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of their properties are stated and proved.
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1. Introduction

The Appell polynomials A, (z) defined by

(1.1

where f is a formal power series in ¢, have found remarkable applications in dif-
ferent branches of mathematics, theoretical physics and chemistry [1, 8, 14, 18]. A
special case of Appell polynomials are Bernoulli polynomials B,,(x), generated by
f(t) =t/(e! — 1) in (1.1). Also, Bernoulli numbers By, := B,,(0) are of consider-
able importance in number theory, combinatorics and numerical analysis. They are
represented as

t <
i ZBnm (t| < 2m),
n=0
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or by the recurrence relation

n
1
Z<n—]§ >Bk:O forn > 1 and By = 1.
k=0

Bernoulli numbers are directly related to several combinatorial numbers such as
Stirling, Cauchy and harmonic numbers. For example, except B; we have

_(_1\n - <_1)mm'
Bn—(l)ggjngsxmm% (1.2)
where
1 & .
Salnm) = 15 S-(-17 (" ) om

s
denote the second kind of Stirling numbers [5, 7] with Sa(n, m) = 0 for n < m.

They have found various extensions such as poly-Bernoulli numbers, which are
somehow connected to multiple zeta values. Al-Salam [2] introduced the first g-
extension of Bernoulli numbers and polynomials and gave many of their properties.
The g-extension of Bernoulli numbers and polynomials has now found many appli-
cations in combinatoric, statistics and various branches of applied mathematics.

Recently in [9], the authors introduced a new kind of bivariate Bernoulli polyno-
mials and studied their main properties. As a valuable application of these extended
polynomials, they introduced an extension of the well-known Euler-Maclaurin quadra-
ture formula. In this paper, we introduce a g-extension of the aforesaid bivariate
Bernoulli polynomials and establish their properties. Several connection and inver-
sion formulas are stated and proved. In the following section, some preliminaries
and definitions are given and in Section 3, a bivariate kind of g-Bernoulli polyno-
mias is introduced and some of its basic properties are stated and proved.

2. Preliminaries and definitions

For any complex number a, the basic number and the g-factorial are defined,
respectively, by

lalg = 7—— a#1 2.1)

nlg! = [nlgln — g+ [l = [[ ¥, neN, [0]!=1, (2.2)
k=1
and the ¢g-Pochhammer is defined as

n—1
(@qo=1, (a;qn=]](1-ad"), neN. 2.3)
k=0
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The limit lim (a; ), is denoted by (a; q)~o, provided that |¢| < 1. Then,

n—o0

(a5 9) oo

(a;q)n = 0w " eNo, gl <1, (2.4)
I [e.e]
and for any complex number «,
(a; 4)oo
a; = <1, (2.5)
(50 =l 1

where the principal value of ¢ is taken.

The so-called g-power basis (see e.g. [13]) is defined by

(x—y)(x—yq) - (x—yg" ') n=1,2,...,

(x@y)g:{1 n=0.

It should be noted that
The ¢-binomial coefficient is defined for positive integers n, k, as
| .
[n] Mm@ [ n ] | 2.6)
kl, K=kl (@@ @nr L[n—k],
The basic hypergeometric or g-hypergeometric series ¢, is defined as
al,: -+ ,Qr & (al’,.. 7ar;q)n n (k) 14+s—r z
" i) = 30 i () 7
b17"' 7bs Z (blv"‘ ubs;q>n ( ) (QaQ)n

n=0
where (al, cee ,ar)n = (al; q)n ce (ar§ Q)n'

The following so-called ¢g-binomial theorem [12, p. 16] can be written as

a
1¢0(_

The g-derivative operator is defined by [10, 12, 13]

f(z) = flgz)
(1-qz ~

) e (@D (02¢)00
q; Z> = Z (@ q)nz BRET 0<lgl <1, |z <1. (2.7)

n=0

qu(x) = x #0,

satisfying the important product rule

Dy(f(x)g(x)) = f(2)Dgg(x) + g(qz) Dy f (). (2.8)
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In this sense, note that when we deal with functions f(z1,x2, ..., zy) of more
than one variable, we denote D, f by D, ., f to make clear that the derivative is
taken with respect to the variable z;.

The g-integral operator is defined by [10, 12]

/zf(z)dqt =2z(1-gq) quf(zqk).
0 k=0

This definition can be established based on a simple geometric series.
The usual exponential function may have two different natural g-extensions,
denoted by e,(2) and E,(z), which are defined, respectively, by

0 O ,n
eq(2) =100 ( |- q)z) = Z [;} o 0<lgl <1, o] <1, 29)
n=0 q
and
- SOR
Eyz)i=000 |  |¢—(1—q)z) =) e 0<lgl<1. (2.10)
n=0 ’

It is worth noting that e,(z) and E,(z) are linked by the well known relation
eq(2)Ey(—2) = 1. (2.11)

In [16], Schork has studied Ward’s ”Calculus of Sequences” and introduced a
g-addition x B, y by

(x Dgy)" = Z [ Z ] akyh,
q

k=0

and although this ¢g-addition was already known to Jackson, it was generalized later
on by Ward and Al-Salam. For more informations about different g-additions, see
e.g., [6]. Similarly the g-subtraction can be defined in the same way by [11]

@egy) =3 quk(—yn—’w - @&, ()"

k=0

By noting (2.9), the following relation holds [6, 11]

(Vz,y € R) eq(x)eq(y) = eq(x Bq y). (2.12)
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2.1. q-Appell sets, q-Bernoulli polynomials and some related properties

Let { P,,(x)}52, be a polynomial set, where the polynomial P, (z) is of exact
degree n. { P, ()}, is a g-Appell set if

qun—i-l(x) = [TL + 1]an<$)

Such sets were first introduced by Sharma and Chak [17] and they called them g¢-
harmonic.
The following characterization theorem holds in this regard.

Theorem 2.1 (see [17]). Let {P,(x)} ba a polynomial set. The following as-
sertions are equivalent:

1. {P,(x)} is a ¢-Appell polynomial set.

2. There exists a sequence (ay,),>o independent of n; ag = 1, such that

P,(z) = Z ak%xnk_
k=0 1

3. {P,(x)} is generated by

Alt)eq(at) = 3 Pala) [7’;1 .
n=0 q
where
A(t):ZakW, a():l.
k=0 7

The g-Bernoulli polynomials are essentially defined by the generating func-
tion [2]

teq(xt) = t"
L0 =S Bugle)
eq(t) —1 ,;) T g
in which .
n e
By g(z) = Z [k}] By g k,
k=0 q

where the By, , = B}, 4(1) stands for the k-th g-Bernoulli numbers (see also a de-
terminant approach to g-Bessel polynomials in [15]). It is not difficult to see that
since

Dy By q(x) = [n]gBn-1,4(),
g-Bernoulli polynomials belong to ¢g-Appell set.
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3. A bivariate kind of q-Bernoulli polynomials

Let z,y € R. It is well-known that the Taylor expansion of the two functions
e cos yt and e sin yt are as follows [9]

[ tk
e cosyt = ZCk(x,y)H, 3.1
k=0 )
and
Tsinyt =Y Sp(x )ﬁ (3.2)
Yyt = E\T,Y k“ .
k=0
where
(5] e o
Ci(z,y) = p_(=1) (2 .)mk—”y%, (3.3)
j=0 J
and
%
k=2j—1, 2j+1 34
k(. y) ]Z <2j+1>x y (3.4)

Here we introduce a g-extension of the two above polynomials Cy(z, y) and Sk (z, y)
as follows:

Theorem 3.1. Let x,y € R. Then the generating functions

q(xt) cosqyt = Zqu T y ] 3.5)
and
q(xt) sing yt = ZS’“I x y ] 3.6)
hold, such that
(5] T o
Cuales) = (19| | a2y )
j=0 7 g
and
u
2 . .
Sk.q(z,y) [2] 1 ] k212041, 3.8)

=0

.
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PROOF. Since
o (_1)nz2n
cosq(2) = Z Tl =

n=0

we have

eq(xt) cosq(yt) = (

n=0 n=0
Ny [n 1+(—1)kZ kyn—k | 1
B nZ:O (k:o [ g L ) > [n]q!
S L
- 1) gy 20
n=0 j=0( ! [k:L g RO

which proves (3.5). The proof of (3.6) is similar. The following series manipulation
holds true

) Erh) S~ o

Proposition 3.1. The following derivative rules are valid

DgaCrq(z,y) = [k]qCr14(z,y), (3.10)
DqyCrq(z,y) = —[klgSk-1,4(2,9), (3.11)
DgoSkqg(z,y) = [klgSk—1,4(z,y), (3.12)
DqySkq(®,y) = [k]gCr1,4(x,y). (3.13)
PROOF. Relation (3.5) yields
> n tn+1
nZqu,an,q(a:,y)[n—h! = teq(at) cosqyt = ZC .

o tn
= Cn14(®9) 1
nz::l ? n —1]4!

o0

= Z[”]qon—l,q(xvy)

' Y
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proving (3.10). The other equalities (3.11), (3.12) and (3.13) can be similarly
proved.

Proposition 3.2. The following identities hold

n

Chglrry) = 3 chj,mowﬁ

k=0

n

Sealry) = 3 {’;szm,omk

k=0
and are straightforward to prove.

Proposition 3.3. The following power representations hold

2n
n n— 2
v =3"(-1) kq(z)[ :] Con—t.q(z,y)2", (3.14)
k=0 q
and -
n+
n n—k (Y] 2n+1
2 +1:k20(_1) kq(2)|: 8 ]qS2n+1_k7q(x,y)xk. (3.15)

PROOF. Multiplying both sides of (3.5) by £, (—xt) and using (2.11), it follows
that

Z(_l)ny%n ;= Zq(g)(—z)"!t" Zcmq(ﬂc,y)—?in!
n=0 [ }q n=0 [ ]q n=0 [ ]q
= Z(
n=0 \k

which proves (3.14). The proof of (3.15) is similar.

n

0(—1)kq(§) [ Z Lan,q(% y)$k> "

[n]q!

We can now introduce two kinds of bivariate g-Bernoulli polynomials as

mcosq (yt) = ZB 021 z,y) t (3.16)
Q< ) n=0 [ ]Q'

and
teg(wt) | T (s) t"
— = B’ — 1
€q(t) -1 Slnq(yt) nz:o n,q(ma y) [n]q!7 (3 7)

and give some basic properties of them in the sequel.
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Proposition 3.4. Bgfzz(x, y) and BT(f)](az, y) can be represented in terms of q-

Bernoulli numbers as follows

n

c n
Bn,t)]('rvy) = |:k‘:| Bkcn—k,q(l‘ay)v
k q

Il
o

and

3

s n
Bn,?](xvy) = |:k:| Bksn—k,q($7y))
— q

o
(=)

PROOF. Using the relation (3.9), we have

t t
DB = oy @) cos )
! q

() e

. (s
= Z Z[ ]quck ja(T )
k=0 \ j=0

which proves (3.18). The proof of (3.19) is similar.

Similiarly, we can prove that

and

Equality (3.20) follows since

ZBnq x,y t—] = ezeé;%cosq(yt),

)

(K"

(3.18)

(3.19)

(3.20)



24 P. Njionou Sadjang, W. Koepf, M. Masjed-Jamei

n=0 n=0 " n=0
(= n 1+(—1)’“Z L ¢
- E (B[] o) g
. () N o
I PE) MB oy | oo

The proof of (3.21) is similar.

Proposition 3.5. The polynomials C,, 4(x,y) and Sy, q(x,y) can be represented

in terms of the polynomials Bﬁfl)](x, y) and By(fl)z(x, y) as follows

~ 1 [n] z@
k1 Lk,
and
" 1 n (s)
Snq(T,y) = [ ] B, (2. ). (3.23)
Pt k+1], [ k q
PROOF. From (3.16), we have
s t" t
B —
7;0 n,q(xv y) [n]q' €q(t) -1 eq<$t) COSq(yt)
t = t”
Toet)—1 nz:% Cral [n],!"

Hence, it follows that

> t" eg(t) — 1 o= 0
Z%Cmq(xvy) [n]q' = (> ZB ,q ( )[ ]

t > © m
( [—> (Z " 1q->
— - n (c) tm
B 7;) kzzom [ k LBn_k(m,y)> !

and (3.22) follows. The proof of (3.23) is similar.
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Proposition 3.6. For every n € N, the following identities hold

Bnc,z)z((l Dq $)7 y) - ant)](xv y) = [n]an*LQ(ma y)v (3.24)
BE)((1@q 2),y) — BEY(x,y) = [0)gSn-1,4(z, ). (3.25)

PROOF. We have

g‘;Bc (@l = LT oo
N tQQ(xtza[(ze(qt()t)__l Pl oy )
= teglat)cosy(yt) + 7 ™). cosy(ut)
= Zqu ) o f:OBf "

which proves (3.24). Eq. (3.25) is proved similarly.
Corollary 3.1. The following relations hold
Bl o(1y) = BSly(0.9) = [2n 4 1y (=1)"y™",
By (L y) = By (0,y) = [2n],(=1)" 1y,
PROOF. If we replace n by 2n + 1 in (3.24), and x by 0, we obtain
Byl 1g(1y) = Byl 4(0.) = [n]gCln g (0.).

The first relation is proved since from (3.7) we have Ca,, 4(0,y) = (—1)"y?". The
second relation is proved similarly.

Proposition 3.7. For every n € N, the following identities hold

B ((z ®q2),y) = [Z] B ()", (3.26)
k=0 q
and
B (w@,2),) = > [ " ] B (2, ). G.27)
k=0 q
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PROOF. We have

o0

t
ZBf (x ®q 2 y)[ = ) cosq(yt)
n=0 ’

which proves (3.26). The proof of (3.27) is similar.

Proposition 3.8. The following equations can be concluded

n 1 .
2 [n k ] Biy@.y) = [n+1],Cngla.y), (3.28)
k=0 q
n 1 .

[n‘kF ] B @) = [+ 1gSnglz). (3.29)
k=0 q

PROOF. From (3.26), we have

c " n-+1
BY, (x4 1).y) — B, (2.9) Z{ ] ) @, ).
=0

Hence, by using (3.24), relation (3.28) is derived. The proof of (3.29) is concluded
in a similar way.

Corollary 3.2. Relations (3.28) and (3.29) imply that

Zn:[n—ll—l] an
q

)(0 ) (—=1)™2m + 1]),y*™ if n=2m isodd,
SR if n=2m+1 iseven,

)(0 ) 0 if n=2m isodd,
v Y) =
¥ (=1)™[2m + 2]y*™ ™ if n=2m+1 iseven.
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Corollary 3.3. For every n € N, the following partial q-differential equations
hold

DyuBE)(w,y) = [nlgBL)  (xy).
Dq,yBﬁﬁB](xyy) = _[n]fozc—)l,q(xay)v
DyuBS)(w,y) = [nlgBY) (y),

and
DyyBE) (x,y) = n]y,BY, (2,y).

n,q n—1,q

Corollary 3.4. The following equalities are valid
e 2
/0 B2n7q(x7 y>dqx = (_1)nq nv

1
/0 Béf@)+1,q($ay)dq$ = (_1>nq2n+1’

which are proved by combining Proposition 3.3 and Corollary 3.1 using the defini-
tion of the q-integral.
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