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Abstract

In this work, using the inversion coefficients and some connection coefficients between some polynomial
sets, we give explicit representations of the moments of all the orthogonal polynomials belonging to the
Askey-Wilson scheme. Generating functions for some of these moments are also provided.

Keywords: Keywords: Inversion coefficients, canonical moments, generalized moments, orthogonal
polynomials, Askey-Wilson scheme.

2010 MSC: 33C05, 33C45, 33D05, 33D45.

1. Introduction

A sequence of polynomials {p,(x)}, where p,(x) is of exact degree n in z, is said to be orthogonal

with respect to a Lebesgue-Stieltjes measure da(x) if

/ P (X)pr(x)da(x) =0, m #n. (1)
— 0o
Implicit in this definition is the assumption that the moments

Hn :/ znda(x)’ n=0,12,..., (2)

are finite. If the nondecreasing, real-valued, bounded function «(z) also happens to be absolutely con-

tinuous with da(z) = p(z)dz, p(x) > 0, then and reduce to

| pn@p@plade =0, m£n (3)
and
[y = [ p(x)x"dz, n=0,1,2,..., (4)

respectively, and the sequence {p,(x)} is said to be orthogonal with respect to the weight function p(z).
If on the other hand, a(x) is a step-function with jumps p; at @ = z;, j = 0,1,2,..., then and

take the form of a sum:

> pm(@)pala;)p; =0, m#n (5)
3=0
and
oo
un:Zx?pj, n=20,1,2,.... (6)
§=0
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The polynomials p,,, in monic form, are given explicitly in terms of the moments by [37]

Ho M1 T Hn
M1 H2 to Hn41
K,
pn(z) = i ;
Hn—1 Hn+1 *°°  H2n—1
1 x "
where
H’O 'LLl “en un
M1 H2 te Hn41
dn = under the condition d,, # 0, n > 0.
Hn—1 Hn T H2n-1
Hn Hn+1 - Hon

The previous representation shows that the moments characterize fully the orthogonal family {p,(x)}.
In [I, P. 295, Theorem 6.3.3] for example, the authors used the moments of the Jacobi polynomials to
give the hypergeometric representation of these polynomials.

Note that the classical continuous and discrete orthogonal polynomial families are very much related
to probability theory [34] (see also [24]). In the continuous case, the measures of the Hermite, Laguerre
and Jacobi polynomials are the normal, the Gamma and the Beta distributions, respectively. In the
discrete case, the measures of the Charlier, the Meixner, the Krawtchouk and the Hahn polynomials are
the Poisson, the Pascal, the binomial and the hypergeometric distributions. Of course moments play an
important role in probability theory and statistics (see [24]).

Despite the important role that the moments play in various topics of orthogonal polynomials and
applications to other domains such as statistics and probability theory, no exhaustive repository of mo-
ments for the well-known classical orthogonal polynomials can be found in the literature. The book by
Koekoek, Lesky and Swarttouw [26] which is one of the best and most famous documents containing
almost all kinds of formulas and relations for the Askey-Wilson scheme does not provide information
about the moments. In addition, despite the fact that almost all the moments of the classical orthog-
onal polynomials of the continuous, the discrete and g-discrete have been previously published in the
litterature (see for example [3| [9] [I0]) , it is not the case for the classical orthogonal polynomials of the
quadratic and the g-quadratic variable. It becomes therefore a very interesting task to investigate this
topic in order not only to make also available in the litterature the moments of the classical orthogonal
polynomials of a quadratic and g-quadratic variable but also to provide and exhaustive reposipory of the
moments of all classical orthogonal polynomials.

The paper is organized as follows:

e In Section 2, we present some basic definitions and give some important properties that will be

used throughout the paper;

e in Section 3, some useful Taylor formulas for polynomials and applications are given and used to

find connection coefficients between suitable polynomial bases;

e in Section 4, we use the results given in Section 3 to deduce explicit representations of the (canonical)
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moments of all the orthogonal families listed in [26]. Some generating functions for these moments

are also provided.

The results of this paper appeared in the Ph.D. thesis [31] of the first author.

2. Definitions and miscellaneous properties

In this section we recall basic definitions and introduce some difference operators that will be useful

along this paper.
Definition 1. [26, P. 4] The Pochhammer symbol or shifted factorial is defined by
(a)o:=1 and (a),=ala+1)(a+2)---(a+n—-1), a#0 n=123,....
The following notation (falling factorial) will also be used:
a:=1 and a=ala—1)(a—2)---(a—n+1), n=1,23,....

It should be noted that the Pochhammer symbol and the falling factorial are linked as follows:

Ay, -, Qr (al, ’ar)n 2"
+F z | = E —,
. |
bly"',bs n—=0 (b17 >bs)n n
where
(ala ceey ar)n = (al)n ce (ar)n'

Definition 3. [206, P. 11] The g-variant of the shifted factorial, also called q-Pochhammer symbol, is
defined by

(a;9)0 = 1,
(@ = (1—a)l-agq)---(1-ag"™"), n=1,2,....
For n = oo we set
oo
(@; @)oo = [T (1 = ag™), lal < 1.
n=0

In order to deal with some families of orthogonal polynomials and other basic hypergeometric func-

tions, the following more general notation (see [25])

oY)y =(—y)(z—qy) - (x—q"y), (7)
which is the so-called ¢-power basis, will be used.

Definition 4. [26 P. 15] The q-hypergeometric function denoted by .¢s is defined by

ay,a9, "+ ,0r S (al,,.. ,GMQ)n (n) I+s—r n
o pr) = 3y ) ,
bl,bz,'u ,bs 7;) (blv"' >bs;Q)n <Q7Q>n

where

(al,a2a ct oy Amy q)n = (a1§ Q)n(a2a Q)n T (am§ Q)n'
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We will also use the following common notations

[al, = , a€C, qg#1, (8)

o @@ <
|:m:|q(q;Q)m(Q;Q)n—m’ Osmsn, (9)

called the g-bracket and the g-binomial coefficient, respectively.

The following difference and divided difference operators will also be frequently used.

Definition 5. Let f be a function of the variable x.

1. The forward and the backward difference operators A and V are, respectively, defined by:
Af(z) = flz+1) = f(x),  Vf(z)=[f(z)-flz-1)
Form € N>og ={1,2,3,...}, one sets
AT (@) = A(A™ f(z), and A°f(z) = f(2).

2. The g-difference operator Dy is defined as:

f(x) — f(qz)
(1-q)z

and Dy f(0) = f'(0) provided that f is differentiable at x = 0.

Dqyf(z) = if x 20,

If m is a nonnegative integer, we have

Dyt f(z) = Dy (D f(2)) ;s Dgf(x) = f(x).

3. The difference operator D is defined as follows:

’Df(x):f(a:—&—;) —f(x—;), where i? = —1.

4. The divided difference operator D is defined as follows:

IR (G o e (S T R

3. Taylor formulas, power derivatives and connection formulas

In this section, we give some tools for the computations of the moments given in the next section.
Some Taylor formulas are proved, the power derivatives of some operators are given. As applications, we
compute some connection coefficients between suitable polynomial sets that appear in the computation

of the moments.

Proposition 6 (See e.g. [2 23]). Let f(x) be a polynomial of degree n in the variable . The following

expansion formula holds

sy =3 PE (10

= mlg



Proof. We assume f is a polynomial of degree n, and we write

n
Zcm a:@y
m=0

Next we apply the operator D, k times to both sides of this relation and get

Zcm —k oy "

Taking = = y, it follows that [D} f](y) = ck[k]4! and the proposition follows. O

Corollary 7. We have the following connection formula between the q-power and the power bases

:Tgyn—m[ ZL } (z Oy (11)

q

Remark 8. This corollary will be useful for the computations of the canonical moments of the Al Salam

Carlitz I polynomials.

Theorem 9. Define the polynomial basis 0, (a,x) by

n—1

On(a,7) = (a — izx)n(a+iz), = [[(@* + (@ +K)?), 6o(a,z)=1.
k=0

If f is a polynomial of degree n in 2, then

x) = Z fkak(av I),
k=0

where
D¥ f(i(a+ §))
k! '

Proof. First remark that 0y (a,ai) = 0 for all £ > 0. Hence

fre =

J
DI f(x ka jife- J(a+ = fij'+ Z fegrife-ile+ 30
k=j+1
andforx:z'(a—l—%),weget .
Dif (z (a+ ;)) = fisl.
O
Theorem 10 (see [I1]). Let k be a nonnegative integer. Then
k .
—k); (2ix —k—20) k-2,
DF () = S : 12
/(@) ; I @iz ke’ Bt (12)
Corollary 11. The following result is valid
k . 2n
—k); (2iz — k+ 21) k—2l.
I ol : 13
* ; I Qie—ht i VT2 (13)
Proof. Take f(x) = 2®" in to get the result. O
Corollary 12. The following connection formula is valid
k
1 —2a — 2k + 21)
2n _ l 2n
— k=00 . 14

=0 1=0
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Proof. The proof follows from Theorem |§| and Theorem [10| with f(x) = 22". O

Remark 13. This connection is useful for the computation of the moments of the Wilson and the

Continuous Dual Hahn polynomials.

Theorem 14. Define the polynomial basis ny,(a,x) = (a + ix),. If f is a polynomial of degree n in x,
then

(@) = funk(a, ),
k=0

fr = ( kll) D’“f( (a+§))

Proof. First remark that ny(a,ai) = 0 for all k£ > 0. Hence

where

Df(0) = D gy D) = (g D A 49)
k=j k=j+1
and for z =i (a+ %), we get
Dif (z (a + é)) = (—=1)75!f;.
This proves the theorem. O

Remark 15. Note that in Theorem there is a need to have an explicit representation of DF f(x)
in order to have a better expression of the Taylor formula. The following proposition gives the required

expression.

Proposition 16 (Power of D). Let k be a nonnegative integer, then the following relation holds

- i(—nl(?)f (x—i— k_22lz'>. (15)
=0

Proof. The proof is done by induction. The relation is obvious for £ = 1. Assume it is true for a fixed

integer k > 0. Then, we have

Dl f(z) = D(D"f(x))

(52
(o) (o £221)

E+1
—20+1 ok k—2l+1.
f<x—|—2 z)+Z(—1) <l_1)f(1:+2 z>
1=0 =1
k+1
_ Z(*l)l k+1)f<x+k2l+li).
l 2
1=0
O
Corollary 17. The following connection formula is valid
Ll k
=Y 5 () et nirma o (16)
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Proof. First, we apply Theorem [14] with f(z) = 2™ to get

" = zn: <(_]€1!)]€DkxTI_i(a+g)> Nk (a, ).

k=0

Next, using Proposition [T6], we have

Then, we have

This completes the proof. O

Remark 18. This connection is useful for the computation of the moments of the Continuous Hahn and

the Meizner-Pollaczek polynomials.

Proposition 19 (see [T1]). The following g-derivative rule is valid.

n(l—mn) n ~
. g n qk(nfk)Z2kfnf(q(n72k)/2z2)
(Dg () = (¢ — ¢~ 1/2)n Z { } T+n—2k 2. 2k—nt1,-2. (17)
¢ =g = g 1y (g 2 0)k(q 27 Q)nk
where f(z) = f((z+1/2)/2), z =€, x = cos¥.
Proposition 20 (see [21]). If f(x) is a polynomial in x = cos@ of degree n, then
f@) =Y fulae”, ae™; g (18)
k=0
where
(- D" woen
== D,
with
1
o = 5(aq"? + 72 fa).
Corollary 21. If f(x) is a polynomial of degree n in x = cos@, then
f(l’) = Z fk(aelea a67165 q)k7
k=0
with i
— 1 L ez, q);(qﬂ‘l‘“’“‘j)a‘?;Q)k_j'

Jj=

Remark 22. Note that, by a change of variable j :=k — j, the py’s in Corollary[21] can be written as

qkzk: g7 a % f(ag’)

= (@a"a%q)k— (g, 47 " H a7 q);

Corollary 23. The following connection formula is valid.

n k

k g a % (ag? +a" g 9)F 0 —if
q — (ae”,ae™; )k, x = cosb. (20)
kzo jz (¢, 4" a% k(0 ¢ ¥ a"?q);

Remark 24. This connection is useful for the computation of the moments of orthogonal polynomials

on q-quadratic lattices.
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4. Moments of classical orthogonal polynomials

4.1. Canonical moments and generalized moments
Definition 25. Let {p,(x)} be a polynomial set, i.e. deg(p,(x)) = n, orthogonal with respect to a
Lebesgue-Stieltjes measure do(z). Let {0, (x)} be a polynomial set. The numbers

o0
= / On(x)da(x), n=0,1,2,... (21)
—00
are the moments with respect to 0,,(x) of the family {p,(x)}, they are called generalized moments.

Remark 26. Note that in the previous definition, if 0, (x) = x™, then the generalized moments are the

cononical moments.

Theorem 27. Let {0, (x)} be a polynomial set. Assume that one can find explicit representations of the

coefficients Cp,(n) in the expansion

n

=" Con(0)0m (). (22)

m=0

Then, the canonical moments p, can be computed from the generalized moments un,(0x(x)) using the

relation

unfzc W) O (2)). (23)

Proof. Assume the conditions of the theorem are satisfied. We have

n = /_O:O 2"do(z) = /_O:O <§”: Cm(n)ﬁm(ac)> da(x)

w) [ Onla)data = 3 Conlmn B4(2))

mO

Theorem 28. Assume that the coefficients I, (n) (called inversion coefficients) in the expansion
On(z) = Y In(n)Pn(x) (24)

are given. Then, for all n € N, the generalized moments of the family (P,), with respect to the basis

0. (x) can be computed by the formula

pin (Ok () = Io(n) Popo. (25)

Proof. Using the expansion (24)), we have

1 1
pn (O (7)) = ?0(0 Py) POZIk (P, Po) = FOIO(n)(PmPO):IO(n)POMO’

where (f, g) is the inner product defined by

-/ " f(@)g(@)da(a).

Note that this result was announced in [20].

Corollary 29. Using the notations of Theorems [27 and [28, the canonical moments of the orthogonal
family {p,} can be computed for all n € N by the formula

fin = popo Y, Crm(n)Io(m). (26)
m=0



s 4.2. Continuous orthogonal polynomials
Note that by P{*® (), CWV(z), Tn(z), Up(z), Pu(z), L (x), H,(x), B (x), we denote, respec-
tively, the Jacobi, Gegenbauer (ultraspherical), Chebyshev of first kind, Chebyshev of second kind, Legen-

dre, Laguerre, Hermite and Bessel polynomials. They have the following hypergeometric representations

(see [26])

(a4 1), -n,n+a+pf+1 |1-g

Péa’ﬁ)(af) = 7,2F1 5 ,a>—1, 8>-1 (J1)
n. O¢+1
1) —nn+a+f+1 |1
= (—U"LZ,) 2 ;w . (J2)
' B8+1
(2N A—1a-1
@ = 551 PPN g
2/n
2\ —n,n+2\ |1_—
= (n,)n2F1 2I . A#0.
At
85
P () S
o= o, R L )
Pn 2732 (1) i
ng%’%)(l‘) —n,n+2 1—=z
Pp??(1) 3
-n,n+1 |1_—
Py(x) = oF) °
1 2
1 -n
L(x) = (OH_, )n1F1 x|, a>-—1,
n. a+1
. -5t |
Hn(z) = (22)"2Fp -
-n,n+a+l x
BM(x) = 2R S in=00 N a< 2N -

In the classical continuous case the computation of the moments is rather straightforward. For example,
for the Laguerre polynomials, by their definition the moments are given as values of the Gamma function.
Nevertheless, since the inversion formulas can be used in principle for their computation, for the sake of
completeness we state here the inversion coefficients for the classical continuous orthogonal polynomials

o which are given in the literature (see [0], [I7], [28], [32], [33]).



Theorem 30. The following inversion formulas are valid

L x (=D)™2"ml(a+m + Dnom )

o = mz_:o< ) (a+B4+m+1), (a+5+2m+2)n_mpm (2), (27)
"= Y 2"m!(B+m+1)n-m (ov,8)

e = mz_:o( )(a+ﬂ+m+1)m(a+ﬂ+2m+z) Pr (), (28)
no S m (a)
T 1+a”§%1+a Ly (@), (29)

ol ln/2] 1
o= 27 Z mHn—Qk(l'), (30)
k=0

vy (=)™(=2)" (a)
T Z; ")(a+quyﬂa+2m+2%/m3m(@' (31)

Remark 31. Representations and were already known (see for example [28, [40]).
Next, we provide several representations for the Jacobi polynomial moments (compare [13]).

s Theorem 32. The canonical moments of the Jacobi polynomials have the following representations:

(o +1)n! —B,n+1 . DB+ 1)n! —a,n+1
fin né+nizﬁﬂ e Hglnim21 -
a+n-+2 B+n+2
r nr 1 —n,a+1
(a+f+2) a+p+2
_n75+1
- (44)n2a+5+1IK?‘*1>F03;’1)2f1 2 (33)
(a+5+2) a+B+2

Proof. Let us prove the first representation. We rewrite

1 1
fin = / 2"(1—2)%(1 + x)°de + (—1)"/ 2"(1+2)*(1 — ) da.
0 0
Next, the use of the integral representation for the Gauss hypergeometric function [26, P. §]

G,,b 2| = F(C) 11,671 7 c—b—1(1 _ 22) " %dx
A el A (R

1

with z = —1 gives the desired result. In fact, for the first integral / 2"(1 — 2)*(1 + z)’dz, using the
0
integral representation of the Gauss hypergeometric function withb=n-+1,c=a+n+2 and a = —§,

it follows that

M(a+1)I(n+1) —B,n+1

2F1 -1
T(a+n+2) 0t B2

/1 2"(1—2)(1 +2)Pde =
0

The second integral is computed in the same manner.
Next, we develop the second representation. For o > —1 and 8 > —1, the Jacobi polynomials
pie?) (x) are orthogonal in the interval (—1;1) and fulfil the orthogonality relation [26, P. 217]

1—2)*(1 + 2)? P (2) PP () da =
At e RS @ b @) = T Tntatp+ )

mn-

/1 204841 DPn+a+ )I(n+B+1)

10
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It follows that

[ - 20 4 2)0dy — gersr D@ DIB+ 1)
uoi/,l(lix) (1 + z)%dx = 29HF+1 Tat5<2)

We first prove relation . From the inversion formula the zeroth inversion coeflicient is
2J@+1l+n)a+ 8+ 2) n (a+1),

o) = N v n+ e rD) (@t A+ 2

Hence, the generalized Jacobi moments with respect to the basis (1 — 2)™ have the representation

Fla+1)I(B+1) (a+1),
Tla+B8+2) (a+B+2),

(1= 2)F) = et

Finally, using the binomial formula in the form

and Theorem follows.

In order to prove 7 we follow the same method using relation , and the binomial formula

" = Zn: (—1)n—m <:1> (142)™.

m=0

Using the definition and the Beta function (see e.g. [27]), one gets

Theorem 33. The following representations for the canonical moments are valid for:

(a) the Gegenbauer polynomials

P(A+3) _ (2p)! o —
VIraE mposn, W =20

0 if n=2p+1;

Hn =

(b) the Chebyshev polynomials of first kind

i = Sogn fn=2p,
0 ifn=2p+1.

(c) the Chebyshev polynomials of second kind

T ! .
wps o =2,

0 if n=2p+1.

Mn =

(d) the Legendre polynomials

ﬁ if n=2p

0 if n=2p+1.

Hn =

Using the definition and the Gamma function (see e.g. [27]), one gets

Theorem 34. The following representations for the canonical moments are valid for:

(a) the Laguerre polynomials
un=T(n+a+1), n=0,12,...

(b) the Hermite polynomials

., n=0,1,2,...

2 2 0 if n=2p+1

11

(34)

(35)

(38)



4.8. Discrete orthogonal polynomials
We denote by Qn(z;«, 3, N), My (z; 8, ¢), Ky(x;p, N) and Cy,(x; a) the Hahn, Meixner, Krawtchouk and

s Charlier polynomials, respectively. They have the following hypergeometric representations (see [26])

—n,—z,n+1+a+p

Qn(x;aa/@aN) = 3F2 ’
a+1,—-N
n,e=0,1,...,N, a>—1land 8> —1, ora < —N and 8 < —N,
-n,—r 1
M, (x;8,¢) = oF 1-=-1,8>0,0<e<1, z=0,1,...,
c
B
—n,—x
K,(x;p,N) = oF ,0<p<l1, nx=0,1,...,N,
—N
—-n,—r 1
Cn(z;a) = oF, ——1],a>0, z=0,1,....
a

In order to obtain the canonical moments for these polynomials, we need the following theorem, which

can be found in in [28] and [40, Table 18] (where the polynomial systems were standardized differently).

Theorem 35. The Hahn, the Krawtchouk, the Meizner and the Charlier polynomials fulfil the following

imversion formulas

o N (7 (=1 "(a + D)u(=N)n _
v Z(m>(Oé-l—ﬁ—l-m—l-1)m(0¢+6+2m+2)n_QO(x’a’ﬁ’N)’ (40)

o (_p)n(_N)nZ(—l)m(:l>Km($;paN),

m=0
= o () e ()t
L — Zn:(—l)m(:ﬂL)a”Ck(m;a).
m=0

o  Theorem 36. The following representations for the canonical moments are valid for:

(a) the Hahn polynomials

(@+B+1)Nt1
(a+pB+1)N!

(@+1)m(—=N)m .

m=0

o

(b) the Krawtchouk polynomials

where Sy, (n) denote the Stirling numbers of second kind defined by

2" =" Sp(n)am. (45)
m=0

12
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Note that appeared in [19] and [30] without the constant yo = e®. The results of Theorem [36] also
appeared in [3] and [24]. Note also that in [3] and [24], the authors used different techniques and different

standardizations as compare to the current manuscript.

Proof. We give the proof for the moments of the Hahn polynomials, the other moments are obtained
similarly.

The Hahn polynomials @, (z; «, 8, N) fulfil the following orthogonality relation [26] P. 204]

N lata 8+ N-—zx

S (T (7N T et Qe s

(=)t e+ B+ DN (B +1)nn!
B (2n+a+5+1)(a+1—;n(—N)nN! Ormn; (46)

=0

for a>—-land 8> —-1lora< —N and < —N.

With m = n = 0, it follows that
(a+ B+ 1Nt
(a+pB+1)N!"

From the inversion formula ([40)), for 6,,(z) = 2™ in [24] we get

Ho =

fo(m) = (-0 D

Therefore, the generalized Hahn moments with respect to the basis ™ have the representation

(a+B+1) N4 (@+1)n(=N)y
(a+B+1)N! (a+8+2),

o (2%) = (<1)" (47)

Using the connection between the powers and the falling factorials and Corollary we obtain
). O

Whereas the canonical moments of the Krawtchouk, Meixner and Charlier polynomials are expressed in

terms of the complicated Stirling numbers, they have rather simple generating functions.

Theorem 37. 1. The canonical Krawtchouk moments have the following exponential generating func-
tion

e n
z
(pe +1-p)V =D . (48)
n=0
2. The canonical Meizner moments have the following exponential generating function

1 > 2"
. ety < 1. 49
(1_062)5 ;/L n! |C(3 | < ( )

3. The canonical Charlier moments have the following exponential generating function
o0 Zn
e — Z ,u/nm (50)
n=0

Proof. By definition, the canonical Krawtchouk moments are given by

N N
N e k(] _ )Nk
I ;;) (k>p (1-p)

13



Therefore, it follows that

%) o e’} N o
;::O/Jn—! = g(gk”<k>pk(l—p)Nk>m
_ al N\ 4 N—k - (kz)n>
= (1-p)
(WIS
N
= > (P)eera-p
k=0
= (pe*+1—-p)V.

Hence, (48) is proved.

By definition, the canonical Meixner moments are given by

o0 k

k=0

It therefore follows that

oo o oo oo ﬁ Ck . o
S5 - B(EH)5
= Bk o= (kz)™
- ()
k=0 n=0
_ Oo@ z\k 1
- kz:;) !( ) (1 —ce?)B

s This proves .

By definition, the canonical Charlier moments are given by

Hn = Z Ekn
k=0
Therefore, we have:
[e's) T e’} 0o ak . o
_ s (s <kz>">

4.4. q-Orthogonal polynomials

These polynomials have the following g-hypergeometric representations (see e.g. [26]):
(a) The Big ¢g-Jacobi polynomials

g " abg"
(50,0, ¢5q) = 362 4q
aq, cq

14



(b) The g-Hahn polynomials

. " aBg" g
Qnla "0, 8,Niq) = 3¢2 aq
ag,q N
(c) The Big g-Laguerre polynomials
qg "0,z 1 q ", aqx
Py(z,a,b;q) = 362 :q| = Wﬂbl
aq, bq q ) q n aq
(d) The Little g-Jacobi polynomials
qfn, abqn+1
pn(@;a,blq) = 201 4 qx
aq
(e€) The g-Meixner polynomials
Y " s
My (q~";b,¢;q) = 2¢1 a—
c
bg
(f) The Quantum ¢-Krawtchouk polynomials
o a"a” N
K™ (g% p,N;q) = 261 apg"*!
-N
q
(h) The ¢-Krawtchouk polynomials
_ " gt
Kn(a™%5p,Niq) = 362 :q|, n=012,...
g N,0
(g) The Affine ¢-Krawtchouk polynomials
_ qa"0,q7"
KnAH(q Iap7N7Q) = 3¢2 q;9 TLZO,].,Q,...
pa,q N
(i) The Little g-Laguerre polynomials
q~",0 1 g "t
pn(z,alq) = 261 ¢ qx (@ Tg:q) 200
aq q ;4 0
(j) The g-Laguerre polynomials
+1. -n
Lgla) (l’) _ (qa ) q)’ﬂ 161 q q; _qn+o¢+1aj
(@ 0)n o+
(k) The Alternative ¢g-Charlier (also called g-Bessel) polynomials
q " —ag™"
Kn(zia;9) = 201 ¢ qx

15
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(1) The g-Charlier polynomials

g an
Cnlqg "5a;q) = 201 ¢ —
0 a
(m) The Al Salam-Carlitz I polynomials
n q_n7 x_l X
U (wq) = (-a)"q(3)y0 0
0 a
(n) The Al Salam-Carlitz IT polynomials
_(r " n
VO (2:q) = (—a)"q 3)ago i
0 a
(o) The Stieltjes-Wigert polynomials
1 "
Sn(z:q) = ———161 ¢—q"
(¢ Dn 0
(p) The Discrete g-Hermite I polynomials
B o [ 57
hn(3q) = ¢'2) 201 . ‘q;—qx
(q) The Discrete g-Hermite II polynomials
- (™ q " n
ho(3q) = "~ ) 5 ‘q; —q

These polynomials fulfill the following inversion formulas (see [4], [16], [31], [35], [3} Table 19])

Theorem 38. The Big g-Jacobi, the gq-Hahn, the Big q-Laguerre, the q-Meizner, the Quantum gq-
Krawtchouk, the q-Krawtchouk, the Affine q-Krawtchouk, the q-Charlier, the Al Salam-Carlitz II and

16
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the Discrete q-Hermite II polynomials fulfil the following inversion formulas, respectively

Qe =
(= )x o (@bg™15q),0 (abg®™ 2 q)

—X

("% =

{ n } : (-1)¢(%) (agq, ¢V q)n

o (@B Q) (B2 @) n—m

n
(T3q)n =
m

} ¢(%) (ag, bg; @) P (23 0, b; ),

—x m n q(rg) —N n rrqtm
(@ % = (=1) . St (@ Dn(p) KL (a5 p, Ng),
q
i = 3] S v
T m e (=pa™; Q) (=@ Q) Y
n m
(@), = (—1)"’{ }q(Z)(pq,q_N;Q)nKﬁg(q_m;p,N;q),
m=0 m dq
—xT = n—m.n n m<7n+1) —n(m
(@ = (-)" "a [ }q (D) (g a5.9),
m=0 m dq
n n n
(l';q)n _ Z(_l)n|: :|a"_mqm(m_n)-i_(?)vn(f)(x}Q)7
m=0 m dq

(@ q)n = Zn:O m[ N Lqm(m W) (21 q).

Theorem 39. The following representations for the canonical moments are valid:

The Big gq-Jacobi polynomials

fin = aq(abq2 aflc, ) oo n |: :| qfner(m;l) (aq, cq; @)m
n — .
(aq,bq,cq,abc 1q @)oo 2 m g (abg?; q)m

m=0
The g-Hahn polynomials
= aﬁq q i m{ :|qmn+(m;r1) (aq,aN:q)m
" (Bga)n(ag)N = m g (@Be% @)m

The Big q-Laguerre polynomials

(g,a71b,ab™ 1 q; @)oo i m{ n ] )
n = aq -1 q 2 J(aq,bq; q)m
g (ag,bg; q)oo mz::()( ) m Jq ( )

The q-Meixner polynomials

o (70;(1)00 - n —nm+("y) .m .
= g 25 |y o

m=0

17

(l)m{ ! } ( 8 (as.cq: ), Pr(2350,b, ¢ ),

Qm(qg "0, 8,N|q),

>
m=0
>
m=0
>
m=0
(€% n = Z(—l)"’”qm“?m”(m“)C"{ ! } (bg; @)nMm(q~";b,¢;q),
m=0 m dq
n
>
m=0
n
>
m=0
n
>

(52)

(53)
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The Quantum g-Krawtchouk polynomials

p ( N+1 n +(m+1) (qiN' q)m
Hn, = 77 q_nm : (57)
" (4 G9N ZO { m L (pg)
The g-Krawtchouk polynomials
(—pg; @) (=pg" i q)n
M = , n=20,1,2 ,IN. 58
V(") (p ) N ©8)
The Affine q-Krawtchouk polynomials
— G m n —nm4+ (™! —
pn = (pg)™N D (-1) [ } ¢ ) (pg, ¢V @) (59)
m=0 m lq
The g-Charlier polynomials
_ a " _(n
tn = (—a;q) oo <*a Le; q)n (q) q (3) (compare [10, P. 50]). (60)
The Al-Salam-Carlitz II polynomials
1 - n m _m(m—n)
o = @ dm a™q (see [9, Eq.(10.10), P.197]). (61)
11790 =0 m lq
The Discrete q-Hermite II polynomials
(@, -0~ 0w ~ [ } m(m—n)
(¢*,—4* —4% ¢) 0 ¢

Proof. We prove the result for the Big g-Jacobi polynomials, the other results are proved similarly. The
Big g-Jacobi polynomials P, (z; a,b, ¢; ¢) fulfil the following orthogonality relation [26] P. 438]

“ (ailxa Cilx; Q)oo
/Cq (LL', bC_lz'E; q)oo Pm(x7 a’a b7 C; Q)Pn(xa aa ba C; q)dql‘
1

(abg?,a e, ac™'q; ) oo
(aq, bq, cq, abc=1q; )c>o
1—abg (q,bq,abc™"q;q)n

=aq(l—q)

_ 2\n (;)5 .
1 —abg®>+! (aq, abg, ¢¢; q)n ~(—eoq)"q b
By taking m = n = 0 in the orthogonality relation it follows that

(abg?,a " cac™'q; q)oo

(ag,bq, cq,abc™1q; q)oo

po = aq(1l — q)
From the inversion formula 7 we get the zeroth inversion coefficient

(aq,cq; q)n
(abg?; q)n

Hence, the Big ¢g-Jacobi generalized moments with respect to (z;¢), have the representation

Io(n) =

ba?. a1 —1. .
,Un(( . )k) — aq(l _ )(CL q-,a “¢c,ac g q)oo (aqaCQaq)n

B (ag,bq, cq, abc=1q; q)oo (abg?;q)n

Finally, using the connection formula (see [1], [4], [31])

= i(—l)m[ ZL Lq’""+(m2+1)(x?Q)m

m=0

and Corollary we obtain . O

18



Theorem 40 (see [3, @, [I6] ). The Little g-Jacobi, the Little q-Legendre, the Little g-Laguerre, the
q-Laguerre, the Alternative q-Charlier/q-Bessel and the Stieltjes-Wigert polynomials fulfil the following

155 inversion formulas, respectively

—~ [ 7 (—1)™¢(2) (ag; )
" = Pm (25 a,blq),
mz::O [ m L(aqu“;q)m(aqu”;q)n_m )
. n (_l)m- n (—1)mq(2)(q;q)n p (x‘q)
= L m 1 @ Q) (@2 ),
o= Y (-m () (ag; ¢)npum (; alg),
m=0 L. m lq
o Z (_1)m n q(mfn>(2a;rzm+n+1)_7n(m+o¢)(q;q)m<qm+a+1;q)ningg) (x;q),
m=0 L-m lq
R gl
o= ym(z;alq),
mz_o{ m L(—aqm;q)m(—aq2m+1;Q)n_m (;alq)
n n m n (m—n)(3m+4n+1) _m?
o= > (1) q 2 (¢ @)mSm (x5 q).
q

Theorem 41. The following representations for the canonical moments are valid.

(a) The Little g-Jacobi polynomials

(abg"*% @)oo (abg®;q)ee (ag;q)n

= = . 63
(ag"t!:q)oo (aq; @)oo (abg?; q)n (63)
(b) The Little ¢-Laguerre polynomials
_ (a0 ith [3, P. 91 64
i, = T compare with [3, P. 91]. (64)
(c) The g-Laguerre polynomials
(Q7 _an+17 _C_lq_a; q)oo —(")—n(a o
i’ = @, —¢,—c g Q) © (B)—nlatd (goti gy, (65)
for the discrete orthogonality, and
c 4% @)oo —(?)—n(a ey
i) = a1y (B et g, (66)
for the continuous orthogonality.
(d) The g-Bessel polynomials
(—ag;q)
= (Cagiq)n (67)
160 (e) The Stieltjes-Wigert polynomials
(1
in =~ q(g;q)ocq (%) (68)

Note that these moments appeared in [3, P. 91] and [10, P. 223].

Proof. Since the polynomials involved in this theorem are represented in the power basis, their canonical
moments are easy to compute, by just taking the zeroth inversion coeflicients in the inversion formulas,

multiplied by o which comes from the orthogonality relations. O
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Theorem 42 (see [31]). The Al Salam-Carlitz I and the Discrete q-Hermite I fulfil the following inversion

formulas, respectively

(zel)y = En:a”_m[ ! } US (3.q), (69)
m=0 m dq

(ol = i(—l)”m[ " ] o (39)-
m=0 m lq

Theorem 43. The canonical moments of the Al Salam-Carlitz I and the Discrete q-Hermite I polynomials

have the following representations, respectively

" [n .
fn = (1—q)(q,a,a1q;Q)ooZ{ _ ] a’, (70)
i=0 - U g
1+(-1)" T
pn = (1—q)(g,—1,—¢;9) o (2 ) (q;q2)n/2, compare with [3, P. 91]. (71)
Proof. Since the Discrete g-Hermite I are the Al Salam-Carlitz I polynomials for a = —1, it is sufficient

to prove the result for the Al Salam-Carlitz I case.

The Al-Salam-Carlitz I polynomials Ur(la)(x; q) fulfil the following orthogonality relation [26, P. 534]
1
/(ql’,aflqw;q)mUﬁf)(x;q)Uﬁa)(w;q)dqx
= (~a)"(1 ~ 0)(¢: @) (@, 0,074 )ocq b, a < 0.

With m = n =0, it follows that
po = (1—q)(q,0,0""¢; ¢)co-

From the inversion formulas for 0,,(z) = (z © 1), we have the zeroth inversion coefficient
Iy(n) =a".
Hence, the Al Salam-Carlitz I generalized moments with respect to the g-power basis are

pn((z©1)5) = (1 - 9)(¢,a,a" g3 q)oca™,

takng into account Eq. . Finally, using the connection formula and Corollary follows. [

Remark 44. From the q-hypergeometric representation of the Al-Salam Carlitz I polynomials given in
item (1) page 16 we realized using the relation 2™ (x~';q), = (x © 1)}, that the basis (x © 1)} is the
appropriate and natural basis to be used. This remark can be emphasized by the fact that the inversion

formula given above is in term of this basis.
4.5. Orthogonal polynomials on quadratic lattices

Note that by W,,(22%;a,b,c,d), Sy (z?;a,b,¢), pm(x;a,b,c, d), Pé{\)(x;d)), we denote, respectively, the

Wilson, the Continuous Dual Hahn, the Continuous Hahn, and the Meixner-Pollaczek polynomials. Their

20



hypergeometric representation (see [20]) are:

W”(xQ;a’b’C)d) F. —n,n+a+b+c+d—1,a+ix,a —ix
= 4F3
(a4 b)n(a+c)aladn a+ba+tcatd
Sn(x%a,b,c) Cmaiza iz
Sn@habe g 1
(a+b)n(a+c)n a+b’a+c
d —n,n+a+b+c+d—1,a+iz
pa(wabed) = @D
: at+ca+d
A (2>\)n i _n,/\_|_z-x y
FY(w9) = me™ah 1—e 2% |
" 2A

where

Mz)=z(z+v+0+1).
These polynomials fulfil the following inversion formulas (for details see [31]).

Theorem 45 (see [31]). The following inversion formulas are valid

- Y (a+b+m)p_m(a+c+m)p—m(a+d+m)p_m 9
971 = Wm 5 7b7 ;dv
@ mz_:o< ) (a+b+c+d+m—1)y(a+b+c+d+2m)p_m (2%a,b,¢,d)
On(z) = Z () + b4+ M) p_m(a+c+m)p_mSm(z?; a,b,c),
m=0
where

0.(x) = (a —ix)n(a +iz),,

(a+ix), = Z(”)( (=)"mi(a+ et mnm(a+d+mnm

m=0

g —1)™ml(2A nem
i = 3 () g P50

a+b+c+d—1+m)pla+b+c+d+2m),—

Pm(x;a,b,c,d),

m

185  Theorem 46. The following representations for the canonical moments are valid for:

(a) the Wilson polynomials

n k
brla+c)pla+d)r (—2a—2k+21) on
k—1
“Okz_;og k'l' a+b—|—c+d) (20— 2kt D, @R
with
Fa+bd'(a+ )b+ )b+ d)I'(c+d)
po = 2w :
T(a+b+c+d)
(b) the Continuous Dual Hahn polynomials
B a—2k+2l)(a+c)k(a+d)k on
fin = “OZZ k'l' (—2a — 2k + g1 (a+k—1)

k=0 1=0
with
o =T(a+b)T(a+c)T(b+c);

(c) the Continuous Hahn polynomials

tE a+c)la+d n
DR ! <) a—f—b)j-(c—l-d)):((aJrl)l)’

k=0 [=0

21
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(73)

(75)



with
I'(a+c)l'(a+d)T(b+c)l'(b+d)

Mo =

Lla+b+c+d) ’
(d) the Meixner-Pollaczek polynomials
L2020 e (D) R\ @0k ((a + D)
b = Game 22 R \1) (1 e (77)

Proof. The Wilson polynomials fulfil the orthogonality relation [26, P. 186]

2
Wo(2?;a,b, ¢, d)W, (2% a,b, ¢, d)dx

| T(a+ )T + ix)T'(c + iz)T'(d + ix)
/0 ‘ I'(2ix)
_2rf(n+a+b)l'(n+a+c)l'(n+b+c)l'(n+ b+ d)T'(n + c+ d)n!
B T2n+a+b+c+d)(n+a+b+c+d—1);"

mn:-

With m = n = 0, it follows that

Fa+bd'(a+ )b+ )b+ d)I'(c+d)

—2
po = =1 T(a+b+c+td)

From the inversion formula , it follows that the zeroth inversion coeflicient is

(a+b)pla+c)p(a+ d)n'

To(n) = (a+tbtc+d),

Application of Theorem [28| gives the following Wilson generalized moments

T(a+b)T(a+ )b+ c)T'(b+ d)T(c+d) (a+ b)n(a+ c)nla+d)y

=2
Mn(9n<a7x)) ™ F(a—f—b—l—c—l—d) (a+b+c+d)n b

wo where 6, (a,z) is defined as in Theorem Combining these generalized moments with the connection

formula 7 and using Corollary we obtain . The other moments are obtained similarly. O

4.6. Orthogonal polynomials on q-quadratic lattices

These polynomials have the following ¢-hypergeometric representations (see [26]):

(a) The Askey-Wilson polynomials

a"pn(x;a,b,c,dlg) q ", abedg™ ", ae', ae~" ) B
(ab. ac.ad.q) =403 ¢q|, = =cosb.
an, ac, ad; g)n ab, ac, ad
(b) The Continuous Dual ¢g-Hahn polynomials
n “ab q ", aem’ ae~ "0
a pnéxaa.v ?C|q) :3(7252 q,q , l':COSQ.
(ab, ac; q)n ab, ac
(c) The Continuous ¢-Hahn polynomials
ae'®)"p,(z;a,b,c,d g ", abedg™ !, ae’ 029 e~
( (alfeﬁ;‘(a; T ) 9 _ 193 _ ¢ q |, x=cos(0+e)
» A€, A5 q)n abeQ“j’,ac, ad
d) The Al-Salam-Chihara polynomials
y
- 0 ,—if
ab,q q naaez , A€
Qn(z;a,0lq) = (ain)”srbz ¢,q |, x=cosb.
ab, 0

22
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(e€) The g-Meixner-Pollaczek polynomials

2.
Pu(;alg) = a et i Dn o, G|, = cos(®+ ).
(4 9)n 42,0

(f) The continuous g-Jacobi polynomials

1 j 1 1 .
(qa-&-l; Q)n q ", qn+0c+,6’+17 q§a+16107 q§a+ze_19
493 g;q |, x=cosé.

PP (alq) =
(& Dn qa+1’7q%(a+6+1)77q%(a+5+2)

(g) The continuous big g-Hermite polynomials

. q—n’ aei97 ae—i@
Hy(z;a,]q) = a™ "3¢2 4,9, x=cosb.
0,0

(h) The continuous ¢-Laguerre polynomials

qfn, q%aJr%eiO’ q%a+%67i9
: 302 4,9 ], x=-cosf.
(QaQ)n q(x+1 0

a+1

(5 )n

P (alg) =

(i) The continuous ¢-Hermite polynomials

, q "0 .
H,(z|q) = ™00 ¢.q"e % |,z =cosb.

Note that these polynomials fulfill the following inversion formulas.

Theorem 47 (see [31]). The Askey-Wilson, Continuous Dual q-Hahn, the Al-Salam-Chihara and the

Continuous big q-Hermite polynomials fulfil the following inversion formulas, respectively

n (’;) _\m m m m.
Bule)= Y| " | e e, (g1ac,) scelf B (T 7 ) (75)

g (abedg™ =1 q)m (abedg®™; q)n—m

Bu(z)=) (-a)™ ! q(3) (abg™, acq™; q)n—mpm ;. b, clq),
m=0 L. m lq
n Tn 1 /(m
Bu(x)= " (~a)™ (%) (abg™; @) mQum (730, bg),
m=0 L. m lq
Bu@)=>"(=a)"| " | ¢*) H,(w5alg),
m=0 L m dq

B.(z) = (ae” ae™";q),, x = cosé.

Remark 48. [t should be noted that from the inversion formula for the Askey-Wilson polynomials (78)),
the remaining inversion coefficients for the polynomials of the Askey scheme may be obtained by appro-

priate limit transitions.
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Theorem 49. The following representations are valid for the canonical moments of:

(a) the Askey-Wilson polynomials

B 27 (abed; q) oo - zk: (ab, ac, ad; q)x qkq’j2a72j(aqj +a gk (79)
Hn = (g; ab, ac, ad, be, bd, cd; q) 0o —~ = (abed; q)k (q,¢" T2 a2;q)k—;(q, g %9a=2;q);
(b) the Continuous Dual g-Hahn polynomials
"¢ a"% (ag’ + a~1g )"
n=-——"""—— . ab, ac; q)g. 80
Hr = (qoabac, bc Qoo kzojzo (¢, 4" %7 a?; )kfj(q7q‘1‘23a‘2;Q)j( ) e

(c) the Al-Salam-Chihara polynomials

¢"q 7" a"¥ (ag! +a g )
ZZ (¢, +%a2; 5 s (b Dk (81)

== Dr—i(8:97 ¥ a"?q);

fin = q7ab ?)oo

(d) the Continuous Big q-Hermite polynomials
- o A C e
oo L=t = (g, q1+23a2 D¢, 07 "Ya % q);

Proof. From the Askey-Wilson orthogonality relation (see e.g [26]), with m = n = 0, it follows that

27 (abed; @) oo
(g; ab, ac, ad, be, bd, cd; q) 0o

Ho =

From the inversion formula (78]), we get the zeroth inversion coefficient

To(n) = (ab, ac, ad; q)»

(abed; q)r,
Hence, using Eq. , the generalized Askey-Wilson moments with respect to B, (z) = (ae?, ae=%; q),
have the representation

27 (abed; q) oo (ab, ac, ad; q)n,
(¢; ab, ac, ad, be, bd, cd; q)oe  (abed; )

Finally, using and Corollary we obtain . The other canonical moments are computed using

fin (Bn (1)) =

(83)

similar arguments as in the proof of Theorem [46] O

205 Note that formula appeared in [12].

Remark 50. Note also that by appropriate limit transitions, one may obtain the canonical moments of

the remaining polynomials from the moments of the Askey-Wilson polynomials (79)). For example, the

moments of the Continuous Dual g-Hahn polynomials given in is obtaining by taking d = 0 in the
a0 Askey- Wilson moments given by.

Theorem 51. The Continuous q-Hahn and the q-Meizner-Pollaczek polynomials fulfil the following in-

version formulas, respectively

"7 ] (—ae®)mq(3) (abg™ei, acq™, adg™; q)nm
n = Pm 5 abv 7d ’ 31
Bn(z) — [m} (abedq™; q)m (abedq®™; q)n—m (z:0,b,c,d|q),  seel]
m=0 q
n n m
Bue) = 2o | " | D G0 o Pulaiala), seel
m=0 m dq
where

Bn(z) = (ae™ 29 ae™:q),, x=cos(d + ).
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Theorem 52. The Continuous q-Hahn and the q-Meizner canonical moments have the following repre-

sentations, respectively.

ZZ (abe®®,ac,ad;q)x " g9 a=2 e (ac"i0qi + a~le'Pq )k (84)
= Ho — —
i P (abed; )k (q,q T2 a%e=21%;q),—j(q, ¢~ "2 a=2e%%;q);’
where
_ 4m(abed; @)oo
Ho = (g, abe?'® ac, ad, be, bd, cde=21; q)
and
n k i2 s o . . . .
—7° =275 ,2i¢ —i¢ . J —1_i¢p ,—7\k
= S e g e g, o )
(0%, 4:9)0 £ 5 (0, 4" 20 a2e 219, q)1 (g, ¢~ =029 q);

Proof. The proof this theorem is similar to the one of Theorem [49] O

Theorem 53. The Continuous q-Jacobi and the Continuous q-Laguerre polynomials fulfil the following

inversion formulas, respectively, see [31)].

= )™ (@ @)nd ) (@ @) (—qF OTBD, _galetBtD g
2l (TP, )y (BT 578, g Pl

n—m

} ¢ (@ (@ ) P (2]),
q

Bn(x) = (q%aJr%e q2oz+4e iG; Q)n7 T — cosf.

Theorem 54. The Continuous q-Jacobi and the Continuous q-Laguerre canonical moments have the

following representations.

o F T ORI (SR g ISR (gt g (D, g (aB42) g

fn = po — - , (86)
kZ:ngo (@, q%+ 31 q)i—j(q,q ¥~ 2;q); (q* 0% q)
where
M Gt qP T, — gD @t g)
and i
2 e gRg g DI ETE 4 g ISR (gL g
fin = > v —— : (87)
(@,4°" 5 9)oo =4 (4,442 q)n—s(q, a7 %3 q);
Proof. The proof this theorem is similar to the one of Theorem [49] O
Theorem 55. The Continuous q-Hermite polynomials have the following representation:
(=" ¢ 2n (=B (n—k=1)
poni1 =0, fign = (. ) Z(—D’“( )(1 Fq R TR n=0,1,2,. . (88)
(@ Doe = k
In order to prove this theorem, we need the following lemma.
Lemma 56 (See Lemma 13.1.4 in [I8]). The following relation is valid
" oijoy 20 —2i0 m(-1)/ J(G-1)/2
0, e7; g)oodd = ———(1+¢')q (89)
0 (43 @)oo
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Proof of the theorem. Note that u, = 0 when n is odd. We start by writing

cos" = 2% Z (Z) eH(n—2k)

k=0

Next, we use the the relation to get:

Uon = / (COS 9)2n(€2i0,6_2i9;q)00d6‘
0

2n

1 2 T . )
_ 2% Z ( ]:’) / e2z(n7k) (62107 67219; q)oode
0

k=0

_ m(=1)" . _1\E 2n n—ky, =Rkl
= Tra 20 () .

™
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