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> > 
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> > restart;
read `qsum17.mpl`:

Package "q-Hypergeometric Summation", Maple V-17
Copyright 1998-2013, Harald Boeing & Wolfram Koepf, University of Kassel

Digits:=40:

Quasi-orthogonality of the classical O.P. of the q-linear and q-
quadratic lattice

_qsum_local_specialsolution:= false:
qMixRec:=proc(F,q,k,Sn,alpha,beta,shift)

local zeit,pp,qq,rr,Rat,evalS,z,lo,hi,sigma,sigmasol,
Poly,K,j,J,\

PQR,f,rec,S,n,eq;
   zeit:= time();        
     lo:=1; hi:=5;
     S:=op(0,Sn); n:=op(1,Sn); 

sigmasol:= NULL;
for J from 1 to hi while (sigmasol = NULL) do

        Poly:=qsimpcomb(subs({alpha=alpha*q^(shift), beta=beta*
q^(shift)},F)-add(sigma[j]*subs(n=n-j,F),j=0..J));

Rat:= `power/subs`({q^k=K,q^n=N,q^(-n)=1/N}
,qratio(Poly,k));

if has(Rat,{k,qpochhammer}) then
ERROR(`Algorithm not applicable.`);

fi;
if (J < lo) then next; fi;

        pp:=1: qq:=numer(Rat): rr:=denom(Rat):
PQR:= `qgosper/update`(pp,qq,rr,q,K);
f:= `qgosper/findf`(op(PQR),q,K,[seq(sigma

[j],j=0..J)],'sigmasol');
od;
if (sigmasol = NULL) then

                ERROR(cat(`Found no q-derivative rule of order 
smaller than `,J,`.`));

fi;
     if beta=0 then
     rec:= subs(sigmasol, add(sigma[j]*S(n-j,alpha), j=0..J-1))
;
     else

rec:= subs(sigmasol, add(sigma[j]*S(n-j,alpha,beta), 
j=0..J-1));
     fi;
    rec:=combine(map(factor, subs({N=q^n,K=q^k},rec)),power);

if (_qsum_profile) then
printf(`CPU-time: %.1f seconds`, time()-

zeit);
fi;

     if beta=0 then 
       eq:=S(n,alpha*q^(shift))=rec
     else 
       eq:=S(n,alpha*q^(shift),beta*q^(shift))=rec
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     fi;
RETURN(eq);

end:

the monic big q-Jacobi 
The big q-Jacobi polynomials  are orthogonal on (gamma*q, alpha*q) for 0<alpha*q<1, 0<beta*
q<1, gamma<0
bqj:=(n,x,alpha,beta,gamma,q)->1/(qpochhammer(alpha*beta*q^
(n+1),q,n)/(qpochhammer(alpha*q, q, n)*qpochhammer(gamma*q, 
q, n)))*add(qphihyperterm([q^(-n),alpha*beta*q^(n+1),x],
[alpha*q,gamma*q],q,q,j),j=0..n);

The summand of the above sum is
Fbqj:=1/(qpochhammer(alpha*beta*q^(n+1),q,n)/(qpochhammer
(alpha*q, q, n)*qpochhammer(gamma*q, q, n)))*(qphihyperterm(
[q^(-n),alpha*beta*q^(n+1),x],[alpha*q,gamma*q],q,q,k))

Proposition 5
eq7a1:=qMixRec(Fbqj,q,k,P(n),alpha,0,-1):
eq7a2:=subs(_C1=1,eq7a1):
eq7a:=lhs(eq7a2)=combine(map(qsimpcomb,rhs(eq7a2)),power)

Eq7a := P(n, alpha/q,beta,gamma) = P(n, alpha,beta,gamma)+
(q^n-1)*(beta*q^n-1)*(gamma*q^n-1)*q*alpha*P(n-1, alpha,beta,
gamma)/((alpha*beta*q^(2*n)-1)*(alpha*beta*q^(2*n)-q))

Let us check if the above relation is valid for some values of n
checka:=n->qsimpcomb(-bqj(n,x,alpha/q,beta,gamma,q)+bqj(n,x,
alpha,beta,gamma,q)+(q^n-1)*(beta*q^n-1)*(gamma*q^n-1)*q*
alpha*bqj(n-1,x,alpha,beta,gamma,q)/((alpha*beta*q^(2*n)-1)*
(alpha*beta*q^(2*n)-q)))
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[seq(checka(n),n=0..10)]

eq7b1:=qMixRec(Fbqj,q,k,P(n),beta,0,-1):
eq7b2:=subs(_C1=1,eq7b1):
eq7b:=lhs(eq7b2)=combine(map(qsimpcomb,rhs(eq7b2)),power)

Eq7b := P(n,alpha, beta/q,gamma) = P(n,alpha, beta, gamma)-
alpha*beta*P(n-1, alpha, beta, gamma)*(alpha*q^n-1)*(q^n-1)*
q^(n+1)*(gamma*q^n-1)/((alpha*beta*q^(2*n)-q)*(alpha*beta*q^
(2*n)-1))

eq7c1:=qMixRec(Fbqj,q,k,P(n),beta,gamma,-1):
eq7c2:=subs(_C1=1,eq7c1):
eq7c:=lhs(eq7c2)=combine(map(qsimpcomb,rhs(eq7c2)),power)

Corollary 6
eq81:=subs(beta=beta/q,Eq7a):
eq82:=subs({Eq7b, subs(n=n-1,Eq7b)}, eq81):
eq8:=lhs(eq82)=combine(map(qsimpcomb,collect(rhs(eq82),[P(n,
alpha, beta,gamma),P(n-1, alpha, beta,gamma),P(n-2,alpha, 
beta,gamma)] )),power)

Theorem 8 (We give some specific values to the parameters and do some simulations)
alpha:=1.2;beta:=1.9;gam:=-0.5;q:=0.2;n:=7;
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hyp1:=alpha>1 and beta>1 and  0 < alpha*q and alpha*q<1 and 
0<= beta*q and beta*q<1 and gam <0 ;

x_{n,i} zeros of P_n(alpha, beta, gam)
xnbqj:= sort([solve(qsimpcomb(bqj(n,x,alpha,beta,gam,q)),x)])
;

x_{n-1,i} zeros of P_{n-1}(alpha, beta, gam)
xnm1bqj:= sort([solve(qsimpcomb(bqj(n-1,x,alpha,beta,gam,q)),
x)]);

y_{n,i} zeros of p_n(alpha/q, beta, gam)
ynbqj:= sort([solve(qsimpcomb(bqj(n,x,alpha/q,beta,gam,q)),x)
]);

z_{n,i} zeros of p_n(alpha,beta/q, gam)
znbqj:= sort([solve(qsimpcomb(bqj(n,x,alpha,beta/q,gam,q)),x)
]);



> > 

> > 

> > 

> > 

(1.1.22)(1.1.22)

(1.1.5)(1.1.5)

> > 

(1.1.21)(1.1.21)

(1.1.16)(1.1.16)

(1.1.11)(1.1.11)

(1.1.20)(1.1.20)

(1.1.19)(1.1.19)

(1.1.18)(1.1.18)

> > 

> > 

> > 

(1.1.17)(1.1.17)

v_{n,i} zeros of p_n(alpha/q,beta/q, gam)
vnbqj:= sort([solve(qsimpcomb(bqj(n,x,alpha/q,beta/q,gam,q)),
x)]);

w_{n,i} zeros of p_n(alpha,beta/q, gam/q)
wnbqj:= sort([solve(qsimpcomb(bqj(n,x,alpha,beta/q,gam/q,q)),
x)]);

8-(i)
evalb(gam*q<xnbqj[1]);seq(evalb(xnbqj[i]<ynbqj[i] and ynbqj
[i]<xnm1bqj[i] and xnm1bqj[i]<xnbqj[i+1] and  xnbqj[i+1]
<ynbqj[i+1]) ,i=1..n-1)

true

8--(ii)
znbqj[1]<gam*q and gam*q<xnbqj[1] and xnbqj[1]<xnm1bqj[1];
seq(evalb(xnm1bqj[i]<znbqj[i+1] and znbqj[i+1]<xnbqj[i+1]) ,
i=1..n-1); 

true

8--(iii)
seq(evalb(wnbqj[i]<xnbqj[i] and xnbqj[i]<xnm1bqj[i] and
xnm1bqj[i]<wnbqj[i+1] and wnbqj[i+1]<xnbqj[i+1]) ,i=1..n-1); 
evalb(xnbqj[n]<alpha*q);

true
8--(iV)
evalb(vnbqj[1]<gam*q)

true
unassign('alpha,beta,q,n, gamm')
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the monic q-Hahn 
The q-Hahn polynomials are defined by
QH:=(n,x,alpha,beta,N,q)->1/(qpochhammer(alpha*beta*q^(n+1), 
q, n)/(qpochhammer(alpha*q, q, n)*qpochhammer(q^(-N), q, n)))
*add(qphihyperterm([q^(-n),alpha*beta*q^(n+1),x],[alpha*q,q^
(-N)],q,q,j),j=0..n);

The summand of the above sum is
Fqh:=1/(qpochhammer(alpha*beta*q^(n+1), q, n)/(qpochhammer
(alpha*q, q, n)*qpochhammer(q^(-NN), q, n)))*(qphihyperterm(
[q^(-n),alpha*beta*q^(n+1),x],[alpha*q,q^(-NN)],q,q,k)):

They are orthogonal for  0<alpha*q<1, 0<beta*q<1 on (1, q^(-N))
Equations (12)
eq12a1:=qMixRec(Fqh,q,k,Q(n),alpha,0,-1):
eq12a2:=subs({_C1=1,NN=N},eq12a1):
eq12a:=lhs(eq12a2)=combine(map(qsimpcomb,rhs(eq12a2)),power)

Eq12a := Q(n, alpha/q,beta) = Q(n, alpha,beta)+(q^n-1)*(beta*
q^n-1)*(-q^(N+1)+q^n)*alpha*Q(n-1, alpha, beta)*q^(-N)/(
(alpha*beta*q^(2*n)-1)*(alpha*beta*q^(2*n)-q))

eq12b1:=qMixRec(Fqh,q,k,Q(n),beta,0,-1):
eq12b2:=subs({_C1=1,NN=N},eq12b1):
eq12b:=lhs(eq12b2)=combine(map(qsimpcomb,rhs(eq12b2)),power)

Eq12b := Q(n,alpha, beta/q) = Q(n,alpha, beta)+(q^n-1)*alpha*
(alpha*q^n-1)*beta*Q(n-1,alpha, beta)*(q^(N+1)-q^n)*q^(n-N)/(
(alpha*beta*q^(2*n)-q)*(alpha*beta*q^(2*n)-1))
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Corollary 10
eq131:=subs(beta=beta/q,Eq12a):
eq132:=subs({Eq12b, subs(n=n-1,Eq12b)}, eq131):
eq13:=lhs(eq132)=combine(map(qsimpcomb,collect(rhs(eq132),[Q
(n, alpha, beta),Q(n-1, alpha, beta),Q(n-2, alpha, beta)] )),
power)

Theorem 12
alpha:=1.5;beta:=1.9;N:=10;q:=0.3;n:=7;

hyp1:= alpha>1 and beta>1 and 0 < alpha*q and alpha*q<1 and 
0< beta*q and beta*q<1 and n <=N;

zeros of Q(n,alpha, beta)
xnqh:= sort([solve(qsimpcomb(QH(n,x,alpha,beta,N,q)),x)]);

zeros of Q(n-1,alpha, beta)
xnm1qh:= sort([solve(qsimpcomb(QH(n-1,x,alpha,beta,N,q)),x)])
;
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zeros of Q(n,alpha/q, beta)
ynqh:= sort([solve(qsimpcomb(QH(n,x,alpha/q,beta,N,q)),x)]);

zeros of Q(n,alpha, beta/q)
znqh:= sort([solve(qsimpcomb(QH(n,x,alpha,beta/q,N,q)),x)]);

zeros of Q(n,alpha/q, beta/q)
Znqh:= sort([solve(qsimpcomb(QH(n,x,alpha/q,beta/q,N,q)),x)])
;

12--(i)
evalb(ynqh[1]<1 and 1<xnqh[1] and xnqh[1]<xnm1qh[1]);
seq(evalb(xnm1qh[i]<ynqh[i+1] and  ynqh[i+1]<xnqh[i+1]),i=1..
n-1);
evalb(xnqh[n]<q^(-N) )

true

true
12--(ii)
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evalb(1<xnqh[1]);
seq(evalb(xnqh[i]<znqh[i] and  znqh[i]<xnm1qh[i] and xnm1qh
[i]<xnqh[i+1]),i=1..n-1);
evalb(xnqh[n]<q^(-N) and q^(-N)<znqh[n] )

true

true
Theorem 14
evalb(Znqh[1]<1 and q^(-N)<Znqh[n])

true
unassign('alpha,beta,N,q,n')

the monic little q-jacobi 
The little q-Jacobi polynomials are given by 
LQJ:=(n,x,alpha,beta,q)->1/((-1)^n*q^(-binomial(n,2))*
qpochhammer(alpha*beta*q^(n+1), q, n)/qpochhammer(alpha*q, q,
n))*add(qphihyperterm([q^(-n),alpha*beta*q^(n+1)],[alpha*q],
q,q*x,j),j=0..n);

Flqj:=1/((-1)^n*q^(-binomial(n,2))*qpochhammer(alpha*beta*q^
(n+1), q, n)/qpochhammer(alpha*q, q, n))*(qphihyperterm([q^(-
n),alpha*beta*q^(n+1)],[alpha*q],q,q*x,k)):

orthogonal for 0<alpha*q<1 and beta*q<1 on (0,1)
Equations (14)
eq14a1:=qMixRec(Flqj,q,k,p(n),alpha,0,-1):
eq14a2:=subs(_C1=1,eq14a1):
eq14a:=lhs(eq14a2)=combine(map(qsimpcomb,rhs(eq14a2)),power)

Eq14a := p(n, alpha/q,beta) = p(n, alpha,beta)+p(n-1, alpha,
beta)*(q^n-1)*(beta*q^n-1)*alpha*q^n/((alpha*beta*q^(2*n)-1)*
(alpha*beta*q^(2*n)-q))

eq14b1:=qMixRec(Flqj,q,k,p(n),beta,0,-1):
eq14b2:=subs(_C1=1,eq14b1):
eq14b:=lhs(eq14b2)=combine(map(qsimpcomb,rhs(eq14b2)),power)

Eq14b := p(n,alpha, beta/q) = p(n,alpha, beta)-p(n-1,alpha, 
beta)*(q^n-1)*(alpha*q^n-1)*alpha*beta*q^(2*n)/((alpha*beta*
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q^(2*n)-1)*(alpha*beta*q^(2*n)-q));

eq151:=subs(beta=beta/q,Eq14a):
eq152:=subs({Eq14b, subs(n=n-1,Eq14b)}, eq151):
eq15:=lhs(eq152)=combine(map(qsimpcomb,collect(rhs(eq152),[p
(n, alpha, beta),p(n-1, alpha, beta),p(n-2, alpha, beta)] )),
power)

eqA1:=subs(alpha=alpha/q,eq14a):
eqA2:=subs({eq14a, subs(n=n-1,eq14a)}, eqA1):
eq6A:=lhs(eqA2)=combine(map(qsimpcomb,collect(rhs(eqA2),[p(n,
alpha),p(n-1, alpha),p(n-2, alpha)] )),power)

Theorem 18 and 19
alpha:=3;beta:=2;q:=0.2;n:=7;

hyp1:= alpha>1 and beta>1 and 0 < alpha*q and alpha*q<1 and 
0<beta*q and  beta*q<1;

zeros of P(n, alpha, beta)
xnlqj:= sort([solve(qsimpcomb(LQJ(n,x,alpha,beta,q)),x)]);
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zeros of P(n-1, alpha, beta)
xnm1lqj:= sort([solve(qsimpcomb(LQJ(n-1,x,alpha,beta,q)),x)])
;

zeros of P_n(alpha/q, beta)
ynlqj:= sort([solve(qsimpcomb(LQJ(n,x,alpha/q,beta,q)),x)]);

zeros of P_n(alpha, beta/q)
znlqj:= sort([solve(qsimpcomb(LQJ(n,x,alpha,beta/q,q)),x)]);

zeros of P_n(alpha/q, beta/q)
Znlqj:= sort([solve(qsimpcomb(LQJ(n,x,alpha/q,beta/q,q)),x)])
;

18--(i)
evalb(ynlqj[1]<0 and 0<xnlqj[1] and xnlqj[n]<1);
seq(evalb(xnlqj[i]<xnm1lqj[i] and xnm1lqj[i]<ynlqj[i+1] and
ynlqj[i+1]<xnlqj[i+1]),i=1..n-1)

true

18--(ii)
evalb( 0<xnlqj[1] and xnlqj[n]<1 and 1<znlqj[n]);
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seq(evalb(xnlqj[i]<znlqj[i] and znlqj[i]<xnm1lqj[i] and 
xnm1lqj[i]<xnlqj[i+1]),i=1..n-1)

true

Theo. 19
evalb(Znlqj[1]<0 and 1<Znlqj[n])

true
unassign('alpha,beta,q,n')

the monic q-Laguerre 

QL:=(n,x,alpha,q)->1/((-1)^n*q^(n*(n+alpha))/qpochhammer(q,q,
n))*qpochhammer(q^(alpha+1),q,n)/qpochhammer(q,q,n)*add
(qphihyperterm([q^(-n)],[q^(alpha+1)],q,-q^(n+alpha+1)*x,j) ,
j=0..n);

Fql:=1/((-1)^n*q^(n^2)*(q^(alpha))^n/qpochhammer(q,q,n))*
qpochhammer(q^(alpha)*q,q,n)/qpochhammer(q,q,n)*
(qphihyperterm([q^(-n)],[q^(alpha)*q],q,-q^(n+1)*q^alpha*x,k)
)

Orthogonal for alpha>-1 on (0,infinity)
Equation (16)
eq16a1:=qMixRec(subs(q^alpha=alpha,Fql),q,k,L(n),alpha,0,-1):
eq16a2:=subs({_C1=1,alpha=q^alpha},eq16a1):
eq16a:=combine(lhs(eq16a2),power)=combine(map(qsimpcomb,rhs
(eq16a2)),power)

Note that we did the substitution subs(q^alpha=alpha,Fql) since alpha is a power of q. 
Theorem 22
alpha:=-0.7;q:=0.15;n:=10;

hyp1:= evalb(-1<alpha and alpha<0);
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zeros of P_n(alpha)
xnql:= sort([solve(qsimpcomb(QL(n,x,alpha,q)),x)]);

zeros of P_{n-1}(alpha)
xnm1ql:= sort([solve(qsimpcomb(QL(n-1,x,alpha,q)),x)]);

zeros of P_n(alpha-1)
ynql:= sort([solve(qsimpcomb(QL(n,x,alpha-1,q)),x)]);

Theorem 22
evalb(ynql[1]<0 and 0<xnql[1]);
seq(evalb(xnql[i]<xnm1ql[i] and xnm1ql[i]<ynql[i+1] and ynql



(1.5.1)(1.5.1)

(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

(1.5.5)(1.5.5)

> > 
> > 

> > 

> > 

> > 

> > 

(1.2.10)(1.2.10)

> > 

(1.1.5)(1.1.5)

> > 

> > 

(1.3.5)(1.3.5)

> > 

(1.2.5)(1.2.5)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

> > 

(1.1.11)(1.1.11)

> > 

(1.5.4)(1.5.4)

> > 

> > 

> > 

> > 

(1.5.2)(1.5.2)

(1.5.3)(1.5.3)

[i+1]<xnql[i+1]), i=1..n-1)
true

unassign('alpha,q,n')

the monic Al-Salam-Carlitz I 

ASCI:=(n,x,alpha,q)->(-alpha)^n*q^(binomial(n,2))*add
(qphihyperterm([q^(-n),1/x],[0],q,q*x/alpha,j),j=0..n);

Fasc1:=(-alpha)^n*q^(binomial(n,2))*(qphihyperterm([q^(-n),
1/x],[0],q,q*x/alpha,k)):

Orthogonal for alpha<0 on (alpha,1) subset of (alpha/q, 1)
Equations (17) and (18)
eq171:=qMixRec(Fasc1,q,k,U(n),alpha,0,-1):
eq172:=subs(_C1=1,eq171):
eq17:=lhs(eq172)=combine(map(qsimpcomb,rhs(eq172)),power)

eq181:=subs(alpha=alpha/q,eq17):
eq182:=subs({eq17, subs(n=n-1,eq17)}, eq181):
eq18:=lhs(eq182)=combine(map(qsimpcomb,collect(rhs(eq182),[U
(n, alpha),U(n-1, alpha),U(n-2, alpha)] )),power)

Theorem 25
alpha:=-1;q:=0.9;n:=7;

hyp1:= evalb(alpha<0 and alpha<q^n/(q^n-1));

zeros of P_n(alpha)
xnasc1:= sort([solve(qsimpcomb(ASCI(n,x,alpha,q)),x)]);



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

> > 

(1.5.8)(1.5.8)

> > 

(1.2.10)(1.2.10)

(1.5.7)(1.5.7)

> > 

(1.1.5)(1.1.5)

(1.3.5)(1.3.5)

> > 

(1.2.5)(1.2.5)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

> > 

> > 

(1.5.10)(1.5.10)

> > 

> > 

> > 

(1.5.9)(1.5.9)

zeros of P_{n-1}(alpha)
xnm1asc1:= sort([solve(qsimpcomb(ASCI(n-1,x,alpha,q)),x)]);

zeros of P_n(alpha/q)
ynasc1:= sort([solve(qsimpcomb(ASCI(n,x,alpha/q,q)),x)]);

zeros of P_n(alpha/q^2)
znasc1:= sort([solve(qsimpcomb(ASCI(n,x,alpha/q^2,q)),x)]);

25--(i)
evalb(ynasc1[1]<alpha and alpha<xnasc1[1] and xnasc1[n]<1);
seq(evalb(xnasc1[i]<xnm1asc1[i] and xnm1asc1[i]<ynasc1[i+1]),
i=1..n-1)

true

unassign('alpha,q,n')

the monic Askey-Wilson



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

(1.6.5)(1.6.5)

> > 

> > 

> > 

> > 

(1.2.10)(1.2.10)

> > 

(1.1.5)(1.1.5)

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

> > 

(1.2.5)(1.2.5)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

> > 

(1.1.11)(1.1.11)

> > 

> > 

(1.6.4)(1.6.4)

(1.6.3)(1.6.3)

> > 

(1.6.1)(1.6.1)

> > 

(1.6.2)(1.6.2)

> > 

> > 

AW:=(n,x,a,b,c,d,q)->qpochhammer(a*b,q,n)*qpochhammer(a*c,q,
n)*qpochhammer(a*d,q,n)/(2*a)^n /qpochhammer(a*b*c*d*q^(n-1),
q,n) *add(qpochhammer(q^(-n),q,k)*qpochhammer(a*b*c*d*q^
(n-1),q,k)*mul(1-2*a*x*q^j+a^2*q^(2*j),j=0..k-1)*q^k/
(qpochhammer(a*b,q,k)*qpochhammer(a*c,q,k)*qpochhammer(a*d,q,
k)*qpochhammer(q,q,k) ), k=0..n);

FAW:=qpochhammer(a*b,q,n)*qpochhammer(a*c,q,n)*qpochhammer(a*
d,q,n)/(2*a)^n /qpochhammer(a*b*c*d*q^(n-1),q,n) * qhyperterm
([q^(-n),a*b*c*d*q^(n-1),a*exp(I*theta),a*exp(-I*theta) ],[a*
b,a*c,a*d],q,q,k)

orthogonal on (-1,1) for max(|a|, |b|, |c|, |d|)<1. 
Awrec1:=qMixRec(FAW,q,k,P(n),a,0,-1)

Awrec2:=subs(_C1=1 ,qMixRec(FAW,q,k,P(n),b,0,-1)):
lhs(Awrec2)=combine(map(qsimpcomb,rhs(Awrec2)),power)

Awrec3:=subs(_C1=1 ,qMixRec(FAW,q,k,P(n),c,0,-1)):
lhs(Awrec3)=combine(map(qsimpcomb,rhs(Awrec3)),power)

Awrec4:=subs(_C1=1 ,qMixRec(FAW,q,k,P(n),d,0,-1)):
lhs(Awrec4)=combine(map(qsimpcomb,rhs(Awrec4)),power)



(1.4.9)(1.4.9)

(1.6.9)(1.6.9)

(1.2.15)(1.2.15)

> > 

(1.6.10)(1.6.10)

> > 

(1.2.10)(1.2.10)

> > 

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

> > 

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

> > 

(1.6.7)(1.6.7)

> > 

> > 

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

(1.6.8)(1.6.8)

Theorem 27
(i)
a:=0.95;b:=-0.68;c:=0.75;d:=-0.9;q:=0.8;n:=10;

hyp1:= q<abs(a) and abs(a)<1 and abs(b)<1 and abs(c)<1 and 
abs(d)<1 ;

zeros of P(n,a,b,c,d)
xnAW:= sort([solve(qsimpcomb(AW(n,x,a,b,c,d,q)),x)]);

zeros of P(n-1,a,b,c,d)
xnm1AW:= sort([solve(qsimpcomb(AW(n-1,x,a,b,c,d,q)),x)]);

zeros of P(n,a/q,b,c,d)
ynAW:= sort([solve(qsimpcomb(AW(n,x,a/q,b,c,d,q)),x)]);



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

> > 

(1.6.15)(1.6.15)

> > 

(1.2.10)(1.2.10)

> > 

(1.1.5)(1.1.5)

(1.6.12)(1.6.12)

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.6.14)(1.6.14)

(1.2.5)(1.2.5)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

> > 

(1.6.16)(1.6.16)

> > 
(1.6.13)(1.6.13)

> > 

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

> > 

> > seq(evalb(xnAW[i]<ynAW[i] and ynAW[i]<xnm1AW[i] and xnm1AW[i]
<xnAW[i+1] and xnAW[i+1]<ynAW[i+1]),i=1..n-1 )

(ii)
a:=-0.85;b:=-0.68;c:=0.75;d:=-0.9;q:=0.8;n:=10;

hyp1:= q<abs(a) and abs(a)<1 and abs(b)<1 and abs(c)<1 and 
abs(d)<1 ;

zeros of P(n,a,b,c,d)
xnAW:= sort([solve(qsimpcomb(AW(n,x,a,b,c,d,q)),x)]);

zeros of P(n-1,a,b,c,d)
xnm1AW:= sort([solve(qsimpcomb(AW(n-1,x,a,b,c,d,q)),x)]);



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

> > 

(1.7.2)(1.7.2)

> > 

> > 

(1.2.10)(1.2.10)

> > 

(1.1.5)(1.1.5)

(1.3.5)(1.3.5)

> > 

(1.6.6)(1.6.6)

(1.6.17)(1.6.17)

(1.2.5)(1.2.5)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

> > 

> > 

(1.6.16)(1.6.16)

(1.6.18)(1.6.18)

> > 

(1.6.11)(1.6.11)

(1.7.1)(1.7.1)

> > 

(1.6.1)(1.6.1)

> > 

zeros of P(n,a/q,b,c,d)
ynAW:= sort([solve(qsimpcomb(AW(n,x,a/q,b,c,d,q)),x)]);

seq(evalb(ynAW[i]<xnAW[i] and xnAW[i]<xnm1AW[i] and xnm1AW[i]
<ynAW[i+1] and ynAW[i+1]<xnAW[i+1]),i=1..n-1 )

unassign('a,b,c,d,q,n')

the monic q-Racah

QR:=(n,x,alpha,beta,gamma,delta,q)-> qpochhammer(alpha*q, q, 
n)*qpochhammer(beta*delta*q, q, n)*qpochhammer(gamma*q, q, n)
/qpochhammer(alpha*beta*q^(n+1), q, n)*add(qpochhammer(q^(-
n),q,m)*qpochhammer(alpha*beta*q^(n+1),q,m)*mul(1-x*q^k+
gamma*delta*q^(2*k+1),k=0..m-1)  *q^m /(qpochhammer(alpha*q,
q,m)*qpochhammer(beta*delta*q,q,m)*qpochhammer(gamma*q,q,m)*
qpochhammer(q,q,m) )  ,m=0..n);

FQR:=qpochhammer(alpha*q, q, n)*qpochhammer(beta*delta*q, q, 
n)*qpochhammer(gamma*q, q, n)/qpochhammer(alpha*beta*q^(n+1),
q, n)*qhyperterm([q^(-n),alpha*beta*q^(n+1),q^(-x),gamma*
delta*q^(x+1)],[alpha*q,beta*delta*q,gamma*q],q,q,k)



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

> > 

(1.7.2)(1.7.2)

(1.8.1)(1.8.1)

> > 

(1.2.10)(1.2.10)

> > 

(1.1.5)(1.1.5)

> > 

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

> > 

(1.2.5)(1.2.5)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

> > 

(1.7.3)(1.7.3)

(1.7.4)(1.7.4)

(1.1.11)(1.1.11)

> > 

(1.6.16)(1.6.16)

(1.8.2)(1.8.2)

> > 

(1.6.11)(1.6.11)

> > 

> > 

(1.6.1)(1.6.1)

> > 

orthogonal on (1+gamma*delta*q, q^(-N)+gamma*delta*q^(N+1)) or for  x in (0,N)
Equation (24)
QRreca1:=subs(_C1=1,qMixRec(FQR,q,k,P(n),alpha,0,-1)):
QRreca:=lhs(QRreca1)=combine(map(qsimpcomb,rhs(QRreca1)),
power)

QRrecb1:=subs(_C1=1,qMixRec(FQR,q,k,P(n),beta,0,-1)):
QRrecb:=lhs(QRrecb1)=combine(map(qsimpcomb,rhs(QRrecb1)),
power)

the monic al-Salam-Carlitz II 

ASCII:=(n,x,alpha,q)->(-alpha)^n*q^(-binomial(n,2))*add
(qphihyperterm([q^(-n),x],[],q,q^(n)/alpha,j),j=0..n);

Fasc2:=(-alpha)^n*q^(-binomial(n,2))*(qphihyperterm([q^(-n),
x],[],q,q^(n)/alpha,k)):

Orthogonal for 0<alpha q<1 on (1, infinity)

eq16a1:=qMixRec(Fasc2,q,k,V(n),alpha,0,-1)

We conclude here that the Al-Salam-Carlitz II polynomial family is not quasi-orthogonal

the monic q-Meixner



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

(1.9.2)(1.9.2)

(1.10.2)(1.10.2)

> > 

(1.7.2)(1.7.2)

> > 

(1.2.10)(1.2.10)

> > 

> > 

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

(1.10.1)(1.10.1)

> > 

> > 

(1.6.16)(1.6.16)

> > 

> > 

(1.9.1)(1.9.1)

> > 

> > 

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

> > 

QM:=(n,x,beta,gamma,q)->1/((-1)^n*q^(n^2)/gamma^n/qpochhammer
(beta*q, q, n))*add(qphihyperterm([q^(-n),x],[beta*q],q,-q^
(n+1)/gamma,j),j=0..n);

Fqm:=1/((-1)^n*q^(n^2)/gamma^n/qpochhammer(beta*q, q, n))*
(qphihyperterm([q^(-n),x],[beta*q],q,-q^(n+1)/gamma,k)):

orthogonal for 0 \leq beta*q<1 and gamma>0 on (1,infinity).

qMixRec(Fqm,q,k,M(n),beta,0,-1)

We conclude that the q-Meixner polynomials are not quasi-orthogonal

the monic little q-Laguerre / Wall  (special case from little q-
Jacobi)

LQLW:=(n,x,alpha,q)->1/((-1)^n*q^(-binomial(n, 2))
/qpochhammer(alpha*q, q, n))*add(qphihyperterm([q^(-n),0],
[alpha*q],q,q*x,j),j=0..n);

Flqlw:=1/((-1)^n*q^(-binomial(n, 2))/qpochhammer(alpha*q, q, 
n))*(qphihyperterm([q^(-n),0],[alpha*q],q,q*x,k)):

Orthogonal for 0<alpha q<1

eq11a1:=qMixRec(Flqlw,q,k,p(n),alpha,0,-1):
eq11a2:=subs(_C1=1,eq11a1):
eq11a:=lhs(eq11a2)=combine(map(qsimpcomb,rhs(eq11a2)),power)

the monic Affine q-Krawtchouk (special case from q-Hahn)

AQK:=(n,x,p,N,q)->1/(1/(qpochhammer(p*q, q, n)*qpochhammer(q^
(-N), q, n)))*add(qphihyperterm([q^(-n),x,0],[p*q,q^(-N)],q,



(1.4.9)(1.4.9)

> > 

> > 

> > 

> > 

(1.13.1)(1.13.1)

> > 

> > 

> > 

> > 

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

(1.12.1)(1.12.1)

> > 

> > 

> > 

> > 

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

> > 

> > 

> > 

(1.1.5)(1.1.5)

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.12.2)(1.12.2)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

(1.5.6)(1.5.6)

(1.1.11)(1.1.11)

(1.11.2)(1.11.2)

> > 

(1.6.11)(1.6.11)

(1.6.1)(1.6.1)

> > 

q,j),j=0..n);

Faqk:=1/(1/(qpochhammer(p*q, q, n)*qpochhammer(q^(-NN), q, n)
))*(qphihyperterm([q^(-n),x,0],[p*q,q^(-NN)],q,q,k)):

Orthogonal for 0<pq<1

eq10a1:=qMixRec(Faqk,q,k,K(n),p,0,-1):
eq10a2:=subs({_C1=1,NN=N},eq10a1):
eq10a:=lhs(eq10a2)=combine(map(qsimpcomb,rhs(eq10a2)),power)

the monic quantum q-Krawtchouk (special case from q-
Hahn) 

QQK:=(n,x,p,N,q)->1/(p^n*q^(n^2)/qpochhammer(q^(-N), q, n))*
add(qphihyperterm([q^(-n),x],[q^(-N)],q,p*q^(n+1),j),j=0..n);

Fqqk:=1/(p^n*q^(n^2)/qpochhammer(q^(-NN), q, n))*
(qphihyperterm([q^(-n),x],[q^(-NN)],q,p*q^(n+1),k)):

orthogonal for p>q^(-N) on (1, q^(-N))

eq81:=qMixRec(Fqqk,q,k,K(n),p,0,-1):
eq82:=subs({_C1=1,NN=N},eq81):
eq8:=lhs(eq82)=combine(map(qsimpcomb,rhs(eq82)),power)

the monic q-Krawtchouk 

QK:=(n,x,p,N,q)->1/(qpochhammer(-p*q^n, q, n)/qpochhammer(q^
(-N), q, n))*add(qphihyperterm([q^(-n),x,-p*q^n],[q^(-N),0],
q,q,j),j=0..n);



(1.4.9)(1.4.9)

> > 

> > 

> > 

(1.14.1)(1.14.1)

> > 

> > 

> > 

(1.3.16)(1.3.16)

(1.14.2)(1.14.2)

(1.1.16)(1.1.16)

> > 

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

> > 

> > 

(1.2.15)(1.2.15)

> > 

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

> > 

(1.1.5)(1.1.5)

(1.15.2)(1.15.2)

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

> > 

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

> > 

> > 

> > 

(1.13.2)(1.13.2)

(1.15.1)(1.15.1)

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

> > 

Fqk:=1/(qpochhammer(-p*q^n, q, n)/qpochhammer(q^(-NN), q, n))
*(qphihyperterm([q^(-n),x,-p*q^n],[q^(-NN),0],q,q,k)):

Orthogonal for p>0

eq9a1:=qMixRec(Fqk,q,k,K(n),p,0,-1):
eq9a2:=subs({_C1=1,NN=N},eq9a1):
eq9a:=lhs(eq9a2)=combine(map(qsimpcomb,rhs(eq9a2)),power)

the monic alternative q-Charlier

AQC:=(n,x,alpha,q)->1/((-1)^n*q^(-binomial(n,2))*qpochhammer
(-alpha*q^n, q, n))*add(qphihyperterm([q^(-n),-alpha*q^(n)],
[0],q,q*x,j),j=0..n);

Faqc:=1/((-1)^n*q^(-binomial(n,2))*qpochhammer(-alpha*q^n, q,
n))*(qphihyperterm([q^(-n),-alpha*q^(n)],[0],q,q*x,k)):

Orthogonal for alpha>0

eq13a1:=qMixRec(Faqc,q,k,y(n),alpha,0,-1):
eq13a2:=subs(_C1=0,eq13a1):
eq13a:=lhs(eq13a2)=combine(map(qsimpcomb,rhs(eq13a2)),power)

the monic q-Charlier 

QC:=(n,x,alpha,q)->1/((-1)^n*q^(n^2)/alpha^n)*add
(qphihyperterm([q^(-n),x],[0],q,-q^(n+1)/alpha,j),j=0..n);

Fqc:=1/((-1)^n*q^(n^2)/alpha^n)*(qphihyperterm([q^(-n),x],
[0],q,-q^(n+1)/alpha,k)):

Orthogonal for alpha>0

eq14a1:=qMixRec(Fqc,q,k,C(n),alpha,0,1):
eq14a2:=subs({_C1=1},eq14a1):
eq14a:=lhs(eq14a2)=combine(map(qsimpcomb,rhs(eq14a2)),power)



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

> > 

(1.7.2)(1.7.2)

> > 

(1.2.10)(1.2.10)

> > 

> > 

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

(1.6.11)(1.6.11)

> > 

> > 

(1.6.1)(1.6.1)

> > 

(2)(2)

read "hsum17.mpl";
Package "Hypergeometric Summation", Maple V - Maple 17
Copyright 1998-2013, Wolfram Koepf, University of Kassel

Quasi-orthogonality of the Bessel and the classical O.P. of the 
quadratic lattice

Mixedrec:=proc(F,k,Sn,alpha,beta,shift)
local n,S,a,b,sigma,rat,p,q,r,upd,deg,f,j,jj,l,var,req,sol,
sol2,num,den,J; 
if type(Sn,function) then S:=op(0,Sn); n:=op(1,Sn) else n:=Sn 
end if; 
  for J from 1 to MAXORDER do
 a:=subs({alpha=alpha+shift,beta=beta+shift},F)-add(sigma[j]*
subs(n=n-j,F),j=0..J);
 rat:=ratio(a,k);
 if not type(rat,ratpoly(anything,k)) then
   ERROR(`Algorithm not applicable`)
 fi;
 # p:=1: q:=subs(k=k-1,numer(rat)): r:=subs(k=k-1,denom(rat)):
 p:=1: q:=numer(rat): r:=denom(rat):
 upd:=update(p,q,r,k);
 p:=op(1,upd): q:=op(2,upd): r:=op(3,upd):
 deg:=degreebound(p,q,r,k);
# Maple 13: if deg>=0 then   
 if deg>=-1 then
   f:=add(b[j]*k^j,j=0..deg);
   var:={seq(sigma[jj],jj=0..J),seq(b[jj],jj=0..deg)};
   req:=collect(subs(k=k+1,q)*f-r*subs(k=k-1,f)-p,k);
   sol:={solve({coeffs(req,k)},var)};
   if not(sol={} or {seq(op(2,op(l,op(1,sol))),l=1..nops(op(1,
sol)))}={0}) then
     if beta=0 then
      sol2:=add(sigma[j]*S(n-j,alpha),j=0..J);
      sol2:=subs(op(1,sol),sol2);
      RETURN( S(n,alpha+shift)=map(factor,sol2));
     else 
      sol2:=add(sigma[j]*S(n-j,alpha,beta),j=0..J);
      sol2:=subs(op(1,sol),sol2);
      RETURN( S(n,alpha+shift,beta+shift)=map(factor,sol2));
     fi; 

   fi;
 fi;
od;
ERROR(cat(`Algorithm finds no derivative rule of order <= `,
MAXORDER))



(1.4.9)(1.4.9)

> > 

(2.1.5)(2.1.5)

> > 

> > 

(2.1.1)(2.1.1)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

> > 

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

> > 
> > 

> > 

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

> > 

> > 

(1.1.5)(1.1.5)

(2.1.3)(2.1.3)

> > 

(1.3.5)(1.3.5)

(2.1.2)(2.1.2)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(1.5.6)(1.5.6)

(1.1.11)(1.1.11)

> > 

> > 

> > 

> > 

> > 

> > 

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

> > 

(2.1.4)(2.1.4)

end:

the monic Wilson polynomials
Wilson:=(n,x,a,b,c,d)->(-1)^n*pochhammer(a+b,n)*pochhammer(a+
c,n)*pochhammer(a+d,n)/pochhammer(n+a+b+c+d-1,n)*add
(pochhammer(-n, k)*pochhammer(n+a+b+c+d-1, k)*mul(a^2+2*a*j+
j^2+x,j=0..k-1) /(pochhammer(a+b, k)*pochhammer(a+c, k)*
pochhammer(a+d, k)*factorial(k)), k=0..n)

FWilson:= (-1)^n*pochhammer(a+b,n)*pochhammer(a+c,n)*
pochhammer(a+d,n)/pochhammer(n+a+b+c+d-1,n)*hyperterm([-n,n+
a+b+c+d-1, a+I*x, a-I*x],[a+b, a+c, a+d],1,k):

Orthogonal on (0,infinity) if Re(a,b,c,d)>0 and non-real parameters occur in conjugate pairs (for 
example c=bar(a), d=bar(b) if a,b are complex)
Proposition 29
recWil1:=Mixedrec(FWilson,k,W(n),a,0,-1)

recWil21:=Mixedrec(FWilson,k,W(n),b,0,-1):
recWil22:=subs(coeff(rhs(recWil21),W(n, b))=1,recWil21):
recWil2:=lhs(recWil22)=collect(rhs(recWil22),[W(n, b), W(n-1,
b)], simpcomb)

recWil31:=Mixedrec(FWilson,k,W(n),c,0,-1):
recWil32:=subs(coeff(rhs(recWil31),W(n, c))=1,recWil31):
recWil3:=lhs(recWil32)=collect(rhs(recWil32),[W(n, c), W(n-1,
c)], simpcomb)

recWil41:=Mixedrec(FWilson,k,W(n),d,0,-1):
recWil42:=subs(coeff(rhs(recWil41),W(n, d))=1,recWil41):
recWil4:=lhs(recWil42)=collect(rhs(recWil42),[W(n, d), W(n-1,
d)], simpcomb)



(1.4.9)(1.4.9)

> > 

(2.1.5)(2.1.5)

(2.1.6)(2.1.6)

(2.1.10)(2.1.10)

> > 

> > 

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

(2.1.9)(2.1.9)

> > 

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

(2.1.7)(2.1.7)

> > 

> > 

(1.1.5)(1.1.5)

> > 

> > 

(1.3.5)(1.3.5)

> > 

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

> > 

(1.5.6)(1.5.6)

(1.1.11)(1.1.11)

> > 

(2.1.8)(2.1.8)

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

Theorem 31
a:=0.65;b:=5; c:=2.5; d:=25; n:=10

hyp:=b>0 and c>0 and d>0 and 0<a and a<1;

zeros of P_n(a,b,c,d)
xnWs:= sort([solve(qsimpcomb(Wilson(n,x,a,b,c,d)),x)]);

zeros of P_{n-1}(a,b,c,d)
xnm1Ws:= sort([solve(qsimpcomb(Wilson(n-1,x,a,b,c,d)),x)]);

zeros of P_n(a-1,b,c,d)
ynWs:= sort([solve(qsimpcomb(Wilson(n,x,a-1,b,c,d)),x)]);



(1.4.9)(1.4.9)

> > 

> > 

(2.1.5)(2.1.5)

(2.1.10)(2.1.10)

> > 

> > 

> > 

> > 

> > 

(2.2.3)(2.2.3)

> > 

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

(2.1.11)(2.1.11)

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

(2.2.1)(2.2.1)

> > 

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(2.2.4)(2.2.4)

(1.2.10)(1.2.10)

> > 

> > 

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

> > 

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(1.5.6)(1.5.6)

(1.1.11)(1.1.11)

> > 

(2.2.2)(2.2.2)

> > 

(1.6.11)(1.6.11)

> > 

> > 

> > 

(1.6.1)(1.6.1)

> > 

seq(evalb(ynWs[i]<xnWs[i] and xnWs[i]<xnm1Ws[i] and xnm1Ws[i]
<ynWs[i+1] and ynWs[i+1]<xnWs[i+1] ), i=1..n-1)

unassign('a,b,c,d,n')

the monic Racah polynomials
Racah:=(n,X,alpha, beta, gamma, delta)-> pochhammer(alpha+1,
n)*pochhammer(beta+delta+1,n)*pochhammer(gamma+1,n)
/pochhammer(n+alpha+beta+1,n)*add(pochhammer(-n, k)*
pochhammer(n+alpha+beta+1, k)*mul(-X+j*(gamma+delta+j+1)  ,j=
0..k-1)/(pochhammer(alpha+1, k)*pochhammer(beta+delta+1, k)*
pochhammer(gamma+1, k)*factorial(k))  ,k=0..n)

FRac:=pochhammer(alpha+1,n)*pochhammer(beta+delta+1,n)*
pochhammer(gamma+1,n)/pochhammer(n+alpha+beta+1,n)*hyperterm(
[-n,n+alpha+beta+1,-x,x+gamma+delta+1],[alpha+1, beta+
delta+1, gamma+1],1 ,k)

Orthogonal on (0, N*(N+gamma+delta+1)) for alpha+1=-N or beta+delta+1=-N or gamma+1=-
N. Shift only alpha and beta not to change x
recRac11:=Mixedrec(FRac,k,R(n),alpha,0,-1):
recRac12:=subs(coeff(rhs(recRac11),R(n, alpha))=1,recRac11):
recRac1:=lhs(recRac12)=collect(rhs(recRac12),[R(n, alpha), R
(n-1,alpha)], simpcomb)

recRac21:=Mixedrec(FRac,k,R(n),beta,0,-1):
recRac22:=subs(coeff(rhs(recRac21),R(n, beta))=1,recRac21):
recRac2:=lhs(recRac22)=collect(rhs(recRac22),[R(n, beta), R
(n-1,beta)], simpcomb)



(1.4.9)(1.4.9)

> > 

(2.3.6)(2.3.6)

(2.1.5)(2.1.5)

(2.1.10)(2.1.10)

> > 

> > 

> > 

(2.3.1)(2.3.1)

> > 

> > 

(2.3.4)(2.3.4)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

> > 

> > 

(2.3.7)(2.3.7)

> > 

> > 

(2.3.2)(2.3.2)

(2.3.8)(2.3.8)

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

> > 

> > 

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(2.3.5)(2.3.5)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(1.5.6)(1.5.6)

(1.1.11)(1.1.11)

> > 

(2.3.3)(2.3.3)

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

the monic continuous Hahn
CHahn:=(n,x,a,b,c,d)->I^n*pochhammer(a+c,n)*pochhammer(a+d,n)
/pochhammer(n+a+b+c+d-1,n)*add(hyperterm([-n,n+a+b+c+d-1,a+I*
x],[a+c,a+d],1 , k),k=0..n)

Fch:=I^n*pochhammer(a+c,n)*pochhammer(a+d,n)/pochhammer(n+a+
b+c+d-1,n)*(hyperterm([-n,n+a+b+c+d-1,a+I*x],[a+c,a+d],1 , k)
):

Orthogonal on (-infinity, infinity) for Re(a, b, c, d)>0 and c=bar(a), d=bar(b)
Proposition 34
eqch1:=Mixedrec(Fch,k,P(n),a,0,-1)

Eqch1 := P(n, a-1,b,c,d) = P(n, a,b,c,d)+I*P(n-1, a,b,c,d)*
(b+c+n-1)*(b+d+n-1)*n/((2*n+a-2+b+c+d)*(2*n+a-3+b+c+d))

eqch2:=Mixedrec(Fch,k,P(n),b,0,-1)

Eqch2 := P(n, a,b-1,c,d) = P(n, a,b,c,d)+I*n*(a-1+d+n)*(a-1+
c+n)*P(n-1, a,b,c,d)/((2*n+a-3+b+c+d)*(2*n+a-2+b+c+d))

eqch3:=Mixedrec(Fch,k,P(n),c,0,-1)

Eqch3 := P(n, a,b,c-1,d) = P(n, a,b,c,d)-I*(b+d+n-1)*(a-1+d+
n)*n*P(n-1,a,b,c,d)/((2*n+a-3+b+c+d)*(2*n+a-2+b+c+d))

eqch4:=Mixedrec(Fch,k,P(n),d,0,-1)



(1.4.9)(1.4.9)

> > 

(2.1.5)(2.1.5)

(2.1.10)(2.1.10)

> > 

> > 

> > 

> > 

(2.3.9)(2.3.9)

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

> > 

> > 

(2.3.11)(2.3.11)

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

> > 

> > 

> > 

(2.3.8)(2.3.8)

(2.3.10)(2.3.10)

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

(2.4.2)(2.4.2)

(2.4.1)(2.4.1)

> > 

(1.1.5)(1.1.5)

> > 

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(1.5.6)(1.5.6)

(1.1.11)(1.1.11)

> > 

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

> > 

Eqch4 := P(n, a,b,c,d-1) = P(n, a,b,c,d)-I*(b+c+n-1)*(a-1+c+
n)*n*P(n-1, a,b,c,d)/((2*n+a-3+b+c+d)*(2*n+a-2+b+c+d))

Corollary 35
Eqch1A1:=subs(c=c-1,Eqch1):
Eqch1A2:=subs({Eqch3, subs(n=n-1,Eqch3)}, Eqch1A1):
Eqch1A:=lhs(Eqch1A2)=collect(rhs(Eqch1A2), [P(n, a, b, c, d),
P(n-1, a, b, c, d),P(n-2, a, b, c, d)], simpcomb)

Eqch2A1:=subs(d=d-1,Eqch2):
Eqch2A2:=subs({Eqch4, subs(n=n-1,Eqch4)}, Eqch2A1):
Eqch2A:=lhs(Eqch2A2)=collect(rhs(Eqch2A2), [P(n, a, b, c, d),
P(n-1, a, b, c, d),P(n-2, a, b, c, d)], simpcomb)

the Jacobi polynomials

Jacobi := (n, alpha, beta, x) -> pochhammer(alpha+1, n)/n! *
add(hyperterm([-n,n+alpha+beta+1],[alpha+1],(1-x)/2,k), k = 0
.. n);

FJac:=pochhammer(alpha+1, n)/n! *(hyperterm([-n,n+alpha+
beta+1],[alpha+1],(1-x)/2,k));



(1.4.9)(1.4.9)

> > 

(2.1.5)(2.1.5)

(2.1.10)(2.1.10)

> > 

(2.4.3)(2.4.3)

> > 

> > 

> > 

> > 

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

(2.5.3)(2.5.3)

> > 

> > 

(2.4.4)(2.4.4)

(2.3.8)(2.3.8)

(2.5.1)(2.5.1)

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

(2.4.2)(2.4.2)

> > 

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(2.6.2)(2.6.2)

(1.5.6)(1.5.6)

(1.1.11)(1.1.11)

> > 

> > 

> > 

(2.5.2)(2.5.2)

(2.6.1)(2.6.1)

(1.6.11)(1.6.11)

> > 

(1.6.1)(1.6.1)

> > 

Orthogonal on (-1, 1) for alpha>-1 and beta>-1
rec11Jac:=Mixedrec(FJac,k,L(n),alpha,0,-1)

rec12Jac:=Mixedrec(FJac,k,L(n),beta,0,-1)

the Gegenbauer polynomials
Gegenbauer :=(n, lambda, x) ->  pochhammer(2*lambda, n)/n!*
add(hyperterm([-n, n+2*lambda],[lambda+1/2],(1-x)/2,k), k = 0
.. n);

FGe:=pochhammer(2*lambda, n)/n!*(hyperterm([-n, n+2*lambda],
[lambda+1/2],(1-x)/2,k));

Orthogonal on (-1,1) for lambda>-1/2
rec11Gegen:=Mixedrec(FGe,k,L(n),lambda,0,-1)

the Laguerre polynomials
Laguerre :=  (n, alpha, x) -> pochhammer(alpha+1, n)/n!*add
(hyperterm([-n],[alpha+1],x,k), k = 0 .. n);

FLag:=pochhammer(alpha+1, n)/n!*(hyperterm([-n],[alpha+1],x,
k));



(1.4.9)(1.4.9)

> > 

(2.1.5)(2.1.5)

(2.1.10)(2.1.10)

> > 

> > 

(2.7.1)(2.7.1)

> > 

> > 

> > 

(1.3.16)(1.3.16)

(1.1.16)(1.1.16)

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

(2.3.8)(2.3.8)

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(1.2.10)(1.2.10)

(2.4.2)(2.4.2)

> > 

> > 

(1.1.5)(1.1.5)

(2.7.3)(2.7.3)

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(2.8.1)(2.8.1)

(1.5.6)(1.5.6)

(2.8.2)(2.8.2)

> > 

(1.1.11)(1.1.11)

> > 

(2.7.2)(2.7.2)

(1.6.11)(1.6.11)

> > 

> > 

(1.6.1)(1.6.1)

> > 

(2.6.3)(2.6.3)

Orthogonal on (0, infinity) for alpha>-1
rec11Jac:=Mixedrec(FLag,k,L(n),alpha,0,-1)

the monic Bessel polynomials
Bessel :=  (n, alpha, x) -> 2^n/pochhammer(n+alpha+1,n)*add
(hyperterm([-n,n+alpha+1],[],-x/2,k), k = 0 .. n) ;

FBess:=2^n/pochhammer(n+alpha+1,n)*hyperterm([-n,n+alpha+1],
[],-x/2,k)

Orthogonal on (0, infinity) for n=0,1,...,N, alpha<-2N-1

recBess1:=Mixedrec(FBess,k,L(n),alpha,0,1)

We conclude that the Bessel polynomials are not quasi-orthogonal

the monic Hahn polynomials
Hahn:=(n,x,alpha,beta,N)->pochhammer(alpha+1,n)*pochhammer(-
N,n)/pochhammer(n+alpha+beta+1,n)*add(hyperterm([-n,n+1+
alpha+beta,-x],[alpha+1,-N],1,k),k=0..n);

FHahn:=pochhammer(alpha+1,n)*pochhammer(-N,n)/pochhammer(n+
alpha+beta+1,n)*(hyperterm([-n,n+1+alpha+beta,-x],[alpha+1,-
N],1,k));

Orthogonal on (0,N) for alpha>-1 and beta>-1



(1.4.9)(1.4.9)

> > 

(2.1.5)(2.1.5)

(2.1.10)(2.1.10)

> > 

> > 

> > 

> > 

(1.3.16)(1.3.16)

(2.11.1)(2.11.1)

(1.1.16)(1.1.16)

> > 

> > 

(2.8.3)(2.8.3)

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

> > 

> > 

(2.3.8)(2.3.8)

(1.2.15)(1.2.15)

(1.7.2)(1.7.2)

(2.9.2)(2.9.2)

(1.2.10)(1.2.10)

(2.4.2)(2.4.2)

> > 

> > 

(2.8.4)(2.8.4)

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

(1.5.6)(1.5.6)

> > 

(1.1.11)(1.1.11)

> > 

> > 

> > 

(1.6.11)(1.6.11)

> > 

(2.9.1)(2.9.1)

(1.6.1)(1.6.1)

> > 

(2.10.1)(2.10.1)

recHahn1:=Mixedrec(FHahn,k,L(n),alpha,0,-1)

recHahn2:=Mixedrec(FHahn,k,L(n),beta,0,-1)

the monic  Meixner polynomials
Meixner:=(n,x,gamma,mu)->pochhammer(gamma,n)*(mu/(mu-1))^n*
add(hyperterm([-n,-x],[gamma],1-1/mu,m),m=0..n );

FMeix:=pochhammer(gamma,n)*(mu/(mu-1))^n*(hyperterm([-n,-x],
[gamma],1-1/mu,k)):

Orthogonal on (0, infinity) for gamma>0 and 0<mu<1
recMeix1:=Mixedrec(FMeix,k,M(n),gamma,0,-1)

the monic  Charlier polynomials
Charlier:=(n,x,alpha)->(-alpha)^n*add(hyperterm([-n,-x],[],
-1/alpha,k) ,k=0..n );

FChar:=(-alpha)^n*(hyperterm([-n,-x],[],-1/alpha,k)):
Orthogonal on (0, infinity) for alpha>0
recChar:=Mixedrec(FChar,k,C(n),alpha,0,-1)

Error, (in Mixedrec) Algorithm not applicable

the monic  Krawtchouk polynomials
Krawtchouk:=(n,x,p,N)->pochhammer(-N,n)*p^n*add(hyperterm([-
n,-x],[-N],1/p,k)  ,k=0..n );



(1.4.9)(1.4.9)

(1.2.15)(1.2.15)

> > 

(1.7.2)(1.7.2)

(2.1.5)(2.1.5)

(2.1.10)(2.1.10)

> > 

(1.2.10)(1.2.10)

(2.4.2)(2.4.2)

> > 

> > 

(1.1.5)(1.1.5)

> > 

(1.3.5)(1.3.5)

(1.6.6)(1.6.6)

(1.2.5)(1.2.5)

(1.11.1)(1.11.1)

> > 

> > 

(1.3.16)(1.3.16)

(2.11.1)(2.11.1)

(1.1.16)(1.1.16)

> > 

(1.5.6)(1.5.6)

> > 

(2.8.3)(2.8.3)

(1.1.11)(1.1.11)

> > 

(1.6.16)(1.6.16)

(1.9.1)(1.9.1)

(2.11.2)(2.11.2)

> > 

(1.6.11)(1.6.11)

> > 

> > 

(1.6.1)(1.6.1)

> > 

(2.3.8)(2.3.8)

FKrawt:=pochhammer(-N,n)*p^n*(hyperterm([-n,-x],[-N],1/p,k));

Orthogonal on (0, N) for  0<p<1
recKraw:=Mixedrec(FKrawt,k,M(n),p,0,+1)

Error, (in Mixedrec) Algorithm not applicable


