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1. Find the general solutions of the following £rst order equations:

� �������� ���� �	��
�
�� �������� ��� ���� ����
��

(6P)

2. The following problem describes a vibrating string:�������� � ��� �
�������� � � ����
��
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Give the solution of the problem in terms of Fourier series if * �%�)!-, 
 and

' �(�)! �
.0/1 � �2
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(8P)

3. Let
���%� � �"! solve the equation� � ���� � �@? ������ ��� �

� � ���� � � �A� ? ���CBEDGF � �H�
and set ���%� � �"! ��IKJELNMKO PRQTS �%� � �"! �
Determine U such that S satis£es an equation of the form��� S��� � �WV S>��� �

��� S��� � � �A� V ���XBEDGF � �K�
(4P)

4. Show that for any £xed Y the function

�Z�(� � �"! �
�[ �]\ ^ � I

8`_badcKe%fhgi�j gKk
satis£es the heat equation ������ ��� �

� � ���� � � �l�m
�
(4P)
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Solutions

1.) The characteristic curves of the equation

� �������� ���� �	��

are given as solutions of the system:� �� � � � �

� �� � � � �
Through elimination of the parameter � we obtain� �� � �

�
�

whose solutions are obtained by separation of variables� � � � �
� � � ��� �[ � � � � � �Z�

Solving for � gives the following £rst integral to the characteristic equations:

� �%� � � ! �
�[ � � ;	� �

The general solution reads as ���%� � � ! ��' � � �(� � � !d! �
The characteristic curves of the equation�� �������� � � ���� �	��


are given as solutions of the system:� �� � � �� �
� �� � � � � �

Through elimination of the parameter � we obtain� �� � � � ���
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whose solutions are obtained by separation of variables� �
� �
� � �

� � � � � � ; �[ �
� � �

�[ � � � ���
Solving for � gives the following £rst integral to the characteristic equations:

� �%� � � ! � ; �[ � � � � �
� ��� �

The general solution reads as ���%� � � ! ��' � � �(� � � !d! �
Obviously, the given equation has to be considered either in the domain

� � 
 or��� 
 . Furthermore, � �0
 is a characteristic curve, where it is not possible to
prescribe any initial condition.
2.) The solution can be described in the following form:

���(� � �"! � �� �
	�� �� ������� ��� � �"! ��� ������� ��� � �"!d! ������� Dl^# � � �
where � � ��� D�^# �
The coef£cients

 � � � � are determined according to the Fourier-sine expansions
of odd functions:

' �%�)! � �� �!	��  ���"�#� � D�^# � � � � � [ #
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' �%�)!

�"�#� � D�^# � � � � �
* �(�)! � �� �!	�� � � � ���"�#�%� D�^# � � �
� � �
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Since * �(�)!-, 
 we obtain � � ��
� D�� � �
The coef£cients

 �
assume the following form: � �

[ #
1� $��
5
� ���#�%� Dl^# � � � � � [ #

7�
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�

[ # � 5
1� $ � ���#� � Dl^# � � � �

; [ # �#<; 5
1�
7
� �"�#�%� D�^# � � � � � [ �#<; 5

1�
7
������� D�^# � � � �

�
[ �

5 �$#<; 5 !
� #
D�^ � � ������� Dl^# 5 � �

3.) Let us calculate £rst the derivatives:������ �
� I J��� S � IKJ

� S����������� � �
��� I J��� � S � [ � I J��� � S��� � I J

��� S��� � ��������� � �
��� I J��� � S � [ � I J��� � S����� IKJ

��� S��� � �
Inserting into the given equation yields:� � I J��� � S � [ � I J��� � S���

� IKJ
��� S��� � � ? � � I J��� S � IKJ

� S��� �
��� �

� ��� I J��� � S � [ � I J��� � S����� IKJ
��� S��� � � �
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If U depends solely upon
�

we obtain� � I J��� � S � [ � I J��� � S���
� IKJ

��� S��� � �@? � � I J��� S � IKJ
� S��� �

��� � IKJ
��� S��� � �

The coef£cient of the £rst derivative of S with respect to
�

disappears if

[ � I J��� � ; ? IKJ �
�

� U��� � ; ? �
Choosing

U �(�"! � ; ? [ �
we obtain the following equation for S :��� S��� � �@V S>��� �

��� S��� � � V � ; ? �
� �

4.) Through differentiating we obtain:������ �%� � �"! �
�[ � \ ^

� ; �[ ���� g � I 8 _ adcKe%fhgi�j gKk
� �[ � \ ^ � I

8 _badcKe%fhgi�j gKk �(� ; Y ! �
� � � � � ������� �%� � �"! �

�[ �]\ ^ � I
8 _badcKe%fhgi�j gKk � ; �[ �%� ; Y !

� � � � ��������� � �%� � �"! �
�[ �]\ ^ � I

8 _badcKe%fhgi�j gKk � ; �[ �%� ; Y !
� � � � ��[ �]\ ^ � I

8`_badcKe%fhgi�j gKk � ; �[ �
� � � � �

The assertion follows immediately.
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