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Abstract From the study of various properties of some difference operators, we prove in
the first part of this work that the continuous Hahn and the Meixner-Pollaczek polynomi-
als are solutions of a second order divided-difference equation of hypergeometric type.
Next, using some algorithmic tools, we solve the inversion, connection, multiplication
and linearization problem for the continuous Hahn and the Meixner-Pollaczek polyno-
mials.
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1 Introduction

Classical orthogonal polynomials on a quadratic and g-quadratic lattice [12], [18], [19]
are known to satisfy a divided-difference equation of the type ([3], [5], [19], [28])

A
+
Ax(s) Vx(s)

{¢(x(s)) S G0

V() V) > +An}pn(x(5)) =0,n=0, (1)

where ¢(x(s)) = pox%(s) + p1x(s) + o and ¥ (x(s)) = w1 x(s) + o are polynomials of max-
imal degree two and one respectively, 1, is a constant depending on the integer n and
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the leading coefficients ¢, and v, of ¢ and v respectively, and x(s) is a quadratic or g-
quadratic lattice defined by [18]

x(s) = Clqs+(,‘2q_s+(,‘3 if q;ﬁl,
T\t +ess+eg if g=1,

with i
xu(s):x(s+§), W, c1, ..., cg €C.

Classical orthogonal polynomials on a quadratic and g-quadratic lattice are represented
usually in terms of generalized or basic hypergeometric series.

Definition1 1. The generalized hypergeometric series is defined by

al,...,a oo X (ay,---,ady) m
qu 1 p x|:= Z Amxm = Z Mx_'
by,..., by =0 m=0 (b1, ,bg)m m!
where (ai,--, ap), denotes the Pochhammer symbol (or shifted factorial) defined
by
3 it _ ifm=0
(a1, ap)m = (@) m---(ap)m with (aj)m = ai(ai+1)"'(ai+m_1):r(lfl(i;—i;n)

We say that a term A, is a hypergeometric term with respect to m if AX—:‘ is arational
function in the variable m.
2. The basic hypergeometric series ¢ is defined by

aip,...,ar X (@, ar; Pk & k= y1+s=r zk
iz|=), —————|(-D"q 2 —_—,
’%(bh”msq ) g%w“nﬁﬁWk( 9 ] (@ Dk

where the g-Pochhammer symbol (a;, ay, ..., a,; ) is defined by
T iy if k
. l1-a; if k=1,2,...
(ar,...,ar; Q= (ar; g (ar; @k, with (a; @) :{ j=0 o
1 if k=0.

Foupouagnigni showed in [5] that for some classical orthogonal polynomials on a
quadratic or g-quadratic lattice, Equation (1) is equivalent to a second-order divided-
difference equation of the form

HX($)DEP(x(8)) + Y (x(8)SxDx pu(x(5) + Ay pu(x(s) =0, 2)
where the operators D, and S, are defined by

fx(s+3) = flx(s—1))

s+ 1)+ flx(s— 1))
x(s+%)—x(s—%) '

2

Dy f(x(s) =

, Sxf(x(s) =

Note that (2) is equivalent to a difference or g-difference equation of the form (see [12,
chapters 9, 14])
Any(x(8)) = B(8)y(x(s+1)) — (B(s) + D(s)) y(x(8)) + D(s) y(x(s — 1)), 3

with

G(x(s) N W (x(s))

B(s) = (x(s+1/2)—x(s=1/2)(x(s+ 1) —x(5) 2(x(s+1)—x(s)’

if meN.
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G(x(s)) B W (x(s))
(x(s+1/2) = x(s—1/2))(x(s) —x(s—1))  2(x(s)—x(s—1))°
Following the work by Foupouagnigni [5], Njionou Sadjang et al. [22] using the same ap-
proach proved that the Wilson and the continuous dual Hahn polynomials are solutions
of the divided-difference equation of the form

D(s) =

HEOD?* Py (x) + Y ()SDPy(x) + Ay p(x) =0, (4)
where the operators S and the Wilson operator D (see [4], [11]) are defined by
flw+d)-r(x-3) flw+d)+7(+-3)

Df(x) = , Sfx)=

2ix 2
The divided-difference equations given in the form (2) or (4) are very useful: their coeffi-
cients can be used for instance to compute the structure formula, the connection and the
inversion coefficients of classical orthogonal polynomials on a quadratic and g-quadratic
lattice (seee. g. [7], [22], [29] and references therein).

Let us set the following notations:

n—1
Bu(a,x) = (aq’; Pnlaq i @)n = [[ A -2axq" + a*¢*"), n=1, By(a,x) =1, (5
k=0

Sy g-s .
where x = x(s) = cos = %, q° = e

Inla,x) = (a+ix)pla—ix)y; (6)

n-1
{ Enn 8 1) = (@5 @alr8q™ s 0 = T A+706* ! —pt0gh, nz1, o)

50(’)’! 6! /l(x)) = 1:

x+1.
’

with pu(x) =g~ *+ydq

-1
I EA) = (—On(x+y+6+ D= T (k(y+5+ k+ 1)—/1(x)), n=l,
k=0 (8)

20,0, A(x) =1,

forA(x)=x(x+y+6+1).

The hypergeometric and the basic hypergeometric representations of the classical or-
thogonal polynomials on a quadratic or g-quadratic lattice suggest to use the natural
bases {By(a, x)}, {(a+ix)}, {€n(y, 8, n(x))} or {x»(y,d,A(x))} whose elements are polyno-
mials of degree 7 in the variables x, x, u(x) or A(x), respectively, and the basis {9, (a, x)}
whose elements are polynomials of degree 7 in the variable x?. The operator D, is appro-
priate for By (a, x), {,(y,6, u(x)) and y,(y,d, A(x)) whereas the corresponding operator
for the basis {9, (a, x)} is D.

In the second section of this work, using the operator d ; defined in [23, p. 436] (which
is appropriate for the basis {(a + ix),}) and following the same approach as in [5] and
[22], we derive the divided-difference equation satisfied by the continuous Hahn and the
Meixner-Pollaczek polynomials taking advantage that these polynomials are expanded
in the basis {(a + ix);}.

The third section is devoted to the solution of the inversion, connection, multipli-
cation and linearization problem for the Meixner-Pollaczek and the Continuous Hahn
polynomials, proceeding as in [29, chapter 4] or ([7], [22]). The literature on the inversion,
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connection, multiplication and linearization problems is vast, and a variety of methods
and approaches for computing the coefficients have been developed for classical contin-
uous, discrete, g-discrete orthogonal polynomials and also for orthogonal polynomials
on a nonuniform lattice (see e. g. [11, [2], [7], [10], [13], [15], [16], [17], [24], [25], [27], [29],
...). It should be noted that the connection problem is the problem of finding the coef-
ficients C,,(n) in the connection formula

n
Pp(x)= ) Cu(n)Qm(x),
m=0

where P, are Q,, are polynomial sequences with deg(P,) = deg(Q,) = n, Vn = 0. When
P, (x) = vy(x), where Q, (x) is expanded in the basis v, (x) that is

n
Qn) =Y. Ap(mvp(x),

m=0

we are faced with the so-called inversion problem for the family Q,, (x):

n
va(X) = Y In(n)Qp(x). 9)

m=0

If we substitute P,(x) and Q,,(x) in the connection formula, respectively, by P, (ax) and
P,,(x), we have the multiplication formula for the polynomials P,(x) and the multipli-
cation problem is the problem of finding the coefficients D, (n; a) in the multiplication
formula

n
Py(ax)= ), Dp(n;a)Pp(x),

m=0

where a designates a non-zero complex number.

The linearization problem is the problem of finding the coefficients Ci(m, n) in the ex-
pansion of the product P,(x)Q,,(x) of two polynomial systems in terms of a third se-
quence of polynomials Ry (x),

n+m
Pp(x)Qm(x) = Y Lp(m,n)Ri(x).
k=0

We find our results by an application of the Maple computer algebra systems. The main
algorithmic tools for our development are Zeilberger’s algorithm which searches for a ho-
mogeneous linear recurrence equation with polynomial coefficients for S,, = ¥ 55— _ . A(n, m)
(see [14, Chapter 7] and references therein), the Petkovsek-van-Hoeij algorithm which
finds all hypergeometric term solutions of a homogeneous linear recurrence equation
with polynomial coefficients (see [14, Chapter 9] and references therein) and is imple-
mented in Maple by the procedure LREtools [hypergeomsols], the Maple procedure
Sumtohyper which is an implementation of Algorithm 2.8, p. 22 of [14] which converts

a sum into hypergeometric notation. For all computation, we use the hsum package ac-
companying [14].
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2 Divided-difference equation of the Continuous Hahn and the Meixner-Pollaczek
polynomials

The Continuous Hahn and the Meixner-Pollaczek polynomials are defined, respectively,
by (see [12, pages 200, 213])
1 ’
a+ca+d )
- e_m).

According to these definitions, they are expanded in the basis {(a + ix),}. Let us define
the difference operator d, (see [23, p. 436], compare [12, p. 201 and 214], [20], [21], [30,
Equation (1.15)]) and its companion operator . as follows:

8xf(x)= f(x+£);f(x_%), Lfx) = f(“ 5) ;f(x—ﬁ),

Note that the operator 2 given in ([20], [21]) and the operator § given in [12, p. 201 and
214] and [30, Equation(1.15)] are equal to i0x. The operator § transforms a polynomial
of degree n in the variable x into a polynomial of degree n — 1 (since §,x = 1) and is
appropriate for the basis (a + ix), as shown in

+ +d -mn+a+b+c+d-1,a+ix
pn(x;a,bc,d) = i”(“”"n#wz(

-nA+ix

@Nn
P()L] :0) = ind F
n (:0) a ¢ 21

Proposition 2 The action of the operators 6, and . on the basis (a+ ix),, is given by

. , 1 .

Opla+ix), nl(d+§+1x)n—l;

Ka+ix), = 6516 (arin)y)
L S T P (10)
- (n—k)' 2 n—k» —1L,4...

1 n 1
Fla+ix), = (a+=+ix)p——=(a+=+ixX)p-1;
( )n ( 2 )n 2( 2 )nl

(a+ix)6i(a+ix)n = —-nn-1(a+ix),—1; 11)
(a+ix)Foc(a+ix), = ni(a+ix), — n _l)i(a+ix)n_1;
x(a+ix), = —i(a+ix)pr+i(n+a)a+ix),; 12)

(a+ix)(a+ix), = (a+ix)pe1 —nla+ix)y,;

(a+ix)(a+1+ix), = (@+ixX)pe1.
Proof The results are obtained by direct computation.

Proposition 3 The operators §, and # satisfy the following product rules

0x(f8) = b6xfFg+Ffbx8, (13)
1
S(f8) = —Zﬁxféxgw"fyg,
6x«5p = 5”5,6, (14)
F? = —35i+1, (15)

whereIf = f.
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Proof The proof follows from the definition of the operators 6 x and ..

Starting from the equations (see [12, pages 202, 214])

1 1 1
—c——,d—— (16)
2 2

1
Oxlw(x;a,b,c,d)pp(x;a,b,c,d)] = —(n+1)W(x;a— E’b_ 5

1 1
*pusr|xa=5,b- c——,d——),

2’7 2 2
where
w(x;a,b,c,d)=T(a+ix)['(b+ix)['(c—ix)['(d—-ix),
and
. A (v o] — a1 UL+ )
Oxlw(x;A,0) P (x;,0)] = —(n+ Do xJL—E,H i1 (6:0), a7
where
w(x;4,0) =TA+ix)T(A—ix)e?0—mx,
and using the relations (see [12, pages 201, 214])
1 1
6xpn(x;a,b,c,d) = (n+a+b+c+d-1)p,- 1(x a+— b+ §'d+§)’ (18)
5.PP(x:0) = 25n0P" (1;0), (19)

and (13), we show that

Proposition 4 The continuous Hahn and the Meixner-Pollaczek polynomials are, respec-
tively, solution of the divided-difference equations

@x*—i(a+b—c—d)x—cd—ab)52y(x) (20)
+2(a+b+c+d)x-2i(ab-cd)F6,y(x)-2n(n+a+b+c+d-1)y(x) =0,

(xcos (A) — A sin (8)) 62 y(x) + 2 (xsin (B) + A cos (A)) &, y(x) —2nsin (@) y(x) =0. (21)

Proof First combine (16) and (18) to get the relation

Oy (x,a+ b+ d+ )6xpn(x,abcd)
:(n+a+b+c+d 1)
1 1
x0y (xa+ b+ d+ )pnl(x a+— b+ 2,d+5)

= —n(n+a+b+c+d—l)w(x,u,b,c,d)pn(x,a,b,c,d).

Next, use the product rule (13) to write the left-hand side as

1 1
Oy (x a+— b+ —,d+—)6xpn(x;a,b,c,d)

1 1
= yw(x a+—,b+— ,c+—,d+—)6§pn(x;a,b,c,d)

+0y w(xa+ b+ d+ )éﬂéxpn(xabcd).
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We therefore have by identification
(p(x)éipn(x; ab,c,d)+vy(x)F6xpn(x;a,b,c,d)=—nn+a+b+c+d-1)p,(x;a,b,c,d)
with

Fw(x;a+3,b+3,c+3,d+13) Syw(xia+i,b+3,c+3,d+3)

¢(x) = ,(x) =

w(x;a,b,c,d) w(x;a,b,c,d)

which are simplified into polynomials to get (20).
(21) follows by the same procedure using (17) and (19).

Remark 5 From the representations of §2y(x), #8,y(x), we get y(x +1) and y(x — i) in
terms of6iy(x), F0,y(x) and y(x). If we substitute y(x + i) and y(x—i) in (see [12, Egs.
(9.4.5) and (9.7.5)])

Any(x) = B(X)y(x+1i) — (B(x) + D(x)) y(x) + D(x) y(x — i), (22)
we see that the divided-difference equation

POy (X) + Y(X).F B y(x) =24, y(x) =0,
is equivalent to the well-known difference equation (22), with
¢(x) = —=(B(x) + D(x)), w(x) = 2i(B(x) — D(x)).
For the continuous Hahn polynomials (see [12, page 201])
Bx)=(c—ix)(d—ix),D(x)=(a+ix)(b+ix),A,=nn+a+b+c+d-1);

and for the Meixner-Pollaczek polynomials (see [12, page 214])

B(x)=e®(A-ix), D(x)=—-e (A +ix), A, =2insin(@).
It is well known that all the derivatives of functions of hypergeometric type, i. e., which
are solution of differential equations of the form ¢(x)y” (x) + w(x)y'(x) + A, y(x) = 0, are

also of hypergeometric type (see e. g. [19, p. 6]). In the following proposition, we want to
prove a similar result.

Proposition 6 If f is a function satisfying
G082y (x) + W (x) S8 y(x) = Any(x) =0, (23)
then 8 f is solution of the equation
P (DO + Y (1) By (x) = Ay y(x) =0,

where ™+ (x) = LP™(x) = 169 (x), Y"1 (x) = 6™ (X)+F Y™ (x), AT = 5,y ™ (x)+
A form=1,2,..., with¢®(x) = p(x), Y0 (x) =y (x) and A% = A,,.

Proof We apply the difference operator d, to the divided-difference equation (23) and
use the relations (13)-(15) to obtain the result (see e. g. [6, Equation (54)]).
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3 Inversion, connection, multiplication and linearization formulae of the Continuous
Hahn and the Meixner-Pollaczek polynomials

In this section, proceeding as in [29, chapter 4], [7], [22], we solve the inversion, connec-
tion, multiplication and linearization problem for the Continuous Hahn and the Meixner-
Pollaczek polynomials.

3.1 Inversion formulae of the Continuous Hahn and the Meixner-Pollaczek polynomials

To derive the inversion formulae of the Continuous Hahn and the Meixner-Pollaczek
polynomials, we use the recurrence relations given below.

Proposition 7 The following recurrence relations are valid:
1. for the basis (a+ix),

n—
x82(a+ix), =i(n+a-1)56%(a+ix), i

1
lai(m iX)ns1, 24)

2. for the continuous Hahn polynomials

(n+a+b+c+d-1)(n+1)
@2n+a+b+c+d-1)2n+a+b+c+d)
i(n(n—1+a+d)(n—1+a+c) B n+)(n+a+d)(n+a+c)

2n+a+b+c+d-2 2n+a+b+c+d
(n-1+d+b)(n-1+c+b)(a+d+n-1)(a+c+n-1)

xpn(x;a,b,c,d) = pn+1(x;a,b,c,d)+  (25)

+n+a)pn(x;a, b,c,d)

~1(x;a,b,c,d), 12, p. 201
@n+a+b+c+d-2)2n+a+b+c+d-1) Pn-1(a,bc,d), (see [12, p. 201])

(n-1)(n+a+b+c+d-1)
@2n+a+b+c+d-1)2n+a+b+c+d)
(n-1+a+c)(n-1+a+d)(n-2) m+a+c)(n+a+d)(n-1)

2n+a+b+c+d-2 - 2n+a+b+c+d
(a+c+n-1N)(a+d+n-1)(n-1+d+b)(n—-1+c+b)(n+a+b+c+d)

82pn+1(x;a,b,c,d) + (26)

xéipn(x; a,b,c,d) =

+n+a- 1)6ipn(x; a,b,c,d)

82pn-1(x;a,b,c,d),

@2n+a+b+c+d-2)2n+a+b+c+d-1)(n-2+a+b+c+d)

3. for the Meixner-Pollaczeck polynomials

+1ie +A)ie%0 +1
mrDIe” p) (1) - LEAIE_+D)

W (-0 = (
xP," (x;0) = i _q Lo+

A (4
o P (60 (27)
@A+n-1ie"
== PW (x;0), (see[12, Eq. (9.7.3), p. 213])

e2i0 _1 -
520 (1) — (n—l)iei952 W (0 (n+/1—1)i(e2i9+1)62 W
xX05P," (x;0) = 201 P (x0) - 210 _ 1 “Pr (x;0)
20+ n-1)ie'
@A+ n=Die” 52 p (1), 28)

e2i0 _1
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Proof From (11) we obtain (a + ix), in terms of 6?6(61 + ix),. If we substitute this in the
recurrence equation (12), (24) follows.
To get (25) and (27), we substitute

n
prx) =) Ap(n)(a+ix), (29)
m=0
in the recurrence equation
XPn=QnPn+1+ PuPn+YnPn-1, (30)

and use (12). By equating the coefficients of (a + ix),+1, one gets «,. Equating the coeffi-
cients of (a+ix), and (a + ix) - yields respectively , and y,.

We derive (26) and (28) as follows: we substitute the expression of p, given by (29) in
the recurrence equation

x‘sipn:a:zéipm-l+ﬂ25,2rpn+7/;6,2\cpn—l: (31)

and then multiply the equation obtained by (a+ix). Next we use (11) and (12) respectively
to eliminate (a+ ix)6§(a+ ix), and x(a+ix),. Equating the coefficients of (a+ix),, (a+
ixX)p-1, (a+ix),—2 yields respectively a}, B, and ;.

Remark 8 We note that the recurrence relation of the continuous Hahn polynomials given
by Equations (9.4.3) and (9.4.4) in [12, p. 201]) are equivalent to the recurrence relation
(25). Indeed Equation (9.4.4) of [12, p. 201]) is

Xpn(X) = pp1 () +i(Ap+Cp+a)pp(x) — Ap-1Cppn-1(x),

where

n!
(n+a+b+c+d-1),
(n+a+b+c+d-1)(n+a+c)(n+a+d)
@n+a+b+c+d-1)@2n+a+btc+d)’
B nn+b+c-1)(n+b+d-1)
T @2n+a+b+c+d-2)Cn+a+b+c+d-1)°

pn(x) = pn(x;a,b,c,d),

Ap=

n

The above recurrence equation is equivalent to

(n+a+b+c+d-1)(n+1)
2n+a+b+c+d-1)2n+a+b+c+d)
(n-1+d+b)(n-1+c+b)(a+d+n—-1)(a+c+n—1)

@2n+a+b+c+d-2)2n+a+b+c+d-1)

xpn(x;a,b,c,d) = Pn+1(x;a,b,c,d) +i(A, +Cy +a) x

pn(x;a,b,c,d) + pn-1(x;a,b,c,d).

Since

nn-1+a+d)(n-1+a+c) B n+)(n+a+d)(n+a+c)
2n+a+b+c+d-2 2n+a+b+c+d

A,+Ch+a= n+a,

we have the equivalence between Equation (9.4.4) in [12, p. 201]) and Equation (25).

Using the above recurrence relations, we prove that
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Proposition 9 For the continuous Hahn polynomials p,,(x; a, b, ¢, d) and the Meixner-Pollaczek
polynomials P,(;}) (x;0), the following inversion formulae are valid:

(@+ivm= 3 Pnilmtatemtatdnm (x;a,b,c,d), (see [20], [21])
" L —m\mia+tbrctd—Dp@mtatbtctdpp OO A

n _1\M
A+ ix), = Z =D"nl(m+2A) p—m

A) (4.
= (n- m)!eimH(l _e—2i9)npm (;0).

Proof Substituting the expression of v, (a,x) = (a+ ix), given by (9) in (12) and in (24)
(but with Q, replaced by p,(x;a,b,c,d) or P},’U (x;0)), and using the three-term recur-
rence relations (30) and (31), we get by an appropriate shift of indices the following re-
currence relations in n and m

—ilpy(n+D)+in+a)ln(n) =am-1Im-10) + B Inm (M) +Yme1 Im+1,

—iZ—;}Im(n+1)+ im+ra-DInpn)=a,, _In1()+BnLnm +y, 1 Ins1.

By linear algebra, we eliminate the term I,,,(n + 1) to obtain a pure recurrence equation
with respect to m. By the Petkovsek-van-Hoeij algorithm, we solve the recurrence equa-
tion obtained for each family by replacing a,, 8., Yn, @}, Br,, ¥}, by their expressions in
(25) and (26) for the continuous Hahn polynomials or (27) and (28) for the Meixner-
Pollaczek polynomials, then we get the solution up to a multiplicative constant. Iden-
tification of the coefficient of (a + ix), on both sides of the inversion formula gives the
desired constant.

3.2 Connection and linearization formulae

The following relations are necessary to solve the connection and linearization problems
of the Continuous Hahn and the Meixner-Pollaczek polynomials.

Proposition 10 The following linearization and connection formulae of the basis (a+ix) ,
arevalid:

m
(a+ix)n(b+ix)m:k2 Tt (b—a-np k@+ix)up n,m=0,1,...,  (32)
=0
n
(a+ix), = Zom(a—b)n_m(b+ix)m, n=0,1,.... (33)
m=

Proof We first remark that
n-1
vp(a,x):=(a+ix), = 1_[ (a+ix+j).
j=0
Hence, for x = {(a) = i(a+ j), we have

vp(@,¢j(a) =0, j=0,1,...,n-1, and vy(a,¢,(a)#0,n=1.

We now expand the product v, (a, x) v, (b, x) in the basis vi(a, x)

n+m
Vn(@,X) v (b,x) = Y Je(m, n)vi(a, x).
k=0
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Clearly, we have

n+m

0=vu(a,&(@)vm(b,&(@) = Jom,n) + ) Je(m,n)vi(a,éo(a)) = Jo(m, n).
k=1

Hence, we can write
n+m
vy(a, x) vy, (b, x) = Z Ji(m, n)vi(a, x).

k=1
By the same procedure, we get
Jim,n)vi(a,é1(a) = vu(a,é (@) v (b,E1(a)) =0,
and hence J; (m, n) = 0 since v;(a,&;(a)) # 0. Progressively, we prove that

Jom,n)=1(mn)=...=Jjim,m) =0, j=n-1.

Therefore, we can actually write

n+m m
Un(@,X)vm(b,x) = Y Je(m, mvpik(a, %) = Y Tpak(m, ) vpsk(a, x). (34)
k=n k=0

Next, we have
Un(a,En (@) (b, (@) = Jn(m, n)vp(a, ¢ p(a)),
and hence
Jn(m, n) = vm(b,§n(a) = (b—a—n)p.
Using (34), we can write

m

k0D L yogtasn)

m
ym(b,x)zkgn]mk(m’n) vpla,x) 2

The use of Relation (10) yields

(k—D!

! l m
i) — (b+ —,x) =Y Jne(m,n)(@)’
k=1

l
_ila+n+=x|.
(m—1)! 2 U“(“ " 2’x)

Taking k =l and x =&y (a+ n+ %), it follows that

m!

|
vm,l(b+ é,fo (a+ n+ £)) L(b—a—n)m,l,

Tnei(mn) = 5 2))” tm=n!

(m-0D!

therefore, the required result (32) is proved.
(33) follows by taking n = 0 in (32).

From the hypergeometric representation and the inversion problem of the continuous
Hahn and the Meixner-Pollaczek polynomials, we get:



12 D. D. Tcheutia et al.

Proposition 11 For the continuous Hahn polynomials p,(x; a, b, c,d) and the Meixner-
Pollaczek polynomials P%U (x;0), the following connection and linearization formulae are
valid:

1. the continuous Hahn polynomials

Connection formula

(Gabed = z”: D" (m+a+c,m+a+d)y—mb-b1)y
Pni% 5,6 mym-mlm+a+b +c+d-1,n+a+b +c+d,by+1-n-b)y
(n+a+b+c+d-1Dy(a+by+c+d)orm,

(a+by+c+d)y

pm(x?a; bl,C,d), (35)

n D" " m+a+d,m+b+d)_m(c—ci)n
pn(x;a,b,c,d) = Z
mo(m—-m)m+a+b+ci+d-1,n+a+b+c+d,c1+1-n-0op
(n+a+b+c+d-1)y(a+b+c1+d)om

(a+b+c+d)y

pm(x;a,b,c1,d), (36)

n D" m+a+c,m+b+c)p—m(d—d)n
pn(x;a,b,c,d) = )
meo (m—-m)m+a+b+c+di-1,n+a+b+c+d,di+1-n-d)p
(n+a+b+c+d-Dya+b+c+dy)om

(a+b+c+dy)n

pm(x;a,b,c,d), (37

(c:a b.c.d) i i"™n+a+b+c+d-)p(m+a+c,m+a+d)y—m
. _ )
pn\x;a,n,c, (n—m)!(m+a+,6+}’+5—1)m

m=0

m-nm+n+a+b+c+d-1,m+a+y,m+a+o

4F3

1 ;a,p,v,6), (38
2m+a+pP+y+S,m+a+c,m+a+d )pm(x“ﬁ?’ ), (38)

Linearization formula

n+m
pn(x;a,b,c,d)pm(x;a,b,c,d)= Y L (m,n)p,(x;a,b,c,d) with
r=0

ntm=r  min@ler)  min(mij=l=n) (Mg 4o a4+ d)p(—n) j(n+ a+b+c+d-1);

Ly(m,n)= -
20 j=max(0,l+r-m) = n!(a+c,u+d)j]!m!(a+c,a+d)l+r_]-+k

(+71) (a+c,a+d)m(—m,m+a+b+c+d—1)l+r_j+k(—j)k(r+a+c,r+a+d)l
(I+r =k (r+a+b+c+d-1)y2r+a+b+c+d);

)

2. the Meixner-Pollaczek polynomials

Connection formula
n (_n)m(Z//L)n eZiQ] _ €2i9 n ei@] (eZi9 _ l) m
pW x;0) = - - - - pW x;07), 39
n ( ) mzz:O l’l!(Zﬂ,)m (610 (62’91 _ 1)) ( e2i0 _ p2i0; ) m ( 1) (39)
Linearization formula
1 1 n+mn+m-r min(nl+r) min(m+j-I-r,j) 0
PP 0P xo =Y Y Y Y (-1 (2A) 0 () ;

r=0 [=0 j=max(0,/+r—-m) k=0
I+ (1—3_2i6)k(2/1)m(_m)l+r—j+k(_j)k(r+2/U1

(+r—= Pl nlm!j12A) j A v r—j+k P50
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Proof We combine the hypergeometric representation

n
pnx)=) Aj(n)(a+ix);
j=0

and the inversion formula

J
(a+ix)j= Y In(j)pmx) (40)
m=0

to obtain the the connection formula with the connection coefficient
n—m
Cpn(n) = Aj+m(n)lm(j+m)-
j=0
To get (38) we apply the Sumtohyper algorithm. The Zeilberger algorithm combined with
the Petkovsek-van-Hoeij algorithm yield the specialized cases (35)-(37) and (39).
By combining the hypergeometric representations

n m
pn(x) =) Aj(n)(a+ix)j, pmx) =Y. Ax(m)(a+ix)g,
j=0 k=0

the linearization of the basis (32)

k
(a+ix)jla+ix);= Z]j+l(k,j)(6l+ 1X) vk
1=0

and the inversion formula

1
(a+ix); =) I(Dp(x),

r=0

we get the linearization formula
n+m

P pm(x) = 3 Ly (m,m)p(x)

r=0

with

n+m-r min(n,l+r) min(m-I-r+j,j)
Limn)= Y > > AjM Appr— kM U+ =+ K DIr(L+1).

1=0 j=max(0,/+r-m) k=0

We remark that in the connection formula of the continuous Hahn polynomials of Propo-
sition 11, the parameter a is kept identical on both sides of the formula. We would now
like to get a similar formula for different a. For this purpose, we need the connection
formula (33). We use the connection formula (33) to derive the representation of the con-
tinuous Hahn and the Meixner-Pollaczek polynomials in the basis (a + i x) ;. In fact, from

n j
pn(x) =) Aj(m)(a+ix)j and (a+ix)j= Y Fn()(@+ix)m,

j=0 m=0
we get
n
pr(0) =) Gun)(a+ix)m,
m=0
with
n-m
Gm(n)= ) Ajym(n)Fp(j+m).
j=0

Using the Sumtohyper algorithm, one gets the following representations.
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Proposition 12 The elements p,(x;a, b, c,d) of the continuous Hahn polynomials and
Pﬁ{” (x;0) of the Meixner-Pollaczek polynomials have the following representations in the
basis (@ +ix)n)n

n — —_
P @b, ¢, d) = Z in(a+c,a+d)n( mn+a+b+c+d-1), y
=0 nl(a+c,a+d),m!

m-na-a,n+m+a+b+c+d-1
3F

1)(a+ix)m, (41)
m+a+c,m+a+d

eZi@ -1

210

2i9_1

A o ind (@
PP (x0)= ) e (

m=0

)m(Zﬂ)n(—n)m m-nmA-a
e2i0 QA pnim! 2 20 +m

)(a+ix)m. (42)

Remark 13 For a = b, the representation (41) of p,(x; a, b, ¢, d) reduces using Zeilberger’s
algorithm to

pn(x;a,b,¢,d) = pn(x;b,a,c,d)
from which we derive the following inversion and connection formulae for the continu-
ous Hahn polynomials:

n i"nm+b+ce,m+b+d)y—m

b+i =
(b+ix)n ,,;0(n—m)!(m+a+b+c+d—l)m(2m+a+b+c+d)n_m

pm(x;a,b,c,d),

L D" " m+b+e,m+b+d)—mla—al)y,

pn(x;a,b,c,d) = Y
o (n—-mlm+a+b+c+d-1L,n+a+b+c+d,ai+1-n-a),
(n+ta+b+c+d-1Dy(a+b+c+d)m

(a1 +b+c+d)y

pm(x;al,b,(:,d).

From the representation of p,(x; a, b, ¢,d) and Pﬁ,’” (x;0) of Proposition 12 and the inver-
sion formula, we have

n J
pu(x;a,bc,d)=) Gi(m)(a+ix)jand (@+ix)j= Y In(j)pm(xa,B,y,0),
j=0 m=0

J

from which we get
n
pn(x;a,b,c,d) =) Crn(m)pm(x;a,p,y,6),
m=0

with
n-m

j=0

Using once more the Sumtohyper algorithm, one gets:

Proposition 14 The continuous Hahn polynomials p, (x; a, b, ¢, d) and the Meixner-Pollaczek
polynomials Pﬁ,’}) (x;0) satisfy the following connection formulae:
1. the continuous Hahn polynomials

it Mptra+b+c+d-1D)pm+a+e,m+a+d)y_m
X

pn(x;a,b,c,d)=n;0 (m-m!m+a+B+y+6-1),

"Mm-nm+a+y,m+a+d,m+n+a+b+c+d-1)
X
=0 kKiim+a+c,m+a+d2m+a+pf+y+0)k

F k+m-nm+n+k+a+b+c+d-1,a-«a
3k

1 ; ) ’ )6!
m+k+a+c,m+k+a+d )pm(xaﬁy )
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2. the Meixner-Pollaczek polynomials

(=0 92), Qa+k) m (—n+m) y

ml(n—m)!'2A) 1k

-k
PP =5 ¥ (~1)mHke
k=0m=0

k+m-nil-a
S 2A+m+k

1- e—Z"")P}f] (x,0).

For some applications, it is important to know the rate of change in the direction of the
parameters of the orthogonal systems, given in terms of the system itself called the pa-
rameter derivative (see [9], [13], [26]).

Corollary 15 The following parameter derivatives are valid:
1. for the continuous Hahn polynomials

9 abed ”i( pu(x;a,b,c,d) (1) M (n—1)(a+b+c+d)am

- _ )

9alm OO L nvarbrerd—1 (n-mia+b+c+d),
(n+a+b+c+d-1)(m+b+c,m+b+d)p-m (x'abcd))
(m+a+b+rctd-Ln+atbrordl-n), '™ @0oD)

0 § (___Pnlxiabed) (=D"i"M(n-1)!a+b+c+d)am

YA ; )b; ,d =

abpn(xa & n;O(m+n+a+b+c+d—1 (m—mla+b+c+d), x

(n+a+b+c+d-1)y,(m+a+c,m+a+d),—m
(m+a+b+c+d-1,n+a+b+c+d,1-n)y

pm(x;a,b,c, d)),

Kl (x.abcd)_"i( pn(x;a,b,c,d) D™ M- a+b+ct+dom
ac P eno S mtn+ta+btc+rd-1 m-mla+b+c+d),

(n+a+b+c+d-1)y,(m+a+d,m+b+d),—m
(m+a+b+c+d-1,n+a+b+c+d,1—-n),

pm(x;a,b,c, d)),

0 ol pn(x;a,b,c,d) D™ M=l a+b+c+d)am
A9 H )br yd =
ad””(” &d) mzz"o(m+n+a+b+c+d—1Jr (n-mlia+b+c+d),

(n+a+b+c+d-1)y,(m+a+c,m+b+c)p_m
(m+a+b+c+d—-1,n+a+b+c+d,1—n)y

pm(x;a,b,c, d)),

2. for the Meixner-Pollaczek polynomials
2i60

e 2ie?21+n-1)
0210 _

0
M vy — 7
P (x;0)=in e2i0 _ 1

00

Proof (compare [13]) Given the connection relation

1
: PV (x;0) - PW (x;0).
S p
pr()= 3 Cu(n;a, B)php(x),
m=0
we build the difference quotient

pg(x)—pﬁ(x) B z": Cn(m;a,B) g Pg(x)

= m(x)_
a-p = ap Y ap
Coima,p) -1 g " Cn(ma,B) p
= 0+ ) ———— )
a-p P mZ:O a-p P
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so that with f — «a

0 4. . . Cilma,p)—1 nol Cn(ma, B) .
5 Pr) = fim == (x)+Z i = T P

since the systems p¥ (x) are continuous with respect to a. This gives the results.

3.3 Multiplication formulae of the Continuous Hahn and the Meixner-Pollaczek
polynomials

In this section, we solve the multiplication problem for the continuous Hahn and the
Meixner-Pollaczek polynomials. We first present the following results for the operator § .

Theorem 16 (see [20]) Assume f(x) is a polynomial of degree n in the variable x. Then

v . . (=) ok
f@) =) fila+ix) with fi= k' )(l(a+§))'

k=0

Proof Let j=0,1,..., k. We apply 6f; to both sides of f(x) = ¥_, fr(a+ix); and use (10)
to get

(a+ix+ ;)k j

8Lf o0 = fiil ji+ Z fk(z)’

k=j+1 )

5§;f(i(a+£))=iff,-j!,

Proposition 17 (see [20], [30]) Let k be a nonnegative integer, then the following relation
holds

For x = i(a+ %), we obtain

and the proof is completed.

(43)

ok fo = é ik(l_!(llzl—IC!l)!f(x+ k_221 i).
Proof The proof is done by induction w.r.t. k.
It follows from Propositions 16 and 17 that
Proposition 18 The following duplication formula is valid:
] n k (—l)l
(a+iax), = 1;);) k=11
Proof First we apply Proposition 16 with f(x) = (a+iax), to get

n (—i)k

(a—ala+D)pla+ix)g. (44)

(a+iax), = Z 6§(a+ iax), (a+ix)g.
k=0 k! x:i(a-%—%)
Next, using Proposition 17, we have
k 1
1)'k!
ska+iax), =) ——— (1) ———— (a-ala+k-D),.

x:i(a+ = Olkl'(k—l)'

We substitute [ — k — I to complete the proof.
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It follows from the above result that

Proposition 19 The continuous Hahn polynomials p, (x; a, b, ¢, d) and the Meixner-Pollaczek
polynomials P,({}) (x;0) satisfied the following multiplication formulae:

L i a+c,a+d), "I (n-s) (a+tc+m,a+d+m)y_m—s
pnlax;a,b,c,d)= )
mol@+b+c+d-1+m)y, =) (n—s-m)! (a+b+c+d+2m)y_m—s

n-s .S 1 ~Di-mn+a+b+c+d-l,a-—a(a+10);n
DI 1 .( a : " @+ Djen * pm(x;a,b,c,d).
i=0 j=o l(n—s=D! (+n-9la+c,a+djins
o) ne
PP (ax,0) = i @A) I QA+ Moo
m=0 n! = m-s-m)
= —5) D)™ e A —aA+ D) (1 — e 210)]
3P I LI D et Epd 6.
=0 j=0 ln—s=1D! @M jin-s(j+n—s)
n k
Proof Combining pp(ax) = ) Ax(n)(a+iax)g, (a+iax)p =) Ei(k,a,a)(a+ix); with
k=0 i=0

i i
Ei(k,a,a) =) Fi(i,k,a,a), (a+ix); = Y I;(i)pm(x), interchanging the order of sum-
=0 m=0

n
mation and substituting i by n—m-—j yields the duplication relation p,(ax) = Y. D, (n,a)pmn(x)
m=0
with
n-m j n-j
Dp(na)= 3" 3 Y Agin-jmF(n—j k+n-j,aalyn-j.
j=0 k=01=0

Remark 20 By setting (see [12,p.215]) x — x+t,a— A—it,c — A+itand b=d = ttanf in
the definition of the continuous Hahn polynomials and taking the limit  — co we obtain
the Meixner-Pollaczek polynomials PSU (x;0):

pn(x+t;A—it, ttanf,1+it, rtanf)
tn ’

P,({” (x;0) = (cos)" tlim

Note that in [12, p. 215], there is a misprint in this limit relation (n! must not be in the
denominator). Using this limit relation, the inversion, connection, linearization, multi-
plication and parameter derivatives relations for the Meixner-Pollaczek polynomials can
be derived from those of the continuous Hahn polynomials.

4 Conclusion

In this work, we find the divided-difference equation of the continuous Hahn and the
Meixner-Pollaczek polynomials and then we solve the inversion, connection, multipli-
cation and linearization problem for these two polynomial families. To the best of our
knowledge, the results obtained in this work are completely new. We find our results by an
application of the Maple computer algebra systems. The main algorithmic tools for our
development are Zeilberger’s algorithm, the PetkovSek-van-Hoeij algorithm, the Maple
procedure Sumtohyper which is an implementation of Algorithm 2.8, p. 22 of [14].



18 D. D. Tcheutia et al.

Acknowledgments

This work has been supported by a TWAS / DFG fellowship for P. Njionou Sadjang, the
Institute of Mathematics of the University of Kassel (Germany), the 2014-2015 Research
Grant of AIMS-Cameroon and a Research-Group Linkage Programme 2009-2012 between
the University of Kassel (Germany) and the University of Yaounde I (Cameroon) spon-
sored by the Alexander von Humboldt Foundation. All these institutions receive our sin-
cere thanks. The computations for this paper were carefully checked with Maple. This
Maple file can be downloaded from http://www.mathematik.uni-kassel.de/ koepf/
Publikationen/divided_difference_equation_for_CH_and_MP.mw.

References

1. Alvarez-Nodarse, R., Ydfiez, R.J., Dehesa, J.S.: Modified Clebsch-Gordan-type expansions for products
of discrete hypergeometric polynomials. J. Comput. Appl. Math. 89, 171-197 (1997)

2. Area, I, Godoy, E., Ronveaux, A., Zarzo, A.: Solving connection and linearization problems within the
Askey scheme and its g-analogue via inversion formulas. J. Comput. Appl. Math. 136, 152-162 (2001)

3. Atakishiyev, N.M., Rahman, M., Suslov, S.K.: On classical orthogonal polynomials. Constr. Approx. 11,
181-226 (1995)

4. Cooper, S.: The Askey-Wilson operator and the g¢5 summation formula. Preprint, 2012

5. Foupouagnigni, M.: On difference equations for orthogonal polynomials on non-uniform lattices. J.
Difference Equ. Appl. 14, 127-174 (2008)

6. Foupouagnigni, M., Kenfack-Nangho, M., Mboutngam, S.: Characterization theorem of classical or-
thogonal polynomials on non-uniform lattices: The functional approach. Integral Transforms Spec.
Funct. 22, 739-758 (2011)

7. Foupouagnigni, M., Koepf, W., Tcheutia, D.D.: Connection and linearization coefficients of the Askey-
Wilson polynomials. J. Symbolic Comput. 53, 96-118 (2013)

8. Foupouagnigni, M., Koepf, W., Kenfack-Nangho, M., Mboutngam, S.: On solutions of holonomic
divided-difference equations on nonuniform lattices. Axioms 3, 404-434 (2013)

9. Frohlich, J.: Parameter derivatives of the Jacobi polynomials and the Gaussian hypergeometric func-
tion. Integral Transforms Spec. Funct. 2, 252-266 (1994)

10. Godoy, E., Ronveaux, A., Zarzo, A., Area, I.: Minimal recurrence relations for connection coefficients
between classical orthogonal polynomials: Continuous case. J. Comput. Appl. Math. 84, 257-275
(1997)

11. Ismail, M.E.H., Stanton, D.: Some combinatorial and analytical identities. Ann. Comb. 16, 755-771
(2012)

12. Koekoek, R., Lesky, PA., Swarttouw, R.E: Hypergeometric Orthogonal Polynomials and Their g-
Analogues. Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2010

13. Koepf, W., Schmersau, D.: Representations of orthogonal polynomials. J. Comput. Appl. Math. 90,
57-94 (1998)

14. Koepf, W.: Hypergeometric Summation-An algorithmic approach to summation and special function
identities. Second Ed., Springer, 2014

15. Lewanowicz, S.: Recurrence relations for the connection coefficients of orthogonal polynomials of a
discrete variable. J. Comput. Appl. Math. 76, 213-229 (1996)

16. Lewanowicz, S.: Second-order recurrence relation for the linearization coefficients of the classical
orthogonal polynomials. J. Comput. Appl. Math. 69, 159-170 (1996)

17. Lewanowicz, S.: The hypergeometric functions approach to the connection problem for the classical
orthogonal polynomials. Techn. report, Inst. of Computer Sci. Univ. of Wroclaw, 2003

18. Magnus, A.P: Special nonuniform lattice (snul) orthogonal polynomials on discrete dense sets of
points. J. Comput. Appl. Math. 65, 253-265 (1995)

19. Nikiforov, A.E, Uvarov, V.B.: Special Functions of Mathematical Physics. Birkhduser Verlag, Basel,
1988.

20. Njionou Sadjang, P: Moments of classical orthogonal polynomials. Ph.D. dissertation, Univer-
sitdt Kassel, 2013. Available at: https://kobra.bibliothek.uni-kassel.de/handle/urn:nbn:de:hebis:34-
2013102244291

21. Njionou Sadjang, P, Koepf, W., Foupouagnigni, M.: On moments of classical orthogonal polynomials.
J. Math. Anal. Appl. 424, 122-151 (2015)


http://www.mathematik.uni-kassel.de/~koepf/Publikationen/divided_difference_equation_for_CH_and_MP.mw
http://www.mathematik.uni-kassel.de/~koepf/Publikationen/divided_difference_equation_for_CH_and_MP.mw

Title Suppressed Due to Excessive Length 19

22.

23.

24,

25.

26.

27.

28.

29.

30.

Njionou Sadjang, P, Koepf, W,, Foupouagnigni, M.: On structure formulas for Wilson polynomials.
Int. Transf. Spec. Funct. (2015), to appear

Olver, EW.]., Lozier, D.W,, Boisvert, R.E, Clark, C.W.: NIST Handbook of Mathematical Functions. Na-
tional Institute of Standards and Technology U.S. Department of Commerce and Cambridge Univer-
sity Press, 2010

Rainville, E.D.: Special Functions. The Macmillan Company, New York, 1960

Ronveaux, A., Zarzo, A., Godoy, E.: Recurrence relations for connection between two families of or-
thogonal polynomials. J. Comput. Appl. Math. 62, 67-73 (1995)

Ronveaux, A., Zarzo, A., Area, 1., Godoy, E.: Classical orthogonal polynomials: dependence of param-
eters. J. Comput. Appl. Math. 121, 95-112 (2000)

Sanchez-Ruiz, J., Artés, PL., Martinez-Finkelshtein, A., Dehesa, J.S.: General linearization formulae
for products of continuous hypergeometric-type polynomials. J. Phys. A 32 (1999) 7345-7366

Suslov, S.K.: The theory of difference analogues of special functions of hypergeometric type. Russian
Math. Surveys 44, 227-278 (1989)

Tcheutia, D.D.: On Connection, Linearization and Duplication Coefficients of Classical Orthogonal
Polynomials. Ph.D. dissertation, Universitédt Kassel, 2014. Available at: https://kobra.bibliothek.uni-
kassel.de/handle/urn:nbn:de:hebis:34-2014071645714

Tratnik, M.V.: Multivariable Meixner, Krawtchouk, and Meixner-Pollaczek polynomials. J. Math. Phys.
12, 2740-2749 (1989)



	1 Introduction
	2 Divided-difference equation of the Continuous Hahn and the Meixner-Pollaczek polynomials
	3 Inversion, connection, multiplication and linearization formulae of the Continuous Hahn and the Meixner-Pollaczek polynomials
	4 Conclusion

