AN EXTENSION OF TAYLOR SERIES EXPANSION
USING BELL POLYNOMIALS
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ABSTRACT. By using Bell polynomials, we introduce an extension of Taylor
series expansion and consider some of its special cases leading to new series
and identities. We also apply the extended expansion for generating functions
of some famous sequences of numbers.

1. INTRODUCTION

Let {x;}}_o € [a,b] and {f;}}_,, which may be samples of a function, say f(z),
be given. The main aim of interpolation is to find an appropriate model to ap-
proximate f(z) at any arbitrary point of [a,b] other than ;. In other words, if
U(z;ag,...,a,) is a family of functions of a single variable x with n+1 free param-
eters {a; }?:07 then the interpolation problem for ¥ consists of determining {a; };L:O
so that for n + 1 given real or complex pairs of distinct numbers {(x;, f;)}}_, we
have

(11) \I!(xj;ao,...,an) :fj'

For a polynomial type interpolation problem, various classical methods such as
Lagrange, Newton and Hermite interpolations are used. Lagrange’s interpolation
as a classical method for approximating a continuous function f : [a,b] - Rat n+1
distinct nodes a < g < --- < x, < b is applied in several branches of numerical
analysis and approximation theory. It is expressed in the form [I6, pp. 39-40)

La(fiz) =Y flap)e" (@),
j=0

for
() () = Wnl@)
N A TAES)
where wy,(z) = [[ (z — ;) is the node polynomial and 4")(;3) as the Lagrange
§=0
polynomials.

L,(f;x) is a unique element in the space of all polynomials of degree at most n,
say P, which solves the interpolation problem

Ln(f;x;) = f(z;)  (j=0,1,2,...,n).
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For non-polynomial type interpolation problems, an interpolating function of the
form

Yn(2) = Z CLjUj(CL'),
=0

is usually considered [I7] where {u;(x)}7_, is a set of linearly independent real-
valued continuous functions on [a,b] and {a;}}_, are determined by the initial
conditions

¢n($g)=f(%) (jZO’L""n)'
The function ¥, (z) exists and is unique in the space of span{uj};.‘zo for all f €
Cla,b] if and only if the matrix {u; (xk)};'l,kzo is nonsingular.

The general case of an interpolation problem was proposed by Davis [I0] contain-
ing all above-mentioned cases. It is indeed concerned with reconstructing functions
on a basis of certain functional information, which are linear in many cases. Hence,
one can construct new interpolation formulae using linear operators [I5]. He also
mentioned that the expansion of a function based on a series of predetermined (ba-
sis) functions can be interpreted as an interpolation problem with infinite number
of conditions. See also [I4] in this regard. The problem of the representation of
an arbitrary function by means of linear combinations of prescribed functions has
received a lot of attention. It is well known that a special case of this problem
directly leads to Taylor’s series [19].

The main aim of this paper is to introduce a class of interpolation formulas which
leads to a generalization of Taylor series expansion. In this direction, we define a
certain space of functions as the base of constructing such a class. In the next
section, we introduce an extension of Taylor series expansion and consider some
interesting cases of it leading to new series and identities. Also, some applications
are presented for obtaining generating functions of some famous numbers.

2. A CLASS OF INTERPOLATION FORMULAS

Let A, 1 := {\x}1—; be a sequence of continuous functions defined on [a, b] such
that A\, (z;) # Ai(z;) for any ¢ # j and {zx},_, are n distinct points in [a,b]. We
define the functions

B e udgzyk&(xk)—xi(m) (b=t

where
I; ={(rr)r=1,..., k=1 k>1}U{(r,r+D|r=%, ..., n—1,k<n}.

It can be directly verified that these functions ([2.1) satisfy the biorthogonality
relation

(58, A1) = Ok 1
Moreover, {®(z; zx, Ap—1)}7_; are linearly independent on [a, b]. So, by considering
the space
I, :=span {®(z; 21, Ap—1), ..., P(z; 20, A1)},
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n
the explicit solution of the interpolation problems of type (1.1) isas > f(ag)®(z; 2k, An_1).
k=1
Now, suppose that

G(x; i A1) = a1 ®(z521, A1) + ... + an®(2; 20, A_1),

denotes an interpolating function. By imposing the initial conditions, we reach a
system of linear equations as

a1 ®(zp; 21, Ap—1) + ..+ an®(@r; 20, A1) = (k) k=1,...,n,
which has a unique solution, because

(z1;21, A1) - (@1 @0, Ap1) 1 O

(e hr) o Beirnded) | |01
So there exists a unique function G(z; f; A,—1) € II,, such that
G(xr; f3 A1) = f(zk) k=1,...,n.
Also it can be verified that if f € C" ' ([a,b]), f(™ exist at any point of (a,b)

and G (+; f; An—1) € C" 1 ([a, b)), then there exists a point &, € (a,b) depending on
2 such that

n!

flx) = G(z; fi A1) =

n

k=1

Notice that if \j(z) = A(z) for every | = 1,...,n, with X(a;) # A(z;) for i # j,
then
n+1

Gla; f; (A@)} o) = Y flan) @z, {A (@) ),
k=1
interpolates f at {x3}77], where

O(z; p, {A(2) i) =

In this case, we have

span {@(a; 2, {A@) i) ily = span{l, Az), A(2), ..., A" (2)},
and G(z; f;{\(z)}}_,) can be therefore represented as
(2.2) Gla; £ {z)})) = Ao + A (@) + Ay (M2)> + ...+ A, (M(@)",

in which {A4; }?:0 are obtained by the given interpolation conditions.
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3. AN EXTENSION OF TAYLOR SERIES EXPANSION

In (2:2), we assumed that {z)}}L] are distinct. Now, let {z;}} %, coincide
with 2 together with the corresponding values {f(k)(xl)}”: I foX € CMa, b
and f+1) A+ exist on (a,b) and AU (z;) # 0 for any j = 1,...,n, then the
interpolating function changes to

BY  C@ @ = fa)+ Y T P ie)

=1 lj ] ()\/($1))j

9

where
l
(3.2 Mita) = 0 ) ) ) ez
k=0
and
(1) Ni(x1) 0 0 0
" (x1) N{ (z1) NI (z1) 0 0
Dinwy = ﬂmﬁnm)zﬁm4Rm)z@m4%m)zﬁm4%m).” 0o |
Fo ) N (@) NSY(@) NS(@) . NG (x)
P NP@)  NP@)  NP@) o NO(@)

for m > 1, k > m such that
Doy = [ (1) k> 1.

According to (3.2)), it is clear that (3.1 can be written as
n
(3.3) G™(z; [ {A@)}ey) = ZCJ
7=0

Notice that (2-2) interpolates f at {x)}}Z] while (3.3) interpolates f at 1 for n+1
times, i.e.

(3.4) £LG*(xf{A()} D) = () (k=0,1,...,n).

In this sense, the coefficients {c;}7_, can be directly computed by equating ((3.3)
with ., or by considering the condltlons given in . However, if A(z) is an
invertible function, {cj}”:o can be derived by an easier method. For this purpose,
without loss of generality and just for simplicity in the symbolic representations,

we consider A~!(z) instead of A(x) in (3.3), i.e.

(3.5) f(z) ~ ch (A_l(x))j .
j=0
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If W exist for any j = 0,1,...,n at « = 0, then from (3.5) one can

respectively conclude that

(3.6) f(A(z)) ~ Z cjad,
=0

and
1d7f (M) _
(3.7) C‘]:ﬁT‘z:O (j:0’17""n)'
Moreover, if n — oo, relation (3.6|) reads as
(3.8) F@) =3 (A1)
n=0

which is equivalent to

f()‘(x)) = chxna
n=0

and {c, }72, are given by (3.7).
Note that the convergence radius of the series (3.8) depends on A(z) and is
directly derived by using the ratio test, so that if

Cn+1
Cn

p= lim
n—roo

)

then (3.8)) converges for all x satisfying the inequality |)\*1(az)| < %.
To explicitly compute the coefficients (3.7)), first according to the classical Fad
di Bruno formula [8] we have

g ! , n—k+1 A(]) z kj
69 g (r0@) =X pmr o @) 11 ( j!( )> ’
2

j=1
where
(3.10)
n—k+1 n—k+1
I’s: (klak27"'7kn—k+1) : Z k]:k and Z ]kJ:n, kiJENU{O}
j=1 j=1

Therefore, the primary form of the coefficients can be represented as

n—k+1 . k;
1 2D 0)\"

= (k)
n ;kl!kzl...kn,kﬂlf (o) 11 ( i ) '

j=1

However, still there exists an easier way to compute the coefficients. The Bell
polynomial version of Fad di Bruno’s formula (3.9)) is given by [12]

L (FO@)) = 3059 @) Bk (Xa), XN @) ... A7)

k=0
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where By, ;(.) are known as partial exponential Bell polynomials and are defined
by [11, p. 96]
n—k+1

1wk
(311) Bn,k(ula uz, ... aun—k+1) =n! Z H ﬁ(%)k]7
5 !

=1

where I¥ is the same as (3.10)). Consequently, we have

en = 3 TP @) Bk (@), X'(a), - X @) [,
" k=0

Note that since

o { {(0)} for n =0,

" 0 for n>1,
we have Byo(u) = 1 and B, o(u1,...,up+1) = 0 for n > 1. Also, B11 = ua,
By1 = ug, Bos = u}, B3y = us, Bys = 3ujus, By = u, ... , By1 = u, and

B, = u}. A comperehensive table of the B, for k¥ < n < 12 is found in [0}
p. 307].
By, ,(.) in (3.11)) with infinite number of variables can be defined by the double

series expansion [6]

tm i

(3.12) O(t,x) = exp (x Z umm) = Z Bn,kml'k

m>1 n,k>0

n n X

= 1+ Z ﬁ(zx Bn,k(u17u2,...))7
n>1 k=1

and the complete exponential Bell polynomials [2] by

tm m
313) e =ep (3 wn ) =1+ Vol
o (1) = mz;lu m! +nz>:1 (u1, uz )n!

where N
Yn(u17u27 N 7’Uzn) = Z Bn,k(ula e 7un,k+1), (YO = 1)
k=1

Relations (3.12) and (3.13) are widely used in combinatorial analysis with numer-
ous applications in physics and mathematics. It is well-known that many special
sequences are constructed from Bell polynomials by an appropriate choice of the

variables uy, us, ... . For instance, we have
e B,i(1,1,...,1)=S(n,k) (Stirling number of the second kind [6, p. 50]),
——
n—k+1

o B,i(0L1 ..., (n—k)!) = |s(n, k)|
(signless Stirling number of the first kind [6, p. 50]),

n—1\n!
° Bn,k(1!,2!,...,(n— k+ 1)!) = (k 3 1>k! n,k > 1, (Lah number [6, p. 156]),

e Bui(l,2,...,n—k+1)= <Z> Enk (idempotent number [6, p. 91]).

For more results see [0, pp. 133-137], [9], [18] and [11, pp. 95-98]. T'wo nice historical
surveys have appeared in [8] and [12].



AN EXTENSION OF TAYLOR SERIES EXPANSION 7
3.1. Some special cases of the expansion (3.8))

Example 1. Let A\~!(z) = cosz and consider the expansion
o0
(3.14) f(x):ch(cosx)n 0<z<m),

which is equivalent to

arccos 1’ E CnT

Since
0 m = 21,
dm(arccosx)| B - 0
Az =0 ) 12 -1)% m=20-1,[()=1,
j=1 =1

the partition set takes the form
(3.15)

> —k+1
1 = {1 Koo B 1) € I such that by =0 forall L= 1,...., [F— =],
and therefore
(3.16)
- [";k]—&-l 1 m—1 ko 1
(T <7 (20— 1) ) "
Zkl'kg n k+1 f (2) 771_:[1 (Qm—]_' H 7

0

for n > 1 and ¢ = f(%). Note that [](.) = 1. For instance, for n=5 in (3.14) we
=1

obtain

f(z) = f(—) — f( )cosx + ;f”(z)cos%c — l(f/(g) —&-fm(g)) cos®

1 5
F (1 G+ s ) eosta — 5 (07 G +1077(5) + FOE)) cos’ .
A valuable point of example 1| is that there exists a direct relationship between
series (3.14]) and cosine Fourier series, because
(3.17) flz) = Z cn(cosz)” = % + Zaj cos jz,

in which, according to the trigonometric formulas [3],

E]
1 /n 2 3 n
2”(3) + on Z <k> cos(n — 2k)x (n : even),
k=0
cos" x =
2 5 (™) cos(n — 28) (n: odd)
— cos(n — 2k)x n : odd).
2n = k
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Hence
=1 21 .
Z o2i—1\ ] _ i) (4 - even),
=4 2
Qj =
=1 /20+1 ,
> 221(l ]) Cai+1 (j : odd),
=izt 2

or in a unique form we have

1 &1 /24
aj:%lgw(

; )cmﬂ' for any j=0,1,....

On the other hand, (3.17) is a Fourier cosine series of f such that

:g/ f(x)cosjzdx for j
™ Jo

0,1,....
Therefore

(3.18) 3

1 /2045
/ f(x)cosjrdr = Z 1 ( ]>Cgl+j’

l
where {cg;1;} are given by (3.16). For instance, if j = 0 in then

1 (2
/ f(z 221(l>02l

T 1 1 1 T 1 1 (4™
=G+ Grat et G G tm gt )G+
Example 2. Let A~!(2) = sinz and consider the expansion

(o)
T ™
3.19 = n(sinz)” —<z< =
(319) Sesima) (-G Sw<3)
which is equivalent to
(arcsinz) Z Cn®
Since
0 m = 2l,
dam ( arcsin x)
— | = = ) 0
dzx [T1(25—1) m=2-1, [[(.) =1,
j=1 j=1
the partition set is as the same form as (3.15) and therefore
(252141 1
(3.20)
Z T 1

m—1 Kom_1
®o 1_:[1 ((Zm—l)! E<2l_1)2> ’
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for n > 1 and ¢g = f(0). For instance, for n=5 in (3.19) we obtain

flz) = f(0)+ f(0)sinz + %f”( ysin?a + 31| (f'(O) —&-f’”(O)) sin®

+ %(4 £7(0) + f@(0)) sin* = + %(9 £/(0) +10£"(0) + f)(0)) sin® z.

Once again, since

(3.21)  f(z)= Z Cn(sinz)” = 22 4 Z Baj cos2jx + Z Ba2j4+18in(2j + 1)z,
n=0 7=0

in which, according to the trigonometric formulas [3],

2171 (") on—1 EZ ( ) cos(n — 2k)z (n : even),

w\:

sin" x =
2 n—1 B (T .
o (1) > (-1 ) sin(n = 2k)a (n : odd),
k=0
we obtain
Lo 1 21
(-=1)2 Z 5211 (l B k)cm (k : even),
=% 2
B =

el e 1 2041
(—1) 2 Z 221<l k—1>C2l+1 (k’ZOdd),

DB 1 2+ k
ﬂk:(kal Zz?l( ! >621+k for any k=0,1,....

Now, consider a special form of the Fourier series of a periodic function f(z) on

(-5, 5] as follows
b oo
(3.22) flz) == 5+ > byjcos 2z + Z byj1 sin(2] + 1)z,
7j=1 7=0
where
92 =
= [ f(z)coskxdx (k : even),
T Jn
-2
b, =
92 z
= [ f(z)sinkzdz (k : odd).
m

N
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By equating the right hand sides of (3.21]) and we respectively obtain
1 [F 1) &
— f(x)cosjrdx = (=1
T J_=
2

1 /2145 .
9 ZQ%( ! >C2l+j VE
=0
and

even)
1 [% o 1 (24 _
- /Wf(x)sm]xdzf 22( >Czl+] (j : odd),
% 1=0
where {cg;4;} are given by (3.20)
Example 3. Let A(z) =In(x + 1) and consider the expansion
o
(3.23) x) = Z cn (e" =1 "
n=0
which is equivalent to
where

f( In(z + 1))

1 d»
To compute c,, first notice that for n > 1, we have
B

ok (N(@), N'(@), ..

AR )
=B, (0 (z+1)7", —(1) (2 +1)72

e (1)
(2 +1)7" B i (01, ~(11)

1ty (71)”47’6(” - k)')7
where we have used the identity [6]

k)l (x4 1)~ (n=hFD)
B,k (abul7 abng7 ab’ug,

oL, abv TR
fora=1and b= (z+1)

k1) = "V By (w1, uz, us,
Now, replacing u,, = (=1)™"1(m —

) Un7k+1),
1)!in 2) gives
Dt x)—exp( Z %t”ﬁ = exp (Jsln( +t)) (1+1¢)
m>1

1 z
which is indeed the generating function of the first kind of Stirling numbers, i.e
B, (0!, —(11),...,

(=1)"F(n—k)) = s(n, k)
In other words, we have
A4
da™
and

f(In(z+1)) = (z+1) "zn:snk f(k) (In(z +1)),
k=1

1

Cn = (x—l—l ”Zn:sn kf(k) ln(x—l—l)))‘ n—zn: (n, k) f™(0)
k=1 =0 k=1
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By noting that $(0,0) = 1 and s(n,0) = 0 for n > 1, (3.23)) can be finally written

as
fa) =3 m(kzsm, B ().
n= =0
generating many new identities for the first kind of Stirling numbers.

Example 4. Let \(z) = 2, 2 # 0,1 and consider the expansion

1—x°

@ =3 e (1=

leading to

f( ! ): chx".
n=0

1—x
Since _
d’ | .
@)\(xﬂw:O:]. forany j=0,1,...,n—k+1,

the coefficients are given by

¢ = n'Zﬂk) 22l (n—k+ 1))

_ |Zf(k) (”—1> _ !wa) ),

forn > 1 and ¢g = f(1 ) where L(n, k) are known as Lah numbers [5].
Consequently, we have
= 1

Z ) ki(k) (n_D

3.2. On generating functions of some famous numbers

Following the same approach, we can consider some cases of the expansion (3.8))
leading to generating functions of some well-known numbers such as Bell, Stirling
and idempotent numbers.

Example 1. Let f(z) = Cn, (lnz)n. So

(3.24) f(e) = Z enx”,
n=0

and the coefficients are computed as

o

n

,sz (L1 ) = =3 FO (1) S, k),
n—k+1 k=0

where S(n, k) as the second kind of Stlrhng numbers is explicitly denoted by [I]

k.Z (5
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As the first sample, replacing f(x) = e in (3.24) eventually gives

e Tl = i i;(;S(n,k)),

n=0

which is a generating function for the Bell numbers B, = > S(n, k).
k=0

Another interesting case is when f(z) = -, because f®)(1) = k! and the
coeffecients in this case are computed as

1 — 1-
= HZk!S(n,k;) = — b(n),
k=0

where b(n) is the nth ordered Bell number and can be also represented by the
important infinite series [20]

= 1 = m"
Therefore, by noting (3.24]), we obtain

oo
i BLC

which is convergent in (1,2), because for large n we have [20]

~ n!
b(n) ~ 5 eyt

and therefore ~
1 bn+1) 1

lim —_— = 77
n—oon + 1 b(n) In2

which yields z € (e~1"2 eln2) = (%,2)-

The third interesting case is when f(z) = —Inz. Since
o0 1 n n
“mz=Y ( “;? (Z(—M(k —1)! S(n,k)),
n=1 ’ k=1

by equating both sides of the above equality we conclude that

n

> (=1)F(k=1)!S(nk) =0 n>2,

k=1
which is a direct consequence of the following result [I3] for z = —1,
- 1
> Snk)(k—1)12F = (-1)"Lii_(14+ =) n>2
z

k=1

where Li, (z) is the polylogarithm function defined by

Lln Z o |Z‘ < 1.
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Example 2.  Assume that A(z) = ze® for ¢ > —1. The inverse function
A~1(z) = Wy(x), which satisfies the equation

= Wy(z)e"o (@),

is the principal branch of the Lambert function [7]. In fact, the additional constraint
Wo(x) > —1 defines the single-valued function Wy(z) for z > —e~!. Although
Wo(x) cannot be expressed in terms of elementary functions, one can use Lagrange
inversion theorem (see e.g. [4]) for computing the Taylor series of Wy(z) at = 0
such that we have

e dr—1 " e L T
Wo(z) = lim (7 e*”“)— = —n)"T —
o(@) w—0 \dwn 1 n! Z( ) n!’
n=1 n=1
which is convergent in z € (—e™!,e™!). Now, consider the expansion

o0
= E Cn ’
n=0
which is equivalent to
o0
= E cp "
n=0
k

d
Since P (we®)|,_, = k, the coefficients are given by
- e

1 «— n\
cn:—'Zf(k)(O)Bmk(l,Q,... n—k+1) Zf(k) <k>k k

n.
k=1

for n > 1 and ¢g = f(0). For instance, replacing f(z) = e* leads to the relation
exp(ze®) =1+ Zt(n) —
n=1

n
where t(n > () k"% is known as the number of idempotent maps. See e.g.
=1

) =
[6) p. 91] for more details.
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