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On Two Conjectures of M. S. Robertson 

WOLFRAM KOEPF 
University of Delaware, Department of Mathematics, Newark, DE 19716 

In this note we disprovc two conjectures made by M. S. Robertson. 

AMS No. fSQ40, 30CXO. 68N15, 3343-4 
Communicated: R. P. Gilbert 
(Rpreived September lY. ?WO) 

I n  his work on certain subvrdination ciasses Robertson conjectured ihr foiiuwing. 

Conjecture (A): let 

0') k then B,,(x- j = ak X . 

It is coqectured that trjfl) 2 0 ( k  = 0,. . . , n ( ? l  t No)) [3].  

Conjecture (B): let 

Then it is conjectured that bn > O(n E N) ([4]). 

In [4] Robertson proved the equivalence of Conjecture (A) and Conjecture (B). 
Using Computer Algebra systems we are able to show that both conjectures fail 

to be true. 
Let us consider Conjecture (B). It turns out that the first negative coefficient is 

bi3 = -20287103/43878270659198976000. In detail one has 
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These calculations had been done independently by the three Computer Algebr; 
systems MACSYMA [I], MATHEMATICA [5] and MAPLE [2]. 

With MACSYMA (Version 415) one is also able to disprove Conjecture (A) di- 
rectly. It turns out that 

31 += +- 7 9 ~ ~ ) ~ ~ + ( 4 1 x + ~ + ~ ) ~ ~  

+ ( K O  144 5760 
- 
240 96 1280 

3%1x + 427x3 llx' 113x7 +(- - +- + --) z7 
30240 5760 2560 1935360 
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from which one sees that the first negative coefficient is that one of x13 in the 
(13) polynomial B l ~ ( x ) ,  i.e. a13 . 

This result is also available using MAPLE and MATHEMATICA. But these two 
languages are not similarly effective in this special situation than MACSYMA. (Of- 
ten MACSYMA turns out to be slower than MATHEMATICA and MAPLE in 
solving the same problem. This is not true in our case.) MACSYMA's taylor com- 
mand arrives at the above representation immediately, whereas MATHEMATICA's 
Series command and MAPLE's taylor commands do not simplify intermediate re- 
sults. 

This implies that the complexity of the calculation of the polynomials B,,(x) is 
then exponential in the order n. In fact, after calculating the truncated Taylor series 
of W with MAPLE (SUN-3-UNIV-Version IV) we had to simplify each polynomial 
B,(x) separately. The non-simplified output for B,(x) roughly doubled increasing 1z 

by one and BI4(x) finally consisted of more than 600,000 tokens, so that we had to 
apply MAPLE'S simplify prncedure separately to seven summands for n = 14 and 
three summands for n = 13. Finally this gave the result. 
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The situation is quite similar with MATHEMATICA (3MyMS-DOS-Version I.?), 
which ran out ot memory when applying the command chain 

Simplify [%I 
and the intermediate result after the second step had a similar size as MAPLE'S. On 
the other hand MATHEMATICA solved the composite command Simplify[Series 
[w,{z,0,15}11, but needed much more time than MACSYMA. 
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