
ü Cauchyprodukt der Exponentialreihe

sumB
xk

k!
, 8k, 0, ∞<F ∗ sumB

yk

k!
, 8k, 0, ∞<F == sumB‚

j=0

k xj

j!

yk−j

Hk − jL!
, 8k, 0, ∞<F

sum
xk

k !
, 8k, 0, ¶< sum

yk

k !
, 8k, 0, ¶<  sum

Hx + yLk

k !
, 8k, 0, ¶<

‚
j=0

k xj

j!

yk−j

Hk − jL!

Hx + yLk

k !

ü Potenzreihen: Konvergenzradius

Konvergenzradius@a_, k_D := LimitBAbsB
a

Ha ê. k → k + 1L
F, k → ∞F

ü Exponentialreihe

KonvergenzradiusB
1

k!
, kF

¶

ü Cosinusreihe

KonvergenzradiusB
H−1Lk

H2 kL!
, kF

¶

ü Geometrische Reihe
Konvergenzradius@1, kD

1

ü Geometrische Reihe
KonvergenzradiusAH−1Lk, kE

1

f =
1

1 + x2

1

x2 + 1



plot1 = Plot@f, 8x, −2, 2<, PlotRange → 80, 1<, PlotStyle → RGBColor@1, 0, 0DD
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plot2 = Plot@Evaluate@Table@Normal@Series@f, 8x, 0, k<DD, 8k, 5, 10<DD, 8x, −2, 2<D

-2 -1 1 2

-10

-5

5

10

ü Konvergenz nur im Konvergenzkreis

Show@plot1, plot2D
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0.2

0.4

0.6

0.8
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ü Der Integralsinus

ü Wir interessieren uns für eine Stammfunktion der Funktion Sin@xD
x

:

‡
Sin@xD

x
x

SiHxL
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‡
0

x Sin@tD
t

t

SiHxL
FullForm@%D

SinIntegral@xD
Plot@SinIntegral@xD, 8x, −10, 10<D

-10 -5 5 10

-1.5

-1.0

-0.5

0.5

1.0

1.5

ü Man nennt diese Funktion den Integralsinus. Die Sinusfunktion hat die Potenzreihendarstellung

Sin@xD sumB
H−1Lk

H2 k + 1L!
x2 k+1, 8k, 0, ∞<F

sinHxL  sum
H-1Lk x2 k+1

H2 k + 1L !
, 8k, 0, ¶<

ü also

Sin@xD
x

sumB
H−1Lk

H2 k + 1L!
x2 k, 8k, 0, ∞<F

sinHxL
x

 sum
H-1Lk x2 k

H2 k + 1L !
, 8k, 0, ¶<

ü und schließlich

‡
Sin@xD

x
x sumB‡

H−1Lk

H2 k + 1L!
x2 k x, 8k, 0, ∞<F

SiHxL  sum
H-1Lk x2 k+1

H2 k + 1L H2 k + 1L !
, 8k, 0, ¶<

ü Die sich ergebende Potenzreihe lässt sich zur numerischen Berechnung des Integralsinus nutzen:

TableBSumB
H−1Lk 12 k+1

H2 k + 1L H2 k + 1L!
, 8k, 0, n<F, 8n, 1, 10<F êê N

80.944444, 0.946111, 0.946083, 0.946083, 0.946083, 0.946083, 0.946083, 0.946083, 0.946083, 0.946083<
SinIntegral@1.0D

0.946083

f =
Log@1 + xD

1 − x

logHx + 1L
1 - x
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Series@f, 8x, 0, 10<D

x +
x2

2
+

5 x3

6
+

7 x4

12
+

47 x5

60
+

37 x6

60
+

319 x7

420
+

533 x8

840
+

1879 x9

2520
+

1627 x10

2520
+ OIx11M

ü Konvergenzgeschwindigkeit der alternierenden harmonischen Reihe bei der Approximation 
von ln(2)

S@n_D := ‚
k=0

n

H−1Lk
1

k + 1

S@100D − Log@2D êê N

0.00492599

S@1000D − Log@2D êê N

0.000499251

S@10000D − Log@2D êê N

0.0000499925

S@100000D − Log@2D êê N

4.99993μ10-6

ü Graphische Darstellung der harmonischen Reihe und des Integralkriteriums

plot1 = PlotB
1

x
, 8x, 0, 10<, PlotRange → 80, 1<, DisplayFunction → IdentityF;

plot2 = TableB

GraphicsB:RGBColor@1, 0, 0D, LineB::k,
1

k
>, :k + 1,

1

k
>, :k + 1,

1

k + 1
>>F>F, 8k, 1, 10<F;

plot3 = TableBGraphicsB

:RGBColor@0, 0, 1D, LineB::k,
1

k + 1
>, :k + 1,

1

k + 1
>, :k + 1,

1

k + 2
>>F>F, 8k, 1, 10<F;

Show@plot1, plot2, plot3, DisplayFunction → $DisplayFunctionD
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ü Abschätzung der Approximation von ⁄k=1
∞ 1

k5
 mit dem Integralkriterium. Zunächst der exakte 

Wert:

‚
k=1

∞ 1

k5

zH5L
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‚
k=1

∞ 1

k5
êê N

1.03693

ü Approximation durch 100 Summanden

‚
k=1

100 1

k5

13 665 863 048 356 383 670 978 767 877 205 311 114 172 007 580 136 980 515 111 892 289 714 456 354 157 226 357 505 124 914Ö
499 589 679 179 949 790 863 693 285 625 009 456 673 978 234 127 682 400 597 828 733 358 769 121 259 952 785 302 489 985Ö
064 354 139 668 191 245 263 ê

13 179 185 351 019 348 393 269 383 948 867 758 575 959 215 380 852 037 147 528 985 841 492 344 929 720 350 742 751 601Ö
893 318 093 712 781 376 563 994 811 320 764 825 662 981 908 820 197 919 859 781 615 615 970 727 080 743 696 272 335Ö
141 540 540 173 453 885 440 000 000

‚
k=1

100 1

k5
êê N

1.03693

ü Fehlerabschätzung

‡
101

∞ 1

x5
x

1

416 241 604

‡
101

∞ 1

x5
x êê N

2.40245μ10-9

ü Abschätzung der Approximation von ⁄k=1
∞ 1

k Log@kD  mit dem Integralkriterium. Zunächst der 

exakte Wert:

‚
k=2

∞ 1

k Log@kD

Sum::div : Sum does not converge. à

‚
k=2

¶ 1

k logHkL

ü Den kennt Mathematica nicht. Anwendung des Integralkriteriums:

‡
2

∞ 1

x Log@xD
x

Integrate::idiv : Integral of 
1

x logHx L
 does not converge on 82, ¶<. à

‡
2

¶ 1

x logHxL
„ x

ü Mathematica behauptet, das Integral (und daher auch die Summe) divergiere. Nachweis über 
die Stammfunktion:

int = ‡
1

x Log@xD
x

logHlogHxLL
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Limit@int, x → ∞D

¶

ü Ein Beispiel, bei welchem die Ableitungen nicht gleichmäßig konvergieren

f =
Sin@n xD

n

sinHn xL
n

Limit@f, n → ∞D

lim
nØ¶

sinHn xL
n

Plot@Evaluate@Table@f, 8n, 1, 30<DD, 8x, 0, 2 π<, PlotRange → 8−1, 1<D

1 2 3 4 5 6

-1.0

-0.5

0.5

1.0

g = D@f, xD

cosHn xL
Limit@g, n → ∞D

lim
nØ¶

cosHn xL

Plot@Evaluate@Table@g, 8n, 1, 50<DD, 8x, 0, 2 π<D

1 2 3 4 5 6

-1.0

-0.5

0.5

1.0

ü Ein Kehrwert

reihe1 = SeriesBf =
Ex − 1

x
, 8x, 0, 10<F

1 +
x

2
+
x2

6
+
x3

24
+
x4

120
+
x5

720
+

x6

5040
+

x7

40 320
+

x8

362 880
+

x9

3 628 800
+

x10

39 916 800
+ OIx11M
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reihe2 = SeriesB
1

f
, 8x, 0, 10<F

1 -
x

2
+
x2

12
-
x4

720
+

x6

30 240
-

x8

1 209 600
+

x10

47 900 160
+ OIx11M

reihe1 ∗ reihe2

1 + OIx11M

PlotBEvaluateB:
1

f
, Normal@reihe2D>F, 8x, −10, 10<F

-10 -5 5 10

5

10

15

20

ü Der Konvergenzradius ist 2p. Man beachte immer: Außerhalb des Konvergenzbereichs wird die Funktion 
nicht von ihrer Taylorreihe approximiert!

ü Berechnung der Koeffizienten des Kehrwerts

reihe2 = ‚
k=0

10

a@kD ∗ xk

aH10L x10 + aH9L x9 + aH8L x8 + aH7L x7 + aH6L x6 + aH5L x5 + aH4L x4 + aH3L x3 + aH2L x2 + aH1L x + aH0L
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produkt = Expand@Normal@reihe1D ∗ reihe2D

aH10L x20

39 916 800
+

aH9L x19

39 916 800
+
aH10L x19

3 628 800
+

aH8L x18

39 916 800
+
aH9L x18

3 628 800
+
aH10L x18

362 880
+

aH7L x17

39 916 800
+
aH8L x17

3 628 800
+

aH9L x17

362 880
+
aH10L x17

40 320
+

aH6L x16

39 916 800
+
aH7L x16

3 628 800
+
aH8L x16

362 880
+
aH9L x16

40 320
+
aH10L x16

5040
+

aH5L x15

39 916 800
+
aH6L x15

3 628 800
+

aH7L x15

362 880
+
aH8L x15

40 320
+
aH9L x15

5040
+

1

720
aH10L x15 +

aH4L x14

39 916 800
+
aH5L x14

3 628 800
+
aH6L x14

362 880
+
aH7L x14

40 320
+
aH8L x14

5040
+

1

720
aH9L x14 +

1

120
aH10L x14 +

aH3L x13

39 916 800
+
aH4L x13

3 628 800
+
aH5L x13

362 880
+
aH6L x13

40 320
+
aH7L x13

5040
+

1

720
aH8L x13 +

1

120
aH9L x13 +

1

24
aH10L x13 +

aH2L x12

39 916 800
+
aH3L x12

3 628 800
+
aH4L x12

362 880
+
aH5L x12

40 320
+
aH6L x12

5040
+

1

720
aH7L x12 +

1

120
aH8L x12 +

1

24
aH9L x12 +

1

6
aH10L x12 +

aH1L x11

39 916 800
+
aH2L x11

3 628 800
+
aH3L x11

362 880
+
aH4L x11

40 320
+
aH5L x11

5040
+

1

720
aH6L x11 +

1

120
aH7L x11 +

1

24
aH8L x11 +

1

6
aH9L x11 +

1

2
aH10L x11 +

aH0L x10

39 916 800
+
aH1L x10

3 628 800
+
aH2L x10

362 880
+

aH3L x10

40 320
+
aH4L x10

5040
+

1

720
aH5L x10 +

1

120
aH6L x10 +

1

24
aH7L x10 +

1

6
aH8L x10 +

1

2
aH9L x10 + aH10L x10 +

aH0L x9

3 628 800
+
aH1L x9

362 880
+
aH2L x9

40 320
+
aH3L x9

5040
+

1

720
aH4L x9 +

1

120
aH5L x9 +

1

24
aH6L x9 +

1

6
aH7L x9 +

1

2
aH8L x9 +

aH9L x9 +
aH0L x8

362 880
+
aH1L x8

40 320
+
aH2L x8

5040
+

1

720
aH3L x8 +

1

120
aH4L x8 +

1

24
aH5L x8 +

1

6
aH6L x8 +

1

2
aH7L x8 +

aH8L x8 +
aH0L x7

40 320
+
aH1L x7

5040
+

1

720
aH2L x7 +

1

120
aH3L x7 +

1

24
aH4L x7 +

1

6
aH5L x7 +

1

2
aH6L x7 + aH7L x7 +

aH0L x6

5040
+

1

720
aH1L x6 +

1

120
aH2L x6 +

1

24
aH3L x6 +

1

6
aH4L x6 +

1

2
aH5L x6 + aH6L x6 +

1

720
aH0L x5 +

1

120
aH1L x5 +

1

24
aH2L x5 +

1

6
aH3L x5 +

1

2
aH4L x5 + aH5L x5 +

1

120
aH0L x4 +

1

24
aH1L x4 +

1

6
aH2L x4 +

1

2
aH3L x4 + aH4L x4 +

1

24
aH0L x3 +

1

6
aH1L x3 +

1

2
aH2L x3 + aH3L x3 +

1

6
aH0L x2 +

1

2
aH1L x2 + aH2L x2 +

1

2
aH0L x + aH1L x + aH0L

liste = Take@CoefficientList@produkt, xD, 11D

:aH0L,
aH0L

2
+ aH1L,

aH0L
6

+
aH1L

2
+ aH2L,

aH0L
24

+
aH1L

6
+
aH2L

2
+ aH3L,

aH0L
120

+
aH1L
24

+
aH2L

6
+
aH3L

2
+ aH4L,

aH0L
720

+
aH1L
120

+
aH2L
24

+
aH3L

6
+
aH4L

2
+ aH5L,

aH0L
5040

+
aH1L
720

+
aH2L
120

+
aH3L
24

+
aH4L

6
+
aH5L

2
+ aH6L,

aH0L
40 320

+
aH1L
5040

+
aH2L
720

+
aH3L
120

+
aH4L
24

+
aH5L

6
+
aH6L

2
+ aH7L,

aH0L
362 880

+
aH1L

40 320
+
aH2L
5040

+
aH3L
720

+
aH4L
120

+
aH5L
24

+
aH6L

6
+
aH7L

2
+ aH8L,

aH0L
3 628 800

+
aH1L

362 880
+
aH2L

40 320
+
aH3L
5040

+
aH4L
720

+
aH5L
120

+
aH6L
24

+
aH7L

6
+
aH8L

2
+ aH9L,

aH0L
39 916 800

+
aH1L

3 628 800
+

aH2L
362 880

+
aH3L

40 320
+
aH4L
5040

+
aH5L
720

+
aH6L
120

+
aH7L
24

+
aH8L

6
+
aH9L

2
+ aH10L>

sol = Solve@liste 81, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<, Table@a@kD, 8k, 0, 10<DD

::aH0LØ 1, aH1LØ -
1

2
, aH2LØ

1

12
, aH3LØ 0, aH4LØ -

1

720
,

aH5LØ 0, aH6LØ
1

30 240
, aH7LØ 0, aH8LØ -

1

1 209 600
, aH9LØ 0, aH10LØ

1

47 900 160
>>
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reihe2 ê. sol@@1DD

x10

47 900 160
-

x8

1 209 600
+

x6

30 240
-
x4

720
+
x2

12
-
x

2
+ 1

reihe1 ∗ Hreihe2 ê. sol@@1DDL

1 + OIx11M

MatheI8-.nb   9



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


