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                       1. Observation

For a fixed nonegative integer k, the function fk t  is the exponential generating 

function of (Stirling2(n,k))n    

f[k]:=(exp(t)-1)^k/k!
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f[1]:=subs(k=1,f[k])
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DEtools:-FindODE(f[1],y(t))
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f[2]:=subs(k=2,f[k])
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DEtools:-FindODE(f[2],y(t))
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for j to 5 do: DEtools:-FindODE(subs(k=j,f[k]),y(t)) end do
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g[n]:=(sin(t)+cos(t))^n

gnd sin t C cos t n

for j to 5 do: DEtools:-FindODE(subs(n=j,g[n]),y(t)) end do
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 1.1. Quadratic differential equations in Maple 2022

DEtools:-FindODE(f[k],y(t),method=quadratic)
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d
dt

y t  y t C KkC 1  
d
dt

y t
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C k 
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dt2
y t  y t

DEtools:-FindODE(g[n],y(t),method=quadratic)

n2 y t 2C KnC 1  
d
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DEtools:-FindODE(exp(exp(t)-1),y(t),method=quadratic)
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DEtools:-FindODE((exp(exp(t)-1))^n,y(t),method=quadratic)
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simplify(eval(%,y(t)=(exp(exp(t)-1))^n))
0

simplify(eval((12),y(t)=(exp(exp(t)-1))^(1+I)))
0

Theorem 1.

Theorem 1. Let f  be a function satisfying a second-order holonomic ODE. Then for 

all symbol n, f
n
satisfies a second order quadratic differential equation with 

polynomial coefficients.

Proof.  Define g = f
n
,  and show that 

g
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g
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 f 
1

f
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g
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g
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 C n nK1  $

f
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2

.  Finally use a second-order (homogeneous) 

holonomic ODE to derive a quadratic differential equation satisfied by g. 

The theorem can be extended to some nonlinear ODEs. This can be established by trying
to generalize the proof to a more general class of ODEs.

DEtools:-FindODE(LambertW(t),y(t),method=quadratic)
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DEtools:-FindODE(LambertW(t)^n,y(t),method=quadratic)
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DEtools:-FindODE(sec(t)^n,y(t),method=quadratic)
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                       2. Consequences for guessing 

 2.1. What is guessing?

 A technique in experimental mathematics that consists of constructing a hypothetical 
recurrence or differential equation from finitely many of the first terms of an infinite 
sequence. The obtained recurrence equation should be valid for the nth term of the 
sequence, and the differential equation for its generating function.

2.2. Guessing in Maple

C:=n-> binomial(2*n,n)/(n+1)

Cd n ↦

2$n
n

nC 1

L:=[seq(C(j),j=0..8)]
Ld 1, 1, 2, 5, 14, 42, 132, 429, 1430

gfun:-listtorec(L,a(n))
K4 nK 6  a nC 1 C nC 3  a nC 2 , a 0 = 1, a 1 = 1 , ogf

L:=PolynomialTools:-CoefficientList(convert(series(subs(n=1,g[n]
),t,9),polynom),t)
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gfun:-listtorec(L,a(n))
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L:=PolynomialTools:-CoefficientList(convert(series(subs(n=2,g[n]
),t,12),polynom),t)
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gfun:-listtorec(L,a(n))
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L:=PolynomialTools:-CoefficientList(convert(series(subs(n=5,g[n]
),t,21),polynom),t)
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gfun:-listtorec(L,a(n))
FAIL

Theorem 2.
Theorem 2. Let f  be a function satisfying a second-order holonomic ODE. Then there

exists a positive integer N  such that the sequence of power series coefficients of f
n
, for 

all positive integer n, can be recovered from its first N terms.

With ONLY 21 coefficients of the series expension of gn t = sin t Ccos t
n
 for 

all positive interger n, one can recover the entire sequence of coefficients!

L:=PolynomialTools:-CoefficientList(convert(series(subs(n=12,g
[n]),t,21),polynom),t):
FPS:-delta2guess(L)
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K 2K k = 0, _C z2 
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11 _C z2 
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2

12
C 12 _C z2 y z 2 = 0

           http://www.mathematik.uni-kassel.de/~bteguia/FPS_webpage/FPS.
htm

But that is not the whole story of Theorem 2. What if the constant term of the series 

expansion of f  is zero? Then of course we cannot derive N  from f
n
 directly.

Let us come back to the Stirling numbers of the second kind.

f[k]
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h[k]:=f[k]/t^k

h
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DEtools:-FindODE(h[k],y(t),method=quadratic)

Kk2 y t 2K tK 2  k 
d
dt

y t  y t K t kK 1  
d
dt

y t
2

C t k 
d2

dt2
y t  y t

Therefore when a sequence starts with several zeros, one can neglect them and try to 

guess a generating function of the form 
f
n

t
n$k  

Thank you!
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