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Fuiikcje prawde wypukle, fcryterda jedinolistnosoi i przedhizenie
qtEasÜkxÄiforeinne

IIohtm Bbinyicjn>ie (pytracpiK k npM3HaKM oähojimcthoctm
M KBa3MK0HdX>pMHpe npOflOJDKeHMe

. Let S denote the fajaily of Univalent functions £ of tue
unit disk D , normaiized by

CD Hz) =' z + a~z2 + a,z3
2' +

Let K denote the subset of convex functions, i.e. functions
that have a convex ränge. Afunction f , noruialized by ;1), is
called close-to-convex of order p , £ > 0 , if'there is a
convex function, (J( such that |arg(eir* t\z)/C{\z)\ 4 P> ~
for some « 6 R . Let C( p ) denote the famiiy of close-to-
.~convex Functions of order p . For p-£ <\ it turns out that
a function is closerto-cohvex of order f, , if and only if
it raaps D univalently onto a domain whose coaiplement ti is
the union of rays which are pairwise disQoint up to their Gips,
such that every ray is the bisector of a sector of angle
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(1-p}#* which wholly lies in E (see [9], p.1?6) . Obviously
CCO) equals ü .

l>ehari showed that if a locally Univalent function f satis-

fies a condition of the form

(2) d-fz/2)2 l£r-)\z) - (.f^) (2)\4 ff

with (f=2 , then f is Univalent foj. Later he showed that
each convex function satisflös the univalence criterion TöJ.

The next Theorem gives a generalized Version of this result for

close-to-convex functions.

Theorem 1. Let frl^O and f 6 Ol p ) . Then f satisfies
a Nehari type condition (2) with

2 + *fi> if ft/1

2f>2+4|> if p^l

and this result is Sharp.

We indicate the idea of the proqf, which is in M. The

first step is to show the result at the origin, i.e.

W '«3-«2 4'f/6.-.-. ,

where 6~ is defined by (2). Therefore one uses the represen-

üation .

f\z) = e"1 £f'(z)(cosac «pCz) + isinoc)



Close-to-convex Functions ... 99

• 2 3with some CfCzJ = z +• ff2z + (f^z + ... 6K ,
2ptz) = 1 + p^z + p^z + ... wibn positive real parc and

cosoC \ 0 . tfith aid of the estimates

[ll] and

|p2- W\<*-. lh|2
(see e.g. plOJ, p.166, formula (10)) one gets using the triangle
inequality

3Ja^-a2?J ^1- ]<f2|2 +ßcosfc/a- l£ll C'l- j'l-cos2* (1- £ ))]+
(5) y •

+ p,cosoc [p-iH'̂ i. .

Mow it is well known that |p^| 6 fo , 2J , [fjfel € (? ' J
and cos «C € [0 , 1J .1 careful analysis shows that the righi;

hahd side of (5) is maximized at ((p^I , |(f2[ * coset) =
=(0 ,0,1) if ß^fp., l] and at
(|p1l> (lf2| >'cos-Dt) = (2, 1 , 1) if ß^l which :gives (4).

Now the linear-invariance of CC ß ) is used (,see e.g. fi&J).
Composing with an automorphism of I) the Information at the

origin is transported to an arbitrary point z & D , which

finishes the proof. The sharpness is easily verified.

Becker showed that if a locally Univalent function f
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satisiies & condition of the form'

(6; (1 - Isf2).
"U)X

f'UJ
O

wiuh A= 1 i Jchen f is Univalent fl]. The Becker univalence
cx'ioerion is often used to cohstruct exotic Univalent functions

v/ith ,:bad pehaviour". In uiost cases these examples are gap se-

clos. v/t* chow conversely that io -fold Symmetrie close-to-convex

functions. with iarge m fulfill the Becker univalence criterion.

k fuuction f is called m-fold Symmetrie if it has the special'

A'orni

m+1f(z> = z +_.aw.1» +,8
î+1'

,2m+1
+ ...

xneorem 2.

U)__Let £U) =*+Si.1«"*1 •+'am+2z"ri"2 + • feK •*MlL *
;satisfies a Becger type condition (6) with A= Vm • In parti-

cular, if m ^ 4 , then f fulfills the Becker univalence

criterion. -'•'•«

(°) L6^ ße(o ,-l) and let f be an m -fold Symmetrie
close-to-convex function of order fi .Then f satisfies a

Becker type condition (6; with A=4/m +2p, .In particular,
if. f <(V2 and m^ 4A1-2 p) ,then- f fulfills the Becker
univalence criterion. i^oreover, the results are Sharp.

The proof of Theorem 2 is in [5].: The idea for Ca) is to use
a Subordination result lor convex functions of the given form
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namely f**< (1-z) . 'i'he stateuient f-< g aeans that

f = g©to > where co satisfies the hypotheses of bcnv/arz's

Leuima. It iwplies that

(7) sup (1 - [z|2)|f'(z)|V sup C1 - IM2) g\z)
zei) l l ^ z€ D i l

(see e.g. Pio], p.25, formula (4-)), which is used to deduce Ca).
This result and a further application of (.7) leads to (b). The

sharpness is again easily verified.

Prom Theorem 2 one could deduce a condition v/hich guarantees

that an m -fold Symmetrie close-to-convex function of order ft

xias a quasiconforwal extension. A taore precise resulo is

Theorem 3» Let ß> € \0 , 1j and f be an qi -fold Symmetrie

close-to-convex function of order ß .

(a) If m \> 2/(1- ft) , then f has a rectifiable opundary;

C'o) if my 4-/C1-* p) * then f has a quasiconformal extension,

This result is in [6J. tfor to orove Ca) one uses an estiiaate
on the integral uieans of the derivative of m -fold s,y&Qetric

close-to-convex functions of order n, ([&}, Taeorem ?)» ar±ü
for Cb) a general condition, which implies the existence of a

quasiconfnrmal extension for Bazilevic functions [VJ, gives the
result.
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STRESZCZENIE

Niech C(ß) b^dzle rodzina, funkeji prawie wypuklych rze,du
p 6 (0; l). Znaleziono dokiadna, worto^c normy szwarcjanu {,|S-j|» *>~

dla £ *z c(ß) (tw, l). Wykazano röwnlez, ze ;r;-symetryczna funke ja
f klasy C(ß) spetnia warunek jednolistnosci Beckera, jesli (b < l/2

oraz m > 4/(l-2ß). (tw. 2). Ponadtp, je£li m>4/(l-ß), to f ma
przediuzenie quasikonforemne na cala, ptaszczyzne. (tw. 3).

PS3KJME

>-nycTb C (ß) ceMeücTBO notiTM BHnyKjmx <J>yHKUH£ nopÄAKa
.^€:(0« 1) • HafifleHa TOMHaa ouemca hopmh inßapuwaHa • || ;-.^ j| s^^s
feC(fo) (reop. 1;. floicaaaHO Tose, tj«ro m-CMMMeTpwyecKan 4>yHK-

ijmä f £ C (ß> ) HCnojiHfleT npMSHaK BeKepa a-tia p>, <^. , rn 4/;'. -<•-.)
^eop. 2) . KpoMe Toro, ecrä m 4/0-& J > Tor.na f KBacMKongopKuo
npOÄOJisMMa Ha uejiyH) njrocicocTb (Teop. 3).


