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New results in computing
Formal Power Series in Maple:
Hypergeometric type and non-

holonomic power series

February 2021

This worksheet presents examples that show how the new package FPS will
be a great addition to Maple. It starts by explaining why it is worth to have a
direct approach. Then it gives some problems related to the current Maple
implementation. This is followed by results that could not be obtained
previously. The list of examples can be extended at will, the goal here is just
to present a few with emphasis on new results. Some byproducts are also
presented.

(> with (FPS)
[FPS, FindQRE, FindRE, HolonomicDE, LinearDE, QDE, Taylor, dispSet, mfoldHyper, 6}

| rectohyperterm, sumhyperRE]
:> with (CodeTools) :

convert/FormalPowerSeries is absolutely non-linear and misses to work
for sums. Nevertheless, we would like to show why mapping
convert/FormalPowerSeries on the input summands is not a good idea.

Indeed, by doing so we lose some aspects of the algorithm that might gather
in its simplification aspect. In fact mapping convert/FormalPowerSeries on
the input summands will force outputs to have at least the same length as
their inputs, which is not an appropriate behavior for a symbolic algorithm.
Let us give some examples.




> f:=cos(z)”*2+sin(z) *2:convert (f,FormalPowerSeries, z,n)

1 (0]

map (g->convert (g, FormalPowerSeries,z,n) ,f)

n 2n+2 *® 4\ 2n+2
1+Z( )+[Z (=4)2 ] 3)

(1+2n)! =0 (n+1) (1 +2n)!

f:=cos(2*z) - (cos(z)*2-sin(z)*2) :convert (f,FormalPowerSeries, z,n)
0 C))
map (g->convert (g, FormalPowerSeries,z,n) ,f)

* —4\" 2n e 4\ 2n+2
) SE:alh PRSP (S ) ®
a0 (2n)! a0 (n+1) (1 +2n)!
f:=(z+3*z*2+2z”3) *exp (z) : convert (£, FormalPowerSeries, z,n)
@ 2 n
nz
I 6
nzo(n—l)! ©)

map (g->convert (g, FormalPowerSeries z,n) ,expand(f))

[i Ji+3 3Zn+2) [i Zn+l] -

n=0 n! n=0 n!

f:=sin(z)+z*cos(z) :convert (f, FormalPowerSeries,z,n)
S (=) (n+1
z(_n”(nﬂ) L =D ))Zn ®)
=0 2 n! 2 n!

map (g->convert (g, FormalPowerSeries,z,n) ,f)

® (_l)nzl+2n ® (_l)nzl+2l’l
[z (I +2 * z (2n)! ©)

n)!

n=0 n=0
£f:=(-1/2*z + 1/6*z~3) *arctan(z) :convert (f,FormalPowerSeries, z,n)
(— % z+ % 23) arctan(z) 10)

map (g->convert (g, FormalPowerSeries, z n) expand (£f))

e i ( l)n 2n+2 j *® n 2n—¥4
Z( 2+4n z 6—|—12n an

n=0 n=0

The outputs that one should get in the three latter examples

> FPS((z+3*z~2+z*3) *exp (z),z,n)

2 n+1
z n+1 12)
> FPS(sin(z)+z*cos (z),z,n)
S 2 (=" (n+1) Tt
;0 (14+2n)! 13)

> FPS((-1/2*z + 1/6*z~3) *arctan(z),z,n)

(MMN



n21’l

25 [~ (4n—5) (—1)"Z
6 "9 " ;03(2n—1) (2n—3) (14)

It 1s therefore worth to think of a direct approach and this is what the function
FPS[FPS] does. However, before getting into such computations, we give
examples for which the current Maple implementation yields more
complicated or even wrong results due to its lack of an algorithm to compute
m-fold hypergeometric term coefficients.

Complicated results

> convert ((sin(z)+cos(z))*3,FormalPowerSeries,z,n)

[e¢]

(G e () (o (S ) o

n=0n!

—31)”)2”)

> convert (ln(l+z+z*2+z”3) ,FormalPowerSeries, z,n)

* _(_1)n+1_(_1)n+1_In+lJn+1
;O( n+1 n+1 n+tl1 )’ (16)
> convert ((sin(z)+cos (z))*3,FormalPowerSeries,z,n)
I 3, 31 L3 3IVa (1 1 !
2oarlllaa ) (g - )r-(ay)er+(-5+4)c @

—3I)n)z")

=> convert (tan(3*arctan(z*2)) ,FormalPowerSeries, z,n)

CREAEY T G
TG (G ()
2500 B (450 (557 (5]

> convert(1l/(q[l]1-2z*2)/(q[2]-2~3) ,FormalPowerSeries, z,n)

S A(G@P) (s (@) () e en a0 a9

=0 B () (-Ja ) B -1 g 2 (- (-t
qé]3>n((_1)213qé/3)n(\/q—1)n(_\/q_l)nqgh(_1)2]3(]%

331
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PV @) (Jar +a7) (<fa +a ) (0 P+ ) (1) =1) o)

Observe that mapping convert/FormalPowerSeries on these inputs will not
make the results any better.

Much simpler outputs

=> FPS((sin(z)+cos(z))*3,z,n)

*® BRRY n_ 2n _q\n n 1+2n
Z-( 1" (9"—3) z N 23( H"(9"+1) 20)
n=0 2(2n)! =0 2(1+2n)!
[> FPS(1ln(l+z+z~2+z~3),z,n)
hod 1 hod n2n+2
(—1"T (—1)"z
_-_— _-_— 21
(;;) n—+1 * ;;) n+1 @1
> FPS((sin(z)+cos(z))*3,z,n)
i_ (—1)" (9" —=3) 2" N 3(—=1)"(9"+1) 7 +2" @
n=0 2(2n)! =0 2(1+2n)!
> FPS (tan(3*arctan(z*2)),z,n)
22 S n—1 2+4+4n
=t > g3l 23)
| n=0
> FPS(1/(ql[l1]1-2*2)/(q[2]-2"3) ,z,n)
n 1 n 3
. (q i S q‘rsjzn o[ (@lrmg) g Tae]|
211 112 1 2 1
N - +2 |- . + 24)
n=0 ql_q2 n=0 ql_q2 n=0
2
(qzl q)q—n—l An % (q q)q §an+1
2 1 2 2 1 2
h 3 2 + z
91 — 49, n=0 q Q2

Wrong outputs: wrong computation of initial coefficients

The following examples clearly show that computing linear combinations in
the current Maple code is not well handled.

> convert ((-1/2*z + 1/6*z~3) *arctan(z) + (-1/4*z*~2 + 1/12)*1n(z*2 +
1) + 5/12*z~2 + 1/4,FormalPowerSeries, z,n)

[e¢]

—o\2(n+4) (n+3)(n+2) (n+1) 2(n+4) (n+3)(n+2) (n+1)
> series((-1/2*z + 1/6*z~3) *arctan(z) + (-1/4*z*2 + 1/12)*1n(z*2 +




1) + 5/12*z~2 + 1/4,z=0,1)

1

— +O(22)

4

> convert (exp(z)+log(l+z) ,FormalPowerSeries, z,n)

n=0 n+

* i (_1)n+1 1 j
25( TSR

> series(exp(z)+log(l+z) ,z=0,1)

1 +0(z)

n+1

> convert(arctan(z+2) ,FormalPowerSeries, z,n)

— 2 (n+1)

> series (arctan(z+2) ,z=0,1)

n—+1 n+1
<12 -1 (-2 +4)
3 5 5 B 5 5

2(n+1)

arctan(2) + O(z)
> convert(arctanh(z)+cosh(z) ,FormalPowerSeries,z,n)

[e]

! 1

(_1)n+l

a=o\ 2 (n+1) 2(n+1

) 2(n+1)!

> series (arctanh(z)+cosh(z) ,z=0,1)

1 +0(z)

2(n+1)!

> convert (exp(z)+1l/(1-z) ,FormalPowerSeries,z,n)

[ee]

n=0
> series(exp(z)+1/(1-z),z,1)

Correct outputs

> FPS((-1/2*z + 1/6*z~3)*arctan(z) + (-1/4*z*2 + 1/12)*1n(z*2 + 1)

+ 5/12%z~2 + 1/4,z,n)
1

> (1 )

2 +0(z)

2n+4
nzi’l

(—1)

Loy

4
> FPS (exp (z)+log (1+z) ,z,n)

,F04(2n+3)(n+2)(1+2n)(n+1)J

1+

n=0
> FPS (arctan(z+2) ,z,n)

e

i(@—nun+u!+n+n

(n+1) (n+1)!

_LYH_pz
5 5

n—|—1]
Z

J n+1
z

) n+1
z

arctan(2) + Z 2
n=0

=> FPS (arctanh(z)+cosh(z) ,z,n)

n+1

(26)

@7

(28)

(29)

(30)

(€2Y

(32)

(33)

(34)

(35)

(36)

37

(33%)



@ An « A +2n
> FPS (exp(z)+1/(1-2),z,n)
(n'4+1)z 39)
n=0 n!

Hypergeometric type power series

This is a generalization of all types of series that Maple can currently handle.
It includes linear combinations of Laurent-Puiseux series by default. All this
1s made possible thanks to the algorithm mfoldHyper which computes m-fold
hypergeometric term solutions of holonomic recurrence equations. Taking
into account a precise computation of linear combinations without neglecting
initial terms, FPS computes hypergeometric type series linearly.

convert/FormalPowerSeries fails in all the examples of this section.

We recall some steps of the algorithm

> f:=exp(z*2)+1/(1-2z)"2

[ r— 5 (40)
i (1-2)
B HolonomicDE (£,F(z))
(-42+47—8z42)Fz) + (-2 +472 -3/ +22+42) (SZ F(z)] +iz—1) (£ 1)
2
—z+1) [jzz F(z)jzo
> RE:=FindRE (f,z,a(n))
RE:= (-2rn*4+4n+2)an) +(-2n+2)an—=3)+@An—4)an—2)+ (i*—6n 42)

—Nam—1)+2n+1) am+1)—(n+1) n+2)an+2)=0

The use of mfoldHyper. This algorithm is new and is not yet implemented in
Maple at the current time.

=> mfoldHyper (RE,a (n))
w2 ] @

Since there 1s a 2-fold hypergeometric term solution, one can compute the




coefficient of the odd term as follows.

> mfoldHyper (RE,a(n) ,ml=[2,1])

{ n! 4" }
(14+2n) (2n)!

(44)

Finally the procedure searches for the needed linear combination and gets the

following series representation

=> FPS(f,z,n)

[ee]

> 2]

n:0n!

+

(Z(nﬂ)z”
n=0

Note that this latter step consisting of finding the linear combination also
requires a careful algorithmic consideration. This is to avoid
misrepresentation as we highligthed in the current Maple implementation.

45)

For the next computations, the maximum value of differential equations to be

computed is fixed to 10 because it is the default value used in FPS.

=> convert (exp(z~2)+1/(1-z) *2,FormalPowerSeries, z,n)
1
624———————5
(1 —=2)

> CPUTime (convert (arctan(z)+arcsin(z) ,FormalPowerSeries,

differentialorder=10))

0.234, arctan(z) + arcsin(z)

> CPUTime (convert (exp(z)+arcsinh (z) +cosh(z) ,FormalPowerSeries,

differentialorder=10))

6.796, ¢ + arcsinh(z) + cosh(z)

> CPUTime (convert (sin(2*arcsin(z))+cos(3*arccos(z)),

FormalPowerSeries,differentialorder=10))

9.406, sin(2 arcsin(z) ) + cos(3 arccos(z))

> CPUTime (convert(l/sqrt(1-z”*3)+1ln(1+z*2) ,FormalPowerSeries,z,n,

differentialorder=10))

126.219, S S +1In(Z+1)

3
-z +1
> CPUTime (convert (cosh(ln(1l+z))+sin(z)+exp(z*2)+z*cos(z*3),
FormalPowerSeries,differentialorder=10))

193.250, % +% + ﬁ +sin(z) 4+ +zcos(2)

> CPUTime (convert (log(l+sqrt(z)+z+z~(3/2)) ,FormalPowerSeries,z,n,
differentialorder=10))

29.484, In(1 +7 +z+212)

(46)

47

(48)

49)

(30)

(1

(32)



> CPUTime (convert (cos (sqrt(z))+sin(z~(3/4)) ,FormalPowerSeries,z,n,
differentialorder=10))

2.297, cos(\/?) + sin(z3 I 4)

> CPUTime (convert (arctan (sqgrt(z))+arcsinh(z~(1/3)),
FormalPowerSeries,differentialorder=10))

5.078, arctan(\/?) + arcsinh(z1 I 3)

> CPUTime (convert (arcsin(z”~(1/7))+1ln(1+z”~(1/3)) ,FormalPowerSeries,
differentialorder=11))

61.891,arcsh1(zll7) 4—ln(1 +—zll3)

> CPUTime (convert (cos (sqrt(z))+sin(z~(1/3))+exp(z~(3/4)),
FormalPowerSeries,differentialorder=12))

6.922, cos(yz ) + sin(Z' | 3 L& 4

Corresponding results

=> FPS (arctan(z)+arcsin(z) ,z,n)

i (4" 2+ (—1)"n?) z
i =0 (1+2n)n!
B FPS (exp (z) +arcsinh(z) +cosh(z) ,z,n)

*® n ® 2n *® na-n 1+2n
Z p (—1)"4" (2n)!z ]
— +

i [nZOn! ,;0(214)!} [;0 (1+2n)n?

> FPS(sin(2*arcsin(z) ) +cos(3*arccos(z)),z,n)
i_24_"(2n)!zl+2n)

i =0 (2n—1)n?

B CPUTime (FPS (1/sqrt (1-z~3)+1n(1+2z"2), z ,n))

*® n2n+2 24
n'2

(=H)'z
3.296, [ZO .
=> CPUTime (FPS (cosh(1ln(1+z) ) +sin(z)+exp(z*2)+z*cos (z*3) ,z,n))

14+2n

+

47 -3+

*® 14+2n
1 z (- 2" (—1)"z
19.891, — + — + — | + + T ———
SN
> FPS(log(l+sqrt(z)+z+z*(3/2)),z,n)
n 1
0 5+ 5 0
z (_l)nzz 2 Z n n—|—1
n=0 n+1 n=0 n+1
> FPS (cos (sqrt(z) )+sin(z~(3/4)) ,z,n)

S o (—1)"z
[E: (2n)!)+ E: (14+2n)!

n=0

(33)

(54)

(35)

(36)

(7

(38)

(39)

(60)

(61)

(62)

(63)



> CPUTime (FPS (arctan (sqgrt(z))+arcsinh(z~(1/3)),z,n))

l+ﬂ n+i
® 2
TH DY A ] 64)

*® _ n -n | 3
2938,[25 (—1H)"4 (2n).z2
i n=0 (1+2n)n! n=0 1+2n
[> CPUTime (FPS (arcsin(z”~(1/7))+1n(1+z~(1/3)),z,n,maxdeorder=11))

E_Fl ﬁ_}_l
4" ez’ (=)' 3]
11.547, | > + > (65)
[n 0 (1+2n)n'2 n=0 n+1

=> CPUTime (FPS (cos (sqrt(z) )+sin(z”* (1/3) ) +exp(z~(3/4)) ,z,n,
maxdeorder=12))

1 2n 3n

o0 5 t = 0 -

n 3 3 Z4

63.047, [Z ]Jr[Z .

i (=1)"7

T2 2 )

(66)
=0 1 +2”l n=0

;Bonus: special functions
> CPUTime (FPS (exp (z) +thypergeom([a, b], [c], z*2),z,n,fpstype=
SpecialFunctions))

o0 " o b 2n
3.500, (z %) +(Z M) 67)

n=00-: n=0 7’1' (C)n

In principle, Maple's conbert/FormalPowerSeries should be able to compute
the following power series since the underlying recurrence equations have
only two terms. This is related to finding the linear combination and the
Puiseux numbers which are generalized in the new FPS command.
> convert(1l/ (sqrt(1l-4*z))*((1l-sqrt(1l-4*z))/2*z)*2,

FormalPowerSeries, z,n)
2

(1—V1—4z) 7 68)
] 414z
[> FindRE (1/ (sqrt(l-4*z))* ((l-sqrt(1-4*z))/2*z)*2,z,a(n))
-n—=2)(n—4)an)+2n—3)2n—7)a(n—1)=0 (69)

=> convert (sqrt(sqrt(8*z~3+1) -1) ,FormalPowerSeries, z,n)

\/w/823+1 —1 (70)

=> FindRE (sqrt(sqrt(8*z~3+1)-1) ,z,a(n))
4n—5)(-11+4n)a(n—-2)+n+1)2n—1)a(n+1)=0 (71)

Expected results

> FPS(1/ (sqrt(1- 4*z))*((1 sqrt(l 4*%z)) /2*z)*2,z,n)
Z (2n+2) +2)( +1)2
= (n-+2).

(72)




> FPS(sqgrt(sqrt(8*z~3+1)-1) ,z,n)
— +3n

i (=17 27" esan(212) (1+20) (4n)! 2
n=0 (1+2n)!?

Non-hypergeometric type but holonomic series
For such input we give the output in a recursive form. This approach is

functions. This 1s implemented in the command FPS[Taylor].

> FPS(arcsin(z)*3,z,n)

No hypergeometric type power series found for the underlying
holonomic recurrence equation

Representation given in a recursive form

4 2
2+ 4 nAn) =2 (n+1) (n+2) (0" +2n+2) A(n+2)
ZA Aln+4) = (n+1) (n+2) (n+3) (n+4) ’

i [4(0)=0,4(1)=0,4(2)=1,A4(3) =0]
1> FPS (arcsin(z) 3,z ,n,fpstype=Holonomic)

ZA 2 A+ 4 = A An) =2 (n+1) (n+2) (PP +2n+2) A(n+2)
(n+1)(n+2) (n+3) (n+4)

| [4(0)=0,4(1)=0,4(2) =1,4(3) =0]

> Taylor (arcsin(z)*3,z,0,10)

Z3+L5 37 7 3229 ¢

27 T 920 7 T 5120 ?

> series (arcsin(z)*3,z,11)

3,1 5 37 7 3229 o 11
z + 5 z +—120 z +-15120 z +%D(Z )

=> FPS (exp (z+z"2) *cos (z) ,z,n, fpstype=Holonomic)

DAy A(n +4) =
n=0

_AA) 44+ 1) + (An=8) A +2) + (2n=6) A(n+3) [0
(n+4) (n+3) o

=1,A(1)=1,A(2)=1,A(3)==%%

=> Taylor (exp (z+z”2) *cos (z) ,z,0,10)
2 3 1 4 2 5 2 J_ 13 S 82 o 2 10
|+ 2+ =2+ =A== —
i R T S T T T T35 T s © 105 C
[> series (exp(z+z*2)*cos(z),z,11)
2 L4, 2 s 27 13 5 8 o 2 j 1"
1 = < p = — 0
+Z+Z+3Z+3 LTI 315 2835 2 " 105 2 TOl)

0<n

3

,0<m,

important for computing larger-degree Taylor polynomials of holonomic

(73)

(74)

(75)

(76)

(77

(78)

(79)

(80)



> T:=Time () : Taylor (exp(z+z*2) *cos(z) ,z,0,1000) : Time () -T

277 ms (81)
> T:=Time () :series (exp(z+z*2) *cos (z) ,z,1000) : Time () -T
11031 ms (82)

Non-holonomic case

New approach on what to do when the given input does not satisfy a linear
recurrence equation. The algorithm seeks for homogeneous quadratic
differential equations.

=> FPS(tan(z),z,n)

No holonomic DE of order less than 11 found
Computation for non-holonomic functions applied
n

. 24A(n+1) + 2—2(k+1)A(k+1)A(n+1—k)J
" _ =1
;OA(n)z,A(n+3)— TFSIRTEy L0<n,  (83)
| [4(0)=0,4(1)=1,4(2) =0]
[> QDE (tan(z),F(z))
-2 (i F(z))F(z) L4 F(z) =0 (84)
dz d2
> FindQRE (tan(z),z,a(n))
(n+1) (n+2)a(n+2) —2 [Z(k—i—l)a(k—i—l)a(n—k)J:O (85)
k=0
=> FPS(tan(z)/z”*2,z,n, fpstype=Quadratic)
n—l 1 _ _ S
ZA Al 44y = | 22 (1 42) A(n +2) —44(n +2) Z (86)

n—+1

“2(k+1)A(k+1)A(n+1—k) 2:—LMkMﬂn+2—kJ]J)Sn¢AW)=L

k=1

A(l1)=0,4(2) = ,A(3)=0}

1
i 3
> FPS(1/ (exp(z)-1) ,z,n, fpstype=Quadratic)

n+2
. (ZA(k)A(n+3—k)J+A(n+2)

An) 2"~ A +3) =-
2 A Z A+ 3) p—

1 1

= - — A 2 -

] 5 A(2) =73
[> FPS(1/(1+sin(z)),z,n, fpstype=Quadratic)

,0<n,|4(0)=1,4(1) (87)



n—1

. 54 +| —3A(k)A(n—k))
0 _ =1 _
;OA(n)Z,A(n +2)= TESTNEY L0 <, [4(0)=1,4(1) (88)

| =1
> FPS(1l/cos(z)*2,z,n, fpstype=Quadratic)

n—1

> —6A(k)A(n—k)]

k=1
(n+1) (n+2)

> FPS(1+tan(z)*2,z,n, fpstype=Quadratic)

-8A4(n) +

ZA )2 A +2) =

n—1
- “84(n) +| 0, —6A(k)A(n—k)]
D An) L An+2) = - (n_":ll) sy 0 <n, [4(0)=1,4(1)=0] (90)

n=0

Proving non-trivial identities

A consequence of this new approach is the detection of difficult identities.
The algorithm finds equivalences that are hidden to the Maple simplify

command.

> fl:=2*arctanh(sin(2*z)/ (l+cos(2*z)))

fl:=2 arctanh( % ) 1)
> gl:=1n((1l+tan(z))/(1-tan(z)))
gl = ln(mﬂj ©2)
1 —tan(z)

=> FPS (fl,z,n, fpstype=Quadratic)

. - |
,ZOA(”)Z’A(”+4)_ 2(n+2) (n+3) (n

+] 2 (k 93)

k=1

- 2) 2)
4 ( 8(n+2)A(n—+

+2Hk+1Hk+3Lﬂk+3Hn+2—kbﬂn+2—MJ+(§;4(k+UAM
k=1

n

Z (k+1) (k+2) Ak+2) (n+2—k) (n

+1)(n+2—k)An+2—k)

AMH=O”M1)=2”M2)=OHM3)=£¢

+3—k)An+3 —k) 3

],O <n,
=> FPS(gl,z,n, fpstype=Quadratic)

4




[e¢]

n _ 1
;()A(”)Z’A(”H)_ 2(n+2) (n+3) (n

+| 2 04)

k=1

-8 2) 2)
_’_4){ (n+2)A(n+

+2Hk+1Hk+3Lﬂk+3Hn+2—kLﬂn+2—MJ+(§;4(h+UA%
k=1

n

z (k+1) (k+2) A(k+2) (n+2—k) (n

+1) (n+2—k)An+2—k)

]:Osn:

> FPS(fl-gl,z,n, fpstype=Quadratic)
0 5)

A(0)=0,4(1)=2,4(2) =0, A(3) =i}

+3—k)An+3 —k) 3

> simplify(f1-gl)

sin(2 z) _ 2 sin(z) cos(z) +1
2 arctanh(—cos(2 D41 ) ln( 2 cos(2) — 1 j (96)

> f2:=log(tan(z/2)+sec(z/2))
f2 = ln(tan( ) %—sec(

) ©7)

> g2:=arcsinh(sin(z)/ (1+cos(z)))

)
sin ( )

g2 = arcsnﬂ1( cos(z 98)
> CPUTime(FPS(f2,z,n,fpstype=Quadrat1c))
S ) - 1 (n+2) A(n+2)
4.500,’120,4(;1)2,,4(;1 ) = o Y i d : 99)
F D4 (h+2) (k+1) (k+3) A(k+3) (n+2—k) A(n+2—k) J Z
k=1 =
F A1) (n+2—K) An+2—k) + | > -8 (k+1) (k+2) A(k+2) (n+2
k=1
—k) (n+3 =k An+3—k ||,0 <n, A(O)ZO,A(1)=%,A(2)=O,A(3)=4—18]
=> CPUTime(FPS(g2,z,n,fpstype=Quadratic))
1 (mn+2)A(n+2)
1125, ZA VLA ) = : (100)
F 1D 4 (k+2) (k+1) (k+3)Ak+3) n+2—k) An+2—k) |+, (- (k
k=1 k=1

+1Lﬂk+1ﬂn+2—kLﬂn+2—M)+(§J@(k+l”k+2hﬂk+2ﬂn+2
k=1



—k) (n+3—k)A(n+3—k))],0Sn,

_ _1 _ _ L
A(0)=0,A4(1) = 2,A(2) 0,A4(3) 43
=> CPUTime (FPS (£2-g2,z,n, fpstype=Quadratic))
i 101.515,0 (101)
> simplify (£2-g2)
l—l—sm( ) .
2 . sin(z)
— h| —————— 102
( . ) arcsin ( cos(z) +1 ) 102)
cos-z

DEtools[FindODE] vs FPS[HolonomicDE]: faster computation of
holonomic differential equations

A different strategy to compute holonomic differential equations is used.
Linear algebra is better exploited. This increases the speed of FPS for
computing hypergeometric type series.

Below are some examples for comparison with FormalPowerSeries
[HolonomicDE] which is equivalent to DEtools[FindODE] apart from the
simplification applied for special functions in the latter.

> t,DE:=CPUTime (DEtools [FindODE] (arctan (z) *2+sin(z) *4+log(1+z)*5,F
(z) ,30)):
> t,PDEtools[difforder] (DE, z)

12.984, 11 (103)
> t,DE:=CPUTime (HolonomicDE (arctan(z) *2+sin(z) *4+log(1+z)*5,F(z),
30)):
> t,PDEtools[difforder] (DE, z)

0.906, 11 (104)
> t,DE:=CPUTime (DEtools[FindODE] (exp (z*11+3) *cos (z) +1log(1+z~7) +cos
(z)*3*sinh(z)*5,F(z),30)):
> t,PDEtools[difforder] (DE, z)

1485.203, 28 (105)
> t,DE:=CPUTime (HolonomicDE (exp (z*11+3) *cos (z) +log (1+z”7) +cos (z) *3*
sinh(z)”~5,F(z),30)):
> t,PDEtools[difforder] (DE, z)

199.797, 28 (106)
> t,DE:=CPUTime (DEtools[FindODE] ( (3*z+5*z*7+11*z413) *1log (1+z"3+z"7)
+arctanh(z) *cos (z)*5,F(z) ,30)):
> t,PDEtools[difforder] (DE, z)

437.953, 14 a107)
> t,DE:=CPUTime (HolonomicDE ( (3*z+5*z*7+11*z*13) *1log(1+z*3+z"7) +
arctanh (z) *cos(z)*5,F(z) ,30)):




> t,PDEtools[difforder] (DE, z)
38.922, 14 (108)

For special functions one can use FPS[HolonomicDE] as follows

> HolonomicDE (Int (Int (2*hypergeom([3/4, 5/4], [2], 64*x"3*(1 + x)/
(-4*x*2 + 1)72)/(-4*x*2 + 1)~ (3/2), %), x)/x*2,F(x),
SpecialFunctions)

24 (2x4+1) (96 x* +216x° +244 3 + 142 x +15) x F(x) + (18432 x” + 53376 x° (109)

+ 71616 X + 53952 x* + 18336 x> + 1416 x> — 180 x — 72) (% F(x)) +12x (1152 %

~

2
43504 x° + 4736 x° + 3568 x* + 1256 x° +89 x> —22x —9) (% F(x)) +2 (1536 x
3
+ 4896 x° + 6672 x° + 5008 x* + 1816 x° + 122 x> — 43 x — 18) (% F(x)) +x (1

4
+x) (4% +4x+3) (12 +4x+1) (42 +4x—1) [ﬁ F(x)) =0

=> HolonomicDE (BesselI (0, x) + x*BesselI (2, x), F(x),
SpecialFunctions)
d ¢

%1+x)U2+x+3)xFu)+(1§+x+4)(——}WM)+wﬂx+2)Ug+l)[—7 (110)
dx dx

lﬂx))=0

> HolonomicDE (KummerM(1/4, 1, x) + KummerM(-1/4, 1, x),F(x),
SpecialFunctions)

2
-F(x) + (16 x —16) (i F(x)) +(16x2—80x+32) [d—z F(x)] —32 (x (111)

dx dx

3 4
—2)%% F(x))+16x2(ﬁ F(x))=0
> HolonomicDE (LegendreP (1/4, x)*LegendreP(1/2, x) ,F(x),
SpecialFunctions)
2

~495 F(x) + 1440 x (% F(x)) + (5600 2 — 1504) [% F(x)) 12560x (x—1) (1 (112)

d’ 2 » ( d B
+x) §F(x) +256 (x —1)> (1 +x) EF()C) =0

Detected issue on LREtools[hypergeomsols] for computing

hypergeometric terms, a particular case of mfoldHyper implemented in
FPS[rectohyperterm]




The function implements a variant of the one implemented in LREtools
[hypergeomsols] with a further step consisting of writing outputs using
factorial and Pochhammer symbols. The code FPS[sumhyperRE] computes a
holonomic recurrence equation satisfied by a list of hypergeometric terms.

> RE[l]'=sumhyperRE([(a (1/3)) “n/2*n, (1+4sqrt(5))*n/2%n] ,v(n))

RE, =2 v(n) + (-5 4 —4a)vin+1)+2 (/35 —=1)avin+2)=0 (113)
> LREtools[hypergeomsols] (RE[1],v(n), {},output=basis)
Error, (in evala/Primpart/preproc) reducible RootOf detected.
Substitutions are {RootOf(4* 272+ (=2*RootOf ( 272-5, index = 1)
—2*RootOf ( Z2%3-a, index = 1)-2)* Z+RootOf ( 7Z"2-5, index = 1)*
RootOf ( z73-a, index = 1)+RootOf( Z*3-a, index = 1)) = (1/2)*
RootOf ( Z”3-a, index = 1), RootOf (4* 2”2+ (-2*RootOQf( 772-5,
index = 1)-2*RootOf( 273-a, index = 1)-2)* Z+RootOf ( 7272~ 5.
index = 1) *RootOf( Z73-3, index = 1)+RootOf( Z73-a, index = 1))

| = 1/2+(1/2) *RootOQf (_272-5, index = 1)}
> RE[2] :=sumhyperRE ([ (1-sqrt(7))*n/n!, (1+sqrt(7))*n/(n+l1l)!],v(n))

RE, = (67 —84n—210) v(n) +4 (n+2) (-7n+4J7 —14)v(in+1) — (n+3) (n (114)
+2) (V7 —14n—21) v(n+2) =0

=> LREtools[hypergeomsols] (RE[2] ,v(n), {},output=basis)
0 115)

FPS[rectohyperterm]
the argument "C" 1s used to allow computations for solutions involving non-
rational numbers, hence in the field of complex numbers C.

=> rectohyperterm(RE[1],v(n) ,C)

() 3+ 5] a1

> rectohyperterm(RE[2],v(n),C)

{(1—ﬁ)" (Hﬁ)"}

i n! T (n+1)n (117)
Mark van Hoeij, the author of LREtools[hypergeomsols], proposed an
alternative for this issue by using convert/RootOf

=> LREtools[hypergeomsols] (convert (RE[1] ,RootOf) ,v(n), {},output=

basis)
1[3\" n
al”) (L, V5
(2),(2+2j (118)

=> LREtools[hypergeomsols] (convert (RE[2] ,RootOf) ,v(n), {},output=



basis)

1=v7) n+1) (1+v7) (119)

T(n+2) " T(n+2)

Below are examples where this does not lead to results

> RE[3] :=sumhyperRE ([cos (x) * (3*n) /n!, (-sin(x))*(3*n) /n!] ,v(n))

RE, = v(n) sin(x)’ cos(x)” — (sin(x) —cos(x)) (sin(x)” +sin(x) cos(x) + cos(x)*) (n (120)

i +1)vin+1)—(n+1) (n+2)v(n+2)=0
B LREtools[hypergeomsols] (convert (RE[3] ,RootOf) ,v(n), {},output=

basis)
| Error, (in mod/Normal/Factored) not implemented
> RE[4] :=sumhyperRE ([1ln(x)*n,1ln(y*x)*n],v(n))
RE, :==v(n) In(x) In(yx) + (-In(x) —In(yx)) v(in +1) +v(n+2) =0 (121)
=> LREtools[hypergeomsols] (convert (RE[4] ,RootOf) ,v(n), {},output=
basis)
| Error, (in mod/Normal/Factored) not implemented
FPS[rectohyperterm]

=> rectohyperterm(RE[3],v(n) ,C)
| (cos(3x) L 3cos(x) )” (sin(3x) _ 3sin(x) )”J

4 4 4 4
n!

> rectohyperterm(RE[4],v(n),C)

{In(x)", In(yx)"} (123)

(122)

b

An important fact for solutions over algebraic extension fields: the code
gathers conjugate hypergeometric term solutions in a single representation.
This is made possible thanks to the Maple standard representation of
algebraic numbers: "RootOf". When needed, as in the case of computing
power series, the values can be recovered by applying "allvalues" to the
solutions as shown below.

> RE[5] :=FindRE (1/ (1+z+z"7) ,z,v(n))

REy:= (n+1)v(n)+(n+1)v(in—=6)+(n+1)v(n+1)=0 (124)
=> rectohyperterm(RE[5] ,v(n) ,C)
{Rootof ( 7+ 2 +1)"} (125)

=> map (allvalues, %)
{RootOf( _Z7 + _Z6 + 1, index=1 )n, RootOf ( _Z7 + _26 + 1, index=2 )n, RootOf ( _Z7 + _26 (126)
. n 7 . n 7 . n
+ﬁ,m¢%=3),RmﬁQﬂ_Z-+Jf+4,m&m=4),RmﬁQﬂ_Z-%Jf+ﬁ,m&m=5),




i Root()f(_Z7 +_26 + 1, index= 6)n, Rooz‘Of(_Z7 + _Z6 +1, index=7)n}
[> LREtools [hypergeomsols] (RE[5] ,v(n) , {},output=basis)

[RootOf( _Z7 + _Z6 + 1, index=1 )n, RootOf( _Z7 + _26 + 1, index= 2)n, RootOf( _Z7 + _26 127)
. n 7 . n 7 . n
+1, lndex=3) , RootOf(_Z -l—_Z6 +1, mdex=4) , RootOf(_Z —|-_Z6 +1, mdex=5) ,
Root()f(_Z7 +_26 + 1, index= 6)n, Rooz‘Of(_Z7 + _Z6 +1, index=7)n]

The advantage is that this makes it possible to avoid the reconstruction of
solutions which is a further step considered by LREtools[hypergeomsols].

> S:=[solve (z”*3+7*z"*2+z+28,z)]:
> RE[6] :=sumhyperRE([S[1]*n,S[2]”n,S[3]*n],v(n))

RE,:=28v(n) +v(n+1)+7v(n+2) +v(n+3)=0 (128)
=> rectohyperterm(RE[6] ,v(n) ,C)
{RootOf ( Z+7 2+ 7+28)"} (129)

=> map (allvalues, %)

113
( (5516 + 12 /Teso53) ' 92
1/3
6 3 (5516 + 12168033 ) !

7
— ?] , (130)

1/3
(5516 + 12 /168033 ) ! N 46
113
12 3 (5516 4+ 12168033 ) !

1/3 n
(5516 + 12 168033 ) ! 92
V3 | - G + 13
3 (5516 + 12168033 )

2 5

7
3

(5516+12Jm)1l3 N 46 7
12 3(5516+12\/W)113 3
Iﬁ( (5516 + 12 /Tes053) . 92 ] '
6 3(5516+12JW)113

- 2

=> LREtools[hypergeomsols] (RE[6] ,v(n), {},output=basis)
(-7 = Rootof ( 72 +7 2+ 2+28) —Rootof_ 2+ (7+RootOf( 2 +7 2+ Z (131




+28)) Z+RootOf( 2 +7 2+ 2+28) +7RootOf( 2 +7 2+ 7+28)
+1))" Rootof( Z+7 2+ 72+28)" Rootof( 2 + (7 + Rootof(_ 7 +7 7
v+ 7428)) Z+RootOf( Z2+7 2+ 7+28)° +7RootOf( 2 +7 2+ 7+28)

n
- +1) |
> map (allvalues, %)

113
14 (5516 +12/168033 ) | B 46 132)
113
3 12 3 (5516 4+ 12168033 ) !
113
(5516 + 12168033 ) ! 92
/3 | - c - E
N 3 (5516 + 12168033 )
2
113
— I T3 (461(55164—12\/168033) ! J3 —13791/3
6 (5516 + 12168033 )

23
—14 (5516 + 12168033 )  —91/ 56011 —3 168033 —46 (5516

113
+12 /168033 ) !

213
+2(3174I(5516+12\/168033) ! J3 +2763 (5516

1/3
+12168033) | V56011 — 5120907 13 — 3723314/ 56011 + 552 (5516

1/3 2|3
+12/168033) | J168033 +3174 (5516 + 12 /168033 ) | + 12411y 168033




n

1]3 1/2
+ 380604 (5516 + 12 /168033 ) ! +5120907) —1379)), -13—4
113
(5516 +12168033) ! B 46
1/3
12 3 (5516 +12 /168033 ) !
113
15 | - (5516 412 /168033 ) ! N 92 ]
1/3
N 6 3 (5516 +12 /168033 ) !
2
1/3
- 1 T3 (461(55164—12\/168033) | V3 —13791J3

6 (5516 + 12168033 )

213
— 14 (5516 + 12 /168033 ) ! — 9156011 —3 168033 —46 (5516

1/3
+ 12168033 ) !

213
—2(31741(55164—12\/168033) ! J3 +2763 (5516

1/3
+12/168033) | V56011 — 5120907 13 — 37233156011 + 552 (5516

1]3 2|3
+ 12168033 ) ! v 168033 + 3174 (5516 + 12 168033 ) ! + 12411+ 168033



n

1 I 3 1/2 ) )
+ 380604 (5516 + 12+ 168033 ) +5120907) — 1379 R -13—4

113
(5516 + 12 /168033 ) ! N 92
1/3
6 3 (5516 + 12168033 ) !

_|_

413
- ! T3 (I(-46(5516+12\/ 168033 ) !
3 (5516 + 12168033 )

213 113
+ 6348 (5516 + 12 /168033 ) ! —276 (5516 + 12 168033 ) ! J 168033

113 1/2
+ 10241814 — 126868 (5516 + 12 /168033 ) ! + 24822 /163033 )

213 1/3
—17 (5516 + 12168033 ) ! +46 (5516 + 12168033 ) ! +3./168033 +1379)

1/3
) (_ﬁ (5516 +12 /168033 ) | N 92
’ 1/3
6 3 (5516 + 12168033 ) |

213
_ l T (—7 (5516 + 12 VT65035) |
3 (5516 4+ 12168033 )

43 23
—1(-46 (5516 + 124163033 ) ! + 6348 (5516 +12 /168033 ) !



1/3
— 276 (5516 +12+/ 168033 ) V 168033 + 10241814 — 126868 (5516

1/2
)

113
+12 /168033 ) ! + 24822 /168033 +3 /168033 +46 (5516

n

1]3
13
+ 12168033 ) I +1379)) ’ _13_4 _ (55164—12\1/2168033)

46

113
3 (5516 4+ 12168033 ) !

113
(5516 + 12168033 ) ! 92
/3 | - c - E
3 (5516 + 12168033 )

2

113
+ ! T3 (461(55164—12\/168033) ! J3 — 137913

6 (5516 + 12168033 )

23
+14 (5516 + 12168033 )  —91/ 56011 +3 168033 +46 (5516

113
+12 /168033 ) !

213
—2(-31741(5516 + 12 V168033 ) ! J3 +2763 (5516



1/3
+12168033) | V56011 + 5120907 13 +37233 14/ 56011 + 552 (5516

1/3 2|3
+12/168033) | J 168033 +3174 (5516 + 12 /168033 ) | + 12411y 168033

n

12

1/3
+3806O4(5516+12\/168033)I +5120907) +1379)), -13—4
1/3
(5516 +12168033 ) | B 46
1/3
12 3 (5516 + 12168033 ) |
1/3
WE (5516 + 12168033 ) | 92
- 6 + 1]3
B 3 (5516 + 12168033 )
2
1/3
+ 1 T3 (461(55164—12\/168033) | V3 —13791J3
6 (5516 + 12168033 )

23
+14 (5516 + 12168033 )  —91/ 56011 +3 168033 +46 (5516

113
+12 /168033 ) !

213
+2(—3174I(5516+12\/ 168033 ) ! J3 +2763 (5516



1/3
+12168033) | V56011 + 5120907 13 +37233 14/ 56011 + 552 (5516

1/3 2|3
+12/168033) | J 168033 +3174 (5516 + 12 /168033 ) | + 12411y 168033

n

12

1/3
+ 380604 (5516 + 12 168033 ) ! +5120907> + 1379)) ,

113
(5516 + 12168033 ) ! N 46
1/3
12 3 (5516 4+ 12168033 ) !
113 n
(5516 + 12168033 ) ! 92
/3 | - c - E
3 (5516 + 12 /168033 ) [

7
3

2

1/3 n

(5516 +12 /168033 ) | 3 92 _1]
13 >
6 3 (5516 + 12168033 ) R

113
(5516 + 12168033 ) ! N 46
1/3
12 3 (5516 4+ 12168033 ) !

113 n
(5516 + 12168033 ) ! 92
/3 | - c - E
3 (5516 + 12168033 )

2 b

7
3

_|_

1/3
[ 1 T3 (461(5516-1—12\/ 168033 ) | J3
6 (5516 +12 /168033 )

23
— 137913 — 14 (5516 + 12168033 ) | —91y 56011 —3+/ 168033



113
—46 (5516 + 12168033 ) !
213
+2 (31741 (5516 + 12 V168033 ) ! J3 +276 3 (5516
1/3
+ 12168033 ) ! V56011 — 5120907 13 —37233 1456011 + 552 (5516

1/3 2|3
+12168033) | J 168033 +3174 (5516 + 12168033 ) | + 12411 v 168033

n

113 1/2
+ 380604 (5516 + 12 /168033 ) ! +5120907) —1379)),

1/3
I T3 (461(5516-1—12\/ 168033 ) ! J3
6 (5516 + 12168033 )
213

—13791y3 — 14 (5516 + 12/ 168033 ) ! —91/56011 — 3168033

113
—46 (5516 +12 /168033 ) !

213

—2(31741(55164—12\/168033) ! J3 +2763 (5516

1/3
+12168033) | V56011 — 5120907 13 —3723314/56011 + 552 (5516

1/3 2|3
+12/168033) | J168033 43174 (5516 + 12 /168033 ) | + 12411y 168033

n

113 12
+380604 (5516 + 12 /168033 ) | +5120907) —1379)) ,

43
1 T3 (I<—46 (5516 + 12 768053 )
3 (5516 + 12168033 )



213 113
+ 6348 (5516 + 12 /168033 ) ! —276 (5516 + 12 168033 ) ! J 168033

113 1/2
+ 10241814 — 126868 (5516 + 12 /168033 ) ! + 24822 /163033 )

213 1/3
—7 (5516 + 12168033 ) ! +46 (5516 + 12168033 ) ! +3./168033 +1379)

n

)

213
[ 1 T3 (-7 (5516 + 12/ Te8033)
3 (5516 + 12168033 )

43 203
—1(-46 (5516 + 124163033 ) ! + 6348 (5516 + 12168033 ) !

1/3
— 276 (5516 +12+/ 168033 ) V 168033 + 10241814 — 126868 (5516

1/2
)

113
+12 /168033 ) ! + 24822 /168033 +3 /168033 +46 (5516
n
113
+ 12168033 ) ! +1379)) [
113
- ! T3 (461 (5516 +12 V168033 ) ! J3 — 137913

6 (5516 + 12 /168033 )

213
+ 14 (5516 + 12 /168033 ) ! — 9156011 +3 168033 +46 (5516

1/3
+ 12168033 ) !

213
—2(—31741(55164—12\/ 168033 ) ! J3 +2763 (5516



1/3
+12168033) | V56011 + 5120907 13 +37233 1456011 + 552 (5516

1/3 2|3
+12/168033) | J168033 43174 (5516 + 12 /168033 ) | + 12411y 168033

n

113 12
+380604 (5516 + 12/ 168033 ) | +5120907) + 1379)) , (

1/3
- 1 T3 (461(5516-1—12\/ 168033 ) / V3 137913
6 (5516 +12 /168033 )

213

+ 14 (5516 + 12 /168033 ) ! — 9156011 +3 168033 +46 (5516

13
+ 12168033 )

213

+2(—3174I(5516+12\/ 168033 ) ! J3 +2763 (5516

1/3
+ 12168033 ) ! V56011 + 5120907 13 +37233 1356011 + 552 (5516

1/3 213
+ 12168033 ) ! J 168033 +3174 (5516 + 12 /168033 ) ! + 12411168033

n
12

113
+380604(5516+12\/168033)I +5120907) +1379))

> RE[7] :=sumhyperRE ([I*n/n!, (-I)*n/n! n!* (1+I*sqgrt(7))*n/a*n,n!'* (1-
I*sqrt(7))“*n/a”*n],v(n))

RE, =8 (n+1) (n+2) (64n° +1536 0" — 12 a”n"* + 16000 n° — 136 a” n° + 94464 n’ (133)
+a* — 588 a® n* + 345664 n* — 1152 a* n + 802560 n° — 864 a* + 1154304 n*
+ 940032 n +331776) v(n) —2a (n+2) (64 n®+1280 n’ — 12 a* n* + 10880 »°
—168 a*n® + 51200 n° +a* — 876 a® n* + 145472 n* — 2016 a* n + 254720 > — 1728
+ 267520 n” + 153600 1 +36864) v(n + 1) + (512 n'2 + 15360 n'' —32 & n®
+208384 7' — 640 a* n” + 1689600 n° — 4 a* n* — 5440 a* n® + 9113088 n° — 40 a* n’
— 25600 a* n° + 34421760 n’ +a® — 148 a* n* — 72736 a* n* + 93286912 n® — 240 a* n
— 127360 & n’ + 182599680 n° — 144 a* — 133760 a* n* + 255930368 n* — 76800 a* n
+250183680 n° — 18432 a” + 161685504 n* + 61931520 1 + 10616832) v(n +2)
—2a(n+3) (n+2)° (64n°+1280n" —12 a* n* + 10880 n° — 168 & > + 51200 r°
+a* — 876 a® n* + 145472 n* — 2016 a* n + 254720 n® — 1728 a* + 267520 n*




+153600 7 +36864) v(n +3) +a° (n+4) (n+3) (64 n° +1024 1" — 12 * n*
+7040 n® — 88 &* n® + 27136 n° + a* — 252 &® n* + 64064 n* — 336 a* n + 94720 1
| —1764” + 85504 n” + 43008 1 +9216) v(n +4) =0
> rectohyperterm(RE[7],v(n) ,C)
{ Rootof( Z+1)"

n!

,RootOf(a2_22—2_Za—|—8)nn!} (134)

=> LREtools [hypergeomsols] (RE[7] ,v(n), {},output=basis)

ro ,(_Iﬁ—ljF(n_i_l)’(l—i-lﬁ)r(n_i_l)
I'n+1) I'(n+1) a a

(135)

Note, however, that these remarks are not meant to show that FPS
[rectohyperterm] is better than LREtools[hypergeomsols]. The idea is to
present some tools that could improve LREtools[hypergeomsols] whose
speed remains the best in most of the successful examples.

This presentation of the package FPS ends here. We hope you found it
interesting. Feel free to send questions to
bertrand.teguia@aims-cameroon.org




