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Abstract

In this paper, we introduce a bivariate kind of Bernoulli polynomials and study their
basic properties. We also compute the Fourier expansion of these polynomials and obtain
some new series involving Bernoulli numbers.
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1 Introduction

The Appell polynomials A, (x) defined by

Fe =3 An(e) 1)
n=0 ’

where f is a formal power series in t, have found remarkable applications in different
branches of mathematics, theoretical physics and chemistry [2, 15]. Two special cases
of Appell polynomials are Bernoulli polynomials B, (z) and Euler polynomials F,(x)
that are, respectively, generated by choosing f(t) = ﬁ and f(t) = % in (1). Also,

Bernoulli numbers B,, := B,(0) and Euler numbers E, := 2"E, (1) are of considerable
importance in number theory, special functions, combinatorics and numerical analysis.

Bernoulli numbers are given by

t t"
—et 1 - ZB"E (‘t‘ < 27T)7

or by the recurrence relation

n
1
Z(nz >Bk:0 forn>1 and By=1.
k=0
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They are directly related to various combinatorial numbers such as Stirling, Cauchy and
harmonic numbers. For example, except B we have

n

By=(-1"} %Sg(n,m), 2)

m=0

where

San,m) = =31y ()=

j=0 J
denotes the second kind of Stirling numbers [5, 7] with Sa(n,m) =0 for n <m.

There are some algorithms for computing Bernoulli numbers. One of them is Euler’s
formula

(=1)"12n

Ban = 22n(22n _ 1)

Ty,

where {T,}, known as Tangent numbers, are generated by

e t2n—1
tant =y Ty
an nzz:l "2n —1)!

In 2001, Akiyama and Tanigawa [1] (see also [13]) found an algorithm for computing
Ap o = (—1)"B,, without computing Tangent numbers as

An+1,m - (m + 1)(An,m - An,m-‘,—l)a

_ 1
where Ag,, = il
Later on, a modified version of the above-mentioned algorithm was proposed by Chen

[4] for computing C o := B, as
On—l—l,m = an,m - (m + 1)Cn,m+1
where Cp,, = #ﬂ .

Bernoulli numbers have found various extensions such as poly-Bernoulli numbers, which
are somehow connected to multiple zeta values. For recent extensions of poly-Bernoulli
numbers see e.g. [3, 6, 8, 9, 14]. In [12], the author has defined a new family of poly-
Bernoulli numbers in terms of Gaussian hypergeometric functions and obtained its basic
properties. He has also presented an algorithm for computing Bernoulli numbers and
polynomials and showed that poly-Bernoulli numbers are related to the certain regular
values of the Euler-Zagiers multiple zeta function at non-positive integers of depth p > 1,
ie.

1
C(317327-”73p) = Z 81,82

)
0<ni<ne<-—-<np nl n2 Mp
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where s1,5s2,...,5, are positive integers with s, > 1.

Another combinatorial aspect of Bernoulli numbers is that they have several symmetry
properties with Cauchy numbers. The first kind of Cauchy numbers is defined by [5, 11]

C’n:/olt(t—l)---(t—n—I—l) dt:n!/ol <7’i> dt,

having the generating function

t — ., t"
log(1+t) nZ:;)C"m’

and the second kind is defined by

C*n:/_olt(t—l)---(t—wrl) dt:n!/_o1 <2> dt.

Both C, and én can be explicitly written as

Co=(-1)" Y —(_1);2?(1"’”” and G, = (~1)" 75257:771”‘)

)

such that Si(n,m) are the first kind of Stirling numbers given by
(D =tt+ 1) (t+n—1) = Si(n,m)t"™,
m=0

where Si(n,m) =0 for n <m.

This paper is organized as follows: In the next section, we introduce an extension of
Bernoulli polynomials and present several basic properties of them in section 3. We also
compute the Fourier expansion of the extended polynomials in section 4 and obtain some
new series involving Bernoulli numbers.

2 A Bivariate Kind of Bernoulli Polynomials

If p,g € R, it is known that the Taylor expansion of the two functions eP!cosqt and
ePlsin gt are respectively as follows [10]

e eosgt = Ci(p,a) 7 (3)
k=0 ’
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and
tk
e sin qt = Zsk p7 k"’ (4)
k=0
where
(5] Ik
Culpa) = >_(-17 )24 )
: J
7=0
and
(552 1
)= 3 P (o) )

By referring to relations (3)-(6), we can introduce two kinds of bivariate Bernoulli poly-
nomials as

t=> Bl 2
7 o84 Z @) (It < 2m), (7)

and

smqt ZB(S P,a) (It| < 2m). (8)

For instance, we have
By (p,q) = 1,
1
B (p.q) =p - 5

. 1
B (pq)=p*—p—q*+ =,

6

3 1 3
B (p,q) =p° — Sp* + (5 — 3¢ )p + 5%,

2 2 5

1

B (p,q) = p* — 20° + (1 — 64} )p* + 6¢%p + ¢* — ¢* — 30°

o 5 1.5
B?umn=p“—yﬁ+Q;—wfm3+wfﬁ+w@4—@2_Em_gﬁ,

: 1

By (p.q) = p° — 3p° + (5 — 15¢")p" + 30¢%" + (15¢" — 154" — 3)p” — 15¢"p

6 2yl b
T4 T4 T
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and
B§) (p,q) =0,
BY (p,q) = q,
BY (p,q) = 2ap — 4,
BY) (p,q) = 3qp* — 3qp — ¢* + %q,
B (p.q) = 4qp® — 6qp? + (24 — 4> )p + 24°,
B (p.q) = bap® — 10gp® + (5¢ — 10¢°)p? + 10¢°p + ¢° — gqs - %Q,
B (p,q) = 6p° — 15qp" + (10q — 20¢°)p* + 30¢°p* + (6¢° — 104> — q)p — 3¢°.
3 Some Basic Properties of the Polynomials BY (p,q) and

B (p,q).

Proposition 1. B,(f) (p,q) and Bﬁf)(p, q) can be represented in terms of Bernoulli num-

bers as follows

n

n
500 =3 () BiCas(0) )
k=0
and
S E n
BP(p.q) = <k> B Sy—k(p; ). (10)
k=0
Proof. By noting the general identity
[e9) tk [e9) tk 00 k k tk
k=0 k= k=0 \j=0
we have
= (e th t =t [ th
Z:B,(C )(p, q)g =91 <ept cosqt) = (Z Bkﬁ) (Z Cx(p, ‘ﬁg)
k=0 k=0 k=0
00 k
k tk
J !
k=0 \j=0
which proves (9). The proof of (10) is similar. O



6 ON A BIVARIATE KIND OF BERNOULLI POLYNOMIALS

Proposition 2. For every n € Z* we have
BY(1-p,q) = (-1)"BY(p,q),
and

B 1 —p,q) = (—~1)""' B (p,q).

Proof. Applying the generating function (7) gives

()
tn tell-P)

ZBT(LC)(l_pv(J)E = ot — cos qt,

n=0

1
as well as
o0
" —te Pt te(l=P)t
_1\»g v o —
nz::o( 1)" By, (P,q)n! e_t_lcos( qt) o cosat-

Similarly, property (12) can be proved.

Corollary 1. Relations (11) and (12) imply that
1

B§2+1(§,Q) = 07
and
s), 1
Bén)(§7q) =0.

Proposition 3. For every n € N, the following identities hold

BY(1+p,q) — BO(p,q) = nCr1(p,q),

and

B (14 p,q) — B¥ (p,q) = nSn_1(p, q).

Proof. We have

o0
" tePl(el — 141 e
Z B(1+4p,q)— = tere =141 cos qt = teP’ cos qt + cos gt
n! et —1 el —1
n=0
- " o) tn
J— C —_
=Y Culpa)—+> B w9
n=0 n=0
= Z nCn—l(p7 Q)m + Z BﬁLC)(p’ Q)my
n=1 n=0

which proves (13). The proof of (14) is similar.
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Corollary 2. Relations (13) and (14) first imply that

B, (1,9) — B, 1(0,9) = (2n+ 1)(~1)"¢*",
and

B§S)(17 Q) - Béfl)(07 q) = 2n(_1)n+1q2n—1'

n
Hence, combining proposition 2 respectively yields

2n +1
2

By, (1,q) = —BY),(0,q) = (—1)"¢*",
and
BY)(1,q) = —=BS(0,q) = n(—1)" g L.

Corollary 3. For every n € N and m € Z™ we have

B(C) 1+m,q) — B0,
ch \(pq ( q) — By ( Q)7

n

and

m BY (1 +m,q) — B¥ 0,
> Sui(pg) = ( 2 ®.9)

n

We recall that C,,_1(p,0) = p"~ ' and therefore

3yt = Balm 1) = B
p=1 "
Proposition 4. For every n € Z™ the following identities hold

" /n c n—
Bﬁf)(ernq):Z<k>B;§)(p,q)T N,

k=0

and

n n . .
B (p+rq) = <k> B (p, q)r" k.
k=0

Proof. Apply (7) to obtain

2 (e t" teP! . X (e t"
> B +ra) = ( cosqt>et= <ZB§L)(19,Q)H) (
n=0 n=0

i:: ( y < > )(p,Q)Tn_k) 2—7:

>

n=0

(16)



8 ON A BIVARIATE KIND OF BERNOULLI POLYNOMIALS

which proves (15). The result (16) can be similarly proved. O

Proposition 5. We have

> <n Z 1> By (p,q) = (n + 1)Cu(p, ), (17)
k=0

and
> <n Z 1) B (p,q) = (n+1)Su(p, q). (18)
k=0

Proof. From (15), one can conclude that

c c - n —+ 1 c
Bflll(erl,q) —Bﬁll(p,q) = < k )Bgi)(p,q)-
k=0

Hence, by referring to (13), the result (17) is derived. The proof of (18) can be done in a
similar way. O

Corollary 4. Relations (17) and (18) imply that

(=1)™(2m + 1)¢®™ n = 2m even,

n 1 .
Z <n;€i- >B£)(0,q) = (n—i—l)q"cosng =

k=0 0 n=2m+ 1 odd,

and
0 n = 2m even,

n 1 s
Z <n—]i:— )B,(€ )(O,q) =(n+ 1)q”sinng =

k=0 (—1)™(2m +2)¢*™ ! n=2m+1 odd.

Proposition 6. For every n € N, the following partial differential equations hold

0 (. ¢

a_pB’(L )(p,q) = nBY (p,q), (19)
0 s

a—B£C) (p.q) = —nBY (p,q), (20)
q

0 (s s

and
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Proof. Relation (7) yields

tTL—l—l

OBy (p.q) t* e
Z ap _et cosqt ZB (p,q

— n!
o
Z n— lp’ ZnB(C

proving (19). Other equations (20), (21) and (22) can be similarly derived. O

TL

Corollary 5. By combining the above results and proposition 2 and corollary 2, we obtain
1

/ BY)(p,q) dp = (~1)"¢*",
0

e

C
/ B2n+1(p7 Q) dp =0,
0

1
/0 B (p,q) dp =0,

and
1
/O BY. (p,q) dp = (—1)"g"1,

Proposition 7. If B,(f) (p,q) and B( )( p,q) are sorted in terms of the variable p, then
they are polynomials of degree n and n — 1 respectively, such that we have

BY(p,q) =p" - gp"‘l AR (23)
and
_ n\ .
B (p,q) = ngp" ' — <2>qp SRR (24)

Also, if they are sorted in terms of the variable q, then

(1) n(p— g+ (-1 (D)~ 292+ 5p)g™ P + - (n odd),
BY(p,q) =
(—D)Eg" + (1) "2 () (P —p+ 2)g" 2+ -+ (n even),
(25)
and
(1) n(p— g™+ (~1DF (D) 0P — 32+ Ip)a" B+ - (n even),
B (p,q)

-1z ¢"+(-1)z 5P —p+1)g" 2+ (n odd).
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Proof. We first prove (23) by induction. It is known from (17) that

C C 1 C 1

B (p.a) =1, B (n.q) =p—5 and BY(n.0)=p"—p—d’+.

Therefore (23) holds for n = 0,1,2. Now assume that it is valid for n — 1. By referring
o (19), we have

(%Bﬁf) (p,q) =np" ™" — wp"‘z 4o

To complete the proof, it is enough to integrate the above equation with respect to the
variable p to get the result (23). By referring to relation (22), the result (24) can be
similarly derived.

To prove (25), suppose that it first holds for 0,1,--- ,n — 1. If n = 2m, then from (17)
we have

2m—1 m
. 1 2m+ 1\ (e .
Bén)b(p,Q)z—Zerl > ( ) >B( p.q +E < > am=2hg2k o (27)
=0

k=0

Hence, the coefficient of ¢>™ in the right hand side of (27) is equal to

(o) = o

2m

m—2

and the coefficient of ¢ is equal to

—ﬁ(@ﬁf})(—l)mwm 1)+ @Zf;)(—l)m-l)

L Py T S Ll ) [ )

2m — 2

So, (25) is true for n = 2m . In the second case, taking n =2m + 1 in (17) gives
2m m
(©) _ 1 2m + 2 ©)p 2m + LY omi1-2k ok
B2m+1(P7Q)——2m+2l§)< I By, +Z;) p" q.
(28)

Hence, the coefficient of ¢>™ in the right hand side of (28) is equal to

2m_—1|— 2 <2n2LnJ; 2) (=07 + (=)™ (277;;: 1>P = (1" @2m +1)(p - %),
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and the coefficient of ¢>™ 2 is equal to

. ((2";; N (et v+ (o) en - e -

o A L R G L S N (O )

which completes the proof of (25). By combining (22) and (25), we can also obtain the
result (26). O

Proposition 8. The following identities hold

c n c
B ) = 3o (5 )00 (29)
k=0
and
(23] .
CEED SV (A T (30)
k=0

in which Bnc_)zk(p,O) = B,_ak(p) and By(f_)zk_l(p, 0) = Bp—2k-1(p) are usual Bernoulli
polynomials.

Proof. According to (20) and (22), first we have

2 gl — (k" g — cee =
anan (p,Q) ( 1) (’I’L—2k’)!Bn_2k(p7 Q) fOI‘ k 0717 7[2]7
and
s n! s n—2
WB£ '(p.q) = (—1)k+1m3£22k—1(p, q) for k=01, ,[——],

because BT(LC) (p,q) is a polynomial of degree n for even n and of degree n — 1 for odd
n in terms of the variable ¢ according to the proposition 7. The Taylor expansion of

BY(p,q) gives

B (p,q+h) = —— B (p, q)h*,

in which h € R. Since B,(f) (p,0) =0 for every m € Z* , by replacing ¢ =0 and h = q,
we obtain the relation (29). In a similar way, equality (30), can be derived. O
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Proposition 9. If m € N and n € Z*, then we have

and

m—1
k q
B _ 1 (©) k4
O (mp,q) =m"' > B (Pt ) (31)
k=0
m—1 k q
B() _ 1 B A 2
n (mp,q) =m kZ:O b (p+m,m) (32)

Proof. To prove (31), it is enough to consider the relation
[e.e]
k q
ZOB,EC)(M =)= g cos(
n=

and then take a sum from both sides of the above equation to obtain

k=0 \n=0 k=0
LemP;L > tn
= m cos(qg—) = Z m' "B (mp, q) '
em —1 m n=0
In a similar way, equality (32) can be proved. [

For m = 2, relations (31) and (32) respectively yield

e, 1 —2n plc c
By (5.0) = 27" By;)(0,29) — By;)(0,0),
and

s 1 —2n (s s
Bén)+1(§’q) =27 Bén)+1(0’ 2q) — Bén)+1(07 q)-

Proposition 10. For every n € N and q € R, the two following propositions are valid:

Prn : The function p — (—1)”352)_1(]), q) is positive on (0,3) and negative on (3,1).

Moreover, p = % is a unique simple root on (0,1), i.e. the aforesaid function has no zero

in the intervals (0,1) and (3,1).
Q,, : The function p (—1)"B§;)(p, q) is strictly increasing on [0,3] and strictly
decreasing on [%, 1] and always takes a positive value at p = % .

Proof. The proposition Py is clear, because —B§C)(p, q)=-(p—3)=-p+3. Now
define f(p) = (—1)"352)(]9, q) to get f'(p) = 2n(—1)"B§fL)_1(p, q) . By referring to P, ,
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we see that f is strictly increasing on [0, 5] and decreasing on [%, 1]. Moreover, since

p) dp = ¢** >0 (by corollary 5)and BY(1 — D,q) = BY p,q) (from proposition
0 2n 2n
2), one can conclude that f(3) > 0.

Finally define g(p) = (-1 )"HBégﬂ( q) toget ¢'(p)=—2n+ 1)(—1)"352)(]), q) . Since
Béc)(O, q) = Bég(l, q) , by noting Q,, , only one of the following cases occurs:

i) a€(0,3) and B € (3,1) exist such that
g'(a) =g¢'(B) =0and Vp € (a,8), ¢'(p) <0 and Vp € [0,a) U (B,1], ¢'(p) > 0.
ii) ¢(0) =¢'(1) =0 and Vp € (0,1), ¢'(p) < 0.
iii) Vp e [0,1], ¢'(p) < 0.
In the first case i), by referring to corollary 2 we have

2n + 1q2n

A= g(0) = (~1)"B5,1(0.0) = =5

> 0.

Therefore g(1) = —A <0 and g takes the following table of variations

D 0 « % 15} 1
J(p) + 0 — 0 +
gp) |A>20 7~ ~ N, 0 N — A -AZ0

As g(l) =0 (by corollary 1) and ¢ ( )>0,p= 5 is a simple root of g. We can similarly
observe that the two other cases also hold. So the proof of P, 41 is complete. [l

Proposition 11. For every n € Z" and q € R we have

C C c 1
sup By} (p,9)] = max{| B3 (0.9)l. By (5. 0)l}, (33)
p€l0,1]
and
2n +1 c o1
sup |BS),1(p,q)] < max{|BS?(0,q)|, |BY) (=, a)l}. (34)
p€(0,1] 2 2

Proof. The result (33) is clear by referring to propositions 2 and 10. To prove (34), if

p € [0, 3] then we have

C (& 1 P C
BYa(p0) = B 0) = B (o) = 20+ 1) [ Bt at.

2
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Therefore

1
!B%H@=!<2n+1/ B%tQI&<(%+iX§—MSm>B%&qN
t€(p,5]

— p)ymax{| B (0,0)], |BY) (5.0}

@n+1ﬂ%

which is equivalent to

2n+1 c o, 1
o IBS:) 1 (0,0)] < =5 — max{|By;)(0,q)]. B3, (5. 0)]}.
pe|0

On the other hand, Béfl)ﬂ(l —D,q) = Bén)ﬂ( ,q) completes the proof of (34). O

Proposition 12. For every n € N and q > 0, the two following propositions are valid:

Ppn : The function p — (—1)”B§‘:L) (p,q) is positive on [0,%) and negative on (%,1].

Moreover, p = % is a unique simple root on [0,1], i.e. the aforesaid function has no zero

in the intervals [0,1) and (3,1].
Q,, : The function p — (—1)”B§Z)+1(p, q) is strictly increasing on [0,3] and strictly

decreasing on [%, 1] and always takes a positive value at p = % .
Proof. The proposition P; is clear, because —Bés)(p, q) =—q(2p—1) =¢q(1 —2p). Now
define f(p) = (~1)"BY) 1 (p.q) to get f'(p) = (2n +1)(~1)"BY)(p.q) . By noting P,

we see that f is strictly increasing on [0, 3] and decreasing on [3,1]. Moreover, since

fo p) dp = ¢*" 1 >0 (by corollary 5 ) and Bé‘:l)ﬂ(l —p,q) = Bén)ﬂ( q) (from propo-
sition 2) one can conclude that f(3) > 0.
Finally define g(p) = (—1)"*'BY,(p.q) to get ¢'(p) = —(2n + 2)(=1)" B, (p,q)

Since Béi)H(O,q) = Bé‘:}H( q), by noting 9, , only one of the three following cases
occurs:
i) € (0,3) and B € (3,1) exist such that
g'(a) =g'(8) =0 and Vp € (o, ), ¢'(p) <0 and ¥p € [0,0) U (B,1], g'(p) > 0.
ii) ’(O):g()—Oandee(Ol) d(p) <0.
iii) Vp € [0,1], ¢'(p) <

In the first case i), by referring to corollary 2, we have

A* = g(0) = (1) B, ,(0,9) = (n + 1)g®" ! > 0.

Therefore g(1) = —A* <0 and g takes the following table of variations
As g(%) =0 (by corollary 1) and g’(%) < 0, then p = % is a simple root of function g.
Similarly, we can observe that the two other cases also hold. O
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P 0 « % 15} 1
J(p) + 0 — 0 +
glp) [A*>0 7 ~ N 0 N — S A0

Corollary 6. For every n € N and q € R we have

S S 1
sup [B51), (p,0)] = max{| B3y, (0,0), B33 (5,01,
pE(0,1]

and

S S S 1
sup B3, (p,q)| < nmax{|By;_,(0,9)]. [BS) (5
p€[0,1]

)|}

Proposition 13. Let m and n be two positive integers and

1
1 = / B9 (5,q)BY (p,q) dp.
0

If m+n is odd then I =0 and if it is even then

m+n B
1 k n'ml
=2 G —B\,0.9)B;

where A = max{0,k —m} and B = min{n,k}.

Proof. First, suppose that m +n is odd. By using (11) we have
1 1
1 = / B (1—p,q)B{ (1 —p,q) dp = (—1)m+"/ B (p,q)BY (p,q) dp = —1').
0 0

Now, assume that m + n is even. Since degp(Bﬁ,f)B,(f)) = m+n (from proposition 7),
by referring to (19) we obtain

m—+n k
B (p,q) B (p,q) = < 5 (B (0, 0) B (o, q))> ]
k=0 p=0"""
m—+n k—j k
k 8 J
k=0 \J ‘7 p p=0 '

P
k
=0
b i@ 5 008, 0.0 ) L

— n—j\W @) B gy q n
koj:A]njmk—l-j) 1 J k!’

which leads to the second result. O
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Corollary 7. Let m and n be two positive integers and

1
ﬂg:;/ B (5, q)BY (p, ) dp.
0

If m+n is odd then I'®) =0 and if m +n is even then

( ) min2 1 B k‘ n'm' ) ( )
e J;;(J) = im = i o O DB 0.0)

where A = max{0,k —m} and B = min{n,k}.

4 Fourier expansions of the polynomials By (p,q) and

B (p, q)

The Fourier series of a periodic function f on [0, L] is given by

flz) = % + Z <ak cos(szﬂ:L") + by, Sin(%Tﬂ-ﬂj)> ,

k=1

where

L
%:%Afum@

2 [F 2km
ay = E/o f(x) COS(TQL’) dz,

and

L
by, = %/0 f(z) Sin(%Tﬂx) dz.

It can also be extended to complex coefficients so that, by considering a real-valued periodic
function f on [0, L], we have

> 2ik
f([[‘) = Z cre ILTFZ'7

k=—00

in which

1 L —2ikm
ck = —/ f(x)e 750 g,
0



M. MasJED-JAMEI, M. R. BEYKI AND W. KOEPF 17

~ ()
Bs (p.2)

B ke aE e T

Figure 1: The graphs of By(p,2) and Bs(p,2)

By periodically extending the restrictions of the introduced bivariate Bernoulli polynomials
to p € [0,1), we would encounter with periodic piecewise continuous functions. In other
words, for every real p and g we can define

p.q) = BY ({p},q),
$p.q) = B ({p},a),

where {p} =p — [p] is the fractional part of the real p. .
In figure 1, the graphs of the periodic functions Bs(p,q) and Bs(p,q) are displayed for
q=2.

B

Theorem 4.1. Let g € R. Then for any p € (0,1) we have

. 1 1 < sin(27kp
Bﬁ)(p,q)zp—gz—gz#, (35)
k=1

and for every n € N we respectively have

B (p,q) = (~1)"¢" + Y ayncos(2rkp), pe€ [0,1], (36)
k=1

where

n 2n—2j
ak, (2n)!(-1) ; (2n — 29)(2mk)%’
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and

Bégﬂ (p,q Z binsin(2wkp), p € (0,1), (37)
k=1

where

I 2n n 2n 27
b= (—1)"7"(2 )| — +2(2n)!
ke = (=1)" (20 + )< T alan ;_:1 2n — 2] 2wk)21+1>

Proof. First, let us consider B§C) . It is clear that

/B (p,q) dp = /(p——)dp—O

and for k € Z\{0} we have

1 1
5 (c) _ (c) —2imkp _ _ 1 —217rkp -1
ck(By”) /0 By (p,q)e dp /0 (p 2) dp = 5—- (38)

Since Bgc)(O, q) # B§C)(1, q) , according to Dirichlet’s conditions we can conclude that for
every p € R\Z we have

-1 1 = sin(27kp)
B (B{?)e?imhr — Py 2§ SIETRP)
(p:q Z cx( Z Qiﬂke T Z k ’
kez keZ\{0} k=1

where we use c_k(B§c)) = —ck(éfc)) , which proves (35).
c)

We now consider the case Eén . According to corollary 5 we have

1
co(BY)) = /0 BE) (p.q) dp = (~1)"¢™",
and for k € Z\{0}

2n .
wk —2imk
/ B (p, q)e 2™ dp = mkp/ B\ (p,q)e 2™ dp

n ~(c
= mck(Bén)—l)v (39)

where we have used Bég (0,q9) = Bég(l, g) in proposition 2. Similarly, we can find that

~(c c 2n+1 n n 5(c
co(Biil) =0 and an(Bf,,) = S (( g +c<B§£>)- (40)
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Now, for every n € N and k € Z\{0} we show that

n 2n—27
(c) — (_1\n+1 | q
Ck(B2n) (—1) (2n)! ]Z:; (2n — 2j)!(27k)% ) (41)
and
= () (_1)n+1(2n 4 1) q2n n q2n—2j
B = 2n)! . . 42
% (Bant1) i 2k +(2n) st (2n — 25)1(27k)2i+1 (42)

Since ck(B£C)) = —z4- by (38), from equation (39) we obtain

~(c)\ i - 1 B 2
(B2’) = 1 o) = G

Assume that (41) is true for n. Then using (40) gives

~(c) - 2n +1 _1\n+1 2n _1\n+1 | - q2n_2j
Ck(B2n+1) = Sk <( 1) q + ( 1) (271) < (271 — 2])](27.‘.k)2]
B (_1)""‘1(271 n 1) q2n ' n q2n—2j
- i 2k +(2n)! Z (2n — 2)!(2mk)23+1 )°

J=1

So, (42) is satisfied for n. Now let (42) be true for n. Then for n+ 1, relation (39) gives

@\ nt1(=)" @) (¢ R i
cr(Bania) = irk i 2rk +(2n)! ]zz:l (2n — 2j)1(27k)2+1

2n n 2n—2j
= (-1)""?(2n + 2)! ((271)('1(Tk‘)2 + Z (2n — qu)!(gwk)m‘n)

j=1
om n+1 2n—2j+2
— (_1\t2 | qi g
(=1 2n + 2)'<(2n)!(27rk)2 + ;2 (2n —2j + 2)!(27rk)2j>
n+1 2(n+1)—2j
—(_ n+2 | q
()" +2) ) 2(n + 1) — 2j)l(27k)%

j=1
which approves (41) for n+ 1. From (41) and (42), it is clear that

e 1(BY)) = p(BY) and ¢ y(BY,,) = —cr(BY, ).

As

n n

we can directly obtain the identities (36) and (37) by Dirichlet’s theorem. O

B(0,q9) = BY)(1,q) and B, (0,q) # BY)(1,q),
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Theorem 4.2. Let g € R. Then for every p € (0,1) we have

20 ~— 27Tkp
By (p.q) =2qp—q = -
k=1
and for every n > 2 we respectively have
o0
B (p.a) = (<"1 + " af cos(2mhp), p € [0,1], (43)
k=1
where
n—1 212
=2 "(2n —1)! .
G = 2(=1)" (0 ; o — = o)(2rk)%
and
Bén) (p,q Z b nSin (2wkp), pe€(0,1), (44)
k=1
where

) g1 n—1 G212
=2 1 2(2n —1)! : .
o = 20(— >( LR T (m)w)

Proof. The proof of this theorem is similar to the previous one. However, note that for
k € Z\{0} we have

ck(BS) 1) = (—=1)"(2n - 1)! d

n—1

and

n n— n—1 2n—1-275
ck(Byy,) = : +(2n - 1) Z (2n — 1 — 2))(27k)% 11 )’

and from corollary 5

co(BS) ) = (=1)" ¢, oo(BE)) = 0.

n—1

O

By using theorems 4.1 and 4.2, one can now obtain the following series in terms of the
introduced bivariate polynomials:
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Corollary 8. From relations (36) and (37), we have

Eac 2n—2j 1yl
q = L () _(_1\n,2n
k=1 \j=1
> " 2n—2j _1yn+l
q (-1) < (o), 1 9
PBCONDS = By (5.0) = (~1)"*"
_ | 2n ’ )
k=1 = 1 (2n — 2j)!(27k)% 2(2n)! 2
3 iy (—1>"+1< L
- B n\7:4d) — -1 nq2n> )
;( ; n—2] (4k)2 2(2n)! 2 (4 )= (=)
and
= 2 n 2n—2j _1\n+1
k+1 q (—1) © 1
2(2n)! : — B 2 ).
Zl < 2% —Dr jzl (2n — 2j)! ((4]<;—2)7r)2j+1> on 1 (39
Corollary 9. From relations (43) and (44), we have
SIS ¢ (=" (s) 1 2n—1
o ]2 2n—1—2j N(2rk)2 |~ 2(2n — 1)) <B2" 1(0:0) = (=D)"q )
0 n-l g2n1-2i (—1)n 1
_1)k _ () (L N qyn—1_2n-1
k=1 j:l
> n—1 G212 n
_1\k _ (1) (s) 1 _(_1yn—1 _2n—1
;( 1) (; 2n — 1 —29)!(4nk)2 | — 2(2n —1)! <B2n—l(47Q) (=1)""q )
and
0 i n—1 2n—1-2j n
)kt q (=D" 5,1
2(2n — 1) | = BY(=,q).
; Qk—l) ; (2n — 1 — 2j)!((4k — 2)m) 7" o, Don(39)

We finally point out not only the main approach, used in this paper, can be applied
for other special numbers and polynomials [in preprint], but can also be used for explicit
computation of some new power-trigonometric series [10].
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