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Abstract. There is a one-to-one correspondence between formal power

o0
series (FPS) E axz® with positive radius of convergence and corre-
sponding ana.l;ti(:: functions. Since a goal of Computer Algebra is to work
with formal objects and preserve such symbolic information, it should be
possible to automate conversion between these forms in Computer Alge-
bra Systems (CASs). However, only MACSYMA provides a rather limited
procedure powerseries to calculate FPS from analytic expressions in
certain special cases.
We present an algorithmic approach to compute an FPS, which has been
implemented by the author and A. Rennoch in MATHEMATICA, and by
D. Gruntz in MAPLE. Moreover, the same algorithm can be reversed to
calculate a function that corresponds to a given FPS, in those cases when
an initial value problem for a certain ordinary differential equation can
be solved.
Further topics of application like infinite summation, and asymptotic
expansion are presented.

1 Introduction

We consider formal power series (FPS) of the form

o0
F = E apz®
k=0

with coefficients ar € € (k € INg). All the algebraic operations for FPS like addi-
tion, multiplication, division, and substitution, can be done by finite algorithms
if one truncates the resulting FPS, i.e. only evaluates the first N coeflicients of it
(where N is an arbitrary fixed positive integer), which gives a truncated power
series. These algorithms are implemented in certain Computer Algebra Systems
(CAS), e.g. in AxtoM!, Macsyma?, MapLE®, MaTHEMATICA?, and REDUCES
(see [1], [10], [11], [16], and [7], respectively).

! AXIOM is a trademark of the Numerical Algorithms Group Ltd.

2 MACSYMA is a registered trademark of Symbolics, Inc.

3 MAPLE is a registered trademark of Waterloo Maple Software.

* MATHEMATICA is a registered trademark of Wolfram Research, Inc.
5 REDUCE is a trademark of the RAND Corp.
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Moreover, all CAS provide a procedure to find a truncated power series ex-
pansion for a function f. By Taylor’s Theorem the power series coefficients of a
function f can be calculated by the formula

(k)
ajp = —-f k'(O) ;

which provides an algorithmic procedure to calculate a truncated power series of
certain degree N. The Taylor algorithm, however, does not generate an explicit
formula for ag. Moreover it generally has exponential complexity in the order N:
The differentiation of a product by the product rule may generate 2V summands.
Furthermore in the general case, e.g. for f(z) := 922, the evaluations f(*)(0)
must be replaced by limits

lim f®)(z)

ap =
k k!

whose evaluation are, in general, of exponential complexity as well. Moreover, the
larger the number N, the larger the chance that the CAS even fails to evaluate
these limits, when the expressions f(*) get more and more complicated.

For the following derivative free approach to generate the Taylor coefficients
ay of a function f recursively which is purely based on limits, similar restrictions
apply. If

f(:(:) k=0

fu(®) =9 fii(e) - lim fi1(2) ’
= if k€N

then the Taylor coefficients are given by
ag = llII(l) fk(m) .

Most decisive, however, is the fact that none of these algorithms leads to a
formula for a;, i.e. the formal transformation “function expression of variable z
towards coefficient expression of variable k” cannot be supported.

Thus in existing CAS the work with power series is restricted to truncated
power series. Some of the systems, like AX10M (previously SCRATCHPAD) and
MAPLE, internally work with streams, and lazy evaluation, i.e. series objects
are given by a finite number of initial terms, and an (internally used) formula to
calculate further coefficients, see e.g. [12]. Infinite series representations, however,
are not supported in these systems, either.

We shall give an outline of how to resolve these issues for FPS of some special
types, including many special functions. Our procedure then produces the exact
formal result, i.e. an explicit formula for the coefficients a;. Obviously this solves
the complexity problem, and as only a small number of limits have to be found,
the chance to succeed is even larger than in the truncated case.
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2 Laurent-Puiseux Series of Hypergeometric Type

We require an assumption that every FPS F has positive radius of convergence
r := 1/limsup |a;|'/*. In this situation the FPS represents an analytic func-
k—to0

oa

tion f(z) = Y. agz® =: F in its disk of convergence D, := {z € C | [z| < r},
i.e. its sum Zogverges locally uniformly in 1D, to f. So there is a one-to-one
correspondence between the functions f analytic at the origin and the FPS F
with positive radius of convergence represented by their coefficient sequences
(ax)kem,. We denote this correspondence by f « F'- As we are interested in
the conversion f+« F the restriction to FPS with positive radius of convergence
makes sense even though algebraically this restriction is not necessary.

To deal with many special functions, it is a good idea to consider the (gen-
eralized) hypergeomelric series

. [ ayas (a1)x - (a2)x - (ap)k
at (bllbz' : ) Z(bl)k RO @)

where (a); denotes the Pochhammer symbol (or shifted factorial) defined by

1 ifk=0
(a)k ::{a-(a+1)"'(a+k"l) if ke IN

a+k—1
k

(O() o 1 fk=20
k)= a-(oz-—l)-,;:-!(a—k+1) ifkeN ’
and k! denotes the factorial
Kl — 1 ifk=0
TT11-2---kifkeN

oo
The coefficients A of the hypergeometric series Y. Agz* are the unique solution
k=0

Note that %'E = ( ), where (Z) is the binomial coefficient

of the special recurrence equation (RE)

(k+a1) - (k+az)--(k+ap)
(E+51) - (b+82)- (b +b)(k 1)

with the initial condition

Apy1 = -Ar (k €N)

Aol:l.

Note that A};“ is rational in k. Moreover if 2 Ak is a rational function R(k) in the
variable k then the corresponding function f is connected with a hypergeometric
series; i.e.,if k = —1 is a pole of R, then f corresponds to a hypergeometric series
evaluated at some point Az (where A is the quotient of the leading coefficients
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of the numerator and the denominator of R); whereas, if £k = —1 is no pole of
R, then f may be furthermore shifted by some factor z* (s € Z).
We further mention that the function f corresponding to the hypergeometric

series
m)

00 +by~1)---(0+b,—V)f =2x(0 +a1) (0 +ap)f (2)

o alaz--.ap
eorm (B0

satisfies the differential equation (DE)

where 6 is the differential operator IE% . An inspection of the hypergeometric

DE (2) shows that it is of the form (Q := max{p,q} + 1)

Q @ .
S Y el fD =0 3)
j=01=0
with certain constants ¢;; € C (1,5 = 0,...,Q). Because of their importance in

our development, we call a DE of the form (3), i.e. a homogeneous linear DE
with polynomial coefficients, simple. We will show the existence of a simple DE
for a more general family of functions.

It is remarkable that many elementary functions can be represented by hy-
pergeometric series. ‘

(I4+2)* & 1Fo(-a|z), € —ofo(z), —In(l-z) =z 2k (121 z) ,
sing « z. oFy (3/2 l—%z) , cosz — oFy (1/2]—%2—) ,
arcsinz — z - o Fy (1/3/;/2 :cz) , arctanz « ¢ - o Fy (1:/;?21‘ - x2).

Note that an FPS of the form F(z™) is called m-fold symmetric. Even functions
are 2-fold symmetric and odd functions are shifted 2-fold symmetric functions.

By the above examples one is led to the following more general definition.
First we extend the considerations to formal Laurent- Puiseuz series (LPS) with
a representation

Fi=> az*™  (ax, #0) (4)

k=ko

for some ko € Z, and n € IN. LPS are formal Laurent series, evaluated at {/z.
A formal Laurent series (n = 1) is a shifted FPS, and corresponds to a mero-
morphic f with a pole of order —kp at the origin. The number n in development
(4) is called the Puiseuz number of (the given representation of) f.

Definition (Functions of hypergeometric type). An LPS F with repre-
sentation (4) — as well as its corresponding function f — is called to be of
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hypergeometric type if it has a positive radius of convergence, and if its coeffi-
cients ay satisfy a RE of the form

Ak 4+m = R(k) ag for k Z k() (5)
ar = A fOIk:ko,k0+1,...,k0+m—1

forsomem € N, Ay € C(k=ko+1,ko+2,...,ko+m—1), A, € C\ {0},
and some rational function R. The number m is then called the symmeiry num-
ber of (the given representation of) F. A RE of type (5) is also called to be of
hypergeometric type. A

We want to emphasize that the above terminology of functions of hypergeometric
type is definitely more general than the terminology of a generalized hyperge-
ometric function. It covers e.g. the function sinz which is not a generalized
hypergeometric function as obviously no RE of the type (5) holds for its series
coefficients with m = 1. So sin z is not of hypergeometric type with symmetry
number 1; it is, however, of hypergeometric type with symmetry number 2. A
more difficult example of the same kind is the function ¢*™5®% which is neither
even nor odd, and nevertheless turns out to be of hypergeometric type with sym-
metry number 2, too (see [8], Sect. 9). Further functions like Z%Z are covered by
the given approach. Moreover the terminology covers composite functions like
siny/z, which do not have a Laurent, but a Puiseux series development.

If F i1s m-fold symmetric, then there is a hypergeometric representation (5)
with symmetry number m, whereas such a representation does not guarantee
any symmetry. In fact, if F' is of hypergeometric type with symmetry number
Jj, then it is of hypergeometric type with each multiple mj (m € IN) of m as
symmetry number since by induction we get the RE

ktjm = R(k) R(k + j) R(k +2j) -+ R(k + (m~1)j) as ,

and R(k) R(k+j) R(k+2j) - - - R(k+(m—1)j) is rational, too. In particular, each
hypergeometric type function with symmetry number j = 1 is of hypergeometric
type for arbitrary symmetry number m.

On the other hand, it is clear that each LPS with symmetry number m,
and Puiseux number 7, can be represented as the sum of nm shifted m-fold
symmetric functions.

The derivative and the antiderivative of an LPS given by (4) are given by
the rules

1 & 1 &
Fl= - Z kagz®/"—1 = - Z (k + Vagyr25/™ |

k=ko k=ko-1
/F = E k———IL—lx"/”‘*‘l +ailne=n E Elgkin L g iInz .
k=kq /n+ k=ko+1
kE-1 %20

Now we give a list of transformations on LPS that preserve the hypergeometric
type.
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Lemma Let F be an LPS of hypergeometric type with representation (4). Then
(a) PF (jEN), (b) F/) GEN),  (¢) F(4z) (A€C),

Fle)+ F(—=2
@ F(=F) (aen), (9 HDELCD g
are of hypergeometric type, too. If a_1 = 0, then also
(g) [ F is of hypergeometric type. 0

For a proof of this Lemma we refer to ([8], Lemma 2.1, Theorem 8.1). We note
that as cosz = £ and sinz = ¢35 a combination of (c) and (e)
shows that the hypergeometric type of cosz and sin z follows from that of the
exponential function.

We remark further that one can extend the definition of functions of hyper-
geometric type to include also the functions defined in (g) for arbitrary LPS
(see [8], Sect. 8). Note that because of the logarithmic terms these functions, in
general, do not represent LPS.

It is essential for our development that functions of hypergeometric type
satisfy a simple DE.

Theorem FEach LPS of hypergeometric type satisfies a simple DE.
Proof. Let F be given by

o0

F .= Z apzk/m (ak, #0) .

k=kg

Define the differential operator 0, = nz% working on a function of variable .

6, has the property
0, F = Z kayz®/™ ,
k=kqo

and by induction for all j € N

(o0}
oI F = Z kagzF/™
k=kgo
This shows that moreovér, if P i1s any polynomial, we may formally write
o0
PO)F = > P(k)apz*/" . (6)
k=kg
This commuting property is the reason why the differential operator 8, is much
more appropriate for the current discussion than the usual differential operator
d

-
If the representation of F has symmetry number m, we know that there is
also a representation with symmetry number nm

Q(k) ap4nm = P(k) ax (7)
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with two polynomials P, and @, and we may assume without loss of generality
that the polynomials P and @ are chosen such that Q(ko—1) = Q(ko—2) = --- =
Q(ko—nm) = 0. This goal can be reached by multiplying both P and @ with
the factors (k—ko+7) ( = 1,...,nm). From (6) and (7) we get

Ql,—nm) F' = Z Q(k—nm) apzk/™ by (6), as Q is a polynomial

k=ko
= i Q(k—nm) azzF™ as Q(ko—1) = --- = Q(ko—nm) =0
k=kog+nm

> Qk) arqnma*/™*™ by an index shift

k=ko
=z™ > P(k)axz*/" by (7)
k=ko
= z™P(O)F by (6) again.

This represents a DE for F' which turns out to be of form (3). Note that for
m =1, n=1, and ky = 0 we have exactly (2). a

Now assume, a function f representing an LPS is given. In order to find the
coefficient formula, it is a reasonable approach to search for its DE, to transfer
this DE into its equivalent RE, and you are done by an adaption of the coefficient
formula for the hypergeometric function corresponding to the transformations
given in the Lemma. It turns out that this procedure can be handled by an
algebraic algorithm.

3 'The First Conversion Procedure

There are two obvious transformation procedures: f — F and F + f. At the
moment we want to emphasize on the first situation. This transformation pro-
cedure f — powerseries(f,x,x0) is implemented in MACSYMA (see [10]). The
implementation in MACSYMA, however, uses heuristic maneuvers, and is not
based on an algorithm. It fails to convert many important functions with a sim-
ple development like e.g.

powerseries(1/(x"2+2*x+2),x,0), powerseries(1/(x“2-—2*x—2) ,X,0),
powerseries(atan(x),x,b), powerseries(atan(x+a),x,0),
powerseries(exp(x)*exp(y),x,0), powerseries(exp(x)*sin(x),x,0).

Here we present an algorithm corresponding to a function call of the form
PowerSeries[f,x,0] — we use MATHEMATICA syntax as our implementation
is written in MATHEMATICA language (see [16]) — i.e. producing a Laurent-
Puiseux series expansion of the function f with respect to the variable z.
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Algorithm (for PowerSeries[f,x,0])

(1) Rational functions (for details, see ([8], Sect. 4))
If f is rational in z, then use the rational algorithm by calculating a com-
plez partial fraction decomposition of f (see e.g. [14], p. 171) which can be
algorithmically done at least if the denominator has a rational factorization.
Finally expand termwise by the binomial series.

(2) Find a simple DE (for details, see ([8], Sect. 5), where we prove that this
procedure always succeeds in finding the simple DE of lowest degree for f)

(a)

(b)
(c)

(d)

(e)

Fix a number Ny € IN, the maximal order of the DE searched for; a
suitable value is Nyay 1= 4.

Set N := 1.

Calculate fV); either, if the derivative f(¥) is rational, apply the rational
algorithm, and integrate;

or find a simple DE for f of order N

N .
> opif9 =0
j=0

where p; (j = 0,...,N) are polynomials in the variable z. Therefore
decompose the expression

f(N)(x) + AN—lf(N_l)(-'L') + -+ Aof(z)

in elementary summands (with respect to the constants Ag,..., Ay_1).
Test, if the summands contain exactly N rationally independent expres-
sions. (Two expressions are called rationally independent if their ratio
is not rational.) Just in that case there exists a solution as follows: Sort
with respect to the rationally independent terms and create a system of
linear equations by setting their coefficients to zero. Solve this system
for the numbers Ag, A1,..., AnN-1. Those are rational functions in z,
and there exists a unique solution. After multiplication by the common
denominator of Ag, Aj,..., An—1 you get the DE searched for.

If (d) was not successful, then increase N by one, and go back to (c),
until N = Npnax.

(3) Find the corresponding RE (for details, see ([8], Sect. 6))
Suppose you found a simple DE in step (2), then transfer it into a RE for
the coefficients ar. The RE is then of the special type

M
Y Piary; =0, 8
j=0

where P; (j =0,..., M) are polynomials in k, and M € IN. This is done by
the substitution

2 fO) o (k1) - apj— (9)

into the DE.
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(4) Type of RE (for details, see ([8], Sect. 7))
Determine the type of the RE according to the following list
(a) If the RE (8) contains only two summands then f is of hypergeometric
type, and an explicit formula for the coefficients can be found by the
hypergeometric coefficient formula (1), and some initial conditions.
(b) If the DE has constant coefficients (¢; € C (j = 0,...,N))

N .
chf(J) =0,
j=0

then f is of exp-like type. In this case the substitution by := k! - ay, leads

to the RE
N

> cibea =0,

F=0

which has the same constant coefficients as the DE, and can be solved
by a known algebraic scheme using the first N initial coefficients.

(c) If the RE is none of the above types, try to solve it by other known RE
solvers (a few of which are implemented in the MATHEMATICA package
DiscreteMath‘RSolve‘ e.g., and in MAPLE’s rsolve).

The details of the single parts of the algorithm are presented in [8]. Here we
prefer to give some examples for the use of the algorithm.

1. (Exp-like type case) Suppose f(z)=¢"sinz,so f'=e” (sin z+cos :c) and
" =2¢" cosz. The first step of the algorithm does not apply. In the second
step for N :=1 the expression Ay = — (1 + cot z ) 1s not rational in z. For

N :=2 we get the expression
Fr+ALf + Aof = 2¢" cos z + Age” (sin z 4+ cos :C) + Ape®sin z |
Under the summands
2¢®cosx, Aje’sinz, Ajecosz, Age sinz

there are exactly the two rationally independent terms €* cos z and e* sin x.
We set the coefficient sums of these expressions to zero. The linear equations

system
2'|'141:0, A1+A0:0

has the solution A; = —2, Ag = 2, and leads so to the DE for f
ff=2f+2f=0.

This DE has constant coefficients, so f is of exp-like type. For by := k! a; we
have the RE
bk+2 — 26k+1 +2bp,=0.
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The initial conditions are
/2
bp=a9=f(0)=0, and blzal_fl('o)_

For a RE with constant coefficients the setup by := A* leads to a solution.
Possible values for A are solutions of the equation A¥*+2 — 2)Xk+1 L 23k —
or solutions of the equivalent characteristic equation

A —2242=0,

and so the values A; 5 := 1+ i. Superposition (the RE is linear) leads to
the general solution by = AM% + BAY with constants A, B € C. The initial
conditions lead then to the linear equations system for A and B

0O=by=A+B, 1=b; = A1 +4) + B(1 —i) ,
whose solution is A = %, B= —'217" So we have finally
by 1 (1+z)k—(1—1,)’c & c\® 1 x . km
ak_m i A Y a—— m (1+7) —Im(\/ie ) _E!—Q SIH—Z,

and

. (Hypergeometric type Puiseux series case) Suppose next f(z) =
siny/z. Then f' = CO%’ and [/ = %E__c:}g\sﬁ__\/ai_. The second step of the
algorithm leads to the DE for f

qzf'+2f +f=0,
and the transformation via the rule (9) generates then the RE
(2](7 + 1)(2]0 + 2)ak+1 +ap =0,

which is of hypergeometric type as only two summands occur. From the fact
that the largest zero k = ——% of the polynomial in front of a1 is nonintegral,
we realize that we must consider a Puiseux series with Puiseux number 2.
So we make the transformation by := @y, i.e. consider g(z) := f(z?) =
sing = ¥ byz® rather than sin+/z = Y byz*/2, and get the hypergeometric
type RE

(k’ + 1)(16 + 2)bk+2 +b, =0

for b; with symmetry number m = 2.
The fact that g(0) = 0 tells us that g is odd. We work with the FPS

o0

hiz) = Z cpz®

k=0
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for which g(z) = zh(z?), and so cg = bag41, leading to the RE for cj
1 1 .
Chpl = —= s——ag———
LTI+ D+
The initial condition is ¢g = b; = ¢’(0) = 1, so that finally by (1)

D* _ (D
4 (3) k- (2k+ 1)

Cp =

and o ( )k
-1 .
F: N S +l/2.
;(Qkﬂ)!x

. (Hypergeometric type power series case) Now we consider the func-

tion
f(z) ::/erf;ﬁdt

0
where erf denotes the error function

2 [ e
erf (z) := -—ﬁ/e_t dt .
0

Note that f is not represented by means of elementary functions, however
. . . f(z 11 2 e_zz erf(z
the algorithm still applies. We have f' = 2(_2 , = , and

T 2

f"'=—74?6"x2—747%:i+2%ﬂ, leading to the DE

zf" + (22 +2)f" +22f =0 ,
and thus the RE
(k +2)%(k + Dags2 + 2k%ar =0 .

This is also of hypergeometric type, and the same argumentation as in Ex-
ample 2 shows that f is odd. We use the same substitutions and get for the
coefficients ¢z of h

(k+3)°
T (k+ 3)2(lc+ 1 *

with initial condition ¢o = a1 = f'(0) = 77, so that finally

2 (DR 2 (nf
VT ((g)k)2k; VT (2k + 1)2k!

2

Ck4+1 =

Cr =

and

2 D e
F= L S ——
; N ESV N
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4. (Rational type case) Let’s now look at f(z) = arctan 2. Here f' = 1-1-_1::5 is
rational. So we apply the rational algorithm (see ([8], Sect. 4)), and integrate.
We find the complex partial fraction decomposition

1/ 1 1
fla)= 1+m2_§(1+im+1—iz>’

from which we deduce for the coefficients by of the derivative F'(z) =

OQ
3 bxz* by using the binomial series that
k=0

bk=%(i’°+(—i)’°)—%(1+( 1)*) .

By the calculation

;2k+1

b2k+1 — (1 + (_1)2k+1) =9

it follows that F’ turns out to be even. Moreover

b = S (L4 (1) = (1)

so that by integration

F:i( )k 2k+1
k=02k+1 '

We remark that the arctan function can also be handled by the hypergeo-
metric procedure similarly as Example 2.
5. (Hypergeometric type Laurent series case) We consider f(z) :=

359—-?-4“2—”. Here the algorithm produces the DE
(«® — 23) " + (15z* - 1222) f" 4 (6123 — 362) f' + (642>~ 24)f =0 ,
converting to the hypergeometric type RE
(k+6)(k +5)aks2 — (k+4)%ar = 0

with symmetry number 2. It follows that a_¢ = a—5 = 0, and thus for
all k¥ < —5 we have a; = 0. Therefore we consider the shifted function

g(z) := z*f(z) with the coefficients by = ag_4 for which the RE

k2
T EEEE D

holds. The hypergeometric coefficient formula finally leads to

(k!)*4* 22k
F= Z(2k+1)'(k+1) T
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4 Scope of the Algorithm

In CAS’s problems can be solved by means of

— implemented data bases, or
— algorithmic calculations.

In the first case, the implemented data base is fixed for all fimes until the soft-
ware is released, whereas in the second case the use of the CAS generaies a
data base. Having an implementation of an algebraic algorithm makes a CAS an
expert system: An arbitrary user may produce results, which had been unknown
before, and can be added to a data base. Concerning the conversion of functions
and power series [6] probably is the most exhaustive existing data base. It is a col-
lection of numerical series, power series, products, and other material. It is easy
to observe that most of its power series entries are of hypergeometric type, and
50 it is not surprising how many of them can be treated by our algorithm. The
algorithm covers results about integrals that cannot be represented by elemen-
tary functions like Fresnel integrals, Bessel functions, and many other functions.
More examples are given in ([8], Sect. 9), and will be published elsewhere [9].

When using [6] to find a power series representation, the scope is restricted
to its finite contents, and moreover the success depends on the user’s ability to
find the entry he’s searching for: The problem is thus converted into a search
problem. On the other hand, the use of the CAS implementation of our algorithm
does not have this kind of limitations. It is only a question of time when new
results are discovered by its use.

5 The Algorithm as a Simplifier

One of the main questions of Computer Algebra is to decide whether a given
expression algebraically is equivalent to zero or not. A simple example of this
kind is the rational expression
2 1 1
1—22 1—-2 14z

which after an expansion with common denominator algebraically simplifies to
zero. Much more difficult are nonrational algebraic or transcendental expressions

like
.1 V2 oo
arcs1n—3-+2arctan——§——§, ve+l+1l—y2vVz+1+24+2,

—_—
\/1—\/1_3: VIAVE- /T B
z Vi ’
cos(4arccosz) — (1 — 8z% + 8z*) , or cos(arcsinz) — /1 — 22 |

all of which turn out to equal zero. In general, it cannot be decided if a given
transcendental expression is equivalent to zero. Our algorithm, however, may
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assist with this decision. Assume, an expression involving a variable z is given,
and we apply our algorithm to it. In principle, all expressions which are equiv-
alent to zero, are of hypergeometric type; indeed, every polynomial, especially
the zero polynomial, is of hypergeometric type. It may happen, however, that we
cannot decide this since the hypergeometric type DE may not be found because
of the lack of algebraic simplifications. If we are lucky, howevér, the expression
is identified to be of hypergeometric type, in which case its series coefficients
can be calculated, and are quotients of Pochhammer symbols. For this kind of
expressions, however, it can be decided whether or not they are equivalent to
zero, and so we will get the desired result. As examples, all above mentioned
expressions that depend on z are recognized by the algorithm to equal zero.

More results in this direction can be found in ([8], Sect. 10). We are convinced
that the use of the algorithm will lead to new identities.

6 The Second Conversion Procedure

The algorithm presented has a natural inverse F — f, calculating the function
f from its LPS F. We omit the details of that procedure Convert[F,x] that
converts an LPS F into its equivalent function f with respect to the variable z.
Given a formula for the general coefficient aj, the first step consists of finding
a RE of the type (8). This step is algebraically equivalent to the search for the
DE, presented in ([8], Sect. 5).

The next step is then the back-substitution that produces the left-hand side
of the DE from the left-hand side of the RE, see ([8], Sect. 11).

The main ‘part of the procedure Convert is to solve the finally generated
simple DE together with some initial conditions. At the moment, with MATHE-
MATICA Version 2.0, this is, at least in the case of DE’s of order greater than 2, in
general beyond its capabilities. On the other hand, all but very few examples that
we tested were solved by MACSYMA’s ode procedure (version 417). By a theorem
of Singer ([13], see e.g. [2], p. 192) there is an algorithm to decide whether the
corresponding function has a representation in terms of elementary functions,
in which case this representation is produced. It turns out, however, that the
initial value problem may involve rather complicated nonlinear equations for the
occuring integration constants.

This procedure Convert moreover is able to produce a closed form represen-
tation for (convergent) infinite sums

oo
Do
k=0

whenever the numbers a; satisfy a homogeneous, linear RE with polynomial
coefficients P; (7 =0,..., M) '

M
> Pi(k)agy; =0,

i=0
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and the generating function

f(z) = Z apzk
k=0

of the sequence (ai) has a representation by means of elementary functions.
Convert produces f, and finally

[o ]

Zak = hmf(x

k=0

by Abel’s continuity theorem for power series (see e.g. [14], p. 149).

This algorithm should be compared with the Gosper algorithm ([3], see e.g.

n
[5], § 5.7) which finds a closed form representation for a sum A, = 3 a; with
k=0

variable upper bound, in the special case that A, is the n** term of a hypergeo-
metric function. In this case the generating function of the sequence (ag) turns
out to be hypergeometric, too.

Our procedure does not generate closed forms for sums with variable upper
bound, except in the special case that the given sequence (ay) satisfies ax = 0
for £ > n. This case, however, occurs e.g. when considering sums of products
of binomial coefficients. Moreover, for infinite sums our algorithm has a much
wider range of applicability.

We consider two examples.

1. (Indefinite summation) We search for a closed formula for (n € IN)

n
A, = E (Z) .
]C:O
As n € N, the coefficients ay := (Z) = () for £ > n so that we can consider
A, as an infinite sum
=2 () -
k=0

and the method applies. The first part of the procedure Convert produces
the RE

(k4 Dagy1 — (n—k)ag =0
for the coeflicients of the generating function

fa):= 3 ()"

which is transferred by the back-substitution into the DE

(1+:L‘)fl——nf:0
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for f. The initial value problem
I+z)f'—nf=0, f(0)=ao=1

has the solution
@)= Q+er

and so we have finally
Ap = li%lllf(x) =1+1)"=2",

the desired result.
2. (Infinite summation) As another example we consider the infinite sum
which cannot be treated by Gosper’s algorithm

[e o] (e}
(=1)*
ar = Z
k=0 k=0 2k + 1
with generating function
o k_ - k
f(z) ._kz_oak:c _kz_ozk_l_lcc .

An application of the first part of procedure Convert produces the RE for
the coefficients ay

(2k + 3)ap41 + (2k+ 1)ar =0 ,

which holds for £ > 0. If we multiply this by the factor (k+ 1), the resulting
RE
(k+ 1)(2k + 3)ap+1 + (k+ 1)(2k + 1)ar =0

holds for all k € Z. The back-substitution yields the initial value problem

(22+22%) f"+(3+52)f'+f = 0, fO)=a=1, f(0)=a= _% ,

for f, which has the solution

arctan \/z
fz) = v

Thus the original sum has the value

o0
Cof .
ICX:—(V‘Z’“‘*'l_}cl%lllf(x)—arctanl._4 :

We mention that the ability to deal with the conversion of series and generating
functions algorithmically leads to the ability to produce binomial identities (see
e.g. [15], § 4.3), to solve recurrence equations (see e.g. [5], § 7.3), and to solve
problems in probability theory (see e.g. [5], § 8.3).
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7 Asymptotic Series

One more field where the method described can be used, are asymptotics (see
e.g. [5], Chap. 9). Assume, a function f on the real axis is given, and we are
interested in an asymptotic expansion, i.e. a function g for which

f6) _
T—00 g(z) )
Asymptotic expansions by no means are unique; indeed each function is its own
- asymptotic expansion, but there may exist much simpler asymptotic expansions
as well. It is a special property of a function f if one of its asymptotic expansions
forms a Laurent-Puiseux series
o0

FeYa(D)" @,

k=ko

and if f has such a Laurent-Puiseux asymptotic expansion (LPA), then it is
unique. Note that as we consider only positive values 2 (or complex values
that lie in a certain sector) the LPA is only one-sided.

It is now easy to see that a slight modification of the algorithm PowerSeries
can be used to produce the LPA of a function f by the following procedure:

1. Consider h(z) := f (1).
2. Find a DE for h, and a RE for its one-sided series coefficients

e}

hiz) = E apzk/m (x>0)

k=ko

by the PowerSeries algorithm.
3. Find the corresponding initial values by taking one-sided limits, e.g.

ag = Llfl(’)lh(.’l:) :,

and solve the RE.
4. Finally you have

We mention that the one-sided limits considered are complex limits if and only
if the function h(z) := z*°f (2") is analytic at oo, and so the corresponding
LPA of h equals its power series representation there. Moreover the radius of
convergence equals zero, and so F' is a divergent series, if one of the one-sided
limits considered is not a complex limit.

Since MATHEMATICA only supports the calculation of complex limits, there
1s no direct way for an implementation of this procedure. On the other hand,
MAPLE has some capabilities to calculate one-sided limits, and thus the MAPLE
implementation covers asymptotic series expansions.

We give some examples of this procedure.
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1. Suppose f(z) = e*(1 — erf \/z). The algorithm leads to the DE
2z30" + (22 + 3z*)h' —h =0

for h(z) = f(3) = ei/® (1 —erf 71;), and the transformation via the rule
(9) generates then the RE

ap41+ kag =0,

which is of hypergeometric type. The initial values lead then to the asymp-

totic series representation
Z (-DFER)! (1)
T4 \z

2. If f(z) := ze~"Ei (z) where Ei denotes the exponential integral function

_ / ¢
)t
—o0
with a Cauchy principal value taken. We get the DE
2R’ + (B3z — 1)K +h=0
for h(z) = f (%), and the RE
Apy1 = (k‘ + l)ak

for its coeflicients, leading to the asymptotic expansion
%) 1 k
F= k| -
>k (3)
k=0
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