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Abstract

In this paper we present algorithms that combine change of variables, exp-product and gauge
transformation to represent solutions of a given irreducible third-order linear differential operator
L, with rational function coefficients and without Liouvillian solutions, in terms of functions S €
{0F2, 1Fa, 2F>, B%} where ,F, with p € {0, 1,2}, g = 2, is the generalized hypergeometric function,

. 2
and B2(x) = (BV( \/)_c)) with B, a Bessel function (see [2]). That means we find rational functions
r, ro, ', 12, f such that the solution of L will be of the form

y= exp ( f rdx) (roS (£ + (S (F) + oS (F)).

An implementation of those algorithms in Maple is available.
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1. Introduction

n .
Consider a differential operator L = )’ @;0' with n € N, and the coefficients @; in some
i=0

d
differential field K, e.g. K = Q(x) or K = C(x) and 0 = T Information on the solutions of the
X
differential equation L(y) = O can be obtained by studying algebraic properties of the operator L,
see e.g. van der Put and Singer [32].

If the order of L is one, then solutions y of the holonomic differential equation L(y) = 0 can be
easily computed and are called hyperexponential functions.
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If the order of L is two, then the situation is quite different. Either L is reducible, then L has
a nontrivial (non-commutative) factorization. In this case the right factor is of first order leading
to a hyperexponential solution of L(y) = 0, again. To check the reducibility of an operator, we
can use some known algorithms like Beke’s algorithm or the algorithm in [33]. Beke’s algorithm
was extended by Mark van Hoeij (see [18]) in his PhD thesis on factorization of linear differential
operators. However, if L is irreducible, it is more difficult to find solutions of L(y) = 0. There
are some algorithms which try to find them in some particular forms. Kovacic’s algorithm [27]
(which finds Liouvillian solutions) is an example. Some complete algorithms which solve L(y) = 0
in terms of special functions are given by Mark van Hoeij, Wolfram Koepf, Ruben Debeerst and
Quan Yuan ([11], [12], [21], [43D).

Let us assume now that the order of L is larger than two. If L is reducible, solutions of L(y) = 0
can be in some case easily computed, since we know how to solve first-order holonomic differ-
ential equations and also, in some particular cases, second-order holonomic differential equations.
Michael Singer described (see [36]) in which situation L has so-called Eulerian solutions (solu-
tions which can be expressed as products of second-order operators using sums, products, field
operations, algebraic extensions, integrals, differentiations, exponentials, logarithms and change
of variables). He showed that solving such an operator L. can be reduced to solving second-order
operators through factoring operators (see [17], [16], [18] and [22]), or reducing operators to ten-
sor products of lower order operators. However, if L is irreducible, it is difficult to solve the
equation L(y) = 0. In addition to being irreducible, if Liouvillian or Eulerian solutions of L are
not allowed, then no algorithm for this case is yet published. That is the case for example when
L is of order three and comes from certain special and useful functions such as the hypergeomet-
ric functions (F,, 1 F, and ,F,, and the composition of Bessel square functions with square roots

Ef(x) = (BV( \/)_c))2 where B, are Bessel functions with parameter not in 1/2 + Z. That is also the
reason why we focus on those operators in this paper and specially those of order three.

Let k be an extension field of Q which is algebraically closed and has characteristic zero,
and k(x)[J] be the ring of differential operators with coefficients in k(x). Let L € k(x)[d] be an
irreducible linear differential operator of order n without Liouvillian solutions, and S (x) a special
function that satisfies the linear differential equation of order n with Lg as its associated operator.

Definition 1. A function y is called a linear S-expression if there exist rational functions
f’r’ro’r17~--,rn—1 suCh that

y= exp( f rdx) (r0S (F0) + (S FEN®D + ra(SFENP + -+ + g (SFEN™D) (1)

We say that y can be expressed in terms of S .

The form (1) is closed under the three following transformations that send irreducible order n
operators in k(x)[J] to linear order n irreducible operators:

(1) change of variables: y(x) — y(f(x)), f € k(x) \ k,
(i) exp-product: y — exp ( f ra’x) y, r € k(x), and
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(iii) gauge transformation: y — roy + 1y + -+ r,o YV, ro, 1, ..., Fasy € k(X).

where y represents the j" derivative of y according to the variable x. The function f in (i)

70571 5ee 5 n—1

above is called pullback function. These transformations are denoted by LC, —r>E, — g
respectively. Hence, finding a solution y of L in terms of S corresponds to finding a sequence of
those transformations that sends Lg to L. So every complete solver for finding solutions in terms
of S must be able to deal with all those transformations, i.e. it must be able to find any solution of
the form (1) if it exists.

We are interested here in the case of order n = 3 such that y in the definition above can be a
solution of our given operator L with § € {(F,, F3, 2F>, ]V33}. The goal of this paper is the follow-
ing: given L € k(x)[d], an irreducible third-order linear differential operator without Liouvillian
solutions and Ly the differential operator associated to the function S € {(F>, F2, 2F>, E%}, our
task is to find

Ly Doe M Dp L W0 L )
with r, rg, r1, 12, f € k(x) and M, L, € k(x)[d]. A solution y of L in terms of S € {(F>, F>, 2F>, E%}
will be

y= exp ( f rdx) (roS (O + 1 (S () + 12 (SU))). (3)

We compute those transformations (r, ry, 1, 12, f) from the singularities of M which are not
apparent (see Definition 3). Since we don’t yet know M, the only singularities of M that we know
are those singularities of M that cannot disappear (turn into regular points) under transformations

ro,r1,r r
— g and —p.

Definition 2. A singularity of an operator is called non-removable if it stays singular under any
. . i ’r ’r r . . . . .
combination of 25 and —>g. Otherwise, it is called removable singularity.

In order to find f, our approach is the following:

1. For § = ,F,, the ramification index (see [33] and [16]) of Lg at oo is 1. Hence, we can
compute the polar part of f (see Definition 5) from the generalized exponents (see also [33]
and [16]) at irregular singularities of L, and then f by using the regular singularities of L or
some information related to the degree of the numerator that f can have.

2. For § € {(F,, |F,}, the ramification index is n, > 2 (n, = 2 for {F,, and n, = 3 for (F,).
We put f in the form f = % with A,B € k[x], B monic and gcd(A,B) = 1. Using the
generalized exponents at the irregular singularities of L (see [43]), we can compute B and
a bound for the degree of A. Hence, we can get the truncated series for f and some linear
equations for the coefficients of A. By comparing the number of linear equations for the
coefficients of A and the degree of A, we will deal with some cases which will help us to
find A.

3. For § = B%,, we will deal with \/? where f € k(x) is the change of variable parameter.
Therefore, we will consider two cases: when f = g> with g € k(x), and when f # g? with

g € k(x).



(a) Let us assume f = g? with g € k(x). Using the fact that the operator L j can be derived
from the operator L associated to the function B,z,(x) = (B,(x))* by the transformation

. f . . .
x — +/x, the transformation L i —c M — g L is equivalent to the transformation

g . . .
Lp —c M —p L Therefore, we just have to solve in terms of solutions of Lp
that means find Bessel square type solutions. To get the composition of Bessel square

functions with square roots solutions (solutions in terms of E%(x) = (B,,( \/)_c))z), we
will just replace the change of variable parameter f, in the solutions that we have
found in terms of B2, by its square. We will not treat this case here, and refer for
the details to the first author’s PhD thesis (see [28]) which is available from http:
//www.mathematik.uni-kassel.de/~merlin/.

(b) If we assume f # g*> with g € k(x), then we cannot write \/7 as a quotient of polyno-
mials. The combinatorial problem is more difficult since the ramification index of L
will now be 2. Unfortunately, by squaring \/? to make it a rational function, we double
the degree of the numerator of \/]_‘ , but we do not get more linear equations satisfied by
the coefficient of the numerator of f, which means that the number of linear equations
is only half of the degree of the numerator of f. In order to find f, we put f in the form

A
f= B with A, B € k[x], B monic and gcd(A, B) = 1. Then we use the same technique
as in the case S € {(F,, | F,} and also the fact that the ramification index of L B is 2.

Since finding f is equivalent to finding M, we also get M. Our basic strategy to find r, ry, ry
and r, is to study for L and M the solution behaviour in the neighbourhood of singularities, the
ramification indices, the generalized exponents and exponent differences at their non-removable
singularities. That will help us to find a good way to increase the speed of our algorithms and to
avoid the p-curvature test (see [24], [31], [10] and [4]) between M and L, since this test uses one
of the Grothendieck’s conjectures which is not yet proved.

We have implemented the methods of the given paper in a Maple package called Solver3
which can be downloaded from http://www.mathematik.uni-kassel.de/~merlin/. The
first author’s PhD thesis [28] explains the algorithms in more detail. The examples in this pa-
per are included in a Maple worksheet and are also available on the above website.

The first author’s PhD thesis [28] has also treated other cases which are not covered in this
paper: the Bessel square (B%)—type solutions and the | F,>-type solutions.

2. Preliminaries

Let K be a differential field of rational functions, Ck its constant field (K = Ck(x)) and Ck its
algebraic closure.

2.1. Differentials operators

Let L € K[d]. By the solutions of L. we mean the solutions of the homogeneous linear differ-
ential equation L (y) = 0. The set of all solutions of L is called its solution space. It is a vector
space of dimension deg(L) denoted by V(L).
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We call a point p € Cx U {co} a singularity of L if p is a zero of the leading coefficient of L or
p is a pole of one of the other coefficients. All other points are called regular points of L. At all

regular points of L we can find a fundamental system of power series solutions }; a,-tfp, a; € Cg
i=0
where 1, denotes the local parameter defined as follows

ol x-p if p # oo,
P L ifp=oco.

X

Let L/, denote the operator coming from L by the change of variables x — % The follow-
ing definition about singularities of an operator is the same as in [11, Definition 1.12] and [43,

Definition 7].

Definition 3. Let L = Y a;0' € K[8] where a; are polynomials. A singularity p of L is called
i=0

apparent singularity if all solutions of L are regular at p,
FAp—i . .
regular singularity (p # o0) if t,— is regular at p for 1 <i <n,
a

1.
2.
3. regular singularity (p = o0) if L, /xnhas a regular singularity at x = 0, and
4. irregular singularity otherwise.

2.2. Formal solutions and generalized exponents
Let us first define the universal extension of K, see [11, Definition 1.24] and [43, Definition 10].

Definition 4. A universal extension U of K is a minimal (simple) differential ring in which every
operator L € K|[0] has precisely deg(L) Ck-linear independent solutions. It exists if K has an
algebraically closed field Cx of constants of characteristic zero.

There exists a universal extension U of C((x)), so V(L) has dimension deg(L) for every nonzero
operator L € C((x))[0]. The construction of U can be found in [33].

In order to have the solutions in some particular form, let us define what we call a generalized
exponent of an operator at a point, see [11, Definition 1.28] and [43, Definition 12].

Definition 5. Ler L € C(x)[d] and p a point with local parameter t,. An element e € C[t,”"/"],
r. € Ny is called a generalized exponent of L at the point p if there exists a formal solution of L.
of the form

y(x) = exp( f tfdr,,)s, S € C((t, ") n(t,)]. 4)
)4

where the constant term of the Puiseux series S is non-zero. For a given solution this representa-
tion is unique and r, € N is called the ramification index of e.

If e € C we just get a solution x°S, in this case e is called an exponent. If r, = 1, then e is
unramified, otherwise it is ramified. Since we only consider third-order differential operators, r,
in the definition can be only 1 or 2 or 3.

Solutions that involve a logarithm will be called logarithmic solutions.

For an n-th order linear differential operator L. € K[d], at any point p there are n generalized
exponents ey, ..., e, corresponding to a basis exp( f—; dtp) Sip),i=1,...,nof V(L).
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Remarks 6. If the order of L is n, then

1. at every point p we have y,...,y, € V(L) linear independent solutions of L, that means at
every point p there are n generalized exponents ey, . . ., e, such that the solution space V(L)
is generated by the functions exp( & dtp)Sl- with S; € C((t,""))[In(t,)] and 1 < i < n.
P

2. pisanirregular singularity of L if L has at p at least one non-constant generalized exponent.

W

. pis a regular point of L if the generalized exponents of L at p are 0,1,2,...,n— 1.

4. If p is an apparent singularity of L, then all the generalized exponents of L. at p are non-
negative integers.

5. If p is a regular singularity of L, then all the generalized exponents of L at p are constants.

Generalized exponents can be computed in Maple with Mark van Hoeij’s command gen_exp,
which belongs to the package DEtools.

Remarks 7. e The square of a solution of differential equation of order two satisfies a differ-
ential equation of order three.

o The change of variables transformation preserves the order of the differential operator.

2.3. Bessel and composition of Bessel square functions with square roots

The solutions of the operators L, = x?8* + x0 + (x2 - vz) and Ly, = x20% + x0 — (x2 + vz) are
called Bessel functions and modified Bessel functions, respectively.

L3, has two linearly independent solutions J,(x) and Y, (x) (see [28]) called Bessel functions of
the first and second kind, respectively. Similarly, the two linearly independent solutions 7,(x) and
K, (x) (see [28]) are called the modified Bessel functions of the first and second kind, respectively.

Remark 8. When v € % + Z, Ly, and Lg, are reducible and their solutions are hyperexponential
functions.

Since we only consider irreducible operators, we will exclude the case v € % + Z from this
paper.

The change of variables x — ix (where i*> = —1) sends V(Lp,) to V(Lg,) and vice versa. Since
in our algorithm we have to deal with change of variables, we only need one of the two operators.
We choose the modified Bessel case and we denote Ly := Lg,. B, will refer to one of the functions
I, and K, the solutions of L.

Using Remarks 7 above, the composition of Bessel square functions with square roots ]v3§(x) =

2
(BV( \/)_c)) is solution of a third-order linear differential equation. Its associated differential opera-
tor is called the Bessel square root operator and is given by

Ly = 22%0° + 628" + (2 - 2x = 27) 0 - 1. (5)

Remark 9. The C(x) vector space E := C(x) (E%(x)) + C(x) (Ef(x)) + C(x)B2(x) is invariant
underve— —v, v v+landv v-—1.



For v ¢ % + Z, L is irreducible and has two singularities: one regular at 0 and the other
irregular at co.

Ly has 0, — v and v as generalized exponents at x = 0, and 5, + + 1 (with # = 1) at x = co.
Hence the ramification index of Ly is 2 at x = co and 1 at all the other points.

Remark 10. The necessary and sufficient condition for Ly to have a logarithmic solution at x = 0
is that the Bessel parameter is an integer (v € 7).

2.4. Hypergeometric functions
The generalized hypergeometric series ,F, is defined by

qu( a,a,...,q, x)zi (@i - (@) (ap)k s
Bi,B2, .-, By (B (Bl (B - k!
where (1), denotes the Pochhammer symbol
Dy = 1 ifk=0,
Tl Aa-Q+ DA +k=-1) ifk>0.

It satisfies the following differential equation

00 +p1—1)---(0+ B, — Dy(x) = x(6 + ay) -~ (0 + a,)y(x)

where 6 = x%c. This equation has order max(p, q + 1). For p < g the series ,F, is convergent for
all x. For p > g + 1 the radius of convergence is zero, and for p = ¢ + 1 the series converges for
|x| < 1. For p < g + 1 the series and its analytic continuation is called hypergeometric function.

d
Theorem 11. Let 0 be the differential operator given by 6 (f(x)) = xf'(x) = xd— f(x). The
X

generalized hypergeometric function ,F, q( bl Y bp x) satisfies the derivative rule

1s---5 Vg

0 (fa(0)) = n(fur1(x) = fu(x))
for any of its numerator parametersn :=a; (i =1,..., p), and
0 (fu(x)) = (n = 1) (fu-1(x) = fu(x))
for any of its denominator parametersn :=b; (i =1,...,q).
Proof. See [25]. ]
ai,...,a
Theorem 12. The generalized hypergeometric function ,F, ( bl bp x) has this property:
15+--5Uq
p
[Tai

i=1 ' a1+1,...,a[,+1
x| = oFq x).
ﬁb- bi+1,...,b,+1



Proof. See [25]. L]

Corollary 13. The linear space over C(x) spanned by
ap,...,dp ag,...,d4p
F
P q( by,...,b,

dx"" '\ by,....b,

d
x) and x— ,F (

ai hof o F a,...,aj+1,...,a, P ai,...,a,
contains each o x|, x|,
bra bi,...,b, b bi,....,bj—1,...,b,
ar+1,...,a,+1 ai,...,a
x,F, ! b x| and ,F, : Pl xl.
b1+1,...,bq+1 bl,...,bq
. . . .. . p+qg+3 .
Similarly, by applying the differentiation formulas twice, there are 5 such functions

d d\’ ai,...,d
contained in {l,xa, (xa) }qu( bi, N ,b: x), which has dimension three (any four are
linearly dependent).
Proof. We use Theorem 11 and Theorem 12. O

Definition 14. A function obtained by adding +1 to exactly one of the parameters a; in b,

al,...,ap
X

by,...,b,
For a given ,F, hypergeometric function, the following corollary shows us the existence of a
linear space over C(x), with dimension equal to the order of the differential equation for ,F,, which
contains all the functions coming from ,F, and all its derivatives by any integer parameter-shift.

ie{l,....,pland je{l,...,q}, is called contiguous to qu(

a,...,a
Corollary 15. Let us consider a generalized hypergeometric function , Fq( bl bl’ x) and
B R 7]
the C(x) vector space
ai,...,a, ar! ai,...,a,
E :=C(x),F x|+ +Cx)——,F X
()p q( bl,...,bq ) ()dx”‘lp q( bl,...,bq
. . X X ag,...,d4p
where n = max{p, g + 1} is the order of the differential equation for ,F, b b x|. Hence,
1o---50q
E is invariant under substitution v — v + 1 and v — v — 1 of upper and lower parameter(s) of
F Alyen.y (lp
x|.
PRI by, b,
Proof. We use Theorem 11 and Theorem 12. 0



Remark 16. In our case, when ,F, satisfies a third-order differential equation, we have
n=max{p,q+ 1} =3 and

1,...,ap

a
by....b,

al,...,ap

d2
x) + C(x)ﬁqu( I x) .

Hence, this space S is invariant under any integer parameter-shift of ,F,. Therefore, we will
assume that the upper and lower parameter(s) of ,F, belong to [0, 1].

E:= C(x)qu(

d al,...,ap
C)-L F
x)+ ) 7 q( bi,....b,

All our functions (F,, |F», and ,F, satisfy third-order linear differential equations. Their
associated differential operators are

e for,F5: L22:X233+X(1+b1 +b2—X)82+(b1b2—X(1+611 +a2))(9—a1a2,
e for F5: le:x283+x(1+b1+b2)82+(b1b2—x)6—a1,
e for oF2: Loy = 20 + X(l + bl + bz) o+ b1b20 - 1.

The operators L,,, L, and L, have two singularities: one regular at O and the other irregular
at oo.

e Ly has 0, 1 — b, and 1 — b, as generalized exponents at x = 0, and a;, a, and -t~ + by +
b, — (a; + ay) (with t = i) at x = oo,

e L, has0, 1-b; and 1-b, as generalized exponents at x = 0, and a,, t'41/2(by + by —a; — 1/2)
(with 2 = 1) at x = co.

e LphasO, 1 —by and 1 — b, as generalized exponents at x = 0, and ' +1/3(by+b,-1)
(with ## = 1) at x = e

Hence the ramification index of Ly € {Ly, L2, Loz} at x = 0 is 1. At x = oo, Ly, has ramification
index 1, but L, and L, have 2 and 3 as ramification indices, respectively.

Remark 17. The necessary and sufficient condition for Ly € {L,,, L2, L2} to have a logarithmic
solution at x = 0 is that the lower parameter(s) of Fy € {,F,, F», oF,} satisfy by € Z or b, € 7
orby —by € Zor(2by, 2b, € Z with bl - b2 <0).

3. Transformations

Let K be a differential field of rational functions, Ck its constant field (K = Ck(x)) and Ck its
algebraic closure.

The following definition about transformation between two differential operators can be found
in [11, Definition 2.1] and [43, Definition 18].

Definition 18. A transformation between two differential operators L,1L, € K[d] is a map from
the solution space V(L) onto the solution space V(L,).
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There are three known types of transformations that preserve the differential field and preserve
order three. For L; € K[d] and y = y(x) € V(L) we have:

1. change of variables: y(x) — y(f(x)), f € K\Kk,
2. exp-product: y — exp (frdx) y, r€ K, and
3. gauge transformation: y — roy + riy’ + ry”, ro, 1,1 € K.

They are denoted, as in [11] and [43] for second-order operators, by —¢, — g, —¢, respec-

ro,r'1,r2

tively and for the resulting operator L, € K[d] we write L, Lc L,,L,; SN e Lo,Lj — Lo,
respectively. Furthermore, we write Lj— gsL, if some combination of 2. and 3. sends L; to L,
and L;—cgg L, if there exists a sequence of those three transformations that sends L; to L,. The
rational functions f, r, ry, r; and r, will be called parameters of the transformations, and in case 2.
the function exp ( f r dx) is a hyperexponential function.

Remark 19. We can consider — ¢, — g and — ¢ as binary relations on C(x)[0]. Hence, —,

— and — g are equivalence relations, but — ¢ is not: the symmetry of — ¢ would require

algebraic functions as parameter. For example, to cancel the operation x — x>, we would need
1/3

X x7,

The following definition about equivalence of two operators can be found in [43, Defini-
tion 20].

Definition 20. We say L, € K[J] is

1. gauge equivalent to L, if and only if L; —¢ Lo,
2. exp-product equivalent to L, if and only if L, — g L,
3. projectively equivalent to L, if and only if L1 —gg L.

We will see now how we can interchange the order of those three transformations. Numbers 3.
and 4. in this lemma are the same as in [11, Lemma 2.7] and [43, Lemma 6]. Numbers 1. and 2.
are as in the proof of [11, Theorem 2.10].

Lemma 21. Let L;,L,,L; € K[0] be three irreducible third-order linear differential operators.
The following holds:

1. Ly —g L, —c Ly =3IMeK[0]: L, —cM — L3,
2. Li —g L, —c Ly = AM € K[0]: L| —c M —¢ L3,
3. L) —mg Ly, —¢cLs =AM € K[0]: L| —¢ M — L3,
4. L) — ¢ L, —p Ly = AIM € K[0]: L, — M —( L;.

Proof. For 1. and 2. the proof is similar as in [11, Theorem 2.10], and for 3. and 4. it is similar as
in[11, Lemma 2.7] O]

Note that the converse of 1. and 2. is not generally true since —¢ is not symmetric.
By the lemma above, we can deduce the following statement, compare [11, Theorem 2.10] and
[43, Theorem 4].
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Lemma 22. Let L;,L, € K[0] be two irreducible third-order linear differential operators such
that Ly —cgg Ly. Then there exists an operator M € K[d] such that Ly —¢c M — g L.

Proof. We use the fact that L; — g L, if there exists a sequence of the three transformations
—> ¢, — and — that sends L; to L,. The rest follows from Lemma 21. O

The following lemma states how the generalized exponent varies after an exp-product trans-
formation:

Lemma 23. Let L,M € K[0] be two irreducible third-order linear differential operators such that

M - g L and let e; and e, be the generalized exponents of M and the operator 0 — r at the point
p € k U {oo}, respectively, with the ramification index n,, and n,, in N*, respectively. Then the
generalized exponent of L at p is e = e + e;.

Proof. Since e; and e, are the generalized exponents of M and the operator 0 — r at p € k U {oo},
respectively, M and 0 — r have solutions of the form

ylzexp(fe—ldtp)Sl and y2:exp(f2dtp)52,
tl’ t]’

respectively, for some Puiseux series §; € k((t},/ne‘ NMIn(z,)] and S, € k((t;,/nez))[ln(tp)] with non-

zero constant terms. M —» ¢ L means L. = M(@©)(d — r) where (S is the symmetric product (see
[20], [19] and [26]). Then a solution of L at p is

+
Y=Yy, = exp(fﬂa’tp)Sl-exp(fgdtp)Sz = exp(‘fe1 eza’tp)S]Sz = exp(fidtp)S
Iy Iy Ip Ip

1/ e ne . . . .
where e = ¢ +e; and § = S5, € k((z, e *)[In(z,)] is a Puiseux series with non-zero constant
term. O]

Remarks 24. Let r € k(x) and p € k U {oo}. consider the operator 0 — r. Let us assume that r has

at p the series representation r = Z r,t‘ with m, € Z, r; € k and r,,, # 0. It follows from [28,

i=m,

Lemma 2.9] that:

1. If p is not a pole of r then m, > 0 and the generalized exponent of d — r at p is

_{() if p# oo,

| —rotl =1 otherwise.

2. If p is a pole of r then we will have m, < —1, where —m,, is the multiplicity order of r at p,
and the generalized exponent of 0 — r at p will be given by

Z r,t’“ lf p # 00,
i= lnp

1 .
- 3 rtis! otherwise.

=Moo
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The following lemma states how the generalized exponent varies after a gauge transformation:

Lemma 25. Let L,M € C(x)[0] be two irreducible third-order linear differential operators such
that M —¢ L and let e be a generalized exponent of M at the point p. The operator L has at p a
generalized exponent e such that e = e mod éZ, where n, € N* is the ramification index of e.

Proof. This lemma is the same as [11, Lemma 2.14] which was stated for second-order differential
operators just in the unramified case (n, = 1). In order to prove our lemma, we can just repeat the
process of the proof of this lemma ([11, Lemma 2.14]) by considering z = r,y” + r1y’ + ryy instead
of z = ry’ + rgy. That means we take into account the second derivative of y. For more details see
the first author’s PhD thesis [28]. ]

The following theorem states how the generalized exponents look like after a change of vari-
ables f at the point p such that f(p) = 0 and f(p) = oo (i.e. at the zeroes and poles of f) since our
differential operator Ly that we want to solve in terms of its solutions has only two singularities:
0 and co.

Theorem 26. Let Ly, M € K[d] be two irreducible third-order linear differential operators such

that L i)c M, f € K\ k. Let p be a zero or a pole of f with multiplicity m, € N,y and e a
generalized exponent of Ly at x = a, a € {0, oo}, with ramification index n, € N*. We take a = 0
when p is a zero of f and a = co when p is a pole of f. Then the generalized exponent of M at p
related to e is

mp'eo_tp'é(f) (6)
where
n .
e= Yet;™ with neN and e; €k,
i=0
noe.-n . _
€= —ngal/”" when n>0 or e = 0 when n=0.
i=1 l
Furthermore,

1. if pis azero of f, then p is a regular singularity of M,
2. if pis apole of f, then p is an irregular singularity of M.

Proof. The proof can be found in the first author’s PhD thesis [28]. ]

4. Steps to find solutions

Let Fy € {2F2, 1F, OFZ,]VB%} with L its associated operator. We say that we can solve a
differential operator L in terms of Fy when we can find the transformations

Lo L3¢ M —56 L (7
where M is a differential operator. That is: the solutions of L can be written in the following form
exp ( f rdX) (R Fo(f(x))" + nFo(f(x) + roFo(f(x))) 8)

with r, ry, 1y, 1o, f € K (parameters of transformations). Finding these transformations is equivalent
to find their parameter(s). We proceed as follows:

12



1. first we find the change of variable parameter f and the upper and lower parameter(s) asso-
ciated to the function Fy when F € {,F>, 1F,, oF>} or the Bessel parameter v associated to
the function F, when F, = B2,

2. then we find the parameters r, ¢, r; and r, for the exp-product and gauge transformations.

Let K be a differential field of rational functions, C its constant field (K = Cg(x)) and Ck its
algebraic closure.

For Fy = Ef we will deal with \/j_f where f € k(x) is the change of variable parameter.
Therefore, we will consider two cases: when f = g with g € k(x), and when f # g with g € k(x).
In this paper, we will not treat the case f = g*> with g € k(x) and refer to the first author’s PhD
thesis (see [28]). Hence, we will assume f # g> with g € k(x) when Fy, = ]v33.

In the next sections, for n € N \ {0} and a an element of K = k(x), when we will talk about a

1
modulo —7Z, that will mean ¢ modulo an additive element of —Z.
n n

S. Exponent differences
The following definition is given in [11, Definition 2.13] and [43, Definition 25].

Definition 27. Let L € K[0] be a linear differential operator of order greater than one, let p be
any point, and ey, e; be two generalized exponents of L at p. Then the difference e, — e, is called
an exponent difference of L at p.

If deg(L) = 3 there exist just three generalized exponents at each point p: ey, e; and e3, and we
define A((L, p) = +(ex —e1), Ay(L, p) = £(e3 —e1), and A3z(L, p) = +(e3 — e;). We define A modulo
a factor —1 to make it well-defined because we have no ordering in the generalized exponents.

Let us see how the exponent difference varies under — gg. This result can also be found in
[11, Corollary 2.15] and [43, Lemma 8].

Corollary 28. Let L € K[0] be an irreducible third-order linear differential operator. Let e; and e;
be two generalized exponents of L at p with ramification index n,,,i = 1,2. The exponent difference

e, — ey is invariant modulo —7, under — g, where n € N* is the smallest positive integer such

that {LZ iZ} C lZ.
Ne, N, n
Proof. We just use Lemma 23 and Lemma 25. ]
Definition 29. Letr L € K[0] be a irreducible third-order linear differential operator. We define
Sig(L) = {p | L has a logarithmic solution at p}, 9)
Sreg(L) = {p [{A«(L, p),i = 1,2,3} Ck and ({A«(L,p),i=1,2,3} ¢ N
or p € Sig(L))} (10)
Sir(L) = {p | i € {1,2,3}, AL, p) contains 1, (11)
m = {PS € k[x] | P is the minimal polynomial at s € S,.,(L) over k} , (12)
and m ={P; € k[x] | P is the minimal polynomial at s € S;,,(L) over k} . (13)

13



We define the minimal polynomial at oo as P, = 1 and its degree deg (P,) = 1.

Note that these names S,., and S, appeared in [11, Definition 3.3] and [43, Definition 26]
where they were defined and covered in a similar way related to second-order linear differential
operators.

Corollary 30. Let L be the associated differential operator of the function F, € {2F 2 12, oF, Eﬁ} ,
and let L,M € K|[0] be irreducible third-order linear differential operators such that

Lo i)c M — g L. The following holds:
(a) p€S; (L) & pisapoleof f, and
(b) p €S,(L) = pisazeroof f.
Proof. The proof can be found in [28, Corollary 3.13]. U

This Corollary extends [11, Corollary 3.4] and [43, Corollary 1].
Using Theorem 26, the generalized exponents of M at

- azero p of f (with multiplicity order m,,) are

* for Lo € {Lo, Lo, Lon}: 0, m, (1 =by), 2m, (1 —b)

* forLO:ngz 0, —myv, myy

- apole p of f (with multiplicity order m,) are

m -1 — , . .
* for Lo = Ljp: 7’), 7” + X ﬁfl,ﬂmpti,/z with & solution of X> — 1 = 0 and f!/? =
j==m
5 7 iR 7 p
. Z fl,j+mptp with fl,j+m,, € k’

J=—myp

-1 .
* for Ly=Ly: myay, mpaz, mp [b1 + by — (a1 + ax)] + ' Z ]fjté

J=—myp

-1 .
* forLo=Liy: myay, m7’ (b1 + b, —a; — %)+ . >, £f17j+mpt{,/2 with & solution of X*—1

J=—myp

+00
1/2 _ " 12 with f
Oand f'2 = 3 fijumtp With f1 ., €k,

J=—mp

-1 . .
* forLy=Lo: 2(bi+by-1+ ¥ Lf ., #° with & solution of X* + 1 = 0 and

J=—mp
B Y o dB i F ck
- 1,j+my°p 1,j+m, ’

J=—mp

_ +00 . .
where f =1,"" EO fi=m,tp with f;_, € kand f_, # 0.

14



Hence the ramification index of M at all the zeroes of f is 1. At the poles of f, it is 1 for L,
belongs to {1,2} for L, and Ly, and belongs to {1, 3} for Lo,. Since the exp-product and gauge
transformation don’t change the ramification index, for a given point p, the index of L at this point
is the same like the ramification index of M also at this point.

Using the generalized exponents of M at p, we get the exponent differences of M, modulo a
factor —1, at p.

- When p is a zero of f, they are

* for LozLégi —m,v, m,v, 2m,v
* for Ly € {Ly, L2, Loo}: mp (1I-0by), mp (1-0y), mp (by = by).

- When p is a pole of f, they are
* for Lo=Lj

-1 -1 -1
.z i/2 _ .7 /2 - /2
[z Tl S S Tt = 3 2T }

j:_mp j:—l’l’l,, j:_mp
* for LQ:LZZ:
-1
|:mp (a —ay), m,[by +by — (2a; + ay)] + Z jfith,
J=—mp
-1
my[by +by = (@ +2a)] + Y jfith|,
J=—mp
* for Lo=L,:
mp 1 < .7 i M 1
S b1+ b2 =3ar - 5|+ D i gt S b1+ b2 =3ar - 5
Jj=-my,
-1 _ -1 _
+ Z 'T'jfl,j+mpt;)/2’ - Z 2jf1sj+mpl;7/2 ’
Jj=—m, Jj=—mp
* for LOZL()QZ

-1 -1
S A 13 (ol 17 13
[Z ](82 — & )fl,j+mpt;]7 ’ Z 1(83 — & )fl,j+mpt;J ’

j:_mp j:_mp
-1
(-1 _~1\TF i3
Z J(83 ) )f],j+mptp ;
J=—mp

where &1, £, and &; are the three distinct solutions of X3 + 1 = 0.
15



By using the fact that the exponent difference at any point p is invariant modulo —7% (n,, is the
n

P
ramification index of M at p, here n, € {1, 2, 3}) under the exp-product and gauge transformations,
the exponent differences of L, modulo a factor —1, at

- azero p of f, for Lo=Ly are: —mpv+ai, mpy+ay, 2m,v+a; withay,az,a; € Z.

a zero p of f, for Ly € {L,,, L2, Loy} are
|m, (1 =b)+ a1, m,(1=by) + @z, my (b —b) +as| withay,an,a; € Z.

- apole p of f for Lo=Lj are:

-1 -1 -1
S /2 T i/2 s /2
Z _'—-.].fl,j+mptlj7/ +B1, Z +.]f1,j+mpt;/ +B2, — Z 2]f1,j+mpt1]7/ +53

J=—mp J==myp J==mp
where 81, 5,,85 € 7.

- apole p of f for Ly=L,, are:

2

-1
[mp (a, —ay) + 1, mp [b1 + by — 2a; + a))] + Z ]fjl‘;) + 32,

j:_mp
-1

my [by + by = (a +2a)] + Y jfith + s

j:_mp

2

where 81, 5,,85 € 7.

- apole p of f for Ly=L,; are:

m 1 - — . m
[7”(1)1 +by = 3a —§)+ 2 EiF o, 4Bl S by + by

j:_mp

-1 -1
1 - . — .
- 3a; - E) + Z +J fl,j+mpt;7/2 +B2 - Z 2j fl,j+m1,té/2 +,33} )

Jj=—my Jj=—my

where B4, 85,3 € Z.

- apole p of f for Ly=L, are:

-1 1
T -1\ i/3 =1 I\ i3
[Z ](82 — & )fl,j+mp[£/ + B, Z ](83 —& )fl,j+mpt£/ + 3,
j:_mp j:_mp
-1
. _1 _1 —_ 3
Z ](83 & )fl,j+mpf;/ + B3

j:_mp

b

where &, &, and &5 are the three distinct solutions of X* + 1 = 0 and 3, 58,,8; € Z.
16



For computing f and the parameter(s) of Fy € {zF 2 1F2, oF2, IVB%}, the only information re-
trieved from L that we can use is the information on invariance of exponent differences of L under
projective equivalence. The poles and zeroes of f are the main points at which we can really use
those exponent differences.

6. Change of variable parameter f and the parameters of ¥y, when Fy=,F,

6.1. Parameter f up to a constant
Since, by Corollary 30, S;(L) contains all the poles of f, we can always find candidates for
the parameter f up to a constant using the set S;(L) and the exponent differences at its elements:

-1 .
that is the polar part of f. The polar part of f at a pole p is given by > fit;, where m,, is the

J=—mp

multiplicity order of p and f = ), fjt{,
J=—mp

Let us have a look at the exponent differences of L at a pole p of f. They can be brought into

the form
-1

-1
a B+ D it v+ Y. it
J==mp J==mp

with @, 8,y € k. We choose a non-constant exponent difference of L at p. We take its non-constant

-1 .
part: it willbe > j fit,- By dividing any coefficient of this series by the power of its associated

J=—mp

-1 ,

parameter 7,, we get the polar part Polar(f), of f, modulo a factor —1, at p: Polar(f), = Y, fit).
Jj=—mp

Maple’s output for the generalized exponents is not ordered. Hence it will be difficult to order

the exponent differences. They will be defined modulo a factor —1. So the polar part of f at a pole

p will appear modulo a factor —1 using Maple. Therefore, we will have two candidates for the

polar part of f at any of its poles. By choosing at each pole one candidate and doing the summation

of all of them, we obtain a candidate Polar(f) for f up to a constant (candidate of the polar part

of f): Polar(f)= >, Polar(f),.
pESin(L)
We have implemented in Maple an algorithm called Hyp2F2Subst for finding the candidates

for f up to a constant.
The problem now is how to find this constant. Knowing a zero of f (element of S,;(L)) can be

helpful. Hence we will distinguish two cases: when we know at least one zero of f (Sreg(L) * (D)

and when we don’t know any zero of f (Sreg(L) = (b) .

6.2. No zero of f is known (S,.,(L) = 0)

We call this case the integer case. Here we have absolutely no information about the zeroes
of f and all the exponent differences of L at p ¢ S; (L) are integers. What we know is just the
candidates for f modulo a constant ¢ € k.

17



Definition 31. For m € N, we can define
N(m):{i‘jeZ,j;tO,ljlSm—l}. (14)
m

The name N(m) appeared in [11, Section 3.3.2] where it was defined with 2m instead of m.

Remark 32. By using Definition 31 in [28] and taking in [28, Section 4.1], instead of 2v where v
is the Bessel square parameter, respectively 1 — b, and by — b, for Ly=Ly, and 1 — by for L :Lfl,
[28, Lemma 4.4], [28, Lemma 4.5] and [28, Corollary 4.6] hold also here (in this case). Let n be
the degree of the numerator of f and fori € {1,2}, m; = denom(b;) and m3 = denom(b; — b,). That
means we know how to find n and the candidates for m; belong to the set of divisors of n which
divide all the multiplicity orders of the zeroes of f. Therefore, the monic part of the numerator of
f will be a m;-th power, i € {1,2,3}.

Let g be a candidate for the polar part of f and m a divisor of the degree n of the numerator of
f. If there exists ¢ € k such that the monic part of the numerator of g + ¢ becomes an m-th power,
then g + ¢ is a candidate for f. For all such ¢ € k, we will have a list Cand(f),,, of candidates
g + ¢ for f related to m and g. Using Remark 16 and Remark 17, we will assume by, b, €10, 1[ and
by — by €]1-1, 1[\{0} (we will see later that b; or b, or b; — b, integer implies S,.(L) # 0). Let us
define

i
A=,

If R,,, # 0 then R, ,, is the list of candidates for the lower parameters b; and b, of our function
Fy = ,F,. We have implemented in Maple an algorithm called findbi2F2 to get candidates for
[b1, b>]. Hence, E,,, = [Cand( Dems Rg,m] is a list related to g and m such that its first element is
the list of candidates for f and its second element are their associated candidates for b, and b,. All
those elements E, ,, generate a set ‘W which will represent all the candidates for (f, {b;, b>}).

Let us assume that we know candidates for f and the lower parameters of Fy =,F,. To have
candidates for the upper parameters, we proceed as follows:

ieNJil<m-1, i;tO} and Ry, = {1i, j} € Agu|i— j € N(m) or j—ieN(m).

1. We take a candidate g for the change of variable parameter f and its associated set B, of
candidates for the lower parameters b, and b, of Fy=,F5.
2. We take an candidate {b;, b,} in B,.
3. Let p € Si(L) with m,, its multiplicity order as a pole of g.
(a) We call C}, the constant exponent difference of L at p: C; = mp(a, — a;) mod-
ulo Z. We call C; and C; the constant part of the other exponent differences: C) =
my, [by + b, — (2a, + a,)] modulo Z and Cf, =my [by + by, — (a1 + 2a,)] modulo Z.
(b) We compute the sets N}, N7 and N> of candidates modulo Z for +(a; —ay), +(2a, +a,)
and +(a; + 2a,), respectively:

Lol
N! - JxC,
P m,

i+ C}
and Nf,:{b1+b2—] ;
mp

j + C?
jeZ,IjISmp—l}, Ngz{b1+bz—"m z

D

jeZ,IjISmp—l}

jeZ,IjISm,,—l}.
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i+j+s

(c) We compute N} = { i€N>and je N> |s| < 2}. N? is the set of candidates

{i+j+s

modulo Z for +(a; + a;). Hence, N, = ieNjand jeN,,|s| < 1} is the

set of candidates modulo Z for +a, and N, = {(i —j:DlieN) and j € N}]} is the set
of candidates modulo Z X Z for (a,, a,). We replace in N, all the rational parts of the
elements in the pair by their representants modulo Z in [0, 1].

4. E = (jes,.) Np 1s the set of candidates for (ay,a,). If E = 0, the value of by or b, does
not lead to a solution of our differential operator L. So we take another candidate for the
lower parameters {b;, b,} of in B, and we repeat the process. If no candidate in B, leads to a
solution, then g is not a good candidate for f. Then we will return and take another candidate
g for f and its associated set B, of candidates for the lower parameters b, and b;.

We have implemented in Maple an algorithm called f indcandai2F2 to find candidates modulo
Z for the upper parameters {a, a,} of Fy=,F», if they exist.

To find at same time candidates for f, lower and upper parameters of Fy = ,F>, if they exist,
we have implemented in Maple an algorithm called find2F2Int.

6.3. Some zeroes of f are known (S,eg(L) * (/))
We will distinguish here two cases:

- the logarithmic case: when b, € Z or b, € Z or by—b, € Z or (2by, 2b, € Z with bl - b2 < 0),
- the non-logarithmic case: when we are not in the logarithmic case.

The same name “logarithmic case” appeared in the cases given by [11, Lemma 3.9] and [43,
Theorem 9].

Logarithmic Case

Here S, (L) represents all the zeroes of f. So S.,(L) # ( in this case

Let g be a candidate for the polar part of f. If there exists a constant ¢ such that all the elements
in S, (L) are zeroes of g = g + ¢ then g is a candidate for f. If not, g is not a good candidate for the
polar part of f. We have implemented in Maple an algorithm called Candichangvar2F2 to find
g = g + c. All those elements g for which this is true generate a set F. If F = 0 then L has not
Fo=,F, type solutions.

Let us assume that we know a candidate g for the change of variable parameter f and consider
for @, 8 € k the following assertion:

A(a,B): ae€Z or BeZ or a—peZ or Ra, 2B Zwitha-£<0). (15)

To find the candidates {b;, b,} for the lower parameters of F, = ,F, related to g, we proceed as
follows:
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1. For p € Si,(L) with m,, its multiplicity order as a zero of g, the three exponent differences
modulo Z of L at p are: Ai(L,p) = m,(1 — by), Ay(L,p) = m,(1 — by) and A3(L,p) =
m,(b, — by). We compute the sets

N] _ iA](L" p) + .] iAZ(L7 p) + .]
Py — = v

'eZIJISmp—l}, N§,={ jGZ,|j|Smp—1},

+A3(L p+j

mp

and Nf,:{ JEZjl<m,—1¢.

P

(a) Forie{1,2,3}, we take N;, as the set of candidates for b; — b,. Then the other N{;, jE€
{1,2,3}\ {i} will be the sets of candidates for 1 — b, and 1 — b,, respectively, since by
permuting the values of b; and b, our function F doesn’t change. Hence we can get
the sets N] and N’ of candidates for b; and b,. Using Remark 16, we replace in N’ all
the rational parts of the elements by their representant modulo Z in [—1, 1], and in Nf,l

and N{,z all the rational parts of the elements by their representant modulo Z in ]0, 1].
We define

E, = {{b1.bo)l by € NJ', by € N2, A({by, by}) is true, and by — by € N} or by — by € Nb}.

(b) E, = Uie123) E;', is the set of candidates for {b;, b,} associated to p. If E, = 0 then b,
and b, don’t exist. That means g is not a good candidate for f.

2. E=N PESealL) E, is the set of candidates for {b, b,}. If E = 0 then b, and b, don’t exist. That
means g is not a good candidate for f.

We have implemented in Maple an algorithm called £ indbi2F21n to get candidates for [b;, b, ].
By knowing candidates for f and the lower parameters of F, = ,F,, we compute the set of

candidates for the upper parameters of Fo=»F, using the method in the case S, (L) = @ above.

To find at same time candidates for f, lower and upper parameters of Fy =, F>, if they exist,

we have implemented in Maple an algorithm called £ind2F21n.

Non-Logarithmic Case

In this case we know at least one zero of f (S,,(L) # 0), and we have the following conditions

on the lower parameter(s) of Fy: by ¢ Z and b, ¢ Z and by — b, ¢ 7Z and (2b, or 2b, ¢ 7Z or
bl -b2 <0).

To find candidates for ({a;, a»}, [b1, b2], f) we proceed as in the logarithmic case, but with one

modification and new considerations in the computations:

1. we replace the assertion A ({a, 8}) (see (15)) by
A{a,B}): a¢Z and B¢ 7 and a—L ¢ 7Z and RQaor2B ¢ Z witha-8>0).

2. for L, some elements of S,.;(L) can have exponent differences not in Q or k,

3. the constant parts of the exponent differences of L at some elements of S;,(L) can be not in
Q ork.
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So, we need sometimes to work in an extension field of @, and in some cases in an extension field
of k (Q C k). Hence, we will take into consideration all the extension fields of Q or k coming from
the exponent differences of L at every element of S,,(L) and S;,(L). For S;.(L), we need just to
consider the extension field of QQ or k£ coming from the constant part of the exponent differences
of L at all its elements. This case combines similar cases as the rational, basefield and irrational
cases from the Bessel square type solutions (see [28, Section 4.1]).

For this case, we have implemented in Maple algorithms called find2F2RatIrr to find at
same time candidates for f, lower and upper parameter(s) of Fy=,F>, if they exist.

7. Change of variable parameter f and the parameter(s) of F, when F, € {1Fz, oF2, Iviﬁ}

A
Taking f € k(x) means we can assume f = B with A, B € k[x], B monic and gcd(A,B) = 1.

The problem now is how to get information about A and B from L (our input operator).
Since we know how to find all the poles of f (using Corollary 30) which are elements of the
set Si(L), and also their multiplicity orders by using their exponent differences, we can start in

order to find f = B’ to first find the truncated series for f at all its poles by raising to power n, the

truncated series for f!/" at all those poles, where n, is the ramification index of Ly € {L,,, Lg, L B2}

7.1. Truncated series for f
LetL, € {L]Q, Lo, ng} with n, € {2, 3} its ramification index at co. We know all the poles of
f, but the exponent differences give us just information about the polar part of f!/".

‘ 1
Lemma 33. Let p be a point in k. If f € k(x) and f'/* = Y ajt,, where i € EZ’ a; € k and t, is the

1
local parameter at x = p, then the set {i|a; # 0} is either a subset of 7 or a subset ofi + 7.

Proof. Similar to the proof of Lemma 9 in [43]. [

The following definition and remark about the n-term truncated series for f!/" are the same as
[43, Definition 28] and [43, Remark 12], respectively.

Definition 34. Let p € k and f'/" = Y ait;,/”“, a; € kand ay # 0. We say that we have an n-term

i=N
N/2 (N+n-1)/n,
oty

truncated power series for '/ if the coefficients of ', are known.

Remark 35. If an n-term truncated series for ' is known, then we can compute an n-term
truncated series for f.

Let us have a look at the exponent differences of L at a pole p of f in section 5. They can be
brought in the form

-1 -1 -1
j/nf j/ne j/”@
a/+Zajtp ,,8+Zb]¢p , y+chtp
Jj=—mp Jj=—mp Jj=—mp

with @, 8,y € k (k is the algebraic closure of k) and
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1. for Fy = B2: aj; = +jf, Jmy i = -_ijl,ﬂmp andc; = iZj?l’ﬁmp. That means the truncated
series for f 1 , modulo a factor —1, at a pole p of f is

-1 -1

% - 3 e 3 S
. i’ . 2
J=—mp J=—mp ]——mp

2. for Fo=1Fy:a; = ij?l’jmp, b= ij?17j+mp andc; = iZj?lJerp. That means the truncated
series for f!/2, modulo a factor —1, at a pole p of f is

-1 -1

Z 4 ir _ Z 2 Z C/ e
j p
J=—mp j:_mp Jj=—mp
e Ty —a il _ o1\ TF Y (S R h
3. for Fo=oF>: aj = ] (82 — & )fl’jmp, b= i](s3 — & )f]’],rmp and
cj==j (351 - & 1) f1,j+m, Where &1, &, and & are the three distinct solutions of X* + 1 = 0.
That means the truncated series for f!/2, modulo a factor —1, at a pole p of f is

< aj i3 _ < b, i3 _ 3 Cj /3
Z 1 -1 ™= Z 1 -1 ™= Z 1 1 I
(82 —& ) (53 —& ) (53 & )

Jj=—mp J Jj=—mp J Jj=—mp .]

Let p € Sin(L) and /" = 3 aitj,/”", a; € k with m,, the multiplicity order of p as a zero of

i=—myp

f. By what we have seen above and using Lemma 33, we have a truncated series for f!/" with
[m,/n,] terms. We raise it to power n, in order to obtain a truncated series of f at p. But this
truncated series for f has [m,/n,] terms (see Remark 35) which is only 1/n, (rounded up) of the
polar part of f.

We have implemented in Maple algorithms called SirrBesSqRootinfol when Ly = Ly,
Sirri1F2infol when Ly = L;, and SirrOF2infol when Ly = L, to find all those truncated
series for f related to the elements of S;,.(L).

7.2. How to compute the denominator B of f

We retrieve B from S;(L) as follows:

Lemma 36. Consider the situation (7) and f = A/B with A, B € k[x], B monic and gcd(A,B) = 1.

Then
[]«-pmw=1]a= ] p» (16)

Pesirr(L) PESirr(L) Pqem\{l}

whereVp € S, (L), f= 2 a,-tfp (m,, is the multiplicity order of p as a pole of f).

I==mp

Proof. We just use, by Corollary 30, the fact that S;(L) represents all the poles of f. ]
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The way to compute this denominator B is similar to the one in [43, Lemma 10].

Our implemented algorithms SirrBesSqRootinfol when Loy = Ly, Sirrl1F2infol when
Ly =L, and SirrOF2infol when Ly = L,, that we have implemented in Maple compute this
denominator B of f.

We know how to find B (denominator of f). The next problem is now to find the numerator A
of f. In order to solve this problem, we will need to find a bound for the degree of A.

7.3. How to get a bound for the degree of the numerator A of f

The following remarks and lemma about the bound for the degree of the numerator A of f,
denoted by dj,, are the same as [43, Remark 13] and [43, Lemma 11], respectively.

Remarks 37. (i) If o € S, (L) we will have deg(A) > deg(B).
(ii) If 0o € S,o(L) we will have deg(A) < deg(B).

(iii) If oo is an apparent singularity of L, co can be a zero of f but never a pole of f. So deg(A) <
deg(B) (if oo is not a zero of f then deg(A) = deg(B)).

The following lemma gives us a bound for the degree of A.

Lemma 38. Let
_ deg(B) + My lfOO € Sirr(L)’
A7 deg(B) otherwise

where m, is the multiplicity order of oo as a pole of f (o € S;,(L)).
(i) If o € S, (L) then deg(A) = da,

(A7)

(ii) if 00 € S,4(L) then deg(A) < da,
(iii) otherwise deg(A) < da (00 & S (L) U S,(L)).
Proof. This follows from Remarks 37. 0
Hence, ds given by (17) is a bound for the degree of the numerator A of f.

Corollary 39. For s € S, (L), let mg be its multiplicity order as a pole of f. Thendy = Y, m;.
s€S; (L)

Proof. By Lemma 38 we have

) mg+ ms if 0o € Si (L),
_ J deg(B) + mo  if 0o € Sire(L), d sesm(zu\{oo} “
A deg(B) otherwise > my otherwise .
s€Sir(L)
Hencedsy = ) m;. ]

Sesirr(L)

Our implemented algorithms SirrBesSqRootinfol when Lo = Ly, Sirr1F2infol when
Lo=L; and SirrOF2infol when Ly =L, compute d.

Now we know a bound d for the degree of A. The next step will be to find its coefficients. In
order to achieve this, we will first see how to get linear equations for those coefficients of A.
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7.4. How to get linear equations for the coefficients of the numerator A of f

d .
Since we know a bound for the degree of A, denoted by da, we can write A = ZA] a;x', with
i=0
a; € k. So we have da + 1 unknowns: ay,...,a,,. The equations for those coefficients of A will
come from the set S;(L) U Sreg(L) For a pomt S e Sirr(L) U Spee(L), we will deal with two cases:
when s € k, and when s € k but s ¢ k (k is the algebraic closure of k). That is done by taking

instead of x — s the minimal polynomial P, of s over k and working on k(s) instead of k.

Lemma 40. Let us assume S,.,(L) # 0. Then the remainder of the Euclidean division of A by

[T Pswill giveus Y, deg(Py) linear equations for the coefficients of A.
Py€Syee(L) Ps€See(L)

Proof. For s € S,,(L), let m, be its multiplicity order as a zero of f. We can write A in the form
A=c [] P withcek Sincem,; > 1 Vs € Sie(L), let R be the remainder of A divided by

Ps€Sreg(L)
[I P,. Hence R is a polynomial of degree —1 + . deg(P;,). The fact that m; € N\ {0}
Ps€Sreg(L) P3€Sreg(L)
Vs € Sig(L) implies R = 0 and therefore we will have .  deg(P,) linear equations for the
Ps€See(L)
coeflicients of A. O

Remark 41. By the proof of Lemma 40, oo € S,.,(L) gives us one equation: ay, = 0. That means
we have deg(A) < da.

Lemma 42. For s € S, (L) let mg be its multiplicity order as a zero of f, g, the polar part of f at
s and g, the [m/n,|-truncated series of f at s. Let

u(X)={f— AL

Psesirr(L)

l_[ Pl_ms*(ne l)/neJ

PyeSin (L1}

Then u(x) € k[x] and the remainder of the Euclidean division of numer(u(x)) by denom(u(x)) will

give us > deg(P;) - [mg/n,] linear equations for the coefficients of A.
PAES,'"(L)\{I}
Furthermore, if oo € S;,,(L), the quotient of the Euclidean division of numer(u(x)) by denom(u(x))

will give us, in addition, [m«/n.] linear equations.

Proof. The proof can be found in the first author’s PhD thesis [28]. L]

Remarks 43. 1. By Lemma 40 and Lemma 42, we have

Z deg(P;) + Z deg(P;) - [mg/n,] linear equations for the coefficients of A
Psesreg(L) Psesirr(L)

where my is the multiplicity order of s € S;,,(L) as a pole of f. That means we have

Z 1+ Z [mg/n,] linear equations.

Sesreg(L) SES,‘"(L)
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2. Since S,.,(L) can be an empty set but S;,.(L) not, we have at least

Z deg(P;) - [mg/n,] linear equations for the coefficients of A,
Psesirr(L)

that means ), [mg/n.| linear equations.
SES,'W(L)

1
Lemma 44. The number of linear equations for the coefficients of A is greater or equal to —da +
n

T ‘

PESreg(L)

Proof. By Corollary 39 we have

1 mg mg
dy = Z m, = —dy = Z n—essgéJn—j.

5€Sir (L) ¢ 5€Sire(L)

Hence, by the part 1. of Remarks 43, the number of linear equations for the coefficients of A is

greater or equal to ia’A + > L L
ne PESreg(L)
Our implemented algorithms SirrBesSqRootinfol when Loy = Ly, Sirri1F2infol when
Lo = Lj» and SirrOF2infol when Ly = Ly, compute dn and the number of linear equations
satisfied by the coefficients of A.
We have now the linear equations satisfied by the coefficients of the numerator A of f. Let
n, be the number of those equations. If this number is greater than the degree of A then we
can solve those equations to get the coeflicients of A. If this is not the case then later we will
discuss further methods using the zeroes of f (elements of S..(L)) and the exponent differences
of L at those zeroes. At the same time, we can see how to find candidates for the parameter(s) of
Fy € {1F2, on,B‘z,} .

7.5. How to compute the numerator A of f and the parameter(s) of F € {1F2, oF>, EE}

By comparing d, and the number n, of linear equations satisfied by the coefficients of A, we
have:

1. if n > dx then we can solve those equations and get A: that is the ”Easy case”. This name
appeared similarly in [43, Section 4.2].
2. if n < d, we have to distinguish between two cases:
(a) when all the zeroes of f are known: “Logarithmic case”
i. “Logarithmic case”
* yeZfor Fy = B2
* byeZorb, e Zorb,—b, e Zor(2b,, 2b, € Z with bl - b2 < 0) for
Fo € {1F2, oF>}.
ii. “Irrational case”
* yek\Qfor Fy = B?
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* we are not in the logarithmic case and b, or b, is not a rational number, for
Fo € {1F2, oF>}.
The name “Irrational case” appeared in the similar way in [11, Lemma 3.9] and
[43, Section 4.4] related to F, which is a Bessel function and a composition of a
Bessel function with square roots, respectively.
(b) when we are not sure that we know all the zeroes of f: “Rational case”
i. veQ\Zfor Fy = B
ii. we are not in the logarithmic case and by, b, € Q, for Fy € {1 F», oF>}.
Also the name “Rational case” appeared similarly in [11, Lemma 3.9] and [43, Sec-
tion 4.4].

Normally, we just have three cases: “Logarithmic case”, ’Irrational case” and "Rational case”.
The "Easy case” just helps us to find candidates for f easier. To find candidates for the parameter(s)
of Fy € { 1Fa, oF, Ef} we have to search whether we are in the “Logarithmic case”, “Irrational
case” or “Rational case” and use a particular technique, too.

7.5.1. Easy Case
Lemma 45. In the Easy case, S,.,(L) # 0.

Proof. For s € Si.(L), let m; be its multiplicity order as a pole of f.

N

Since [%w <myVs e Si (L), we get D, s < 2, my, and by Corollary 39 we have

seSm(Ly | 2 s€Sin(L)

m
D [ﬂ <d,. (18)
s€Sir(L)

If S;ee(L) = O then, using the part (a) of Remarks 43, we will haven = )] {%w linear equations
s€Sir (L)

for the coefficients of A. So by (18), n < da, and that means we are not in the Easy case (n >
dp). O

This case help us to find just the candidates for the parameter f. To find candidates for the
parameter(s) of F € {IF 2, 0F2, Bf} we have to search whether we are in the ”Logarithmic case”,
“Irrational case” or "Rational case” and use a particular technique (those cases will be treated and
explained in the next sections).

We solve our linear equations for the coefficients of A using Lemma 40 and Lemma 42. If we
find solutions then we already have A and therefore f = A/B because we know B. If not, then we
cannot find F, € {1F 2, 0F2, Ef} type solutions for L using the Easy case.

We have implemented in Maple, for this case, algorithms called

1. easyBesSqRoot to find candidates for (v, f) when Lo =Lz, if they exist.
2. easy1F2 to find candidates for [{a;}, {b1, b2}, f] when Lo =L,, if they exist.
3. easyOF2 to find candidates for [{b;, b,}, f] when Ly =L, if they exist.
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7.5.2. Logarithmic case

In this case we know all the zeroes of f: the set S;.,(L). They have logarithmic solutions. So
we have now to do a combinatorial search to find their multiplicities as zeroes of A: try all possible
combinations of multiplicities of zeroes of A. For a zero s of f, let m be its multiplicity order.
We will have

deg(A)= > deg(P,)-m,. (19)
P€Sres (L)

To find the list of combinations of multiplicities m, of s € S,(L) as zeroes of A we proceed as
follows:

1. We take one element of S,,(L) and call it s.
2. We put deg(A) in the form

deg(A) = Q,, - deg(Py,) + R;, with Q;,R,, € Nand 0 < R, < deg(Py,).

By using (19) and the fact that m; > 1 Vs € Sio(L), we have m,, € {1,..., Oy }.

3. For my, € {1,...,Qy}, we repeat the process by considering S.(L) = S, (L) \ {P,,} and
deg(A) = deg(A) — deg(Py,) - m,.

4. At the end, we will have the list of combinations of multiplicities m, of s € S;..(L). The only

unknown will be the leading coefficient of A. By Remarks 43 we have enough equations to
find it.

We have implemented in Maple an algorithm called SearchKnLog to find candidates for A up
to a multiplicative constant.

Once we get candidates for A, we have also candidates for f because f = A/B and we know
B.

For Fy = E,z,, we use the same technique as in the logarithmic case with f = g and g € k(x)
(see [28]) to find candidates for v related to any f.

For Fy € {1F,, oF>}, we use the same technique as in the logarithmic case for Fy=,F, to find
the candidates for the lower parameter of F.

For Fy=F>,, let us assume that we know candidates for f and the lower parameters of Fj. To
get candidates for the upper parameters, we proceed as follows:

1. We take a candidate g for the change of variable parameter f and its associated set B, of
candidates for the lower parameters b, and b, of Fo=F5.
2. We take a candidate {b;, b,} in B,.
3. Let p € Si(L) with m,, its multiplicity order as a pole of g.
(a) We choose the two exponent differences of L at p which have the same, up to a factor

—1 and modulo —Z, non-constant part. Let C}, and Cf, be the constant part of those

exponent differences:

=2 (b b~ 3a; - L) modulo 27
P ES |\ 2 ai 3 5
=" (b + by —3a — 1) modulo »7
=+— -3a; - = ulo =Z.
P 2 1 2 1 2 2
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(b) We compute the set N, of candidates modulo Z for +a, associated to p

jeZ,IjISSmp—l}.

We replace in N, all the rational parts of elements by their representant modulo Z in
[0, 1].

4. E = (es,.) Np 1s the set of candidates modulo Z for +a,. If E = ) then a; doesn’t exist.
That means {by, b,} is not a good candidate for the lower parameters of | F,. We take another
{b1, by} and repeat the process. If no candidate in B, leads to a solution of our differential
operator L, then g is not a good candidate for f. Then we will return and take another
candidate g for f and its associated set B, of candidates for the lower parameters b; and b,.

We have implemented in Maple an algorithm called f indcandai1F2 to find candidates modulo
Z for the upper parameter {a;, a} of Fo=F5, if they exist.

To find at the same time candidates for f and parameter(s) for F € { 1Fa, oF, E%}, we have
implemented in Maple algorithms called

1. findBesSqRootln which gives us candidates for (v, f) when Lo =L, if they exist.
2. £ind1F21n which gives us candidates for [{a;}, {b1, by}, f] when Ly=L,, if they exist.
3. £indOF21n which gives us candidates for [{b, by}, f] when Ly =Ly, if they exist.

7.5.3. Irrational case
The following lemma about the zeroes of f and their multiplicity order is the same as in [43,
Lemma 16].

Lemma 46. In the irrational case, we know all zeroes of f and their multiplicity as well.
Proof. The proof can be found in the author’s PhD thesis [28]. ]

To find candidates for the numerator A of f we proceed as follows:

1. We find all the zeroes of f by computing the set S, (L).

2. For every zero of f, we find its multiplicity order by using the proof of Lemma 46 in [28].
So we have A up to a multiplicative constant.

3. Now there is only one unknown coefficient of A that we have to find: the leading coefficient.
By Remarks 43 we have enough equations to find it.

Once we get candidates for A, we have also candidates for f because f = A/B and we know
B.

For Fy € {1 F3, oF>}, we use the same technique as in the logarithmic case to find the candidates
for the parameters for Fj.

For Fy = E%, let us assume that we know candidates for f. Therefore, we have also all the
multiplicity orders of the elements of S, (L) as zeroes of f. Using now the exponent differences
of L at the elements of S;.,(L), we can get v modulo an integer. The following definition, lemma
and remark will be very useful in that case.
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Definition 47. Consider (7) and s € S,.,(L). Let mg be the multiplicity order of s as a zero of f.
We define

NS:{A(L’S)+j

OSjSms—l} (20)

s

and N={v € k\Z|Vs € Se(L), o, € Z: v+a, €N, . 1)

The name N appeared similarly in [11, Definition 3.10] and [43, Lemma 12], and also the
name N in [11, Definition 3.10].

For every singularity s € S.(L) the Bessel parameter v appears in N, modulo some integer.

We will see now how to find the candidates for v modulo Z. This lemma can also be found in
[11, Lemma 3.11].

Lemma 48. Consider (7) and assume S,.,(L) # 0. Then there exists some integer z € 7. such that
v + z € N. That means N is the set of candidates for v modulo 7.

Since C(x)B2" + C(x)B?" + C(x)B? is invariant under v > v + 1 and v > —v we only need to
find v modulo an integer and a factor -1. So, in the non-logarithmic case, we can regard N as a set
of candidates for v. By the definition of N we have

N = ﬂ [Ny, modulo Z or afactor — 1]. (22)
5€Speg (L)

Remark 49. The improved set of candidates for v will be the new set N after the following modi-
fications:

1. because of the invariance of (C(x)E%H + C(x)ég' + (C(x)]vi’g under v — —v, we remove in N all
the negative elements.

2. because of the invariance of (C(x)ég/' + (C(x)é%’ + C(x)é% under v — v + 1, we remove in N
all the modulo an integer equivalents of its elements.

3. because we are not in the logarithmic case, we remove all the integers in N.

4. because Ly has to be an irreducible operator, we also remove in N all the elements of the

1
form 3 +zwithz € Z.
Since v € k\ Q in this case, we obtain the set of candidates for v by removing in N all the

elements which belong to Q.
We have implemented in Maple, for this case, algorithms called

1. findBesSqRootIrr to find candidates for (v, f) when L, :Lég, if they exist.
2. £ind1F2Irr to find candidates for [{a;}, {b1, bo}, f] when Lo =L,,, if they exist.
3. £indOF2Irr to find candidates for [{b1, by}, f] when Lo =L, if they exist.
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7.5.4. Rational case

Here we are not sure that we know all the zeroes of f. The denominator of an element in
{(v,1 = by,1 — by, by — by} (denoted by d) will be very important in that case because d along with
the multiplicities will determine whether the singularities disappear. Let s be a root of A with
multiplicity my, then A(L, s) = +m,a mod Z with a € {v,1 -b, 1 —b,,b; — b,}. If d|m, the change
of variables x — f can send s to a removable singularity, and then not all the roots of A are known
(not all the roots of A are in S,,(L)). We can conclude that if a zero of A becomes a removable
singularity, then m; must be a multiple of d.

For s € S,.,(L) the exponent differences of L at s in the case Fy € {,;F,, oF>} are the same as
for Fy = ]VBE by replacing v by 1 —b;, 1 —b, and b, — b,. Since our technique to find f will be based
on the set Si.,(L), we will just treat the case Fy = Ef. The other cases Fy € {1 F,, oF>} will be
treated using a similar method. Therefore, in this section, we will assume F = Eﬁ and Lo=L.

Definition 50. Let us define for S,.,(L) the following sets:

NS, (L) = {s € Sy(L) |Fi € {1,2,3}, A«(L,s) € Q\Z},

RemS, (L) = {s € S,o(L) |A(L, s) € Z Vi€ {1,2,3}},

A = set of all the zeroes of A,

NS, (L) = {PS € k[x] | Py is the minimal polynomial of s € NS,,,(L) over k} ,
RemS, (L) = {PS € k[x] | Py is the minimal polynomial of s € RemS,,(L) over k} ,
A =P, € k[x] | P, is the minimal polynomial of s € A over k} .

Remark 51. Every time when we will take an element s of NS,.,(L), A(L, s) will represent one of
AL, s), i € {1,2,3}, which belongs to Q \ Z.

Remark 52. RemS,.,(L) and NS,.,(L) are, respectively, the sets of removable and non-removable
singularities of L in S,.,(L), and we have S,.,(L) = NS,.,(L) | JRemS,,(L).

Lemma 53. A can be written in the form A = cAlAg where

c €k andd = denom(v),

A= I] Pfx,
PeA
Ay =a [] P, witha €k,
P,eA

mg = the multiplicity order of s € A as zero of f,
my=ay-d+ B, withse A, (a,.B;) € N>, 0 <, <d.

Proof. For s € A, let m, be the multiplicity order of s as a zero of f. We can put m; in the form:
mg = a, - d + B, with (a, ;) € N>and 0 < B, < d.

d
A=b||Pr=p]]|P]]Pr= cHP’f“-[aHP‘;‘ :
P,eA P, eA P,eA P,eA P,eA
with a,b,c € kand b = ¢ - a*. O
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The form A = cAlAg is the same as in [43, Section 4.5] for the rational case.

Remark 54. Since we are not in the logarithmic case and Ly is irreducible, we will have d =
denom(v) > 2.

Lemma 55. Let d = denom(v).

deg(A
I IfNS(L) = O then Ay = 1, dldeg(A) and deg(A;) = e‘iﬁ )
2. IfNSreg(L) * (Z) then A] = H Pfx whel’e my, = ;- d+ﬁx Wiﬂ’l (as’ﬁs) € NZ, 1 Sﬁs < d
PeNS (L)
for s € NS,..(L) and my its multiplicity order as zero of f.

Proof. The proof can be found in [28]. O
By the previous lemma, we can conclude that

Corollary 56. A can be written in the form A = cA;A$ where

c €k and d = denom(v),

1 lf NSreg(L) =0,
A= I PE‘Y otherwise,
PyENS (L)
A, =a [] P, witha €k,
PseA

mys = the multiplicity order of s € A as zero of f,
. { a,-d+ By with (a,B) € N, 1 <Bs<d if s €NS,(L),

a,-d otherwise.

Proof. Just use Lemma 53 and Lemma 55. 0

Lemma 57. Let s € A and d; = denom(A(L, s)). Then we have d; | d and therefore, if NS (L) #
0, I|dwherel = lcmsgNSn,g(L)(dx)-

Proof. Letv = ?—Z, a €7, gcd(a,d) = 1. Let s € A and m, be its multiplicity as a zero of f. Then

AlL,s)= mgy+2z, = m‘g(g)+zs = % withz,e Zando =m,-a+d -z, € Z.
Therefore, denom(A(L, 5)) | d i.e d,|d.

Let us assume NS, (L) # 0. Since NS,.,(L) C A then denom(A(L, s)) | d for all s € NS,(L).
That means Iemgens,,)(dy)|d i.e. 1]d. ]

Lemma 58. Let us assume NS, (L) # 0 and | = lcmexs,,,1)(ds). Then Vs € NS, (L) with B as in
d _ d
Bs, and therefore deg(A,) > T -deg(Py) for all P; € NS,.,(L) and deg(A,) > T

N

d
Corollary 56, T
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Proof. Lety = ?[

that m, = a, - d + B, with (a,,;) € N2, 0 <8, < d. Then we have A(L,s) =myv+2z, ¢ Z, z, € Z

, a €7, ged(a,d) = 1.Let s € NS,..(L) and m; its multiplicity as a zero of f such

= (@, -d+B) (g) t ¢ ﬁSg ¢ 7 and d, = denom(A(L, 5)) = denom (ﬁsg)
since a a + 7, € Z. By Lemma 57, we have d; | d. Therefore d = ¢, - dy with g, € N i.e g = T
a —
ﬁs2¢Za d—ss-d_w N {83‘/"61’ ds/i'a’
gcd(a,d) = 1, dy = denom (ﬁsg) &s | Bs.

d d
Hence — = &; | B5. So Vs € NS.,(L), —|Bs. Let!l = lemyens,,q1)(ds) and Vs € NS, (L),

d, d,
d
Bs =0y i with oy € N. Using Corollary 56, 8; > 1 and therefore oy > 1. Again by Corollary 56,
we have A; = ] P
PyeNS;eg (L)

d
= deg(A)= ), deg(P)-Bi= ), deg(P)-o,-—

— = dy
PyENSce(L) PyeNSce(L)

d
= deg(A;) > deg(Py) - oy - 7 Vs € NS, (L) since deg(P) -0y — >0 Vs € NS, (L)

N

S

d
= deg(A,) > deg(Py) - T Vs € NS,(L) since oy > 1

A

d
= deg(A)) > 7 Vs € NS,,(L) since deg(P;) > 1

db
= deg(A)) > 7 since [ > d; Vs € NS, (L).
O

Lemma 59. Assume NS,.,(L) # 0 and | = lcmens,,,)(dy). If | > deg(A) then we have deg(A) =
deg(Ay) and deg(A,) = 0. That means A, = a with a € k.

Proof. Let NS(L) # 0 and [ = Iemyens,,)(dy). Then deg(A;) > 1 and by Lemma 58, [ | d
where d = denom(v). Hence d = o - [ with o € N\ {0} since d # 0.

deg(A) = deg(A;) + deg(A;) - d = deg(A;) + deg(Ay) - o - L (23)
Using (23) and the fact that [ > deg(A) and deg(A;) > 1 we will get deg(A,) = 0. Therefore
deg(A) = deg(Ay) and A, = a with @ € k. O

32



How to find d = denom(v)
We can find a list of candidates for d = denom(v).

Lemma 60. Let us assume NS,.,(L) = 0. Then the candidates for d = denom(v) are

{ieNi?» <i< - nd i|dA}U{dA}.

Proof. Since NS,.,(L) = 0, by Lemma 55, d | deg(A) and deg(A) = deg(A,) X d.

1. If deg(A,) = 0, then oo is a zero of f, otherwise f will be a constant function and this
contradicts the assumption that f should not be in k (f? € k(x)\k). Let m,, be the multiplicity
order of oo as zero of f. We have m,, = deg(B) and A(L, o0) € Z since NS,(L) = 0. So

d = denom(v) | my, = deg(B) = d|da = deg(B) by Lemma 38

d
= dya=d-0, 0e€N\{0} since dy =deg(B) #0 = d=d, or dSTA.

d
By Remark 54 we also know that 3 < d. Hence d satisfies |3 < d < TA and d|da| or

d = dA.
2. If deg(A,) = 1, then deg(A) = deg(A,) - d = d. Since we don’t know deg(A) but just its
bound du, d can be taken as da: d = da.

deg(A)  deg(A
3. If deg(A,) > 2, then we have deg(A) = deg(Ay) - d = d = SEA) _ deg(@d)

©deg(Ay) T 2
deg(A
€A nd d | deg(A).

By Remark 54 we also know that 3 < d. So d satisfies 3 < d <

d
Since we don’t know deg(A) but just its bound da, d satisfies 3 < d < 7A and d | da.
[l

Lemma 61. Let us assume NS, (L) # 0 and d; = denom(A(L,s)) Vs € NS,,(L). Letl =
lcmseNSrgg(L)(ds)-
1. If |l = da then the candidates for d = denom(v) are{i e N|3 <i <dj-l and [|i}.
2. Ifl < du, let dp be of the form da = q -1+ r withq,r € N, 0 < r < L Then the candidates
for d = denom(v) are

da

- i-l il
i-llie{l,...,q}, Z 7 deg(Py) < dp and ngseNS,eg(L) (d_)
PyeNS, L) s

Proof. By Lemma 57 we know thatd | d Vs € NS,(L)and /| d.

1. Let us assume [ > ds. By Lemma 58 and Lemma 59 we have, respectively, dy = deg(A,)
and d/l < deg(Ay). Sod/l < dx 1.ed < da-1. We also know by Remark 54 that d > 3.
Therefore we have 3 < d < ds -l and [ | d. So the candidates for d = denom(v) are
{ieN|3<i<ds-land []|i}.
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2. Letus assume / < dp. [ | d and d > 3 by Remark 54 thend = [-i, i € Nandi > 1. So
deg(A) = deg(A,) - d + deg(A;) = deg(A,) - [ - i+ deg(A;). Since we don’t know deg(A) but
just da, we can take

da =deg(Ay) - [-i+deg(Ay), i>1. (24)
On the other hand, let d, have the form
drn=q-l+r, withg,reN, 0<r<lL (25)
(24) and (25) imply
iefl,...,q}. (26)
d l-i d
Letd,= ) ~—-deg(P,)= ) ~ —— -deg(P;). By Lemma 58 we get —|B, Vs €
P eNSe(L) 4s PeNSeg(L) dy dy

d
NS, (L). Then Vs € NS, (L) B =0 - T with oy € N and o > 1 because 8 # 0 .

dy = deg(Ay) 1+ deg(A) = deg(Ag) - i+ ) By~ deg(Py)

P;ENSeg(L)
d
=deg(A))-1-i+ ) o, 7+ deg(P)
P;ENS;eg(L)
d
> Z O - d_s - deg(Py) since deg(A,)-1-i>0
PeNSeg(L)

d
Z T deg(Py) since oy > 1 Vs € NS, (L)
PyeNS@L)

= da >d,. (27)
d i- ) d d
Let d> = ged, s, 7= 2¢dens o) 7 ) Vs € NS, (L), Since d, 7 and 4 By, we
get d, | Bs. Therefore d, |deg(A1) because deg(A;) = >, B -deg(Py).

P3eNSeg(L)

d d
d> 7 Vs € NS, (L) = T =bs-d, withb; € N Vs € NS,,(L)

N N

= d=(d;-by)-dy Vs € NS, .x(L) = d, | d.
We have d, |deg(A1) , dr | d and ds = deg(A,) - d + deg(A,), therefore
dy |dp . (28)
Using (25), (26), (27) and (28), the candidates for d are i - [ such that
da=q-l+r withg,reN, 0<r<l|,

ie{l,...,q},
il i1
27— -deg(Py) < dp and ngseNSreg(L) d. da.
P.reNSreg(L) $ ’
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How to find the degrees of A, and A,
Let us first see how to get a list of candidates for deg(A»,).

Lemma 62. Let d = denom(v).
d
1. IfNS,o(L) = 0, then we have deg(A;) = —.
2. If NS, (L) # 0, letdy = q-d+ 1, withg,r € N, 0 < r < d. Then we have deg(A,) €
{0,...,q}.
Proof. Letd = denom(v).
1. Let us assume NS,,(L) = 0. We have by Lemma 55 dy = deg(A,) - d. So we have
d
deg(A) = gA.
2. Let us assume NS,,(L) # 0 and dy = g-d +r, withg,r € N, 0 < r < d. Since we also
have ds = deg(A,)-d +deg(A;), we can take the candidates for deg(A;) in the set {0, ..., g}.

O

When we find a candidate for deg(A;) we can also get its associated candidate for deg(A,).

Corollary 63. Let us assume that we know deg(A,), then we also have deg(A,) by using the
relation dp = deg(A,) - d + deg(Ay).

Proof. Since we know deg(A;), we just use the relation dx = deg(A;) - d + deg(A;) and get
deg(A;) = dx — deg(A,) - d. O

How to find A,
For NS,.,(L) = 0, we can use Lemma 55 to get A;: A; = 1. The problem now is what to do

if NS,.(L) # 0. In that case, also by Lemma 55, we know that A; =[] P[f‘ Hence, finding
PENS e (L)

Aj is equivalent to find B, Vs € NS, (L).
We will see in this lemma which technique can be used to find all the B, with s € NS, (L).

Lemma 64. Let d = denom(v). Let us assume NS, (L) # 0 and d, = denom(A(L, s)) for all
s € NS, ;(L). Then we can find B, Vs € NS,,,(L) by solving the Diophantine equation:

1 <Bs<d,
D Bordeg(P)=deg(A) with § d| (29)
P.YENSrEg(L) dS >
Proof. By Lemma 55 we have A; = I Pl < Bs < d. Then deg(A;) = >, B
PeNSog(L) PyeNSog(L)

d
deg(Py). By Lemma 58 we have d_’ By forall s € NS,.(L). Since we know d, deg(A,) and
dy ¥s € NSy, (L), all the B, with s € NS, (L) will be solutions of this Diophantine equation

1 <Bs <d,
> B.-deg(P,) = deg(A)) with { d 5
PyeNS (D) d,|""
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Let us see now how to solve our Diophantine equation and find all 8, s € NS,(L). This will
lead to find candidates for A;. The following lemma appeared similarly in [43, Lemma 18].

Lemma 65. Let us assume NS,,(L) # 0. Then we can solve the Diophantine equation of
Lemma 64 and get a list of candidates for A,.

Proof. Letd = denom(v). For s € NS..(L), let d; = denom(A(L, 5)), m, the multiplicity order of
s as a zero of f and put m; in the form

my =, -d+ B, with (a,,8,) e N>, 1 <B, <d. (30)
By Lemma 58, Vs € NS, (L)

d d
Bs = Bo=— -0y with o, €N = 1< — -0, <d by (30).

d
d,
Hence oy > 1.

Al = l pho= [ P

PyENSee(L) PyeNSee(L)

- deg(Py) (0 2 1 Vs € NSiy(L))

S

d
= deg(A) = ) o deg(P) 2

_— Uy
PyeNS (L) PyeNS (L)

d _ d _
= deg(A)) > T deg(Py) VP, € NS, (L) since i -deg(Py) >0 VP; € NS, (L)

N s

d -
= deg(A)) — T deg(Py) > 0 VP, € NS, (L). (31)

s

Let us take one element s; € NS, (L). By (31) we have

d
deg(Ar) - - - deg(Py,) 2 0. (32)
s

deg(A)= > B,-deg(P)= deg(A)- > ,-deg(P,) =, - deg(P,)

P3€NSree(L) PyeNSwes W\ Py, }
= deg(A) - Z deg(Py) > B,, - deg(P,,) since B, > 1 Vs € NSye(L)
PseNSeg M\{ Py, }
d
= deg(A)) - Z deg(P;) > oy, - [d—n . deg(PS,)] . (33)

PeNS\{Py, }

On the other hand, let

+r with g,re N

d
deg(A) - ) deg(Py) =¢q - [d— -deg(Py,)
PyeNS, M\{ Py, } 51

J (34)
and 0<r< T deg(Py,).

§1
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Then we can take, because of (33), o, € {0,..., g}. The fact that o, > 1 reduces this set to

O

efl,....q) (35)

d
Bs, <d = T oy <d. (36)

Since we know d, deg(A;) and d; Vs € NS,,(L), using (32),(34),(35) and (36) we can find
candidates for o, by solving

d
deg(A;) — > deg(Py) =q - [— -deg(Py,)| +r with g,r € N
PyeNSeg M\ Py, } ds,
d
and 0<r< T deg(Py,), (37)
d td
o, €{1,...,q9}, oy - - <d, and deg(A) - T deg(Py,) > 0.
: : d .
Therefore, by using the relation 5, = T o, we get also the candidates for £;,.
We continue the process by considering A; = I Pl < Bs < d. That means

Psem\{})sl }

d
deg(A;) = deg(A)) — — - 0y, - deg(Py,), and we take another s, € NS,,(L). At the end, we will

dy
find all the candidates for B;, Vs € NS;e(L).
Since A; = I1 Pf, we have also the candidates for A;. ]
P,eNS og(L)

How to find ¢ such that A = cA|A4

We have seen how to find A, B € k[x]. That means we have A/B € k(x) and f - B/A; € k[x].
So cA‘zi € k[x]. This doesn’t imply that A, € k[x]. To get A, € k[x], as in our assumption, we
choose ¢ € k by the following method.

Case 1: (kU {oo}) N S; (L) # 0.
This case is similar as the case 1 in [43, Section 4.5]. We have here A(L, s) € k(t,) Vs €
(kU {oo}) N S (L) and we can compute a truncated series for f = (cAlA‘zi) /B at x = s. Therefore,

we have a truncated series for f - B/A; (which equals cAg) at x = s. If we want to have Ag monic
then we have to take ¢ as the coefficient of the first term of this series (the truncated series of
f - B/Ay at x = s5). That implies the truncated series of A, at x = s has first term 1 (or another
d-th root of 1 in k). Hence we can construct other terms of A, by Hensel Lifting (see [43]). By the
construction method, A, will be in k[ x].

The problem we face now is the following: if we choose other ¢ such that A, € k[x], will that
lead to the same candidates for f?

The following definition and lemma appeared similarly in [43, Definition 29] and [43, Lemma 19],
respectively.
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Definition 66. We say that ¢, and c, are equivalent (c| ~ ¢,), if ¢1 = ¢, - ¢ where c € k.

Lemma 67. Assume k U {c0}) N S;,(L) # 0. A, and B, which are monic and in k[x], are fixed.
Let s € k U {co}) N S;,(L) and ¢y, ¢; and Ay be computed by the method we introduced in case 1
above and Theorem 70 below such that (clAlAg) /B and (czAlAg) /B are candidates for f with

A, Kz € k[x]. Then ¢, and c, lead to the same candidates if and only if c; ~ c;.

Proof. 1. Assume that ¢, and ¢, lead to the same candidates for f. That means we will have

ClAlAd C2A1Kd ~ C Kd ~ .
2 = Lo A=A > —=Z2ck> Ay =cA, withcek,
2

B B B 2

d

such that ¢? = ¢;/c,. So ¢, - ¢? = ¢; and then ¢ ~ ¢,.
d

2. Assume that ¢; ~ ¢,. That means c¢; = ¢, - ¢“.
C]AlAg _ Cy CdAlAg _ C2A1 (CAz)d _ C2A1K§
B B B B B

with A, = cA, € k[x].

So (clAlAg) /B gotten from ¢; can also be gotten from c¢,. Therefore ¢, and ¢, lead to the
same candidates for f.

]

Conclusion : If we choose other ¢ such that A, € k[x], then it will lead to the same candidates of

f. So our method is sufficient in this case.
Case2: (kU{co)NS;(L)=10

This case is similar as the case 2 in [43, Section 4.5]. For some s € S;;(L), we can temporarily
extend the field k to k(s) and recompute the duplicate local data over the new field. Then we
compute all candidates g € k(s, x) for f as in case 1. Any candidate g for f that is defined over
k(x) will be discarded without further computation (see the last part of chapter 4 in [28] called
”Algebraic Extension”).

The following remark appeared similarly in [43, Remark 19].

Remark 68. In the case 2, sometimes we can still use the way in case 1 to guess the value of c.
But it might not lead to the correct candidates because ¢ might not be unique (up to multiplication
by a d-th power) over k. So we need to introduce algebraic extensions (see the last part of chapter
4 in [28] called ”Algebraic Extension”).

How to find A,

d

CA1A2

In order to find A in f =

minimum number of equations, related to the degree of A, satisfied by the coefficients of A, that
we need to get A,. It appeared in the same way in [43, Lemma 20].

, the only unknown part is now A,. This lemma gives us the

1
Lemma 69. To recover A, we only need §d a + 1 linear equations for its coefficients.
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Proof. Let d = denom(v). By Remark 54 d > 3.

d d
da = deg(Ay) +deg(Ay) -d = deg(Ay) -d <dx = deg(Ay) < 7A = deg(Ay) < ?A

. 1 . . . .
since d > 3. Hence to get A, we only need §dA + 1 linear equations for its coefficients. O]

deg(Az) .
Let Ay = ), bix', b; € k. By using the same methods as in Lemma 48 and Lemma 53, the
i=0

equations we get for {b;} will not be linear because we need to evaluate the d-th power. We use
here the method of Hensel Lifting (see [43]) to find linear equations for the coefficients {b;} of A,.

The following theorem and remark appeared similarly in [43, Theorem 10] and [43, Re-
mark 20], respectively.

deg(Az) )
Theorem 70. Let A, in A = cAlAg be on the form A, = ), bx', b; € k. For each s € S;,(L)
=0

with my as its multiplicity order as a pole of f, we will get [n;s] linear equations for {b;}.
Proof. The proof is similar as the proof of theorem 10 in [43]. L

Remark 71. If s ¢ k, we can use the results from Lemma 40 and Lemma 42 to get equations.
1 1
Therefore, we can always obtain > EdA linear equations, while del + 1 equations are sufficient.

So we always get enough linear equations.

How to find the Bessel parameter v

We take v = a/d, a € Z, d € N\ {0} and gcd(a,d) = 1. We know how to find d = denom(v).
What remains now is how to find a.

Since we just have to take v modulo Z, then a € [-d,d] N Z. That is also equivalent to
a € [-d/2,d/2] N 7Z. We also know that a/d ¢ Z, if not, we are in the logarithmic case. Therefore
a € (]-d/2,-11U[1,d/2[) N Z. Since taking v or —v is the same for our operator Ly, a €

[1,d/2[ N N. Let V, = g

d
ae [1, 5[ NNy, If Sieo(L) # 0, using Definition 47 and Lemma 48,

we can find N, the set of candidates for v modulo Z. Therefore, the reduced set of candidates for
vis V = V; N N where ”N” represents the intersection modulo Z.

We have implemented in Maple an algorithm called BesSqRootRat to find candidates for (v, f)
in the rational case, if they exist.

The case Fye {1F2, 0F2}

Here the numerator A of f can be written in the form A = ¢A;A¢ as in Corollary 56.

The technique to find candidates for f is similar as for the Bessel square root case with f # g°
where g € k(x).

CA]Ag

Once we get candidates for f = A/B = , we use the same technique as in the case
Fy=,F), to find candidates for the lower parameters of F, € {;F», oF,}, and the same technique
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as in the logarithmic case to find the candidates for the upper parameters for F, = F, related to
any candidate for f.

We have implemented in Maple, for this case, one algorithm called find1F2Rat to find can-
didates for [{a1}, {b1, b}, f] when Lo=L,, and another one called findOF2Rat to find candidates
for [{bl, bz} , f] when L() :LOZ.

8. exp-product and gauge transformation parameters

This theorem finds the exp-product parameter in the projective equivalence (— gg).

Theorem 72. Let L, L, € k(x)[0] be two irreducible third-order linear differential operators such
that Ly — g L, and r the parameter of the exp-product transformation. Let S be the set of all
non-apparent singularities of L, and Py the set of all the poles of r. For p € Py U S, let us set

e =e (L) —e (L), i=1,273

where efp(L ;) is the i-th generalized exponent of L at p, j € {1,2}, and r has series representation

+0o0
— i ;
r= Z rpity, my € N with ry; €k and ry_,, # 0.

i=—my
If we assume that

L B = {p e Pl e} (o). (Lo) €} (L)) € Zand 1, ¢ Z) = 0,
2. L, is not the image of an exp-product transformation with rational function —r + aptl‘,l with
a, € kand p € Py such that m,, > 2 if p # oo,

peS\{eo} P peS\{eo} P pEPL2\(SUfco})

then

3
~ =

~

where el = e\ — const(e'.) with const(e',) the constant term of ¢, b, € 7,
n, = max {ne;(Lz), i=1,2, 3} with i (Ly) the ramification index ofe'j7 (L), and
Py = {p € Pyl {e} (L) . € (Lo) . €} (Ly) . 71} C 2}

Proof. The proof can be found in [28, Theorem 3.31]. ]

Lemma 73. Let us consider the hypothesis and notations of Theorem 72, and assume that all the
conditions of Theorem 72 are satisfied. Then the parameter r of the exp-product transformation is
given by

i

e J— C

r= g t—p—tm-efx,+ g Lt (39)
n
peSileo) P peSifeo) P

with ¢, € Z and |Cp| < np.
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Proof. By Theorem 72 we have

i

e — b
= Lt e — Pyt -1
r= Z ; too * €, Z . r, + Z Ip-1t,

peS\feo} P peS\(eo} " P pEPI\(SU{eo})

ei J— C
DI W R VD YT
peS\feo} P peSioo) peSioo) pe]P(])Z\(SU{oo})

where -b, = ¢, +d, with ¢,,d,, € Z and |cp| < n,. Lety be a solution of L. Since we are searching
solutions y of L, of the form

y= exp (frdx) (roy +ry + rzy”) ,

d, . . .
the term Z t’ > Fp— ltljl in the expression of r will be transformed as follows:
peSi{eo pepgz\@u{oo})
dp -1 1 d ’ ”
exp Z L Z Tpily | 4X (r0y+ ny oy )
peS\feo} P PEPI2\(SUfeo})
d
Sy >n_+ 122 !
_ p PeBi2\EUID (l”oy + 1y + 1y )

=roy + riy +nry

dP
. — peSz\(oo) n_+ 12Z " .
with7, =7, - x p P EU=D - Using the fact that r,_y € Z Yp € Pi* \ (S U {o0}), and also
d, € ZV¥p € S\ {oo}, we will have 7y, 71,7, € k(x). Therefore, we can take the exp-product

parameter r as
i

e —_— C
t—p—tm~eﬁx,+ Z pt

r =
PES\{co} p PGS\{OOl
and that will just change the gauge transformation parameters ry, r, and r;. ]
To find the gauge parameters ry, ..., r,—; (gauge equivalence problem) between two operators

L, and L, of order n such that L, 0—> ¢ L, we use Mark van Hoeij’s gauge equivalence test (see

[17]) which gives us those parameters as the coeflicients of an n — 1-st order linear differential op-
erator. There already exists in Maple an implementation for this purpose called Homomorphisms,
implemented by Mark van Hoeij (see [17]), which takes as input two linear differential operators
L, and L, of order n and returns a basis of all the operators of order n — 1 satisfying the equation
L, = L,X if the first input is L;, and L, = L X if the first input is L, (X is the unknown of this
equation). Otherwise it returns an empty list. Let n = 3 and X = a,(x)8* + a,(x)d + ay(x)d, we
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deduce the gauge parameters ry, r; and r, by taking

ro = aop(x),
r = ai(x), (40)
ry = ax(x).

Conclusion
Let us consider two irreducible third-order linear differential operators L, M € k(x)[d] such that
M — ¢ L. To find the exp-product and gauge transformation parameters we proceed as follows:

1. We compute the set S of non-apparent singularities of L.

2. We compute for all p € S, i = 1,2,3 the difference ¢}, = e/,(L) — e, (M) where ¢}(L) and
e;(M) are the i generalized exponent of L and M at p, respectively.

3. We compute the exp-product parameter r using the relation

i

e J— C
r= Z —p—too-efx,+ Z Lt
t n,

peSi\feo} P peS\foo} P

where el = e/ — const(e’,) with const(e’, ) the constant term of ¢ , n,, = max {ne;(L), i=1,2, 3}
with n,i ¢, the ramification index of e; (L), and ¢, € Z such that |cp| < n,.

4. We compute the middle operator L; € k(x)[d] such that M AN g L1 —¢ L which is given
by L; = M®)(0 — r). There exists in Maple an algorithm called symmetry (see [20], [19] and
[26]) to compute the symmetric product between two differential operators.

5. We compute the operator G € k(x)[0] of order two such that L. = GL;. That can be done in
Maple by the algorithm called Homomorphisms (see [17] and [33]).

6. Let G = a,0%>+a,0+ay with ag, a;, a, € k(x). We deduce the gauge parameters ry, 71, > € k(x)

by taking
rop = do,
ry =a,
= ap.

We have succeeded by writing and implementing in Maple algorithms for the projective equiv-
alence in our cases called

EquivExpgauge2F2 when Ly=L,,,
EquivExpgaugeBesSqRoot1 when Lo=L,
EquivExpgaugelF2 when Ly=L,,,

el S

EquivExpgaugeOF2 when Ly=L,.

9. Example

We have implemented the methods of the given paper in Maple. The Maple functions are called
Hyp2F2Solutions when Ly = Ly, BesSqRootSolutions when Ly = L2, Hyp1F2Solutions
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when Ly = L, and HypOF2Solutions when Ly = Lg,. They take as input any irreducible third-
order linear differential operator L and return, if they exist, all the parameters of transformations
(r,ra, r1, 10, f € k(x)) and also the parameter(s) of F € {2F2, 1Fa, OFZ,Bf} such that we are in
situation (7)

LO L)C M —EG L

where Lo € {La, L12, Loz, L2} is the operator associated to Fy. If not, we return "No Fy type solutions”.
Those algorithms deal with all the cases.

We will take here just one example and show how some of our algorithms work.
Let us consider the differential operator L, associated to the oF, hypergeometric function with
lower parameters b; = 1/3 and b, = 1/7.

> read "Solver3.mpl":

To get Ly, with Maple we proceed as follows:!

> eq:=sumdiffeq(hyperterm([], [b1,b2],x,1),1i,J(x));

2

&’ d d
eq = —J )+ B2+ 1+b)x—J () +b2bl —J ()= J(x) =0
dx? dx? dx
> LA:=de2diffop(eq,J(x));
LA := X*Dx’ + (xb2 + x + xb1) Dx* + b2 b1 Dx — 1
> L02:=subs({b1=1/3,b2=1/7},LA);
31 1
L02 := x*Dx’ + o1 xDx?* + ﬁDx -1
Let us apply to Ly, the change of variables transformation with parameter f given by
> f:=(2%(x-1) 2% (x-3)*(x-7)"3) / ((x-9) "2*(x-12) "3) ;
-1D*(x=-3)(x-7)
fom GG G=T)
x-9)7(x-12)
That gives us the following operator called L:
> L:=Change0fVariables(L02,f) ;

L:=21(x=-12°x-9°(x-7)72(x=3)>%(x-1)? (5193 — 3852 x — 60 x> + 830 x?

+x4)2 Dx® + (—173735685 + 300375864 x + 32319144 x* — 159987168 x> + 31 x°
—635762 x* — 3720 x” — 649176 x> + 86200 x6) DX (x-D(x=-3)(x=7(x-9"*
X (x — 12)° (5193 —~3852x—60x +x* + 830 x2) + (—5387188885607952 x + x'©

— 6395117622870960 x* + 3388591949109444 x* + 7748517717658728 x> — 240 x"

+ 54803306488 x'* — 3065641808 x'! — 3904976 x'* + 63960 x'* — 746349293552 x°

+ 130520372 x'? — 56984531313168 x” + 7599004335182 x* — 1223256100618800 x°
+311300882943048 x° + 1632102637284153)Dx (x—9)° (x — 12)* — 42 (-3852 x

To generate the initial differential equation, we use the hsum package from Wolfram Koepf (see [26]).
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5193 - 60 + x* +83002) (x = 72 (x— 1)
Let us assume that we have as input this operator L. Now we will show how we can find its
oF> type solutions with our codes if they exist. That means how we can find the hypergeometric
parameters by and b, of (F, and the transformation parameters such that

L02 L)C M —EG L

Using our code we get:
> HypOF2Solutions(L);

11 (x - 1>2<x—3><x—7>3]}
{[{[[3’7]’[0]’[”]}’2 (x=9)* (x - 12)°

Hence, L has (F, type solutions with hypergeometric parameters b; = 1/3 and
b, = 1/7, and transformation parameters: r =0,y = 1, r; =0, r, = 0 and
_ 2(x— D*(x = 3)(x—17)°
f= (x —9)2(x — 12)3
in [28]. The Maple package containing it is called Solver3 and can be downloaded from http:
//www.mathematik.uni-kassel.de/~merlin/.

. All explanations of the functioning of this algorithm are available

10. Conclusion

We gave an algorithm to find the § € {(F,, |F>, 2F2,IV3§} type solutions of an irreducible
third-order linear differential operator without Liouvillian solutions and with rational function
coeflicients, where ,F, with p € {0, 1,2}, g = 2, is the generalized hypergeometric function, and

E%(x) = (BV( \/}))2 with B, the Bessel function. We extended the algorithm described in [28]

about Bessel square solutions which already solved the problem in the case f = g with g € k(x).
We have also implemented those algorithms in Maple (available from http://www.mathematik.
uni-kassel.de/~merlin/). Putting together the algorithms developed in this paper and those
developed in [28] for (Bf)-type solutions and | F}-type solutions, we have an extended algorithm
to find all hypergeometric type solutions for holonomic third-order linear irreducible differential
equations with radius of convergence co. The only cases which are not covered since they require
different methods, are the cases , F 12 and ;F, with radius of convergence 1. Those cases are part of
our future work.
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