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Abstract

Using the g-version of Zeilberger’s algorithm, we provide a procedure to find mixed recurrence
equations satisfied by classical g-orthogonal polynomials with shifted parameters. These equations
are used to investigate interlacing properties of zeros of sequences of g-orthogonal polynomials.
In the cases where zeros do not interlace, we give some numerical examples to illustrate this.
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1. Introduction

Let 0 < g < 1. The classical g-orthogonal polynomials were introduced by Hahn [8] and
can be written in terms of basic hypergeometric series, as introduced by Heine [9] in 1847. These
polynomials are associated especially to quantum groups (cf. [16, 18, 19]), as introduced in [4, 26].
We list the systems of monic g-orthogonal polynomials considered in this paper (cf. [15]).

1. Askey-Wilson polynomials
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2. g-Racah polynomials
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Big g-Jacobi polynomials
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withO<ag<1,0<Bg<landy <0, x € (yq,aq);
g-Hahn polynomials
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Little g-Jacobi polynomials
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g-Krawtchouk polynomials
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g-Laguerre polynomials
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Alternative g-Charlier or g-Bessel polynomials
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Al-Salam-Carlitz I polynomials

g, x! ' gx

09 (x; q) = (_a)nq('zl) 2 ( 0 q; —), a<0, x€(al);
@



11. Al-Salam-Carlitz II polynomials

‘q;q—),0<aq< 1, x € (1, 00).
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In the above definitions, the basic hypergeometric series ,¢, is given by

ai,...,qr = (al,...,a,;q)k & (A) I+s—r Zk
r¢s( q;z) =) ——((=Dg~ ;
by,....b, — (bl,.--,bs;q)k( ) (45 Dk
where the g-Pochhammer symbol (ay, a, . . ., ai; q), is defined by

k=1
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1 if k=0.
If {p.}", is a sequence of orthogonal polynomials, the zeros of p, are real and simple and it is
well known that the zeros of p, and p,_; interlace, i.e., if x,,; < x,2 < ... < x,,, denote the zeros
of p,, then
Xn1 < Xn—-1,1 < Xn2 << Xnn—1 < Xn—1,n-1 < Xnn-

If polynomials p, and g, are of the same degree, the zeros are said to interlace if either
Xn,1 < Yn,1 < Xn2 < Yn2 - < Xn,n < Ynn

or
Yn,1 < Xn,1 < Yn2 < Xn2 " < Yun < Xn,ns

where {y,«};_, denote the zeros of g,.

The separation of the zeros of different sequences of Hahn polynomials of the same or adja-
cent degree was first studied by Levit [20] in 1967, and similar interlacing results followed for
Jacobi polynomials [1, 5], Krawtchouk polynomials [3, 11] and Meixner and Meixner-Pollaczek
polynomials [11]. The different sequences were obtained by integer shifts of the parameters and
in order to prove these results, recurrence equations, following from the contiguous relations for
hypergeometric polynomials [22, p. 71], were used. In the case of Gauss’ hypergeometric function
(cf. [24, Equation 4.21.3]), a useful algorithm in this regard is available as a computer package
[25].

Interlacing results for the zeros of different sequences of g-orthogonal sequences with shifted
parameters are given for g-Laguerre polynomials in [12, 21], for Al-Salam-Chihara, g-Meixner-
Pollaczek and g-ultraspherical polynomials in [12] and for ,¢; hypergeometric polynomials, as-
sociated with the little g-Jacobi polynomials, in [7]. The recurrence equations necessary to prove
these results were obtained respectively from relationships between polynomials orthogonal to a
positive measure d'¥'(x) and those orthogonal to xd¥(x) (cf. [14]), from the generating functions
of the appropriate polynomials and from the contiguous function relations satisfied by the basic
hypergeometric function (cf. [9]). In order to determine the specific order of the interlacing zeros,
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Markov’s monotonicity theorem (or a consequence of it), is used (cf. [24, Theorems 6.12.1,6.12.2]
or [10, Theorem 7.1.1]).

In this paper, we use mixed recurrence equations, satisfied by different sequences of the appro-
priate g-orthogonal polynomial systems, to study interlacing properties of the zeros of sequences
of orthogonal systems on the g-linear lattice and the g-quadratic lattice, mentioned above, as well
as of the zeros of g-orthogonal systems obtained by limit relations of these polynomials, namely
the big g-Laguerre, quantum g-Krawtchouk, affine g-Krawtchouk, little g-Laguerre (or Wall), g-
Charlier, continuous dual g-Hahn, Al-Salam Chihara, continuous big g-Hermite, continuous g-
Hahn polynomials and the dual g-Hahn polynomials. The necessary equations are obtained using
an algorithmic approach, whereas one may also use contiguous function relations for the basic
hypergeometric series (see e.g. [7, 9, 23]) to get some of these recurrence equations. We use an
adaption of the g-version of Zeilberger’s algorithm which is an extension of Gosper’s algorithm.
Gosper’s algorithm deals with the question how to find an anti-difference s; for given g, i.e.,

a sequence s; for which a; = As;y = s;1 — S, in a particular case that s; is a hypergeometric

. Sk+1
term, 1.€.,

€ Q(k). Given F(n, k), Zeilberger’s algorithm provides a recurrence equation for
Sk

[

Z F(n, k), where F(n, k) is a hypergeometric term with respect to both n and k. We set

k=—o00

Sn

J

a, = F(n, k) + Z oj(n)F(n + j, k) with undetermined variables o ;j(n) and apply Gosper’s algo-
=1

rithm to a;. If successful, Gosper’s algorithm finds G(n, k) with G(n,k + 1) — G(n, k) = a; and at

the same time o ;(n), j € {1,2,...,J}. By summation, we have

7
S, + Z o j(n)spj = 0.
j=1

We refer the reader to [17] and references there-in for more details about the algorithms of Gosper

and Zeilberger and their g-analogues.
J

In our case, if we set, for example, a; = F(n,k,a) + Z oimF(n+ jk ,a+ 1), we obtain a
=1
recurrence equation of the form

o0

J
51(@) + ) Ty sl@ + 1) =0, s,(@) = D Fln k).

j:l k=—00

The g-analogues of Gosper’s and Zeilberger’s algorithms are implemented in the Maple gsum
package [17] which can be downloaded at http://www.mathematik.uni-kassel.de/~koepf/
Publikationen. By applying an adaption of the qsumdiffeq [17, p. 210] procedure of the
gsum package, we wrote codes to derive recurrence equations of type (5) for the g-orthogonal
polynomial systems considered in the sequel.

In section 2, the preliminary results that are used to prove our interlacing results, are listed.
These results are generalizations of [2, Theorem 3], but we prove them here for polynomial sys-
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tems with interlacing zeros and not necessarily polynomial systems that belong to the same or-
thogonal sequence. In each case, our results illustrate the monotonicity of the zeros, that can be
obtained by the theorem of Markov [24, Theorem 6.12.2].

2. Preliminary results

Lemma 1 (cf. [2, 7, 12]). Let (c,d) be a finite or infinite interval and p, and q, polynomials (not
necessarily orthogonal) of degree n, with zeros ¢ < X1 < Xpp < +++ < Xyp < dand c < y,; <
Yuo <+ < Yun < d, respectively, satisfying the interlacing property

Xl < Vn-1,1 < X2 < VY12 < < Xpp-1 < Yn-1-1 < Xpp- 4)

Let a and b be continuous functions on (c, d) and assume that f, is a polynomial of degree n, with
2eros ¢ < 2,1 < Zpp < - ++ < Zny < d, satisfying the equation

Jn(X) = a(x)pp(x) + b(x)qn-1(x). &)
Then,

(a) if b has constant sign on (c, d), the zeros of f, and p, interlace;
(b) if a has constant sign on (c, d), f, has an odd number of zeros between any two zeros of q,-,.

Proof. Assume that f,, has degree n with zeros z,,; < z,2 <+ < Zun-

(a) We evaluate (5) at x,,; and x, 441, K € {1,2,...,n — 1}, two consecutive zeros of p,(x). Then

fn (-xn,k)fn (-xn,k+ 1 ) = b(xn,k)b(xn,k+ 1 )q;1—l (xn,k)Qn—l (xn,k+l )

By (4) the zeros of p, and g,-; interlace, therefore ¢,_; will differ in sign at x,; and x4+,
ke {l,2,...,n— 1}, which implies q,—1(x,4)gn-1(Xs1+1) < 0. Since b(x) has constant sign on
(c,d), we have b(x, 1 )b(x,r+1) > 0 and therefore f,(x, 1) fu(Xu4+1) < 0. f, must therefore have
an odd number of zeros in each interval with endpoints x,; and x,, 4.1, k € {1,2,...,n—1}, and
the interlacing result follows.

(b) We evaluate (5) at y,—14 and y,—jx+1, kK € {1,2,...,n — 2}, two consecutive zeros of g,_;(x).
Then

fn(Yn—l,k)ﬁl(yn—l,k+l) = a(yn—l,k)a()}n—l,lﬁl)pn(yn—l,k)pn(yn—l,k+l)-

From (4) we know that the zeros of p, and ¢,_; interlace, therefore p, will differ in sign at
Yotk and y,_1 441, kK € {1,2,...,n =2}, and p,(Vu-1£)PnVn-14+1) < 0. Since a(x) has constant
sign on (c,d), we have a(y,-1x)a(yu-14+1) > 0 and therefore f,(y,—14)fuVn-14+1) < 0, which
implies that f, must have an odd number of zeros in each interval with endpoints y,_;; and
Vo-1k+1, K €{1,2,...,n=2}.

]

If a polynomial p,, is monic, then lim,_,., p,(x) = +oo. In the following result, which follows
from Lemma 1, we assume that polynomials p, and g, are monic.
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Corollary 2 (cf. [2, 7, 12, 13]). Let (c,d) be a finite or infinite interval and assume that p, and
qn are monic polynomials (not necessarily orthogonal) of degree n, with zeros ¢ < x,; < Xp» <

c < Xyp < dand ¢ < Yp1 < Ypo < -+ < Yuu < d, respectively, satisfying the interlacing
property (4). Assume that a and b are continuous and have constant sign on (c,d) and that f, is a
polynomial of degree n with zeros ¢ < z,1 < Zna < *++ < Znn < d, satisfying (5). Then, for each
ke{l,2,...,n—1},

(a) if a(x) and b(x) have the same sign on (¢, d), Zux < Xpk < Yn-1k < Znk+1 < Xnj+1s
(b) if a(x) and b(x) differ in sign on (¢, d), Xp1 < Zuk < Yn-1k < Xnk+1 < Znj+1-

Proof. Assume that f,, has degree n and both a and b have constant sign on (¢, d). Then both results
of Lemma 1 are true. From Lemma 1(a), the zeros of f, and p, interlace and either z,; < x,x or
Xnp < Zyy foreach k € {1,2,...,n}.

Evaluating (5) at y,,—1,-; and x,,,, we obtain

ﬂ(xn,n)fn()/n—l,n—l) = a(yn—l,n— 1 )b(xn,n)pn (yn—l,n—l )qn—l (xnn) (6)

Since, by assumption, p, and g,-; are monic polynomials with interlacing zeros, p,(V,-1,-1) < 0
and Qn—l(xn,n) > 0.

(a) Assume a and b have the same sign on (c,d). Then a(y,-,-1)b(x,,) > 0 and, since

PnVn-1n-1)Gn-1(xnn) < 0, we deduce from (6) that f,(x,,)fn(Vn-1,-1) < 0. This implies f,
has an odd number of zeros in the interval (y,—1 -1, Xu)-
Suppose z,x < Xux,k € {1,2,...,n}. From (4) we deduce that z,; < x,; < y,-1,; and thus one
zero of f, lies to the left of y,_; ;. From Lemma 1(b), we know there is an odd number of zeros
of f, in each of the n — 2 intervals (V,—14, Vn-14+1),k € {1,2,...,n —2}. If each of the n — 2
intervals between the first and the last zero of g,_; has exactly one zero of f,, we have n — 1
zeros accounted for. There is only one zero remaining (since f, has n zeros), and we deduce
that only one zero of f, lies in (y,-1 -1, Xn.n), Which leads to the configuration

n,1 < xn,] < yn—],l < in2 <--- < xn,n—l < yn—l,n—l < Zn,n < xn,n-

Suppose x,x < zZux,k € {1,2,...,n}. From (4), we deduce that y,_,-1 < X, < Zn,. This
contradicts the fact that f, must have an odd number of zeros in the interval (y,,—1,-1, Xn)-

(b) Assume a and b have different signs on (c, d). Then a(y,-1 ,-1)b(x,,) < 0 and we deduce from
(6) that f,,(x,..) fn(Vn-1..—1) > O, thus f, has either O or an even number of zeros in the interval
Vn-t-1> Xnn)-

Suppose x,x < zux.k € {1,2,...,n}. From (4) we deduce that y,_;,-; < X,, < z,, and the
only option, counting the zeros, is that

Xn,1 < n,1 < Yn-1,1 < Xn2 <. < Znn-1 < Yn-1,n-1 < Xn.n < Znn.

Suppose z,x < Xux,k € {1,2,...,n}. From (4) we deduce that z,; < x,; < y,-1,; and thus
one zero of f, lies to the left of y,_; ;. From Lemma 1(b), we know there is an odd number
of zeros of f, in each of the n — 2 intervals (V-1 Yn-14+1),k € {1,2,...,n —2}. If each of
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the n — 2 intervals between the first and the last zero of ¢, has exactly one zero of f,, we
have n — 1 zeros accounted for. There is only one zero remaining (since f,, has n zeros). The
one remaining zero therefore must lie to the right of y,_; -1, such that y,_; ,-1 < z,, < Xp»
which contradicts the fact that f, must have either O or an even number of zeros in the interval

(yn—l,n—l > xn,n)-
O]

From Corollary 2 we remark that, once we have a relation of type (5), it is sufficient to know
the sign of a and b to prove our interlacing results.

3. Classical orthogonal polynomials on a g-linear lattice

In this section, we consider interlacing properties of zeros of different sequences of orthogonal
polynomials on a g-linear lattice.

3.1. The big g-Jacobi polynomials

The sequence of big g-Jacobi polynomials {P,(x;a,8,7;q)} is orthogonal for 0 < ag < 1,
0 < Bg < 1 and y < 0 with respect to a continuous weight function, on the interval (yq, ag). As
the parameter o decreases to aq, the interval in which the zeros lie decreases to (yq, ag*) and we
can deduce that the zeros of P,(x; @, 3,y; q) decrease as a decreases to ag. Similarly, as y increases
to yq, the zeros will increase, since the interval in which the zeros lie reduces to (yg?, ag).

The following recurrence equations will be used to prove our results and can be downloaded
from http://www.mathematik.uni-kassel.de/~koepf/Publikationen.

Proposition 3.
aq(@"-DBq"-Dyq" -1 4

Po(xsaq,B,v:q); (7
@B - (apgr—1) AT

aBq M aqg"-1)(yq" - D" - 1)
(afg*" ' = 1) (aB g~ 1)

P,(x;a,B,7:q) = Pu(x;aq,B,7;:q) +

P, (x;,89,7; 9);
(7b)

P.(x;a,B8,7:q) = Pu(x; 2,89, 7 q) —

ag(q" - D(yq" - 1) 5 _ ‘
aﬁq2n+l -1 Pn—l (x’ aq, ﬂq’ s Q) (7C)

P,(x;a,Bq,v;q) = P(x;aq,B8,7;q) +

Theorem 4. Let 0 < ag < 1, 0 < Bg < 1, v < 0 and denote the zeros of P,(x;a,B,v;q) by
Y4 < Xy < Xap < -0 < Xpp < g, the zeros of Pu(x;aq.B.¥:q) by yai < Ya2 < -0 < Yam
the zeros of P,(x; a,Bq9,v:q) by 2,1 < Zyp < -+ < Zn, and the zeros of P,(x; aq,Bq,v;q) by
thg <tyy < -+ <ty Then, foreachie{1,2,...,n—1},

(@) Yni < Xni <Yn-1i < Y+l < Xnjisl »
(b) Xpi < Zni < Zn-1i < Xnjis1 < Znjitl
(C) yn,i < xn,i < Zn,i < tn—l,i < yn,i+1 < xn,i+1 < Zni+l-
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Proof. Let0 <agq<1,0<Bg<1,y<0.Since0 < g < 1,itfollowsthatg"—1 < 0,aq" -1 <0,
Bq"—1<0,a8¢"" —1<0,aBg¢*"'-—1<0andyqg" -1 <0.

(a) Since P,(x;aq,B,v;q) and P,_,(x; aq,B,v;q) belong to the same orthogonal sequence, their
zeros interlace and the interlacing property (4) is satisfied. (7a) is in the form of (5) with
a(x) = 1 and, taking into consideration the restrictions on the parameters, b(x) is a negative
constant and the interlacing follows from Corollary 2 (b).

(b) The polynomials P,(x;a, Bq,7v;q) and P, (x;«, Bq,v; q) belong to the same orthogonal se-
quence and their zeros satisfy (4). (7b) is in the form of (5) with a(x) = 1 and taking into
consideration the restrictions on the parameters, b(x) is a positive constant. The result follows
from Corollary 2 (a).

(c) In (b) we have proved that the zeros of P.(x;a,B,y:q) and P,_(x;a,Bq,7;q) interlace for
all @ such that 0 < ag < 1, from which we can deduce that the zeros of P,(x; aq,B,v;q)
and P,_(x;aq,pBq,v;q) interlace, satisfying (4). Equation (7c) is in the form of (5) with
a(x) = 1 and taking into consideration the restrictions on the parameters, b(x) is a negative
constant. Applying Corollary 2 (b), we obtain y,; < Z,; < ty-1; < Yni+1 < Zni+1 for each
i€{l,2,...,n— 1}. Furthermore, y,; < x,; < z,; foreachi € {1,2,...,n} (from (a) and (b)),
and the required combined interlacing follows.

]

Corollary 5. Foreachic{1,2,...,n— 1},

(a) xn,i < yn—l,i < xn—l,i < xn,i+1 ’
(b) Xpi < Xpo1i < Zn—1,i < Xl

Proof. We obtain the results by combining the interlacing of the zeros of P,(x;a,8,v;q) and
P,_1(x; a,8,7; q) with the results proved in Theorem 4 (a) and (b), respectively. ]

Remark 6. (i) In general, the zeros of P,(x; a,8,7v; q) do not interlace with the zeros of
P.(x; @, B,vq; q) or with the zeros of P,_\(x; a, 8, vq; q). For example, whenn = 4,a = 1,8 =
3,y =-5,q =0.14, the zeros off’,,(x; a,f,v;q) are {—0.6993, —-0.1066,0.0198, 0.1353}, the

zeros 0f13,,(x; a, 3,vq; q) are {—0.0992,0.0000, 0.0071, 0.1407} and the zeros off’n_l (x;a,B,vq9;q)

are {—0.0978,0.0056, 0.1399},

(ii) When B = 0 in the definition of the monic big g-Jacobi polynomials, we obtain the monic
big g-Laguerre polynomials, i.e., P,(x;a,0,v;q) = P,(x;,y;q) [15, Equation 14.5.13].
The interlacing property of the zeros of the big q-Laguerre polynomials, as a decreases to
aq, can thus be obtained from the result obtained for the big g-Jacobi polynomials. Fur-
thermore, we have P,(x; «,B;q) = P,(x; B, &; q) and the interlacing property as 8 increases
to Bq follows directly. The interlacing results of Theorem 4 and Corollary 5 are therefore
valid, where X, i, Y., Zni>this1 € {1,2,...,n} are the zeros of P,(x; a,y; q),f’n(x; aq,v;q),
P.(x;a,vq; q) and P,(x; aq,vq; q), respectively.



3.2. The g-Hahn polynomials
Proposition 7.

cy(qn_1)(3q”_1)(qn_qzv+1)~ | . 8
qN (a,quZn+l — 1) (afﬁqzn _ 1) On-1(x; aq, B, |q)’ (8a)

aBq V(" - ¢")@q" - D@ =D .
e 07 e
(8b)

Qn(X; a”ﬂ» N|Q) = Qn(X; a/q’ﬂ’ N|Q) +

0u(x; @, B,NIg) = Q,(x; @, Bq, Nig) +

~ - a(q" - 1) (q" - N+1)~
0,0 .84, Nig) = 0u(x; 2, B, Nig) + —-T 926\ (x; a4, B4, Nig); (8¢)
q"(epg™' — 1)
(a,ﬁanH _ 1)(aﬁqN+2(a/q”” —1)- a,qN—n+2(qn —1)- (a,q _ 1))
(Cl/q"+1 _ 1) (CK,B(]"H _ 1) (a,lgqn+N+2 _ 1)

LB D (4" ") (q" - D (aq* - x)
qn (aq"” _ 1) (a/ﬁq”” _ 1) (a,Bq"+N+2 _ 1)

Theorem 8. Let0 <fBg<1,0<aqg<1,ne{0,1,...,N}. We denote the zeros of Qn(x; a, 3, N|q)

by 1< Xnl < Xp2 < -0 < Xpp < q_N’ the zeros Of Qn(-xa a’q’ﬁ’ qu) by Yl < Yn2 < < Yun

the zeros of Q,(x;@,Bq,NIq) by 7,1 < Zua < *++ < Zu. and the zeros of Q,(x;aq,Bq,N|q) by
thg <thy <-++ <ty Then, forie{1,2,...,n—-1},

0, (x;,B, Nlg) = 0,(x; aq, B, Nlg)

O,-1(x; aq”, B, NIg). (8d)

@) Xni < Yni < Yn-1i < Xnir1 < Yni+l>
(b) Zni < Xni < Zn-1 < Zni+1 < Xnjisls
(©) Zni < Xni < Yni <yt < Zninl < Xnjis1 < Ynivl-

Proof. Let0 <Bg<1,0<ag<1,ne{0,1,...,N}. Since 0 < g < 1, it follows that " — 1 < 0,
Bq"—1<0,aBg* -1 < 0and afg***' —1 < 0. Furthermore, g" < ¢" for m > n and consequently
N+1 n
g —-q"<0.
The two polynomials on the right-hand side of each of the equations (8a) and (8b) belong to
the same orthogonal sequence, therefore their zeros interlace and satisfy the interlacing property

(4). Each of these equations are thus are in the form of (5) with a(x) = 1. Furthermore,

(a) in (8a), b(x) > 0 on (1,4 ") and the required interlacing follows from Corollary 2 (a);

(b) b(x) in (8b) is a negative constant and the result follows from Corollary 2 (b);

(c) From the interlacing of the zeros of Q,(x; a, 8¢, Nlg) and O,_,(x; &, Bg, N|g) for all a such that
0 < ag < 1 (from (b)), the interlacing of the zeros of O, (x; aq,B,v; q) and 0,_(x; aq,Bq,v; q)
follows directly. Equation (8c) is in the form of (5) with a(x) = 1 and taking into consideration
the restrictions on the parameters, b(x) is a positive constant. Applying Corollary 2 (a), we
obtain z,; < yu; < ty-1; < Zni+1 < Yni+1 foreachi € {1,2,...,n — 1}. Furthermore, it follows
from (a) and (b) that z,,; < x,; < y,; foreach i € {1,2,...,n}, and the required combined
interlacing follows.

]



Corollary 9. Foreachic{1,2,...,n— 1},

(a) xn,i < xn—l,i < yn—l,i < xn,i+1)
(b) xn,i < Zn—l,i < -xn—l,i < -xn,i+l-

Proof. We obtain the results by combining the interlacing of the zeros of 0,(x;a, 8, Nlg) and
O,-1(x; @, B, N|g) with the results proved in Theorem 8 (a) and (b), respectively. O

Remark 10. (i) When we let f = 0 in the definition of the monic q-Hahn polynomials, we
obtain the monic affine q-Krawtchouk polynomials [15, Section 14.16] KX (x; a,N; q), or-
thogonal on (1,q7") if 0 < aq < 1. The interlacing results in Theorem 8 (a) and Corollary
9 (a) follow from (8a) (with B = 0), where x,; and y,;,i € {1,2,...,n} are the zeros of
f(ﬁﬁ (x%;a,N; q) and I?f,‘ﬁ (x; aq, N; q), respectively. Furthermore, when we let § = 0 in (8d),
we find that

Xni < Yni < Yoo1i < Xpiv1 < Ynists

foreachie{1,2,...,n—1},whereY,;,i € {1,2,...,n} are the zeros ofkfﬁ()'c; aq®, N; q);

(ii) Since lim,_e On(X; @, B, Nlg) = K" (X;8,N;q) [15, Section 14.14], we obtain from (8b),
the equation

("' =q") @ - D

R p,N; g) = Ri™ (%5, N3 ) + Ko (g, N: )

IBq2n+N+1
Jfrom which the interlacing results in Theorem 8 (b) and Corollary 9 (b) follow directly, where
Xpiand z,;,1 € {1,2,...,n} are the zeros of the monic quantum q-Krawtchouk polynomials
K" (%; B, N; q) and K" (x; Bq, N; q), respectively.
3.3. The little g-Jacobi polynomials
Proposition 11.
N N aq"(@"-1D)Bqg" - 1)
Pl Blg) = Pl g, Bl + —L 4= D B4 (%)

@B — 1) (@B — 1)I3n—1(x; aq, Blg);

aBg (@'~ Dag' ~1)
(@B =D (@Bg? — )"
(g =1 (B g™ = 1) pu(x; aq?, Blg)

(g™ =D (@Bq™ - 1)
L 29@ - DBg - (eBg?"? = 1) x +q" (@q = 1) pu-1(x 007, Blg)

Pn(x; a, Blg) = pu(x; @, Bqlg) — (x; @, Bqlg); (9b)

Pu(x; @, Blg) =

@ - D (@B~ D@pg —1) ’ o
- (@Bg™'(q" = 1)+ 1= Bg™) (@B ™" = 1) pu(x: @, Bqlg)
Pl = - B =D (@Bg™ - D
aB" (BgPx—1)(q" = D(agq" = 1) pui(x; . flq) ,
+ (cf. [7, Equation 9]); (9d)

Bg' -1 (@Bg™! - 1)

aq'(¢"-1)

Pn(x; @, Bqlq) = Pu(x; g, Blg) + Bag™ 1 Pn1(x; g, B4lq) (cf- [7, Equation 10]).  (9e)

10



Theorem 12. Let 0 < aq < 1 and Bq < 1 and denote the zeros of p,(x;a,Blq) by 0 < x,1 < X, <

© < Xpp < 1, the zeros Ofﬁn(-X; CZC],,BW) by Ynd < Yn2 < < Yun the zeros Ofﬁn(X; Olqz,ﬁkl)
by Vo1 < Yo < -+ < Y, the zeros of p,(x;a,Bq|q) by 2,1 < Zpa < -+ < Zun the zeros of
Pu(xs @, BGPq) by Zny < Zyp < +++ < Zyn.Then, fori € {1,2,...,n— 1},

(@) Xni < Vi < Yn-1i < Xnirl < Ynisls

(B) Zni < Xni < Zn-1i < Znis1 < Xis1 FB >0 and x,; < Zpi < Zu-1 < Xniv1 < Znir1 I B <0,
(©) Xni < Yni < Yui <Y1y < Xpivt < Yuirt < Yuist,

(d) Xn,i < Zn,i < Zn—l,i < Xn,i+1 < Tn,i+l lfﬁ < 0’

©) Zni < Yni < taot,i < Znir1 < Yuis1 Y B <O,

Proof. Let 0 < ag < 1 and Bg < 1. We note that, since0 < g < 1,¢" -1 <0,aq" -1 <0,
Bq" —1<0,aBq" —1 <0, for all positive integers n.

The polynomials on the right-hand side of each of the equations (9a) and (9b) belong to the
same orthogonal sequence, therefore their zeros interlace and satisfy the property (4). Each of
these equations are thus are in the form of (5) with a(x) = 1. Furthermore,

(a) b(x)in (9a) is a positive constant and the result follows from Corollary 2 (a);

(b) taking into consideration the restrictions on the parameters, b(x) in (9b) is a positive constant
if < 0 and b(x) 1s negative when S > 0. The result follows from applying Corollary 2 to the
different situations.

(c) The polynomials p,(x; ag?,Blg) and p,_,(x; ag?, Blg) belong to the same orthogonal sequence
and their zeros satisfy (4). (9¢) is in the form of (5) and taking into consideration the restric-
tions on the parameters, a(x) is a positive constant.

N aq(q"—1)(Bqg"—1) 242 noo
b(x) - (aqn+1 _ 1)(aﬁq2”+2 _ 1)(a,ﬁqn+l _ 1) ((oz,Bq 1)x+ q (a,q 1))

e ((aﬁqz"+2 - l)x +q'(@q-1). keR,

represents a linear function with gradient —k*(a8g*"** — 1) > 0, intersecting the x-axis at

= % < 0 for Bg < 1. b(x) is thus positive on (0, 1) and from Corollary 2 (a) we
deduce that x,,; < Y,; < Y,-1; < Xyi41 < Yni foreachi € {1,2,...,n — 1}. Furthermore,
by replacing @ with g in (9a), we obtain y,; < Y,; < Y,-1; < Yui+1 < Yui for each
i€{l,2,...,n— 1} and by combining these two interlacing results with the fact that x,,; < y,;
foreachi € {1,2,...,n}, the required interlacing follows.

(d) Letg < 0. By replacing 5 with g in (9b), we obtain z,,; < Z,,; < Z,-1; < Zni+1 < Zn,i+1 for each
i€{l,2,...,n— 1} and equation (9d) is in the form of (5). Under the condition that 8 < 0, the
coefficient of p,(x; @, Bglq) is a positive constant. The coefficient of p,_;(x; @, Bg*|q) is

_aBg" (@ = Diag" = 1)
b(x) =

B! -1 (@Bg! - 1)
that represents a linear function with positive gradient, intersecting the negative x-axis and

b(x) is thus positive on (0, 1). The result follows from Corollary 2 (a).
11
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(e) Assume S < 0. From (b) we know that the zeros of p,(x; a,B|q) and p,_i(x; @, Bqlqg) interlace.
By replacing a by aq, it follows that y,; < ,_1; < y,;+1 foreachi € {1,2,--- ,n—1}. Equation
(9e) is in the form of (5) with a(x) = 1 and, taking into consideration the restrictions on the
parameters, b(x) is a positive constant. The result follows from Corollary 2 (a).

O
Corollary 13. Foreachic{1,2,...,n—1},
(@) Xpi < Xp1i < Yoo < Xnitls
() Xui < Zn-1i < Xpo1i < Xpis1 If B> 0and x,; < X1, < Zu-1,i < Xpiv1 B <0,
(©) Xni < Zni < Yni < Xnis1 < Znir1 < Ynir1 B <O.
Proof. (a) We combine the interlacing of the zeros of p,(x;@,B|q) and p,_(x; @, Blg) with the
results proved in Theorem 12 (a) to obtain the required interlacing.
(b) We combine the interlacing of the zeros of p,(x;a,B|q) and p,_i(x; @, Blq) with the result of

Theorem 12 (b).
(c) LetB < 0. This result follows from the interlacing proved in Theorem 12 (a), (b) and (e).

O

Remark 14. (i) We note that our results differ from the interlacing results for the little g-Jacobi
polynomials, given in [7, Section 3]. In [7, Theorem 2], the values of x, given as the zeros
of the polynomial p,(x; @, B|q), are in actual fact the zeros y of the polynomial p,(q”; a, Slq).
The same is true for the interlacing results in [7, Theorems 4,5,6 and 7];

(ii) When B = 0 in the definition of the little g-Jacobi polynomials, we obtain the little q-
Laguerre (or Wall) polynomials p,(x; a|q), that are orthogonal on (0,1) when 0 < ag < 1.
The interlacing results in Theorem 12 (a) and (c) and Corollary 12 (a) follow from (9a) and
(9¢) (withB = 0), where x,,;, y,;and Y, ;,i € {1,2,...,n}are the zeros of p,(x; alq), p.(x; aqlq)
and p,(x; @q*|q), respectively.

3.4. The g-Meixner polynomials

We note that in the definition of the g-Meixner polynomials, we let X = g™, 1.e., x = _l?,fq and
as x increases on (0, co), X will increase on (1, co). The variable x in our equations thus represents
% in the definition of the polynomials and for 0 < g < 1 and y > 0, the polynomial M,(x;8,v; q)
is orthogonal on (1, o).

Proposition 15.

My (x;8,v4;9) = Mu(x;B,y:9) + v (" = D (BG" = 1) M1 (x5 8,73 @) (10a)
y "= 1) =qy =D q"M,(x;8,7;
M, (x: By q) = _Bral@"-1D-qy n)q x8,7:9)
Yq+q
—n+l1 n __ n__ n Y . .
L va Bg"-D(@"-DyBg+q"'x+yqg+ 1) M, 1(x;8,7; q); (10b)
Yq +q"
. YBq+q'x) My(x;Bq.v:9) vB @+ (G - 1) -
M, (x;B,v:q) = - M,_(x;Bq,v;9); 10
: (x:8,7:9) — 0Ba+ Y q3f-2(y,3q+x) 1 Bq,v:q);  (10c)
M, (x;8,vq; q) = My(x;: 84,y q) — vq "' (¢" = 1) M1 (x; Bg, 5 @) (10d)

12



Theorem 16. Let 0 < 8q < 1 and y > 0 and denote the zeros of M,(x;8,y;q) by 1 < x,1 < X,z <
S+ < Xyp < 00, the zeros of My(x;84,:q) by Yu1 < Yz < -+ < Yuu the zeros of My(x;8,vq; q)
by 7,1 < Zyp < -+ < Zn, and the zeros oan(x;,B, Y q) by Zyy < Zpyy < -+ < Zy,. Then, for
ief{l,2,...,n—1},

(@) Zni < Xni < X1 < Znir1 < Xnisl,

(0) Zyi < Xni < X1 < Znivt < Xnjr1,

(C) Zn,i < xn,i < yn,i < yn—l,i < Zn,i+l < xn,i+1 < yn,i+1'

Proof. Let0 <fBg < 1andy > 0. Since 0 < g < 1, it follows thatg" — 1 <O and 5g" — 1 < 0.
The polynomials on the right-hand side of each of the equations (10a) - (10d) belong to the

same orthogonal sequence, therefore their zeros interlace and satisfy the property (4). Each of
these equations thus is in the form of (5) with

(a) a(x) =1 and b(x) > 0 in (10a) and the required interlacing follows from Corollary 2 (a);
(b) a(x) > 0 in (10b) and, taking in consideration the restrictions on the parameters,

YyBqg" -1 (q" - 1)
q" (yq + q")

b(x) = ' x+yBg+yqg+1)
is a linear function with positive gradient and is positive on (1, o). The interlacing follows
from Corollary 2 (a);

(c) Taking into consideration the restrictions on the parameters, the coefficients of both polyno-
mials on the righthand side of (10c) are positive on (1, c0), and following Corollary 2 (a),
Xni < Yni < Yn-1i < Xnir1 < Ynir1 foreachi € {1,2,...,n— 1}. Furthermore, the coefficients of
both polynomials on the righthand side of (10d) are positive constants and applying Corollary
2 (a) for a second time, we obtain z,,; < y,; < Yn-1.; < Zni+1 < Yni+1 foreachi e {1,2,...,n—1}.
It is known, from (a), that z,,; < x,,; foreach i € {1,2,...,n}, and the required combined inter-
lacing follows.

]
Corollary 17. Forie{1,2,...,n—1},
(@) Zni < Zn-1i < Xn—1i < Yn-1,i < Znisls

(b) Zi <Zn1; < Xp-1i < Zpjis1,
(C) Zn,i < xn,i < xn—l,i < yn—l,i < Zn i+l < xn,i+1‘

Proof. (a) The result follows from Theorem 16 (c¢) and the interlacing of the zeros of M,(x;8,vq;q)
and M, (x; 8,74; 9).

(b) The result follows from Theorem 16 (b) and the interlacing of the zeros of M, (x; 3, v¢*; q) and
M, 158, Y45 9)-

(c) We combine the interlacing of the zeros of M,(x;8,7;q) and M,_,(x;8,7y; q) with the result of
Theorem 16 (c) to obtain the required interlacing.

U
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Remark 18. (i) In general, the zeros of M,(x;B,v;q) and M,_\(x;B,vq;q) do not interlace.
These polynomials satisfy

"M, (x; 8,7 ) . b(x)M,,_1(x; 8,7; q)
Yq9+q" qlyq+q")

M, (x;8,¥9;9) = —

with b(x) = ¢*"x + yq (Bq" + q" — 1), which represents a linear function that changes sign
on (1,0) for0 < Bg < 1 andy > 0. For example, whenn = 2,5 =1,y = 5,q = 0.1, the
zeros of M,(x;8,7; q) are {42.15,5413.85} and the zero of M,_\(x; 3,vq; q) is {5.50};

(ii) When B = 0 in the definition of the g-Meixner polynomials, we obtain the gq-Charlier poly-
nomials C,(x;7y; q). The interlacing results in Theorem 16 (a) and (b) and Corollary 17 (b)
follow from (10a) and (10b) (with § = 0), where x,;,y,; and Z,;,i € {1,2,...,n}, are the
zeros of Cu(x;y: ), C(x:vq: q) and C,(x;vq%; q), respectively.

3.5. The g-Krawtchouk polynomials
Proposition 19.

pa" (a"' = q")(g" = 1)

q" (1 + pg*") (q + pg*")

(pg?" + 1) (pg"*! + 1) K(x: pg. N: )
(pq" + 1) (pg™"*! +1)

p(q@" =1 (a"" = ") (¢" (pg*™" + 1) x + ¢" (pg"*" + 1)) K1 (x; pg, N: q)

. 11b
* gV (pq" + 1) (pg™™+! + 1) (pg*>™' + 1) (11b)

K.(x; p,N; q) = K.(x; pg, N; q) + K,-1(x; pq, N; q); (11a)

K.(x; p,N;q) =

Theorem 20. Let p > 0, n € {0, 1,..., N} and denote the zeros of kn(x;p,N; q@ byl <x,; <
Xp2 < o0 < X < g7V, the zeros of K,(x;pq,N;q) by yu1 < Yup < -++ < Yu, and the zeros of
K.(x; pg?>,N;q) by Y1 < Yy < --- < Y,,. Then, foreachi€ {1,2,...,n—1},

(a) -xn,i < yn,i < yn—l,i < xn,i+1 < yn,i+1;
(0) X < Yoi < Yuo1i < Xpiv1 < Yoinr

Proof. Let p > 0, n € {0,1,...,N}. We note that ¢" — 1 < 0 and since ¢" < ¢" for m > n,
¢! — ¢" < 0. Since the polynomials on the righthand-side of both equations (11a) and (11b)
belong to the same orthogonal sequences, their zeros interlace and both these equations are in the
form of (5). The required interlacing follows from Corollary 2 (a), since

(a) both a(x) and b(x) in (11a) are positive constants;
(b) taking into account the restrictions on the parameters, it is clear that a(x) is a positive constant
and b(x) > 0 represents a linear function that does not change sign on (1, ¢ ™).

[l
Corollary 21. Forie{l,2,...,n—1},
14



(@) Xni < Xp—1i < Yn-1i < Xnjis1,
(b) Xpi < Yni < Yui <Yp1i <Xpiv1 <Yniv1 < Vst

Proof. (a) The result follows directly from Theorem 20 (a) and the interlacing of the zeros of
Ku(x; p,N; q) and K, (x; p, N; q).

(b) When we replace p by pg in (11a), we obtain, using the same argument as in the proof of
Theorem 20 (a), that y,; < Y,; < Y,—1; < Yni+1 < Yuir1, foreachi € {1,2,...,n—1}. We
combine this with the interlacing results in Theorem 20 (a) and (b), which leads to the required
result.

]

3.6. The g-Laguerre polynomials

In [21], relations between different sequences of g-Laguerre polynomials are provided and
interlacing results between the zeros of different sequences of these polynomials are given in
[12, 21].

Proposition 22.
LD q) = LY (x;q) — g2 (¢" - I)Z;ﬁl)(x; q) cf [21, Eq(4.12)], (12a)
@y (¢ = 1)L ) (g7 x— g™ + 1) (¢" = DL (x: )
Ln (x;9) = qn+a+1 -1 + qn+(x+1(qn+a+1 -1 (12b)

Theorem 23. Let @ > —1. We denote the zeros of liﬁ{’)(x; @ by0 < x,1 <Xpp << Xyp <00, the
zeros of LV (x; q) by Y1 < Yn2 <+ < Ynn and the zeros of L (x; q) by Yii<Yip<- <Y
Then, forie{1,2,...,n—1},

(a) xn,i < yn,i < yn—l,i < xn,i+1 < yn,i+1 (Cf [21, Theorem 3]);
(b) xn,i < Yn,i < Yn—l,i < xn,i+1 < Yn,i+l-

Proof. Leta > —1. Wenote that ¢" — 1 <0 and ¢ - 1 < 0.

(a) Since Z;“”)(x; q) and Z;‘il)(x; q) belong to the same orthogonal sequence, the interlacing prop-
erty (4) is satisfied and (12a) is in the form of (5). Both a(x) and b(x) are positive constants
and the result follows from Corollary 2 (a).

(b) The polynomials I:f,“+2)(x; q) and I:ffiz)(x; q) belong to the same orthogonal sequence, which
implies (4) is satisfied and equation (12b) is in the form of (5). For the given values of the

parameters, a(x) is a positive constant and

_ qn_l n+a+1 a+1
bO) = T T (" x =g +1)>0

on (0, co0) and the interlacing follows from Corollary 2 (a).

Corollary 24. Forie{1,2,...,n—1},
15



(@) Xpi < X1 < Yno1i < Yoot < Xnivt,

(b) Xpi < Yni < Ypi <Y1 < Xpivt < Ynis1 < Yoier.

Proof. (a) See [12, Theorem 5.1].

(b) When we replace @ by a + 1 in (12a), we obtain, using the same argument as in the proof of
Theorem 23 (a), that y,; < Y,; < Yo1; < Ynir1 < Yuir1, foreachi € {1,2,...,n - 1}. We
combine this with the results in Theorem 23 (a) and (b) to obtain the required result.

]
Remark 25. In [12], the result in Corollary (24) (a) is extended to also include a continuous
shift of the parameter a. Furthermore, examples are provided to show that, in general, interlac-
ing breaks down between the zeros of: L (x;q) and L'V (x; q), L (x;q) and I:fl’f?)(x; q) and
L P(x;q) and LY (x; ).

3.7. The alternative q-Charlier or g-Bessel polynomials
Proposition 26.

aq’" (q" - 1)
(g+aq)(1+aqg*)
(eq® +1)5u(xaq9)  aq"(@" = D (@™ + Dx +¢") 515 a0% q)

aq'+1 - (ag*™ '+ 1) (g + 1)
Theorem 27. Let @ > 0. We denote the zeros of ¥,(x;a;q) by 0 < x,,1 < X0 < -+ < X, < 1, the

zeros of ,(x;aq; q) by 7,1 < Zpa < -+ < 2y, and the zeros of $,(x; aq*; q) by Zyg <Zpy <+ <
Zyn Then, forie{1,2,...,n—1},

(a) xn,i < Zn,i < Zn-1,i < xn,i+1 < Tni+1s
(b) xn,i < Zn,i < Zn—l,i < xn,i+1 < Zn,i+1-

I a;q) = u(xs aq; q) — In-1(x; @q; q); (13a)

(13b)

Vu(x;@5q) =

Proof. Let @ > 0. The polynomials on the right-hand side of each of the equations (13a) and (13b)

belong to the same orthogonal sequence and their zeros satisfy (4), therefore these equations are

in the form of (5). Taking into consideration the values of the parameters,

(a) both a(x) and b(x) in (13a) are positive constants and the result follows from Corollary 2 (a).

(b) a(x) in (13b) is a positive constant and b(x) represents a linear function that does not change
sign on (0, 1) and the interlacing follows from Corollary 2 (a).

]

Corollary 28. Forie{l,2,...,n—1},

(a) xn,i < xn—l,i < Zn—1,i < Zn—l,i < xn,i+1’

(b) Xpi < Zni < Zpi < Zp-1i < Xnist < Znivl < Zpis1-

Proof. (a) The result follows from Theorem 27 (a) and (b) and the interlacing of the zeros of
V(X @; g) and §,-1(x; @3 q).

(b) When we replace a by aqg in (13a), we deduce that z,; < Z,; < Z,—1; < Zni+1 < Zypi+1 and
we combine this with the interlacing results in Theorem 27 (a) and (b) to obtain the required
result.

U
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3.8. The Al-Salam-Carlitz I polynomials
Proposition 29.
U9 (x;q) = U(x; q) + a(q" — DT (x; ¢). (14)

n—1

Theorem 30. Let @ < 0 and denote the zeros of U,(l“)(x; Pbya < x, <xpp <0< Xy <1
and the zeros of U?(x; q) by aq < Yl < Vua < oo+ < Yun < 1. Then, fori € {1,2,...,n— 1},
Xni < Yni <Yn-1i < Xpi+l < Yn,i+l-

Proof. Let a < 0. Since U?(x;q) and U“?(x; g) belong to the same orthogonal sequence, the

n—1

interlacing property (4) is satisfied and (14) is in the form of (5). Taking into consideration the
values of the parameters, a(x) > 0 and b(x) > 0 are constants on («, 1) and the result follows from
Corollary 2 (a). L]

Corollary 31. Forie{1,2,...,n =1}, X,; < Xp-1; < Yn-1.i < Xnit1-

Proof. The result follows from Theorem 30 and the interlacing of the zeros of 0% (x; q) and
U (x;9). O

In general, the zeros of 09 (x; q) do not interlace with the zeros of U,(l“qz)(x; q) or with the

zeros of Ufiqlz)(x; q). For example, when n = 2, = —16 and g = 0.9, the zeros of U (x;q)

are {~15.77,~12.78}, the zeros of U (x; ) are {~12.64,—~10.08} and the zero of U1 (x; g) is
{~11.96).

3.9. The Al-Salam-Carlitz Il polynomials
Proposition 32.

Vi(x;q) = ViP(x q) - ag(g" = Dg ™"V, (x:.9); (152)
Ve g) = (aq"! +1-aq) VP06 ) —ag ™ (" = D(@'x + 1 -a@) V(9. (15b)

Theorem 33. Let 0 < ag < 1. Denote the zeros of Vf,(l)(x; @byl <x,1 <Xpp<-r<Xyp <00,

the zeros of V" (x;q) by Y1 < Yua < -+ < Y and the zeros of V,(,“qz)(x; QPbyY,  <Yyp<---<
Yon Then, forie{1,2,...,n—1},

(@) Yni < Xni < Xpo1i < Ynir1 < Xnjisls
(b) Yii < Xni < Xp—1,; < Yir1 < Xnivi-

Proof. Let 0 < ag < 1. Since Ve (x; q) and ‘7;5(?1 (x; g) belong to the same orthogonal sequence,
the interlacing property (4) is satisfied and both (15a) and (15b) are in the form of (5).

(a) Taking into consideration the values of the parameters, both the coefficients of V,ﬁ“)(x; q) and
Vﬁ)l (x; @) in (15a) are positive constants and the result follows from Corollary 2 (a).

(b) Taking into consideration the restrictions on the parameters, a(x) in (15b) is a positive constant
and b(x) = % (¢"x —a g + 1) represents a linear function with positive values on (1, c0).
The result follows from Corollary 2 (a).
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Corollary 34. Forie {1,2,...,n—1},

(@) Yni < Yn-1,i < Xn-1,i < Ynjisl>

(b) Yii <¥ni < Xni < Xn1i < Yoiv1 < Yniw1 < Xnjist,
©) Yui <Y1 < X1 < Yoinr

Proof. (a) The result follows from Theorem 33 (a) and the interlacing of the zeros of Vf,QQ)(x; q)
and Vfl‘fc{) (x;9).
(b) By replacing @ with ag in (15a), we obtain Y,,; < ¥,; < Yu-1; < Yuir1 < Yni+1- We combine
this with the interlacing results in Theorem 33 (a) and (b) to obtain the required result.
(c) The result follows directly from Theorem 33 (b) and the interlacing of the zeros of Vf,“qz)(x; q)
and Véoj‘{z)(x; q9).
]

Remark 35. In general, the zeros of V9 (x; q) and Vé‘f{)(x; q) do not interlace. These polynomials

satisfy
V(%) = —¢" " VO (x; @) + bV (x; 9)

with b(x) = ¢~ (¢"x — a q), a function that changes sign on (1,0) for 0 < ag < 1. However, when
we restrict « in such a way that 0 < aq < q" < 1, the zeros interlace as follows: x,; < y,_1; <
Xn-1i < Xpis1 foreachi € {1,2,...,n—1}.

4. Classical orthogonal polynomials on a g-quadratic lattice

This section is devoted to the study of interlacing properties of the zeros of different sequences
of orthogonal polynomials on a g-quadratic lattice.

4.1. Askey-Wilson polynomials
The weight function of the Askey-Wilson polynomials

1 (621’6; q)oo 2

V1 = 2 |(ae, be, ce?, det?; q)o |

is clearly independent of the order of the parameters a, b, ¢ and d and by shifting b to bg, c to cq
or d to dg, we obtain the same interlacing results as by shifting a to aq.

w(x;a,b,c,d\q) = (16)

Proposition 36.

Pn(x;a,b, c,dlq) = pa(x;aq,b,c,dlq) (172)
_all =g —cdg” )1 —bdg"™ (A —beq"™D

2(1 — abedg®")(1 — abedg*2) Pn-11X5 44, D, €, d1q),

(b—a)1 - g —cdg"") _
2(1 _ aqbcdqzn_l)q pn—l(x; QQa bq, C, d|q). (17b)
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Theorem 37. Suppose a, b, c,d are real and max(|al, |b|, |c|, |d]) < 1. Denote the zeros of p,(x;a, b, c,d|q)

by =1 < x,1 < Xpp < -+ < Xup < 1, the zeros of p,(x;aq,b,c,d|q) by —1 < xffi < xffg <<

) (b) (b)

xﬁ,“,), < 1, the zeros of pu(x;a,bq,c,d|q) by -1 < x| < x5, < -+ < x,, < 1, the zeros of
Pn(x;aq,bg,c,dlg) by —1 < xff‘ib) < xﬁla’zb) << xﬁ‘f,;b) < 1. Then,

(a) (a) (@)
ni < Koy < ikl < Xy

(@ if-1<a<0 x,; <x
: (@) (@) (@)
if 0<ax<l, Xy < Xni < X0 <X

(b) ifb—a >0, x;bl? < x;“l.) < x4« x® @D and

and

< Xp,i+ls

n—1,i n,i+1 n,i+1’°
o (@) () (a,b) (a) (b)
lfb a< O’ 'xn,i < xn,i < xn—l,i < xn,i+1 < xn,i+1'

Proof. Suppose a, b, c, d are real and max(|al, |b|, |c|, |d]) < 1. Then max(|ac|, |ad|, |bc|, |bd|, |cd|, |abcd|) <
land, forn e N, 1 —acq" > 0,1 —-bcqg" > 0,1 -bdq" > 0,1 —-cdg" > 0 and 1 — abcdq" > 0.
Since p,(x;aq,b,c,d|q) and p,_(x;aq,b, c,d|q) belong to the same orthogonal sequence, their
zeros interlace and (17a) is in the form of (5), with a(x) = 1 and

(a) b(x) > 01if =1 < a < 0 and the result follows from Corollary 2 (a) and b(x) < 0if 0 <a < 1
and the result follows from Corollary 2 (b).

(b) Since by shifting b to bg, we obtain the same interlacing results as by shifting a to ag and we
have x,; < x) < x| | < Xyt < Xff?“ if -1 <b<0,and x?) < x,; < x;b_)l,l. < x| < Xy if

0 < b < 1. By replacing a by agq, it follows that x(“’l.) < x*P < 9 foreachie{l1,2,...,n—1}.

n n—1,i n,i+1

Equation (17b) is in the form of (5), with a(x) = 1, b(x) < 0 if b —a < 0 and the result follows
from Corollary 2 (b), b(x) > 0 if b — a > 0 and the result follows from Corollary 2 (a).

]

The following result follows directly:

Corollary 38. Forie{l,2,...,n—1},

@ if-l<a<0and0<b<1,x0) < x,; <x

(a.b)
n,i <X

n—1,i

)
n,i+1
(a)

n,i+1

(@) .
< -xn,i+1 < 'xn,i+l’

()
< Xp,ivl < xn,i+l'

<X
(b) if-1<b<0and0<a<1l, xfl”?<xn,,~<x£lb?<x(”’b) <x

i n—1,i

Remark 39. The following systems of polynomials follow from the Askey-Wilson polynomials:

(i) By setting d = 0, we obtain the monic continuous dual g-Hahn polynomials:
i0

. (ab, ac; q), g™, ae®, ae”
pulx:a,b,clg) = oL g,

2a)" ab, ac

q;q), X = cos b,

orthogonal on (-1, 1) with respect to w(x;a,b,c,0|q) in (16) where a,b,c are real and
max(|al, |bl, |c]) < 1;

(ii) By setting ¢ = d = 0, we obtain the monic Al-Salam Chihara polynomials:

i

~ (ab; q), g™, ae’ ae”
0,(x:a,blg) =~ ¢2(

Qay > ab,0

q;q), X = cos b,

are orthogonal on (—1, 1) with respect to w(x;a,b,0,0|q) in (16) where a,b are real and
max(|al, |b]) < 1;
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(iii) By setting b = ¢ = d = 0, we obtain the monic continuous big q-Hermite polynomials:

q—n’ aei(i’ ae—t@

H,(x;alq) = 2a)™"3¢» ( 0.0

q;q), X = cos 4,

are orthogonal on (—1, 1) with respect to w(x; a, 0,0, 0lg) in (16) where a is real and |a| < 1.

(iv) By the substitutions 0 — 6 + ¢, a — ae', b — be', ¢ — ce™ and d — de™"® we obtain the
monic continuous q-Hahn polynomials:

(abe*?, ac,ad; q), g™, abcdq"", ae"?*?? qe=?

(2aeiy'(abedg™"; ),

Pu(x;a,b,c,d;q) =

) ;qgl, x =cos(0+¢),
abe*®, ac, ad 9 q) ©+9)

orthogonal on (—m, ) with respect to

(E; g)e

w(cos (0 + ¢);a,b,c,d|q) = |(ae"<9+¢>, DT ool do )

9

ifc =aandd = b and, if a and b are real and max(la|,|b|) < 1, orif b = a and |a| < 1.
Using the above substitution in (17a), we obtain

Pa(xsa,b,c,d; q) = pu(x;aq, b, c,d; q)
a(l - ¢')(e" — cdgle )1 ~bdg" N ~beg™ D

B n-1\X;aq,0,C,d;
2(1 — abedg®")(1 — abcdg?=2) Pn-1(X;aq q

and it is clear that we can not apply our method to deduce the interlacing properties of the
zeros of p,(x;a, b, c,d;q), since it is not possible to determine if e — cdq"'e™ is positive
or negative.

Corollary 40. Suppose a, b, c,d are real and max(lal, |b|, |c|, |d|) < 1. Then for each of the systems
in (i) - (iii) above, we have, fori € {1,2,...,n— 1},

@) Xpi < Yni <Y1 < Xnist < Ymis1 if =1 <a <0;
() Yui < Xni < Yn-1i < Ynir1 < Xnis1 if 0 <a <1,
where =1 < Xx,1 < X2 < -+ < X,, < 1 are the zeros of the polynomial p,(x;a,b,clq) in (i)

(0,(x;a, blg), I:I,,(x;alq)), and =1 < y,1 < Yp2 < -+ < Yun < | are the zeros of the polynomial
with a shifted to aq, i.e., p,(x;aq, b, clg) (On(x; aq, blg), H,(x; aqlq)).

4.2. The g-Racah polynomials

The g-Racah polynomials are orthogonal on (0, N) if ag = g™ or B6qg = g™ or yg = g™, and
N a nonnegative integer. In order to prove interlacing results, we make some assumptions on the
parameters.
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Proposition 41.

R.(u(x); g, B, v, 6lq9) (18a)

aq(l —g")(1 = Bg")(1 = yg")(1 - B6q") « ) -

- (1 — aﬂqz”)(l _ a’ﬁqan) Rn—l(ﬂ(x)’ aq’ﬁ’ 7’ 6|Q)»

R.(u(x); @, Bq,,6lq) (18b)
1= ¢")(1 = ag)( = yg")(ag" - ) «

Bq(l — ¢")(1 —aq")(1 - yq")(aq ) Ry (a0 . 7. 61a).

(1 - aBg®)(1 — aBg>")

Theorem 42. We denote the zeros of R,(u(x); @, ,7,0lq) by u(0) < pry1 < faz < -+ < fyn <
u(N), the zeros of R,(u(x); aq,B,v,dlq) by u(0) < ,u;al) < /1’(;2 < o<y < u(N) and the
zeros of R,(u(x); a,Bq,7v,dlq) by u(0) < y,(f; < ,uffg < e < ,uff,), < u(N) and we assume that
(1 —aBg®)(1 — afg®") >0, yg < 1 and 0 < 5gq < 1.

R, (u(x); @, B,7,6l9)

R, (u(x); @, B,,0lq)

(@) Letag = gV > 1. If Bg < 1 and Boq < 1, then, fori € {1,2,...,n—1}, u;‘fi) < Hpi < :“ffi)],i <

(@) .
'un,i+1 < Hn,i+15

(b) Let Bog = gV > 1. Ifag < 1 and aq" < 6, then, fori e {1,2,...,n— 1}, :“r(,ﬂz) < Mui < /128_)1’1. <

®
:un’,'+1 < Hn,i+1-

Proof. The polynomials on the right hand side of both equations (18a) and (18b) belong to the
same orthogonal sequences, their zeros interlace and these equations are both in the form of (5),
with a(x) = 1.

(a) Letag = g7V > 1 and assume that Bg < 1 and 86g < 1. Then 1 — B5¢" > 0, i.e., b(x) < 0 and
the result follows from Corollary 2 (b);

(b) Let B6g = g7 > 1 and assume that g < 1 and ag" < 6. Then b(x) is a negative constant and
the result follows from Corollary 2 (b).

]

Remark 43. When we take f = 0,vq = ¢V and 56 — adq"*! in the definition of the g-Racah
polynomials, we obtain the monic dual g-Hahn polynomials, i.e.,

R,(u(x); ,0,g7"", @6¢""1g) = R,(u(x); @, 6, Nlg),n € {0,1,...,N},

x+1

with u(x) = g~ + adq™’, and (18a) becomes

R,(u(x); @, 8, Nlg) = R.(u(x); aq, 6, Nlg) — aq(1 — ¢")(1 — ¢"V"HR,_1(u(x); g, 6, Nig),

with0 < ag < 1 and 0 < 6q < 1, and, since —aq(1 — g*)(1 — g"N=1) > 0, the zeros interlace as

follows:

fni < <D< it < i €412, n = 1),

where 1, ; are the zeros ofﬁn(y(x); a,0,N|q) anduﬁf‘i), i€{l,2,...,n}, the zeros ofR,,QJ(x); aq, 0, N|q).

For the monic dual g-Hahn polynomials we also get the following results.
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Proposition 44.
R, (u(x); @, 8¢, Nlg) = R,(u(x); aq,6,Nlg) + ag (1 — ¢")(¢" — ¢"*HR,-1(u(x); @q, 6, Nlg); (19a)
B 1 —ad qx+N+3—n -
R, (u(x); @, 6q, Nlgq) = T = a0 R, (u(x); g, 69, Nlg) (19b)

a(l-q" (qn _ qN+l)(1 _ 5(]N+2_n)
qN(l — CZ(SC]X+N+3)

R,-1(u(x); g, 69, Nig).

Theorem 45. Let n € {0,1,...,N}, 0 < aqg < 1 and 0 < 6q < 1, and denote the zeros of
Rn(u(x);a, 0q, N|q) by u(0) < ,uffi < ,uff; < < ,uﬁf,i < U(N), the zeros oflén(/x(x);aq, 0, Nlq) by
1(0) < ,USI]) < :“Elwz) < oo < u® < u(N) and the zeros of R,(u(x); aq, g, Nig) by u(0) < uf:fl’é) <
woD <o < i < p(N). Then, fori € {1,2,--+ ,n— 1},

(@) Hy) <) <0 < py < HL

(b) 7} < < i <y < Mo

Proof. Let0 <ag<1land0<d6g<1.Thenl—adq’ >0,1-aqg’ >0,1-6q" >0if j > 0and
equations (19a)—(19b) are in the form of (5) and under the given assumptions, the results follows
from Corollary 2 (a). L]

5. Appendix

In this section, some comments on how to use our Maple codes that can be downloaded from
http://www.mathematik.uni-kassel.de/~koepf/Publikationen are given. The first pro-
gram called gMixRec1(F,q,k,S(n),a,s) finds a recurrence equation of the form

J
S.a)= ) o;S(n—jaq’).J € {1.2....)
j=0

[o9)

where S (n,a) = Z F, F is a function of k, n and a, and s is a positive integer. The second one

k=—o00

denoted by gMixRec2(F,q,k,S(n) ,a,sy,b,s;,s,,r) finds a recurrence equation of the form

J
S(n,a,bg") = ) o;S(n—jag®,bg™*""), J € {1,2,...}, r e {0,1},
=0
where S (n,a,b) = Z F, F is a function of k, n, a and b, and sy, 51, s, are positive integers.

k=—c0
For example, for the big g-Jacobi polynomials, P,(x;a, B,Y:q) = Z F, where, by (3),
k=—c0

n+1

ro_ @9y 9u(g" aBg"™ ! x; e

(@Bq™"; @)u(aq, vq, q; @k
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http://www.mathematik.uni-kassel.de/~koepf/Publikationen

and equations (7a), (7b) and (7c) are obtained using, gMixRecl1(F,q,k,P(n),alpha,1),
gMixRecl1(F,q,k,P(n) ,beta, 1) and gMixRec2(F,q,k,P(n) ,alpha,1l,beta,1,0,1), respec-
tively.
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