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Abstract

We derive the fourth-order difference equation satisfied by the associated order » of classical orthogonal polynomials
of a discrete variable.

The coefficients of this equation are given in terms of the polynomials ¢ and t which appear in the discrete Pearson
equation A(op) = 1p defining the weight p(x) of the classical discrete orthogonal polynomials. (©) 1998 Elsevier Science
B.V. All rights reserved.
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1. Introduction

The fourth-order difference equation for the associated Meixner and Charlier polynomials were
given for all » (order of association) in [6], using an explicit solution of the recurrence relation
built from the symmetry properties of this recurrence. On the other hand, the equation for the first
associated (» = 1) of all classical discrete polynomials was obtained in [10] using a useful relation
proved in [1].

In this work, we give a single fourth-order difference equation which is valid for all integers r
and for all classical discrete orthogonal polynomials. This equation is important in birth and death
processes [6] and also for some connection coefficient problems [7].

* Corresponding author.
! Research supported by: Deutscher Akademischer Austauschdienst (DAAD).
% Permanent address: Institut de Mathématiques et de Sciences physiques, BP 613 Porto-Novo, Republique du Bénin.

0377-0427/98/$19.00 © 1998 Elsevier Science B.V. All rights reserved
PII S0377-0427(98)00050-8



104 M. Foupouagnigni et al. | Journal of Computational and Applied Mathematics 92 (1998) 103-108

Let (P,), be a sequence of monic orthogonal polynomials of degree n with respect to the regular
linear functional .. (P,), satisfies the following second-order recurrence relation:

B1+l(x):(x_ﬁn)Pn(x)_ynafl(x)a n>17 Vn?é(),
R(x)=1,  P(x)=x—fo.

The associated orthogonal polynomials of order r, P"), are defined by the shifted recurrence relation
(n—n4+rin B, and y,)

PO(x) = (x = Busr)POx) = pui PO (x), =1,
P (x)=1, PPx)=x—p., r=0.

When the family (B,), is classical (continuous), the polynomials P, are solutions of the hypergeo-
metric equation

Lyo[yl=0(x)y"(x) + 1(x)y'(x) + L, ¥(x) = 0,

where ¢ is a polynomial of degree at most two, T is a polynomial of degree one, and 4, is a
constant [8].
From the following coupled second-order relations [2, 9]:

L, [PP1=K[R"1"T,  LYIRTP1=KF[P"T (1)

with
2

d d
L,, —ap +(x—=pB) (ra” + ‘c')— + (A, — nra’),

L;"r—o- —[(x— ﬂ)(m”+r)—2cf] +(;*_(n+1)m~) (2)

y,[(2r —3)d" +27] if r>1,

>|<__ _ " / —
K™ =—[2r—1)s" +27], K. {0 =0

in [11], using the representation of y, and . in terms of ¢ and 7 the generic fourth-order differential
equation M‘f”(Pn(’)(x)) = 0 satisfied by the associated of any integer order » of the classical class
was derived, where
(r) d d’ 2 / 7] /
M, = d + 500’ s +[—7"+ 210" + 306" — (2n + 4r)ot

d2
+ @ +n—n*+4r —2nr — 2r*)oc" ]~
dx?

3
- 5[217:' +2n—2+4r)d't —2t6" +(n* —n—4r + 2nr + 2r*)d'c ”]—

+ %{n(2 +n)[27 + (n+2r —3)d"][27 + (n 4 2r — 1)a"]}. 3)
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In this letter we want to extend these results to the classical discrete class, i.e., the polynomials P, of
Hahn, Hahn—Eberlein, Krawtchouk, Meixner, and Charlier, which are solutions of the second-order
difference equation

a(xX)AV y(x) + t(x)Ay(x) + 2, y(x) =0

with Ay(x) = y(x + 1) — y(x) and Vy(x) = y(x) — y(x — 1). It turns out that the coefficient /,
is given by 24, = —n[(n — 1)a” 4+ 27'], see [8]. From the known relations between the recurrence
coefficients f,, 7, and the polynomials ¢ and 7 [5, 4],

~ —1(0) (7' —¢") —n(t" +206'(0)) (' +(n—1)3"/2)

N ((n— 1" + ') (ne"” + ') ’
n(t' +(n—2)a"/2)

(U +(2n—3)d"2)(T + (2n — 1)6"/2)

_1(0) +nd’'(0) — n’a”/2

n = H /0:

T/ _|_ I’lGN

ﬁn n>03

Yn = [O-(’/Infl) + T(’/]nfl)L nz=l, (4)

it is possible to write the corresponding Eqs. (1)—(3) again in terms of ¢ and 7, for the generic
classical discrete polynomials.

Proposition 1 (Foupouagnigni et al. [3]). The associated polynomials satisfy

Dal BN = N[BTV, (5)
AN LA BRI A (6)
where
Dn=0 T+ a1 T +ayT ", Nyiin = a1 T + @y T ", (7)
Drsinr =y TP+ 01T +byT°, A =bT +byT°, (8)
a, = koo, a; = —ky 1kio,0, ao = ki1, ay = ky.ok10,0, do = —ky.0k12.0 9)
by=kooo  bi=—ksikino  bo=hkio  bi=keokoo  bo=—ksokiso, (10)
T is the shift operator: T P(x) = P(x + 1), and the coefficients k;; are polynomials given by
kio(x) =ki(x) and k;(x)=k(x+)) (11)
and (16).

2. Fourth-order difference equation for associated polynomials

Replacing 7~ zRf{l) given by (6) in the shifted Eq. (5), we obtain

(37 + ;7% + T +cl(B) =67 + &l(BUTD). (12)
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By the same process, using again J~ ZPH(:T” given by (6) in the shifted Eq. (12), we obtain
[doT* +ds T +do T + di T + do)(B”) = [d\ T + do)(B), (13)

where the polynomial coefficients c;,é;,d; and a7, are easily computed from the coefficients a;, d;, b;

and b;.
Now, use of Egs. (5), (12) and (13) gives the expected fourth-order difference equation satisfied

by each P
a, T *P") + a\ TP + ayP") a, a
3T 3P + ;T 2P + ¢, TP + ¢y P ¢ ¢ |=0, (14)
dy TP + ds T3P + dy T PO + dy TP +doP”  d, d,
which can be written in the form

4
[le(r, n,x)7’

Jj=0

PO(x) =0.

We have used Maple V Release 4 to compute the coefficients /; depending on r, n and x, and
after cancelling common factors, we obtain

1y = ko 2(k10,0k10,1 — k12.0k12,1),

Iy = ko 2(kio.0(ka3kin1 + kis) — kiookio,1(kos + ks2)) 4 ko 1kio 0ki2.2,

I = ko, 1(kio,2(kvo,0k10.1 + k13,0 — ks 1ki2,0) — ko, 1ki0,0) — ko1 (ko 2kis,0 + ki1 2ki2,0), (15)
1y = kio,0k12,2(ka, k12,0 + ki3,0) + kio,2k12,0(ko,0 — k10,0k10,1),

10 = k9,—1(k10,1k10,2 - k12,1k12,2),

where the polynomials k; ; are given by (11) and

E@=10- " 1421425 - 2% - 0],
Fay=-" T a2 %+ - S0 (16)

"

L=@n=DT 47, R =0+ 1)+ Ep()

'})rgrfl if r = ls

k()= o(x+ 1) = F(x), k()= Curns k4(x)={0 o

ks(x)=o(x + 1) + E.(x), ke(x) = =, ki(x)=0(x + 1) = Foyra(x),
ks(x) = =Vnsr+1Cnrtis ko(x) = ks(x + Dky(x + 1) — k3(x)ks(x),
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kio(x) = ky(x + 1) + ki (x), ki1(x) = ka(x + Dka(x) + ka(x )ks(x),
kin(x) = ka(x + 1) + ks(x), ki3(x) = ks(x + 1)ks(x) + ka(x)ke(x),
kia(x) = ks(x + 1) + ky(x).
The polynomials k3, k4, ks, kg are constant with respect to the variable x and f,,y, are given by (4).

If =0, from (2), and (16) we have k4=Ky,=0. Then, .47 ,_, is equal to zero, thus ‘Ehe fourtll-order
difference equation for the first associated A" factorizes in the form [1, 3, 10] (4,7* + Bi.T +
Clg‘O)(Alg‘Z —{—Blg. + Clg_o)[f:l(l)] - O

For » =0, if we are inside the Hahn class with o + f§ + 1 =0 (discrete Grosjean polynomials),
from (2), (16), and [2, 9] we have K" = 2ks = 0. Then .7, is equal to zero and the difference
equation in this case reduces to the second-order difference equation %, ,[P"] = 0.

Using the result of this letter, we have computed the coefficients /; for all classical polynomials
of a discrete variable, generalizing the results given in [6, 10].

For the Krawtchouk case for example, (a(x)=x, 7(x)=(1/¢)((1 —g)N —x), the rth Krawtchouk
associated P") with n 4+ <N is annihilated by the following difference operator, where ¢ is given
by t=r+x—2xqg+gN —5¢ — N + 2:

g4 +x)x+3—-N)g—1)(n—2+4q+2t)7* — (10xqg +nqg — 6Ng
— 424> — 4xg’N — 2xNgq + 2x*q — 12¢°N + 20xq® + 4x*q’ + 284’
—3ng* + 14q — 2t — n*q + 18¢°N + 6x¢°N — 30xq* — 6x°¢* + 3nt*
+ 26 — 6tg* + n*t — nt + 6tq)T > — (10xq — 8nqg — 6N q — 42¢4*
—5nNg* + 8xg*n — 4xq’N + 2x*ng* + 5nNq + 2xNgn + n*
—2xNq + 2x*q — 12¢°N + 20xq> + 4x*q> — 2xN¢’n + 284° + 6ng*
+14g — 2t — 8xqn — n® — 4n’q + 18¢°N + 6x¢°N — 30xq* — 2x’nq
—6x°q* — 12nqt — 4x*qt — 6nt> — 4 + 12tq> — 12q¢* — 4n’t
+4nt — 12tq + 61> — 10¢°Nt — 16xqt + 16xg°t — 4xq* Nt + 4xN gt + 10N gt + 4x*q*t)T >
+(6xq + 9ng — 4N g — 12¢> — 4xg’N + 2n* — 2xNgq + 2x*q — 8¢°N + 12xq° + 4x*q¢* + 8¢°
—9ng® +4q — 2n — 4t — 3n’q + 12¢°N + 6x¢°N — 18xq* — 6x°¢°
— 12ngt — 3nt* — 26> — 18tq> — 12q1* — n*t + Tnt + 18tq + 61*)T
+q(1 +x)(x —N)(g— 1)2t + n).
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