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In this article, we solve the duplication problem,

PnðaxÞ ¼
Xn
m¼0

Cmðn, aÞPmðxÞ,

where fPngn�0 belongs to a wide class of polynomials, including the classical orthogonal
polynomials (Hermite, Laguerre, Jacobi) as well as the classical discrete orthogonal
polynomials (Charlier, Meixner, Krawtchouk) for the specific case a ¼ �1. We give
closed-form expressions as well as recurrence relations satisfied by the duplication coefficients.
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1. Introduction

Let P be the linear space of polynomials with complex coefficients. A polynomial
sequence fPngn�0 in P is called a polynomial set if and only if degPn ¼ n for all non-
negative integers n.

Given a polynomial set fPngn�0, the so-called duplication or multiplication problem
associated with this family asks to find the coefficients Cmðn, aÞ in the expansion

PnðaxÞ ¼
Xn
m¼0

Cmðn, aÞPmðxÞ, ð1:1Þ

where a designates a nonzero complex number.
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Such identities have applications in many problems in pure and applied mathematics,
especially in combinatorial analysis. This problem may be viewed as a special case of the
so-called connection problem between two polynomial sets where the first member
of (1.1) is replaced by a polynomial set Qn(x).

The solution of this problem is known for some particular polynomial sets.
For instance, the so-called Fields–Wimp expansion [10] gives a solution for some
hypergeometric polynomials [17].

A general method, based on lowering operators and generating functions, was
developed in [2,3] to solve connection and linearization problems [4,7]. The purpose
of this work is to use this approach to express explicitly the coefficients Cmðn, aÞ.
The method depends on simple manipulations of formal power series. The approach
we shall propose in this article does not need the orthogonality of the polynomials
involved in the problem, and in this way the formulae obtained are still valid outside
the range of orthogonality of the parameters.

2. The method

Definition 2.1 Let fPngn�0 be a polynomial set. fPngn�0 is said to have a generating
function of Boas–Buck type (or is called a Boas–Buck polynomial set) if there exists
a sequence of nonzero numbers ð�nÞn�0 such that

X1
n¼0

�nPnðxÞt
n ¼ AðtÞBðxCðtÞÞ, ð2:1Þ

where A,B,C are three formal power series such that

Að0ÞC0ð0Þ 6¼ 0, Cð0Þ ¼ 0 and BðkÞð0Þ 6¼ 0, k 2 N: ð2:2Þ

The choice of CðtÞ ¼ t gives the class of Brenke polynomials.

It is obvious to see that if the normalization is changed, say: Pn ¼ cnePn, then the new
duplication coefficients eCmðn, aÞ are given by

eCmðn, aÞ ¼
cm
cn

Cmðn, aÞ:

It means that there is no loss of generality if we limit ourselves to the case �n ¼ 1=n!
in (2.1).

THEOREM 2.2 Let fPngn�0 be a Boas–Buck polynomial set generated by (2.1). Then the
associated duplication coefficients defined by (1.1) are given by

FðtÞ ¼
AðtÞ

A �ðtÞð Þ
�mðtÞ ¼

X1
n¼m

m!

n!
Cmðn, aÞt

n
ð2:3Þ

where �ðtÞ ¼ C�1ðaCðtÞÞ and C�1 is the inverse of C, i.e., C�1ðCðtÞÞ ¼ CðC�1ðtÞÞ ¼ t.
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Proof The proof of this result is based on the following lemma.

LEMMA 2.3 (see [3], Corollary 3.9) Let fPngn�0 and fQngn�0 be two polynomial sets of
Boas–Buck type that are generated, respectively, by

A1ðtÞB xC1ðtÞð Þ ¼
X1
n¼0

PnðxÞ

n!
tn and A2ðtÞB xC2ðtÞð Þ ¼

X1
n¼0

QnðxÞ

n!
tn:

Then the connection coefficients in

QnðxÞ ¼
Xn
m¼0

CmðnÞPmðxÞ, ð2:4Þ

are given by

A2ðtÞ

A1 �ðtÞð Þ
�mðtÞ ¼

X1
k¼m

m!

k!
CmðkÞt

k, ð2:5Þ

where �ðtÞ ¼ C�1
1 C2ðtÞð Þ.

In order to derive (2.3) from this lemma, we set A1 ¼ A2 ¼ A, C1 ¼ C and C2 ¼ aC
in (2.5). g

This result shows that the duplication coefficients of a Boas–Buck polynomial set
generated by (2.1) depend only on C and A.

3. Applications

3.1. Brenke polynomials

COROLLARY 3.1 The Brenke polynomials fPngn�0, generated by

AðtÞB xtð Þ ¼
X1
n¼0

PnðxÞ

n!
tn,

possess a duplication formula of the form

PnðaxÞ ¼
Xn
m¼0

n

m

� �
am�n�mðaÞPmðxÞ ð3:1Þ

where

AðtÞ

AðatÞ
¼
X1
k¼0

�kðaÞ

k!
tk: ð3:2Þ

Duplication coefficients via generating functions 539
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Proof Applying Theorem 2.2 with CðtÞ ¼ t, we obtain �ðtÞ ¼ at and

AðtÞ

AðatÞ
amtm ¼

X1
n¼m

m!

n!
Cmðn, aÞt

n:

Put AðtÞ=AðatÞ ¼
P1

k¼0 ð�kðaÞ=k!Þt
k. It follows, by identification, that Cmðn, aÞ ¼

n
m

� �
am�n�m. g

For AðtÞ ¼ et, Corollary 3.1 is reduced to Carlitz formula [6]

PnðaxÞ ¼
Xn
m¼0

n

m

� �
amð1� aÞn�mPmðxÞ: ð3:3Þ

Let us mention that Corollary 3.1 was already given in [3] and applied essentially to
some q-polynomial sets.

Next, we consider some examples.

3.1.1. Brafman polynomials. The Brafman polynomials defined by

B1
nððapÞ, ðbqÞ; xÞ ¼ pþ1Fq

�n, ðapÞ

ðbqÞ

� ����x� ð3:4Þ

are generated by [5,8]

X1
n¼0

B1
nððapÞ, ðbqÞ; xÞ

tn

n!
¼ etpFq

ðapÞ

ðbqÞ

� �����xt

�
: ð3:5Þ

For the definition of the generalized hypergeometric function pFq see [15] or [18].
In the given case, we have AðtÞ ¼ et. According to (3.3), we obtain

B1
nððapÞ, ðbqÞ; axÞ ¼

Xn
m¼0

n

m

� �
amð1� aÞn�mB1

mððapÞ, ðbqÞ; xÞ: ð3:6Þ

A particular case of the Brafman polynomials are the Laguerre polynomials generated
by ([18, p. 201])

et0F1

�

�þ 1

� �����xt

�
¼
X1
n¼0

Lð�Þ
n ðxÞ

ð�þ 1Þn
tn: ð3:7Þ

According to (3.3) or (3.6), we find the well-known formula ([18, p. 209])

Lð�Þ
n ðaxÞ ¼

Xn
m¼0

ð�þ 1Þn
ðn�mÞ!ð�þ 1Þm

amð1� aÞn�mLð�Þ
m ðxÞ:

540 H. Chaggara and W. Koepf
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3.1.2. Chaunday polynomials. The Chaunday hypergeometric polynomials

P�
nðxÞ ¼ pþ1Fqþ1

�n, ðapÞ

1� �� n, ðbqÞ

� ����x�

are generated by [8]

X1
n¼0

ð�Þn
n!

P�
nðxÞt

n ¼ ð1� tÞ��
pFq

ðapÞ

ðbqÞ

� ����xt�:
For this case, we have AðtÞ ¼ ð1� tÞ�� and

AðtÞ

AðatÞ
¼

1� t

1� at

� ���

It follows, using a Cauchy product,

ð1� tÞ��
ð1� atÞ� ¼

X1
n¼0

ð�Þn
n!

tn
X1
n¼0

ð��Þn
n!

antn ¼
X1
n¼0

Xn
k¼0

ð�Þn�k

ðn� kÞ!

ð��Þk
k!

ak

 !
tn

¼
X1
n¼0

ð�Þn
n!

Xn
k¼0

ð�nÞkð��Þk
ð1� �� nÞk

ak

k!

 !
tn ¼

X1
n¼0

ð�Þn
n!

2F1

�n, ��

1� �� n

� ����a�tn:
ð3:8Þ

Note that this type of computation can be done completely automatically by the
Sumtohyper command of the Maple hsum package [15]. We obtain from (3.1)

ð�Þn P�
nðaxÞ ¼

Xn
m¼0

n

m

� �
amð�Þn�m 2F1

m� n, ��

1� �� nþm

� ����a�ð�ÞmP�
mðxÞ: ð3:9Þ

It is easy to obtain the recurrence equation

amðmþ 1Þ�mðaÞ � ð�þ amþ aþmþ 1� �aÞ�mþ1ðaÞ þ �mþ2ðaÞ ¼ 0

for the coefficients �k(a) defined by (3.2) in the given situation. This can be accom-
plished at least in two ways: either we use the given generating function FðtÞ :¼
AðtÞ=AðatÞ of �kðaÞ=k!, compute the holonomic differential equation (i.e., linear,
homogeneous with polynomial coefficients)

ð�1þ tÞð�1þ atÞF 0ðtÞ þ �ða� 1ÞFðtÞ ¼ 0

for F(t) and convert this differential equation into the above holonomic recurrence
equation for the corresponding series coefficients by the Maple FPS package [12,14].

Duplication coefficients via generating functions 541
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Or we use the hypergeometric representation of �k(a) given by (3.8) and (3.2) together
with Zeilberger’s algorithm (see e.g., [15]) via the Maple sumrecursion command
which yields the same recurrence.

3.1.3. Gould–Hopper polynomials. Recall that the Gould–Hopper polynomials are
generated by [11]

eht
d

expðxtÞ ¼
X1
n¼0

gdnðx, hÞ
tn

n!
, d 2 N: ð3:10Þ

For this case we have AðtÞ ¼ eht
d

and

AðtÞ

AðatÞ
¼ ehð1�adÞtd ¼

X1
k¼0

hkð1� adÞk

k!
tkd, ð3:11Þ

which, by virtue of (3.1), gives

gdnðax, hÞ ¼
X½n=d �
m¼0

ann!

m!ðn� dmÞ!
hmða�d � 1Þmgdn�dmðx, hÞ: ð3:12Þ

This family contains as a special case the Hermite polynomials HnðxÞ ¼ g2nð2x, �1Þ, so
(3.12) is reduced to

HnðaxÞ ¼
X½n=2�
m¼0

ann!

ðn� 2mÞ!m!
ð1� a�2Þ

mHn�2mðxÞ:

3.2. Shifted Jacobi polynomials

The shifted Jacobi polynomials defined by [18]

Rð�, �Þ
n ðxÞ ¼ Pð�, �Þ

n ð1� xÞ ¼
ð�þ 1Þn

n!
2F1

�n,�þ �þ nþ 1

�þ 1

� ����x2
�
,

are generated by

ð1� tÞ��
2F1

�

2
,
�þ 1

2
�þ 1

0@ ������ �2xt

ð1� tÞ2

1A ¼
X1
n¼0

ð�ÞnR
ð�, �Þ
n ðxÞ

ð1þ �Þn
tn,

where � ¼ �þ �þ 1.

To solve the duplication problem for the shifted Jacobi case, we need the following
lemma.

LEMMA 3.2 (Lagrange’s inversion formula [20]) Let � be a function of t implicitly
defined by

� ¼ tð1þ �Þsþ1, �ð0Þ ¼ 0: ð3:13Þ

542 H. Chaggara and W. Koepf
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Then, we have

ð1þ �ðtÞÞr ¼
X1
n¼0

r

rþ ðsþ 1Þn

rþ ðsþ 1Þn

n

� �
tn, ð3:14Þ

where r and s are complex numbers independent of n.

For this case we have

AðtÞ ¼ ð1� tÞ�� and CðtÞ ¼
�t

ð1� tÞ2
:

C�1 is implicitly defined by

ð1� C�1ðtÞÞ2t ¼ �C�1ðtÞ:

Using (3.14), with � ¼ �C�1, s ¼ 1 and r ¼ �þ 2m, we obtain

½C�1�
m
ðtÞ

AðC�1ðtÞÞ
¼ ð�1Þmð1� C�1ðtÞÞ2mþ�tm

¼ ð�1Þm
X1
n¼0

�þ 2m

�þ 2nþ 2m

2nþ 2mþ �

n

� �
tnþm:

Replacing t by aC(t) and multiplying by A(t), we get moreover

FðtÞ ¼ ð1� tÞ��
ð�1Þm

X1
n¼0

�þ 2m

�þ 2nþ 2m

2nþ 2mþ �

n

� �
ðaCðtÞÞnþm

¼
X1
n¼0

�þ 2m

�þ 2nþ 2m

2nþ 2mþ �

n

� �
anþmð�1Þn

tnþm

ð1� tÞ2nþ2mþ�

¼
X1
n¼0

X1
k¼0

ð2nþ 2mþ �Þk
k!

�þ 2m

�þ 2nþ 2m

2nþ 2mþ �

n

� �
anþmð�1Þntnþmþk

¼
X1
n¼0

Xn
k¼0

ð2kþ 2mþ �Þn�k

ðn� kÞ!

�þ 2m

�þ 2mþ 2k

2mþ 2kþ �

k

� �
amþkð�1Þktnþm

¼
X1
n¼m

Xn�m

k¼0

ð2mþ 2kþ �Þn�m�k

ðn�m� kÞ!

�þ 2m

�þ 2mþ 2k

2mþ 2kþ �

k

� �
amþkð�1Þk

 !
tn:
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The duplication formula associated with shifted Jacobi polynomials can therefore be
written in terms of hypergeometric functions as follows

Rð�,�Þ
n ðaxÞ ¼

Xn
m¼0

am

ðn�mÞ!

ð1þ �Þn
ð1þ �Þm

ð�þ nÞm
ð�þmÞm

2F1

m� n,mþ nþ �

2mþ �þ 1

� ����a�Rð�, �Þ
m ðxÞ: ð3:15Þ

For Cmðn, aÞ we get (again by Zeilberger’s algorithm) the recurrence

aðm� nÞð�þ �þ 5þ 2mÞð�þ �þ 2þmÞð�þ �þ 1þmÞ

ð2mþ 4þ �þ �Þðmþ nþ �þ �þ 1ÞCmðnÞ � ð1þ �þmÞ

ð�þ �þ 5þ 2mÞð�þ �þ 1þ 2mÞð�þ �þ 2þmÞ

� ð2am2 � 4m2 � 4m�þ 2am�� 12mþ 2am�þ 6am� 4m�� 8þ 2a�n

þ 2anþ 2an2 þ 2a�nþ 4a�þ 4a�þ 2a��þ 4a� 6�

� 6�þ a�2 þ a�2 � �2 � 2��� �2ÞCmþ1ðnÞ þ að2þm� nÞ

ð2þ �þmÞð1þ �þmÞð2mþ �þ �þ 2Þð�þ �þ 1þ 2mÞ

ðmþ �þ 3þ �þ nÞCmþ2ðnÞ ¼ 0

w.r.t the variable m. The initial values for this recurrence are given by CnðnÞ ¼ an and
Cnþ1ðnÞ ¼ 0. In a similar way, the recurrence

ð2þ �þ nÞð1þ �þ nÞð4þ 2nþ �þ �Þðm� nÞ

ðmþ nþ �þ �þ 1ÞCmðnÞ � ð2þ �þ nÞð�þ 3þ 2nþ �Þ

ð�þ �þ 1þ nÞða�2 � �2 þ 2a��� 2��� 2�n� 4�� 2m�

þ 6a�þ 4a�n� 4� 2m2 � 2m�� 2n2 � 2�nþ 12an

þ 4an2 þ 4a�nþ 6a�þ 8a� 2m� 4�� 6nþ a�2 � �2Þ

Cmðnþ 1Þ þ ð2nþ �þ �þ 2Þð�þ �þ 2þ nÞð�þ �þ 1þ nÞ

ðm� n� 2Þðmþ �þ 3þ �þ nÞCmðnþ 2Þ ¼ 0

w.r.t n is obtained, where we have replaced � by �þ �þ 1, again.

3.3. Classical discrete orthogonal polynomials

In this section, we limit ourselves to the following particular duplication problem

Pnð�xÞ ¼
Xn
k¼0

CkðnÞPkðxÞ: ð3:16Þ

3.3.1. Charlier polynomials. The monic Charlier polynomial set [9, Chapter VI, (1.2)]

eC ð�Þ
n ðxÞ ¼

Xn
m¼0

n

m

� �
ð��Þn�mm!

x

m

� �
ðn � 0Þ

544 H. Chaggara and W. Koepf
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is generated by [9, Chapter VI, (1.2)]

Gðx, tÞ ¼ e��tex lnð1þtÞ ¼
X1
n¼0

eCð�Þ
n ðxÞ

n!
tn: ð3:17Þ

For this case, we have:

AðtÞ ¼ e��t, CðtÞ ¼ lnð1þ tÞ, C�1ðtÞ ¼ et � 1 and �ðtÞ ¼ �
t

tþ 1
:

It follows that

FðtÞ ¼
AðtÞ

A �ðtÞð Þ
�mðtÞ ¼ ð1þ tÞ�m exp ��

t

tþ 1

� �
e��tð�tÞm: ð3:18Þ

By sum manipulations, we get

ð1þ tÞ�m exp ��
t

tþ 1

� �
¼
X1
n¼0

ð��Þn

n!

tn

ð1þ tÞnþm

¼
X1
n¼0

ð��Þn

n!
tn

X1
k¼0

ð�1Þk
ðnþmÞk

k!
tk

 !

¼
X1
n¼0

Xn
k¼0

ð�1Þn
ðmÞn

ðmÞk

�k

k!ðn� kÞ!

 !
tn:

It follows

FðtÞ ¼
X1
n¼0

Xn
k¼0

ð�1Þn
ðmÞn

ðmÞk

�k

k!ðn� kÞ!

 !
tn
X1
n¼0

ð��Þn

n!
tnð�tÞm

¼
X1
n¼m

ð�1Þn
Xn�m

p¼0

Xp
k¼0

ðmÞp

ðmÞk

�n�mþk�p

k!ðp� kÞ!ðn�m� pÞ!

 !
tn: ð3:19Þ

Then the duplication coefficient in ð3:16Þ is given by

CmðnÞ ¼ ð�1Þn�n�m n

m

� �Xn�m

k¼0

ð�nþmÞkðmÞk

k!
1F1

�k

m

� ������

�
ð��Þ�k: ð3:20Þ

Recently, a fourth order recurrence relation to calculate the connection coefficients in
this last duplication formula was given in [1], where the authors used a different
approach based on the so-called Navima algorithm. Unfortunately their recurrence
[1, p. 386] contains a misprint and is wrong.

Using the above double sum and a Fasenmyer type algorithm [15] to deduce
recurrence equations for multiple hypergeometric series [19,22] we get – using

Duplication coefficients via generating functions 545
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Sprenger’s multsum package – the following much simpler third order recurrence
for Cm(n):

��ðmþ 2Þðmþ 1Þðmþ 3ÞCmþ3ðnÞ

� ðmþ 2Þðmþ 1Þð1þmþ 2�ÞCmþ2ðnÞ

þ ðmþ 1Þð�1� 2m� 2�þ nÞCmþ1ðnÞ þ ðn�mÞCmðnÞ ¼ 0

w.r.t m with initial values CnðnÞ ¼ ð�1Þn and Cnþ1ðnÞ ¼ Cnþ2ðnÞ ¼ 0, as well as*

ðnþ 3�mÞCmðnþ 3Þ þ ðnþ 2Þðnþ 3Þðnþ 1þ 2�ÞCmðnþ 1Þ

þ ðnþ 2Þ�ðnþ 1Þðnþ 3ÞCmðnÞ þ ðnþ 3Þð2nþ 4þ 2��mÞCmðnþ 2Þ

¼ 0

w.r.t n.

3.3.2. Meixner polynomials. The monic Meixner polynomial set [16, Theorem 6]

eMnðx;�, cÞ ¼ ð�Þn
c

c� 1

� �n
2F1

�n, �x

�

� ����1� 1

c

�
ðn � 0Þ

is generated by [13, (1.9.11)]:

Gðx, tÞ ¼
X1
n¼0

c� 1

c

� �n eMnðx;�, cÞ

n!
tn ¼

1

ð1� tÞ�
exp x ln

1� ðt=cÞ

1� t

� �
:

For this case, we have

AðtÞ ¼
1

ð1� tÞ�
, CðtÞ ¼ ln

1� ðt=cÞ

1� t
, C�1ðtÞ ¼

cðet � 1Þ

etc� 1
and �ðtÞ ¼

ct

�cþ ctþ t
:

It follows that

FðtÞ ¼
AðtÞ

A �ðtÞð Þ
�mðtÞ ¼

1� ðt=cÞ

1� t

� ��
ð�tÞm

1� ð1þ ð1=cÞÞtð Þ
mþ� :

By sum manipulations (as in (3.8)), we get

FðtÞ ¼ ð�tÞm
X1
n¼0

ð�Þn
n!

2F1

�n, ��

1� �� n

� ����1c
�
tn
X1
n¼0

ðmþ �Þn
n!

1þ
1

c

� �n

tn,

*Note that Maple sorts expressions by their memory allocation, therefore the output is not always in the
usual order.
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which gives

FðtÞ ¼ ð�tÞm
X1
n¼0

Xn
k¼0

ð�Þk
k!

2F1

�k, ��

1� �� k

� ����1c
�
ðmþ �Þn�k

ðn� kÞ!
1þ

1

c

� �n�k
 !

tn:

Then the duplication coefficient in ð3:16Þ is given by

CmðnÞ ¼ ð�1Þm
n!

m!

cþ 1

c� 1

� �n�m Xn�m

k¼0

ð�Þkðmþ �Þn�m�k

k!ðn�m� kÞ!
1þ

1

c

� ��k

2F1

�k, ��

1� �� k

� ����1c
�
:

ð3:21Þ

Note that in [1, p. 385] a similar representation was obtained.
Using the multsum package, we get the recurrence

�ðc� 1Þ3ðn�mÞCmðnÞ

� ðmþ 2Þðmþ 1Þðc� 1Þðcn� c2m� c2 � 2�c2 � 3cm� 4c� 2c�� 1�mÞCmþ2ðnÞ

� cðmþ 3Þðmþ 2Þðmþ 1Þðmþ 2þ �Þðcþ 1ÞCmþ3ðnÞ

þ ðc� 1Þ2ðmþ 1Þðcnþ n� 2cm� c� 2c�� 2m� 1ÞCmþ1ðnÞ ¼ 0

w.r.t m with initial values CnðnÞ ¼ ð�1Þn and Cnþ1ðnÞ ¼ Cnþ2ðnÞ ¼ 0, as well as

cðnþ 2Þðnþ 1Þðnþ 3Þð�þ nÞðcþ 1ÞCmðnÞ

� ðnþ 3Þðnþ 2Þðc� 1Þðnc2 þ c2 þ 3cnþ 3cþ nþ 1þ 2c2�þ 2c�� cmÞCmðnþ 1Þ

þ ðc� 1Þ2ðnþ 3Þð2cnþ 4cþ 2nþ 4� cmþ 2c��mÞCmðnþ 2Þ

� ðc� 1Þ3ðnþ 3�mÞCðnþ 3Þ ¼ 0

w.r.t n.

3.3.3. Krawtchouk polynomials. The monic Krawtchouk polynomial set
[16, Theorem 6]

eKp
nðx,N Þ ¼ pnð�N Þn 2F1

�n, �x

�N

� ����1p
�

ðn � 0Þ

is generated by [21]

Gðx, tÞ ¼ ð1� ptÞN
1þ qt

1� pt

� �x

¼
X1
n¼0

eKp
nðx,N Þ

n!
tn,
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where q satisfies pþ q ¼ 1. For this case, we have

AðtÞ ¼ ð1� ptÞN, CðtÞ ¼ ln
1þ qt

1� pt
, C�1ðtÞ ¼

et � 1

etp� pþ 1
and �ðtÞ ¼

t

2pt� 1� t
:

It follows that

FðtÞ ¼
AðtÞ

A �ðtÞð Þ
�mðtÞ ¼

1� pt

1� ð p� 1Þt

� �N
ð�tÞm

1� ð2p� 1Þtð Þ
m�N

:

Again, by sum manipulation, we get

FðtÞ ¼ ð�1Þm
X1
n¼m

Xn
k¼0

ðN Þk

k!
2F1

�k, �N

1�N� k

� ���� p

p� 1

�
ðm�N Þn�k

ðn� kÞ!
ð p� 1Þkð2p� 1Þn�k

 !
tn:

Then the duplication coefficient in ð3:16Þ is given by

CmðnÞ ¼ ð�1Þm
n!

m!
ð2p� 1Þn�m

Xn�m

k¼0

ðN Þkðm�N Þn�m�k

k!ðn�m� kÞ!

p� 1

2p� 1

� �k

2F1

�k, �N

1�N� k

� ���� p

p� 1

�
:

ð3:22Þ

One can find such a representation also by the formula

eKp
nðx,N Þ ¼ eMn x; �N,

p

p� 1

� �

which follows from the hypergeometric representations. Therefore from representation
(3.21) it follows for the multiplication coefficients of the Krawtchouk polynomials

CmðnÞ ¼ ð�1Þn
n!

m!
ð2p� 1Þn�m

Xn�m

k¼0

ð�N Þk ðm�N Þn�m�k

k! ðn�m� kÞ!

p

2p� 1

� �k

2F1

�k,N

1þN� k

� ����p� 1

p

�
:

Note that this representation differs from (3.22) modulo some hypergeometric identity.
Using the multsum package, we get the recurrence

pðmþ 3Þð2p� 1Þð p� 1Þðmþ 2Þðmþ 1Þðmþ 2�N ÞCmþ3ðnÞ � ðmþ 2Þðmþ 1Þ

ðmþ 1þ 5p2mþ 6p2 � 5pm� 6p� 4p2Nþ 2Np� np2 þ pnÞCmþ2ðnÞ

þ ðmþ 1Þð4pmþ 2p� 2m� 1� 2Np� 2pnþ nÞCmþ1ðnÞ

þ ðn�mÞCmðnÞ ¼ 0
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w.r.t m with initial values CnðnÞ ¼ ð�1Þn and Cnþ1ðnÞ ¼ Cnþ2ðnÞ ¼ 0, as well as

pðnþ 2Þðnþ 1Þðnþ 3Þð2p� 1Þð p� 1Þðn�N ÞCmðnÞ þ ðnþ 3Þðnþ 2Þ

ð p2m� pmþ 5pþ 5pn� 5p2 � 5np2 � 1� nþ 4p2N� 2NpÞ

Cmðnþ 1Þ þ ðm� n� 3ÞCmðnþ 3Þ

� ðnþ 3Þð2pm�m� 8p� 4pnþ 4þ 2nþ 2NpÞCmðnþ 2Þ ¼ 0

w.r.t n.
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