2+1),0]],3], [[0, 0,
-2 RootOf (_ Z2+1) ], [0, -2 RootOf ( Z2+1), -2 RootOf ( Z2+1) ], [1,1,1], [[0,
03, [-2Rootof (_ Z2+1), 0], [-2 Rootof (_ Z2+1),0]], 31111

L 19802[3\/?t}, [3 (RootOf (_Z* 42, index=2) — RootOf (_Z> + 2, index=1) ) t,



> Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);

Sreg:= [[[x—1,1], [x—3,3], [x—7,711, [[0,0, -2 Rootof (_ Z2+1) ], [0, 0,
~RootOf (_ Z2+1) ], [0,0, -2 Rootof (_Z%+1) 1], [[0, -2 RootOf (_Z% +1),

-2 RootOf (_Z*+1) ], [0, -RootOf (_Z*+ 1), -RootOf (_Z>+1) |, [0, -2 RootOf (_Z°
+1), -2Rootof (_Z*+1) 1], [0, 01, [ -2 RootOf (_Z*+1), 0], [ -2 RootOf (_Z?
+1),0]],[10, 01, [ -Rootof (_Z*+1), 0], [ -RootOf (_Z*+1),0]], [0, 07, [

| -2RootOf (_Z*+1),0], [-2RootOf (_Z*+1), 0]]]]
> RSreg:=SregseptrueOF2(L,Sreg,ext);
RSreg == [[ 1, [}, [[[x—1,1], [x—3,3], [x—7,7]],
~RootOf (_Z+1) ], [0, 0, -2 RootOf (_ 22+ 1) 1],
-2 Rootof (_Z2+1) ], 101], [[-RootOf (_Z2+1), -
| -2RootOf (_Z* +1), -2 RootOf (_Z*+1) ], [01]]]]
> R1:=1rrRegAppsingOF2(L,t,E,ext);
[82 I3 1 Rootof( Z2+1)

(0,0, -2 RootOf (_Z°+1) ], [0, 0,
[[-2RootOf (_ 7 +1),
RootOf (_Z2+1) ], 101, [[

—

+ =+

R1:==[[[[x—-g,g],[x——12,12],[“% ©]] IEYERE! 3

162112 1 Rootof( ZZ+1) 16 2t/3 1
TEREER 3 - TR
(13 —1)t (1V3 +1)t
RootOf (72 +1) ‘ l 1980 2|3 .1, Rootof( Z+1) 1980° 3
3

R 3 U a(v3-onel

1 RootOf ( Z2+1) 10802 3 1 . RootOf( Z2+1) ]

+

+ 5+ + 5+

3 3 3(1y3 1)l 3 3

3 . _ 3 . _
[3R00t0f(_Z t+2, index=1) +1+Rootof (22 +1), 3 RootOf ( Z t+2, index=2)

3 . -
1+ Rootof (2 +1), SRootOf( Z t+ 2,index=3) 4\ pootof (22 +1) H

16 2*/ Cg2t!d ge2tl3 gptld 4p2!8
H J3 —1) N TN o ER T R TN T E
162" 19080’/ 1980°/° 1080° /3

(|J_—1)t1’3] [ 3(1y3 —1)el® et T a3(iyz 1)l
1980’ 19807/ , 1980%

6t "3 (13 +1) ¢ 3(1y3 —1) /3

3 RootOf ( Z° + 2, |ndex—2) _ 3RootOf (_Z* +2, index=1)
t t !

3 RootOf (_Z° +2,index=3) 3 RootOf (_Z* + 2, index=1)
t t !

(121)

(122)

(123)



3RootOf ( 22 +2,index=3)  3RootOf ( 7> + 2, index=2) 11
n — n , 3,3,1,[3,3,

1/3 2 1/3
1 16 2 +l N RootOf (_Z°+1) 82" 1
(1V3 —1) t 3 3 &l 3
RootOf ( z +1) 16 2t 1 Rootof( Z+1) 82113 1
s+t it s
|J_+1 3 3 t 3
2
N RootOf ( z +1) ‘ l 16 2t +1 N RootOf (_Z°+1) |
(1IV3 +1)t 3 3
162 ’ L1 RootOf( Z+1) 10802/ 3 1
TEREER 3 2l TR}
(13 —1)t (13 —1)t
Rootof ( Z2+1) 19802/ 1 RootOf( Z2+1) 10802
+ ottt , b
3 6t 3 3 (V3 +1)t
2 2|3 2
L1y RootOf ( Z°+1) - 1980°°° 1 RootOf ( Z°+1) |
3 3 6itl3 3 3
10802 2 1 Rootof( Z2+1) 1980° 3 1
e a TEREE)
3(1V3 +1)t 3 3 3(1V3 —1)t 3
2 3 : —
N RootOf(3_Z +1) ” H 3 RootOf ( Z t+2, index=2) 1+ Rootof (2 +1),
3 . _ 3 . _
3 RootOf ( Z t+2, index=1) +l+RootOf(_ZZ+l)}, [ 3 RootOf ( 7 t+2, index=3)
3 . -
1+ Rootof (22 +1), SRo0tOf(_Z t+2’ index=1) 1\ rootof( 2 +1) |

3 . _ 3 . _
[3R00t0f(_Z t+2, index=3) +1+Rootof (22 +1), 3 RootOf ( Z t+2, index=2)

—|—1+R00t0f(_22—|-1)m, [[—4 (Y3 2 134321 3) 4 (1y3 2113 =321 13) ¢,

13 (31980%/°+1y3 1980%/%) t (143 1980*/ % —31980%/3) t
812 ﬁt]’[ 12 ’ 12 !

% 1980213\/?t}, [3 (RootOf (_Z* 42, index=2) — RootOf (_Z> + 2, index=1) ) t,

3 (RootOf (_Z% +2, index=3) —RootOf (_Z> + 2, index=1) ) t, 3 (RootOf (_Z> + 2,

index=3) — RootOf (_Z> + 2, index=2) ) t]], [[0, 0, 0], [0, 0, 0], [0, 0, 011], [[[x — 1,



1], [x—3,3], [x—7,71], [[0,0, -2 RootOf (_Z% +1) ], [0, 0, -RootOf (_Z*+1) ], [0,
0, -2 RootOf (_Z°+1) 1], [[0, -2 RootOf (_Z*+1), -2 Rootof (_Z*+1) ], [0,
-RootOf (_Z2+1), -Rootof (_Z2+1) ], [0, -2 RootOf (_Z>+1), -2 RootOf (_Z°
+1) 1], [[10,01, [ -2 RootOf (_Z*+1),0], [ -2 RootOf (_Z*+1),0]], [[0,0],
~RootOf (_Z°+1), 0], [ -Rootof (_Z*+1),0]], [0, 01, [ -2 RootOf (_Z*+1),0], [
~2RootOf (2 +1), 0111} [ 3, [ 1, [[1x =1, 11, x=3,3), [x= 7,711, [0, 0,

-2 Rootof (_Z2+1)], [0, 0, -RootOf (_ Z2+1) ], [0,0, -2 RootOf (_ Z2+1) 1], [[[

-2 RootOf (_Z* +1), -2 Rootof (_Z2+1) ], [07], [[ -RootOf (_Z*+1), -RootOf (_Z*

+1)1, 103], [[-2 RootOf (_Z*+1), -2 Rootof (_Z* +1) ], [01]]]], [Hx4— 2K

1058 »

+ =5 x* — 1450 x + 1833, RootOf (3 Z2—98 Z°+1058 7% —4350 Z +5499) H

[[01 214]]! [[2! 4! 2]]1 [[[210]1 [410]1 [412]]]}1 [[X_]-! 1]1 [X_‘?’! 3]! [x—9,9], [X

—12,12], [, ], [x—7,71], [[o, 0, -2 Rootof (_Z2+1) ], [0, 0, -RootOf (_Z2

1/3 2 1]3
+1)] 85/3 L1y RootOf (_Z2"+1) | 16 2 +1
t 3 3 (Y3 -1)t 3
Rootof ( 72 +1) 16213 1 RootOf( Z+1) 198023
+ - T tg T -
3 (IV3 +1)t 3 3 6t
2 23 2
L1 RootOf (_Z°+1) - 1980 s L1 RootOf (_Z°+1) |
3 3 3(1V3 —1)t 3 3
10802 .1, Rootof( Z+1) ] [3Root0f(_z3+2, index=1)
3(1V3 +1)dl3 3 3 | t

), 3RootOf ( Z2+2,index=2)

+ RootOf (_Z2+1), t +1 +RootOf (_Z2+1),

3 RootOf (7% + 2, index = 3)
t

+1 4 RootOf (22 +1) } [0, 0, -2 RootOf ( Z2+1) ]|,



l [0, -2 RootOf (_ 2> +1), -2 RootOf (_ Z2+1) ], [0, -RootOf (_Z%+1), -RootOf (_Z2

+1)][ 162113 gatl3 geptld gptld
(V3 —1)¢ t”"“’ L (yE 1)t ¢le
162113 16 2/ 19802/ 10802/ 3
—- —_ + ,
Wz +1) P (V3 3—1 3_1) AERPYIE

198023 . 1980 19802 , 108023 ‘
3(1y3 +1) /3 6t ’(\/—+1) 3(1VF —1) /3

[3Root0f(_23+2, index=2) _ 3RootOf (_Z° +2, index=1)
t t

3 RootOf (_Z® +2,index=3) _ 3 RootOf (_Z* + 2, index=1)

t t
3RootOf (_Z° +2,index=3) _ 3 RootOf (2’ +2, index=2) } [0, -2 RootOf (_72
t t i) i) —_—

+1), -2 RootOf (_ 7> +1) ]}, [[[o, 0], [ -2 RootOf (_Z°+1), 0], [ -2 RootOf (_Z°

+1),0]], [10,01, [-Rootof (_ Z2+1), 0], [-RootOf (_Z2+1), 0]],

16 2' L1, Rootof( 7 +1) g 2tl3 L1, Rootof( 2 +1)
J3 _1 gl 3 3 Cogls T3 3 ’
16 21 . L1, Rootof( Z’+1) gotl3 .1, Rootof( Z2+1)
C(VE )3 3 el s 3 |
182"/ 1 Rootof( Z+1) 162'° 1
(1y3 +1)¢/3 3 3 yF—1) ¢l 3
| Rootof (2 +1) ‘ H 10802/ 2 . 1, Rootof( Z+1)
3 (V3 —1)¢l® 3 3 ’
10802/ 1 Rootof( Z2+1) 198023 1
el T3t 3 ' ERE)
6t (1y3 +1) &3
| Rootof( 2 +1) 10802/ 2 .1, Rootof( Z+1) [ 10802
3 ©oettl® 3 3 (V3 +1) 12
1, Rootof( Z+1) 10802 2 1, Rootof( Z+1)
3 3 L3y 1)l 3 3 ’

t +1 +RootOf (_Z2+1),

3 RootOf (7% + 2, index=1)

[ [ 3 RootOf (_Z* + 2, index=2)

3 RootOf (7% + 2, index=3)

t

t +1+RootOf(_Zz+1)},[



). 3RootOf ( 2242, index=1)

+1 +Rootof (22 +1), t +1+Rootof (22 +1) |,

3 . _ 3 . _
[3R00t0f(_Z t+2, index=3) +1+Rootof (22 +1), 3 RootOf ( Z t+2, index=2)

+1 +RootOf (_Z*+1) H [[0,0], [-2RootOf (_Z°+1), 0], [ -2 RootOf (_Z* + 1),
o]]}, [11,1,17,[1,1,17,[3,3,31,[3,3,3], [1,1,1], [1, 1, 1]]”

> Fl:= SirrOF2infol(L,R1[1],R1[2].X,t,ext);
F1 = H[g,x—g, [—%}, 1, 2 {RootOf(_zz+1)}}, [12, ~12 [ 18150 } 1, 2 (124)

9
{Rootof ( 7% +1) }], [oo % [-25%],3, {RootOf (_Z* + 2, index=1), RootOf(_Z3+2,

index=2) }, {RootOf (_Z* + 1), RootOf (_Z* + 2, index=1), RootOf (_Z> + 2, index
| =2)}]],5,6, (x—9) (x—12),1]
> FindOF2In(L,R1,F1,x,t,ext);

) 2 (x—1)2(x—3) (x—7)° 2
[[[1, RootOf (_ Z°+1)]], - X_9) (x ~12] ] [[[1, RootOf (_Z°+1) ], (125)

2 (x—1)%(x—3) (x—T7)2 ”
(x—9) (x—12)

> TIME := time();
HypOF2Solutions(L);
time()-TIME;

I

TIME := 84.390
] [ (X — —7)2 x—9)% (x—12)°D¥
_ 2
! — 98 %3 + 1058 X2 — 4350 X + 5499)

(Z2+1)]

+ (9 (15 x*® — 1623 x*2 + 79349 x'! — 2318073 x*° + 45075498 x° — 614907602 x® + 6040382598 x’ — 43
1223351175871 X° — 824867387271 X* + 2104961242149 x° — 3505189872969 X
+ 3413344871016 x — 1477552421520 ) Dx) / ((3x*— 98¢ + 1058 x2 — 4350 X

2
+5499)° (3% — 101 x* + 1156 x3 — 5408 2 + 9849 x — 5499) ) + (18 (6 x*2
11 10 9 8 7 6
— 621 x* + 28733 x*% — 785302 x° + 14104058 x® — 175093272 x’ + 1537782840 X
— 9607222674 X° + 42285234816 x* — 127655542107 X° + 250793603163 X

— 288655394040 x + 148734510768 ) / ((3x* —98 %%+ 1058 %2 — 4350 x



2
+5499) (3%° — 101 x* + 1156 X° — 5408 X2 + 9849 x —5499) ) |1},

2 (x—1)%(x—3) (x—T7)2 ”

(x—9) (x—12)
i 14.250
[> #H##### THE IRRATIONAL CASE ###H##H
> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),k,J(X)):
3 2
F = [d—g J(x)] X + (b +b2 +1) [d—z J(x)] X +b1 b2 (i 100 =300 =0
dx dx dx

> LA:=de2diffop(F,J(x));
LA := x> DX’ + (x bl +x b2 +x) DX’ + b2 bl Dx — 1
> L12:=subs({b1=1/7,b2=1+Ro0tOF(x"2-2)},LA);
8 X 1 + RootOf ( 722 —2)) Dx

|_12:=x2Dx3+(7 +X(1+Root0f(_22—2)))DX2+ ( :

—1
> T:=(2*(X-1)*(X-3)"2*(X-7))/ ((x-9)*(x-12)"3) ;
fo 20x=1) (x=3)° (x=17)
| (x—9) (x—12)°
> L:=ChangeOfVariables(L12,T);

L= 7D (x—7)2 (x—1)2 (x—3)2 (x — 9)* (x — 125 (31 %% — 547 X2 + 2745 x — 3285)°
— (6727 RootOf (_Z2 —2) x® — 1302 x” — 237398 RootOf (_Z2 — 2) x° + 49527 x°
+ 3285793 RootOf (72 — 2) x* — 762264 x° — 22446900 RootOf (_ 7% —2) x°
+ 6101781 x* 4 77901705 RootOf (7% — 2) x? — 27313902 x° — 126242550 RootOf (_Z°
—2) X + 69066513 x° 4 75538575 RootOf (_7* —2) — 96311268 x + 65897955) (31 x>
— 547 X* +2745x —3285) (x—7) (x—3) (x—1) (x—9)% (x—12)°D¥ — (
-478680988091490 x — 342243011108160 x° — 40362 x** + 3070674 x'* — 104557477 x*?
+ 2097443056 x'! — 27418943328 x™° + 243293866666 x° — 1470299830879 x°
+ 5794560788112 x’ — 12387190731426 x° 4 557038208557260 X
+ 106972196481405 x* — 2687997918042 X° + 417074 RootOf (72 —2) x*3
— 26889741 RootOf (_Z° — 2) x** + 747053128 RootOf (_ 7> —2) x**
— 11503383074 RootOf (_7* —2) x'° 4 102759431586 RootOf (_7* —2) x°
— 455042593291 RootOf (72 —2) x® — 462164433984 RootOf (7> —2) X’
+ 19390488741252 RootOf (7% —2) x® — 125759039823306 RootOf (7> —2) X°
+ 442964053072845 RootOf (72 —2) x* — 941306001487560 RootOf (72 —2) x°
+ 1189869961924350 RootOf (_Z° — 2) x* — 814340021848650 RootOf (7> — 2) x

(126)

(127)

(128)

(129)

(130)

(131)



+ 228762261520875 RootOf (72 —2) + 166203122715495) (x —9)? (x — 12)* Dx

+14 (3153 — 547 x% + 2745 x — 3285) " (x — 3)

B ext:=indets(L,{RootOf,name}) minus {x,Dx};

ext := {RootOf ( ZZ—2)}

> ext:= indets(map(s-> ReplirrRoot(s,{}).,ext),{RootOf,name});
i ext := {RootOf (_ Z2—2)}

> extppp:={};

> E:= Singular(L,extppp);
E:=[[x—1,1], [x3—547 2y 215y 32

extppp = &

,RootOf (31 7> —547 7%+ 2745 Z

31 Xt X4

— 3285) } (X —12,12], [x—3.3], [Xx—9,9], [X —7, 7]

> F:=NotAppSing(L,E,ext);

! Fi=[[x—1,1], [x—3,3], [x—9,9], [x—12,12], [x =7, 7]]
[> Sirr:=irrsing0F2(L,t,F,ext);

212°/3 1 Rootof (2 —2)

Sirr == | [[x—9,9], [x =12, 12]], adld 2 > |
w1 meor(£-2) sl
3(1yz —1)¢l® & 3 S s(Eayele 2

N RootOf ( 22 —2) ] [9Root0f(_23+110, index=1) 1

—_— 2_
3 . +3 + RootOf (_Z°—2),

3 ; —
9 RootOf (_Z° + 110, index=2) +1+Root0f(_zz—2),

; 7
3 . _ 23
9 RootOf ( Z° 4 110, index=3) +1+Root0f(_zz—2)”,H 412 -
t 7 3(1V3 —1)t
212213 412213 212213 412213

3tt3 7 s(iyz 1)l 3dld 31y 1) dls
412213 ‘ [9Root0f(_Z3+110, index =2)

3(1y3 —1) /3 t

_ 9RootOf (_Z> +110, index=1) 9 RootOf (_Z° + 110, index = 3)
t ’ t

_ 9RootOf (_Z* +110, index=1) 9 RootOf (_Z° + 110, index=3)
t ’ t

3 . _ 23

9 RootOf (_Z° 4110, index=2) H [i,l}, 13,11 412 L1

t 3 |\/?_1) tll3 21

Rootof ( Z2—2) 2122/® 1 Rootof( 722 —2

- -

(
3 Cogdls T 21 3 "l_3(|\/?+1)tll3

(132)

(133)

(134)

(135)

(136)

(137)



2 23 2
L1 RootOf (2" —2) 212 L1 RootOf (_Z°—2) H

21 3 '3l 21 3
412%13 1 Rootof( 22 —2) 412213 1
) s "1 T 3 ’ TR
3(1V3 +1)t 3(1V3 —1)t
2 _ 3 : _
N RootOf(3_Z 2) ”[ 9 RootOf ( Z +t110, index=2) —I—%—i-RootOf(_Zz—Z),

3 : —
9 RootOf ( Z +t110, index=1) +%+Root0f 2 ]

[9Root0f(_23—|;110, index=3) % + Rootof ( 22— 2),
9Root0f(_z3+t11o, index=1) +%+Root0f 2o ]
[9Root0f(_Z3—|;110, index=3) % +Rootof ( Z—2),
9Root0f(_z3+tllo, index = 2) + L 4 Rootor (2 -2 ] } H

(31223 |J_12 Nt (1y3 12213 —312213) ¢ 21 208 3y

’ 3 '3
[9 (RootOf (_z + 110, index=2) — RootOf (_Z° + 110, index=1) ) t, 9 (RootOf (_Z°

+ 110, index=3) — RootOf (_Z* + 110, index=1) ) t, 9 (RootOf (_Z> + 110, index=3)
— RootOf (_Z* + 110, index=2) ) t]], [[0, 0, 0], [0,0,0]],[[[x—l,l], [x —3, 3], [X
—7, 710, [Ho, % —RootOf(_ZZ—Z)], [% “Rootof (7% —2), ~Rootof (_ 7% — 2)

_E], [1,1,1], Hﬁ’o], [ -RootOf (_Z* —2), 0], [—RootOf( 7-2), 3 HZ] HO

7 7 7

12, RootOf(_ZZ—Z)}, [ 172 ~2 RootOf ( 72 —2), 1—72 — 2 RootOf ( 22—2)],
(1,1,1], H 172 ] [-2 Rootof ( Z2—2),0], [-2 RootOf ( 72 —2), 172 Hz} Ho,
5 —RootOf(_Zz—Z)], [% “RootOf ( 72 —2), ~RootOf ( 72 —2) — %} 11,1,1]

H%,o], [-Rootof (22 —2), 0], [—RootOf(_zz—z), %H 2””

B Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);

Sreg = [[[x—l, 1, [x—3,3], [x—7, 71}, Ho, % -RootOf(_zz—z)}, 0,
6 2 _ 6 _ 2 _
>, ~RootOf (7 2)”,“7, Rootof ( 72 —2)

12
7 (138)

-2 RootOf ( 72 —2) ] [o,



“RootOf ( 7% —2) —%} [1—72 ~2 Rootof (72 —2), 1—72 — 2 RootOf ( 22—2)],
),

[— ~RootOf (7% —2), ~RootOf ( 22—2)—%”“[ﬁ 0},[—R00t0f(_22—2),

3
0], [—RootOf(_Zz _2), %H H1—72 o], [-2 Rootof ( 22 —2), 0], [-2 RootOf (72
—2), 1—72H H% o}, [-Rootof (72 —2), 0], [-RootOf(_zz—z), %H”

> RSreg:=SregseptrueOF2(L,Sreg,ext);
RSreg := H[[x—l,l], [x—3,3] [x=7.7]] Ho, L —RootOf(_ZZ—Z)] [o 12

—2RootOf(_22—2)], [0,%,-Root0f 22 ” [H— “Rootof ( 7% —2),
“Rootof (72 —2) —%] [ ]], H1—72 ~2Rootof (22— 2), 1—72 — 2 Rootof (_7Z

—2)}, [ ]}, H% “Rootof ( 72 —2), ~Rootof ( 7% —2) — %] [ ]m (] ]]

> R1:=1rrRegAppsingOF2(L,t,E,ext);

23 2
212°'° 1 RootOf (_Z°—2)

Rl:=:ll[[x——g,g],[x——12,12]L

3t1/3 21 3 '
412213 1 Rootof( 72 —2) 412213 1
st T a i3 T a1
3(1V3 —1)t 21 3 3(1V3 +1)t

+

— 3 i =
RootOf(3_Z 2) H9R00t0f(_z +t110, index=1) +%+R00tof(_zz_2),

3 : -
9 RootOf (_Z +t110, index=2) % +RootOf ( 22— 2),
9 RootOf (_7° +110, index=3) , 1 2 412213
= : = +RootOf (_Z°—2) H E
t "7 (1y3 —1)t
212213 412213 212213 412213
3t 3(1y3+1) el 3dl3 3 (1y3 1) dls
C a1%l® ] [9Root0f( Z° + 110, index = 2)
3(1V3 —1)t t
_ 9RootOf (_Z* +110, index=1) 9 RootOf (_Z° + 110, index=3)
t ! t
9 RootOf (_Z* +110, index=1) 9 RootOf (_Z° + 110, index=3)
t ' t
3 . _ 23
9 RootOf (_Z° + 110, index=2) H [;l}, (3.1], 412 L1
t 3 3(1y3 —1)¢/3 21

(139)

(140)



2 _ 2|3 _ 2|3
N RootOf ( Z°—2) 212 L1 RootOf ( 22 —2) ” 412

3 Cafld 2 3 (V3 +1) /2
1 Rootof( Z2—2) 21213 1 Rootof( Z2—2)
ot 3 ’3tll3+21Jr 3 !
412213 1 Rootof( 72— 2) 412213 1
) s T o1t 3 ’ TERT
3(1V3 +1)t 3(1V3 —1)t
2 3 - _
N RootOf(g_Z 2) H H 9 RootOf ( Z +t110, index=2) +%+Root0f(_22—2),
3 : -
9 RootOf (_Z +t110, index=1) +%+Root0f(_22—2)],

3 : —
[9R00t0f(_Z +t110, index=3) +%+Root0f(_22—2),

3 : —
9 RootOf (_Z +t110, index=1) +%+Root0f(_22—2)],

. +2 + RootOf (72 —2),

[ 9 RootOf (7% + 110, index=3) 1

9 RootOf (7 + 110, index =2) s
t 7

(312213 +1y3 12219 ¢ (13 1221°-31221%)t 21 23
i} 5 V3t

’ 3 "3

+RootOf (_7* - 2) ] } H

[9 (RootOf (_Z* + 110, index=2) — RootOf (_Z% + 110, index=1) ) t, 9 (RootOf (_Z°
+110, index=3) — RootOf (_Z* + 110, index=1) ) t, 9 (RootOf (_Z°> + 110, index=3)

— RootOf (_Z% + 110, index=2) ) t]], [[0, 0, 0], [0,0,0]]],[[[x—1,1], [x—3,3], [

—7.711 Ho,%, —RootOf(_ZZ—Z)] [o 172 ~2 RootOf (_Z —2)}, [o, 3
2 6 2 6 2
“Rootof (_Z —2)”, H7 ~RootOf (_7* —2), ~RootOf (7 ~2) — = ] [7
2 12 2 6 2
-2 RootOf (_7*—2), -5 —2RootOf (2 —2)}, [7, “Rootof (7% —2),

“RootOf ( 22 —2) — QH H[% o}, [-Rootof ( 72 —2),0], [—RootOf(_Z2 —2),



g” [[172 o], [-2 RootOf (_72 —2), 0], [—2 RootOf (_Z* —2), 1—2H HE 0}, [

6

_HH H[[x—1,1], (x—3,3] [x—7,

“Rootof ( 72 —2), 0], [—RootOf(_z2 ~2), 2

711, HO,E -RootOf ( 22—2)} [0 1—72 ~2 RootOf ( 22—2)], [0,% ~Rootof (_72

- H H[— ~RootOf (_72—2), -RootOf (_Z2 —2) ] ] H

2 Rootof (22 —2), 1—72 — 2 RootOf ( 22—2)}, [ ]}, H% “Rootof (72 —2),

~RootOf (_7* —2) ] m 01 } [H 0 S o, 205, 3285

ROOtOf(31_23—547_ZZ+2745_Z—3285)H, [[0,2,4]],[[2,4,2]], [[[2,0], [4 0],

[4,2111},

[[x—1,1], [x—3,3], [x—9,9], [x—12,12], [x—7,71]], “0, E,

-
~RootOf ( 22—2)] [o 12 5 Rootof ( 22—2)] 212°0° 1
— 7 ' 3t1]3 21
Rootof ( 72 —2) 412213 1 RootOf( 22 —2)
i | ERT 3 |
3 3(1y3 —1)¢
i 412213 .1 Rootof( z*—2) ] [9Root0f(_23+110, index=1)
3(1y3 +1)¢/3 21 3 ’ t
3 . _
+% + RootOf (7% —2), 9 RootOf (_Z thllo’ index=2) +%+Root0f(_22—2),
3 . _
9 RootOf (_Z +t110' index=3) % + RootOf (_7* - 2) ] [o, % -RootOf (_7
—2)H, “% “Rootof (72— 2), ~Rootof (_72 —2) ——] [— ~2 RootOf (_72
12 , 412213 212213
—2), -2 _ 2 Rootof(_Z —2)}, -
/ 3(1y3 —1)¢l3  3dl®
412213 212213 412213 412213 ]
s(1y3 +1)e/3 3¢ syz+0)dld s(yz—1)dl®]

[ 9 RootOf (_Z° 4+ 110, index=2) 9 RootOf (_Z° + 110, index=1)
t t !

9 RootOf (_Z% + 110, index=3) 9 RootOf (_Z* + 110, index=1)
t t !




9 RootOf (_Z° + 110, index=3) 9 RootOf (_ z3+110 index=2) } [6

t 7"
~RootOf (_Z* —2), -RootOf (_ 7> —2) ] [ [ -RootOf ( 22—2),0],[
2 6 12 2 2
“Rootof ( 72 —2), 7” HT,O], [-2 Rootof ( 72 —2), 0], [-2 Rootof ( 72 —2),
1_2” 412213 T Rootof ( 2 ~2) 212°/% | 1
7 3(1V3 —1) ¢ 21 3 'l 21
Rootof (72— 2) 412213 1 Rootof( Z2—2) 212%/3
+ - + =+ ,
3 (1y3 +1) /3 21 3 3¢/3
2 23 2
L1 RootOf (_Z°—2) ‘ [ 412 L1 RootOf (_Z°—2) |
21 3 3(1y3 +1)¢/3 21 3
412213 1 Rootof( 7% —2) 9 RootOf (73 + 110, index = 2)
TR 3 ! t
3(1V3 —1)t

3 H —
9 RootOf (_Z +t110, index=1) +%+Root0f(_22—2) ,

+ % + RootOf (7% —2),

[ 9 RootOf (7% + 110, index=3) 1
t 7

3 : —
9 RootOf (_Z° 4+ 110, index=1) , 1 ( 22_2)]’

+ RootOf (22 —2),

= +R f
" +7+ootO_

[ 9 RootOf ( Z° + 110, index=3) , 1

t + + RootOf (7% —2),

9 RootOf (7% + 110, index=2) 1
t 7

+Rootof (22— 2) ” H% o], [ -Rootof (72

—2),0], [-RootOf( 72> —2), ] [01,1,17,11,1,11,3,3,37%, 1, 1,17, [1, 1, 1]]”
> Fl:= SirrOFZinfol(L,Rl[l],R1[2],x,t,ext),

F1= H[g,x—g, [%} 1, o {RootOf(_ZZ—Z)}], [12,x—12, [%] (141)

3, {RootOf (_Z* 4 110, index=1), RootOf (_Z* + 110, index=2) }, {RootOf (_2* — 2),
RootOf (_Z® + 110, index=1), RootOf (_Z* + 110, index=2) }]], 4,5, (x —9) (x —12)°,

| (x—12)°]
[ > find0F2Irr(L R1,F1,x,t, ext)'
1 2 ( ) (X—3 )2(x—7) 1 2
—,R tOf , —,RootOf( 727 —2) ||, 142
“[7 00 H x—9) 12 l“[7 0otOf (_. )” (142)
C2(x—1) (x=3)*(x—17) H
(x—9) (x—12)

> TIME := time();



HypOF2Solutions(L);
time()-TIME;

I

TIME := 154.359

3 4
[— RootOf (_Z —2)} [ ] 961 (x —1) (x=7) (x=9)° (x=12)*D¥’
Xx—12 31 2 B 2
x® — 547 ¥ + 2745 x — 3285)

+ (961 (3673 x' — 327920 x*° + 13045564 x° — 304411956 x° + 4612734126 X — 47433328812 x° + 335
— 1618909282188 x* + 5149002111057 x> — 10070835984612 x* + 10527038104752 X

3 2 2 4 3
_ 4183786987200) Dx) / (7 (313 — 547 2 + 2745 x — 3285)° (31 x* — 640 X

+ 4386 X% — 11520 x +9855) ) — (961 (3673 x'° — 283844 x° + 9639436
— 188738724 x’ + 2347869438 x° — 19258895556 x° -+ 104489321868 x*
— 365037419772 x° + 768553073793 X° — 848199099096 x -+ 348648915600) ) /

2
(7 (313 =547 + 2745 x — 3285) (31 x* — 640 x> + 4386 X2 — 11520 x + 9855) ) ||}

2 (x—1) (x—3)2(x—7) ”
’ (x—9) (x—12)3

13.062 (143)

[> #HH###E THE RATIONAL CASE ###H#H#H

> F:=sumdiffeq(hyperterm([],[bl,b2],x,k),k,J(X)):

3 2
Fi= [ d° x )Jx2+(b1+b2+1) [ d° x )Jx+b1b2(i J(x)j I =0 (144)
| dX d)( dx
> LA:=de2diffop(F,J(X));
| LA := x> DX’ + (x bl +x b2 4+ x) DX + b2 bl Dx — 1 (145)
[> L12:=subs({b1=1/7,b2=1/5}, LA)
112 = D¢ + 2L D@x+ X Dx—1 (146)

35 35
> F1= (25 (x-1)72* (x=3) * (X-7)*3)/ ((Xx-9)"2* (x-12)"3) ;
_2(x—1)*(x=3) x=17)°
fo= 2 3
i (Xx—9)" (x—12)
[> L:=ChangeOfvariables(L12,¥);
L:=35D (x—1)2(x—3)2 (x—7)? (x—9)° (x — 12)® (x* — 60 x> + 830 x* — 3852 x (148)

(147)




+5193)° + (47 X8 — 5640 X' + 119120 x® — 581208 x° — 6480058 x* + 86613480 x°
— 376117272 X* + 687325176 X — 415406637) DX (X —7) (X —1) (X —3) (X

—9)* (x—12)° (x* —60 x> + 830 x* — 3852 x +5193) + (x** — 240 x'® + 95680 x**
— 6405136 x™° + 236830540 x*2 — 6159920464 x** + 118819343328 x*°

— 1691620476208 x° -+ 17614025125542 x® — 133551397637136 X

+ 734375296519488 x° — 2903314010368752 X° + 8107678940829516 x*

— 15485044941209520 x° + 19095958145015712 x* — 13609866239187408 x

+ 4252340609354817) Dx (x —9)% (x — 12)* — 70 (x* — 60 x° + 830 x* — 3852 x

5
| +5193) (x—1) (x—7)°
[> ext:=indets(L,{RootOf,name}) minus {x,Dx};

i ext:= g (149)
> ext:= indets(map(s-> ReplirrRoot(s,{}),ext),{RootOFf, name});
i ext:= & (150)
> extppp:={};

extppp = & (151)

[> E:= Singular(L,extppp);

E:=[[x—11] [x—12,12], [, =], [x — 3, 3], [x* — 60 x* + 830 x* — 3852 x + 5193, (152)
RootOf ( Z*—60 7> +830 72 —3852 7+5193)], [x—9,9], [x—7,7]]

B F:=NotAppSing(L,E,ext);

Fi=[[x—11] [x—3,3], [x—9, 9], [x — 12, 12], [, ©], [x — 7, 7]] (153)

> Sirr:=irrsingOF2(L,t,F,ext);

161213 46 6412113

2[3 ' 2
3¢/ 105" 5 (1 /3 —1)°¢/3
[ 15 RootOf (_Z° + 242, index=1) 23

Sirr == [[[x—09, 9], [x — 12, 12], [ o, oo]],H (154)

46 641213 48
! 2

105 3(1/3 +1) 213 105

15 RootOf (_Z° + 242, index=2) 23 15 RootOf (_Z° + 242, index=3) _ﬁ} [

t 35°

t 35" t 35
2t13 23 22413 23 22413 23
CglE 105 (yy3o1)fld 1057 (1yF 41)dl3 105 ”
6412t/°  1612'/3 412t/ 1612'/3
s(yz-u)’els 30 Taymay)els 8l
g412t/°  e412t® [15 RootOf (_Z° + 242, index = 2)
3(1VF +1) 2 3(I\/?—1)2t213]1 '

_ 15Ro0tOf (_Z* + 242, index=1) 15 RootOf (_Z° + 242, index=3)
t ’ t




_ 15Ro0tOf (_Z* + 242, index=1) 15 RootOf (_Z° + 242, index=3)

t ! t
_ 15R00tOf (_Z° + 242, index=2) } I ¥R W 2243
t [ (V3 —1)el® &3 (yz41)ele

+21133’ 20Ll3 \ 90113 ” [3,1,i},[3,1,3],

(J—+1)t1’3 (V3 —1)dlejfL3’ s

64 12"/ 46 16124% 46 641213 46
H |J_— 22l3 1057 34213 105 | 3(|ﬁ+1)2tz/3 105
1612' 13 46 6412'13 46 641213 46
3213 105 3(|ﬁ+1)2tz/3 105’ 3(|ﬁ_1)2tz/3 105

[ 15 RootOf (_Z% 4242, index=2) 23 15 RootOf (_Z° + 242, index=1) _@}
t 35’ t 35 |

| 15 RootOf (_Z° + 242, index=3) 23 15 RootOf (_Z° + 242, index=1) _ﬁ}
t 35’ t 35 |

| 15 RootOf (_Z° + 242, index=3) 23 15 RootOf (_Z* + 242, index =2) _@H
t 35 t 35

[ 223 o3 g3 g3 22113 g3 QI3
(1y3 —1)¢l3 105" {3 105 || (1/3 +1)¢/3 105" ¢I3

23 224! 23 22 23
105 || (1y3 +1)¢/3 105" (jy3—1)¢/3 105 |||
H8(|J?12”3—3121’3)t2 _8(I\/?12113+3121l3)t2,_1gl\/?121[3,[2},

3 ’ 3
[15 (RootOf (_Z% + 242, index=2) — RootOf (_Z°> + 242, index=1) ) t, 15 (RootOf (_Z°

+ 242, index=3) —RootOf (_Z* + 242, index=1) ) t, 15 (RootOf (_Z* + 242, index=3)

1]3
—ROOtOf(_ZS+242, indexzz))t] [ ( \/_2 +32 )t

- (|\/§21132_321/3)t, —12t3 3t } [0,0,01,[0,0,01,[0,0,07], [[[x—l,l],
s onan[o 2. 8] [2. 8| man[$0] [ $o]

2 o £}(5 4 2 man }

o2 [ 2 & s ][2.o] [£.0]



> Sreg:=regsingtrueOF2(L,t,Sirr[-1],ext);

Sreg := [[[x—l,l], [Xx—3,3], [x—7,71], HO 12 ﬁ} [O s i} [0 18, 12 H

5

17 s sl =l7 sl ll7ols
2 [[2 0} 4.0} 2. S} 2 o} 2 OH?%]

> RSreg =SregseptrueOF2(L,Sreg,ext);
RSreg = H [[X—1,1] [x—3,3], [x—7,7]], Ho 1—%} [o,ﬁ,i], 0, 18 12

7 5
(15 ol[3-5 - ol [ £ -5 olloo
B Rl:_:lrrRegAppsingOFZ(L,t,E,exf);

(1612413 46 64 12*/°
3¢ 1057 5 g o)l

[ 15 RootOf (_Z° + 242, index=1) 23
t 35"

R1 := I[[x—g, 9], [x —12,12], [ o, x]],

46 64 1213 46
H 2 H

105 3(1/3 +1) 213 105
15 RootOf (_Z° + 242, index=2) 23 15 RootOf (_Z° + 242, index=3) 23

t 35" t 35
2t o3 22413 23 22413 23
CglE 105 (yy3o1)fld 1057 (1y3 41)dl3 105 ”
6412t/°  1612'/3 a1t/ 1612'/3
3(|\/__1)2t2l3 3l3 (\/—+1)2t2 3 3¢ /3
64120 412 ’ [15 RootOf (_Z° + 242, index =2)
3(1V3+1)°¢l® 3(y3 - ‘ '

15 RootOf (7% + 242, index = 1) 15 RootOf (73 + 242, index = 3)
t ’ t

15 RootOf (7% + 242, index=1) 15 RootOf (_Z° + 242, index = 3)

(157)

£l

t ’ t
_ 15Ro0tOf (_Z° + 242, index=2) } [ 22113 2t 2243
t 1 oavE el B (yE ) el
21]3 221[3 221}3 5
, + <1, = | 313]
ST (1B +1) 813 (IJ_—l)t”3H[3 3}
64 124/ 46 1612'/° 46 6a12t/° 48

3(yF-1)ele 1050 afls 105

3(I\/?+1)2t213 105’



6412'13 46 641213 46
2 ! 2
3(V3 +1)¢2lr 1% sz on)els 1%

| 15 RootOf (_Z° + 242, index=2) 23 15 RootOf (_Z* + 242, index=1) _@}
t 35’ t 35 |

1612' 13 46
3213 105 |

| 15 RootOf (_Z° + 242, index=3) 23 15 RootOf (_Z* + 242, index=1) _@}
t 35’ t 35 |

| 15 RootOf (_Z° + 242, index=3) 23 15 RootOf (_Z* + 242, index =2) _@H
t 35’ t 35

[ 2243 a3 ptI3 o3 22413 a3 QI3
(1y3 —1) /3 105" @3 105 ['| (y/3 41)¢/3 1057 /3

23 224! 23 22 23
105 || (1y3 +1)¢/3 105" (jy3 —1)¢/3 105 |||

113 1]3) .2 1/3 13y ,2
Hs(w?lz . 312 )t1_8(lx/?12 3+312 ) t ’_1g|ﬁ12113t2}’

[15 (RootOf (_Z% + 242, index=2) — RootOf (_Z> + 242, index=1) ) t, 15 (RootOf (_Z°

+ 242, index=3) —RootOf (_Z* + 242, index=1) ) t, 15 (RootOf (_Z* + 242, index=3)

1/3
— RootOf (_Z% + 242, index=2) [ 2+32 )t :
113 _ 551]3
(NER: =52 )t _ FH [0, 0,01, [0,0,0], [00011H[[x—1,



+5193, RootOf ( Z* —60 7> +830 72 —3852 7 +5193)]], [0, 2, 411, [[2, 4, 2],

[[[2,0] [4, 01 [4 2111 I[[X—l, 1], [x—3,3], [x—09,9], [x—12,12], [, ], [X

. “o 12 8 ] llGlZ 46 6412t/ 4
H k) H 3 H 2 H

7 105 3(1y/3 —1)°@ls 105

15 RootOf (_Z° +242, index=1) 23
t 35"

6412113

2
3(1y3 +1) &l2 105

15 RootOf (_Z* +242, index=2) 23 15 RootOf (_Z° + 242, index=3) 23 ] [

t 35° t 35 )
L - I Y L 2243 o3 [o 18
g3 105" (/3 —1)dl® 1057 (j/F 41)dl3 105 7
12 H 1_2 g ) ] [_ 4 L} 641213 1612t/3
! ! 2 2|3
7 35 B 303 1)l 38|
641242 1612'/3 641213 64 12%/°

3(1/3 +1)° 212 3¢/ 3(1y3 +1) 03 3(I\/?—1)2t213],

[ 15 RootOf (_Z° + 242, index=2) 15 RootOf (_Z* + 242, index=1)
t t !

15 RootOf (_Z> + 242, index=3) 15 RootOf (_Z° + 242, index=1)
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t t ’

221/3 21/3 221]3 21]3 221]3

- + , + ,
y3 —1)tl® &3 ya+0)dld &3 (1y3+1)
8 1

1/3
R S ER TR
% 0] [;1 gH 64121/32 46 16122113{3 46 ]
[ 3(1y3 —1) 213 105" 3¢ 105
6412'/° a6 1612/ 46 6a12t/° 4
3(|\/?+1)2t213 105" 3t213 105 | 3('\/?+1)2t213 105

6412'13 46

3(I\/_—1)2t2l3 105

[ [ 15 RootOf (_Z° + 242, index=2) 23
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15 RootOf (_Z° 4242, index=1) 23 | [ 15 RootOf (_Z° 4242, index=3) 23
t 35 | t 35’
15 RootOf (_Z° + 242, index=1) 23 | [15 RootOf (_Z° +242, index=3) 23
t 35 | 35"
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[3,3,3],[1,1,1],[3,3,3], [1,1, 1H‘]

> Fl:= SirrOF2infol(L,R1[1],R1[2],.X,t,ext);

F1— [Hg,x—g, [LE‘Z], 2, 2 @}, [12, X —12, -%], 3, {RootOf ( 22 (158)
9 (x—9) (x—12)

+ 242, index=1), RootOf (_Z° + 242, index=2) }, {RootOf (_Z* + 242, index=1),

RootOf (7% + 242, index=2) }], [oo, % 2x],1, @ @”, 6,6, (x—9)2 (x—12)% (x

_9) (x—12)2]

> findOF2Rat(L,R1,F1,X,t,T,ext);
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> TIME := time(Q);
HypOF2Solutions(L);
time()-TIME;

TIME := 170.968
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