:> restart;
[> read ‘qsuml7.mpl’:
Package "q-Hypergeometric Summation”, Maple V-17
Copyright 1998-2013, Harald Boeing & Wolfram Koepf, University of Kassel 1)

i> Digits:=40:

Y Quasi-orthogonality of the classical O.P. of the g-linear and q-
quadratic lattice

| > gsum local specialsolution:= false:

> gMixRec:=proc(F,q,k,Sn,alpha,beta,shift)
local zeit,pp,qq,rr,Rat,evalS,z,lo,hi,sigma,sigmasol,
POlYIKrerr\
PQR,f,rec,S,n,eq;
zeit:= time () ;
lo:=1; hi:=5;
S:=op(0,Sn); n:=op(1l,Sn);
sigmasol:= NULL;
for J from 1 to hi while (sigmasol = NULL) do
Poly:=gsimpcomb (subs ({alpha=alpha*g” (shift) , beta=beta*
g” (shift)},F)-add(sigma[j] *subs (n=n-j,F),j=0..J));
Rat:= ‘power/subs’ ({g"k=K,g*n=N,g” (-n)=1/N}
,gqratio (Poly,k)) ;
if has(Rat, {k,gpochhammer}) then
ERROR ( 'Algorithm not applicable. ") ;
fi;
if (J < lo) then next; fi;
PP:=1: gq:=numer (Rat): rr:=denom(Rat):
PQR:= "qgosper/update’ (pp,qq,rr,q,K);
f:= “ggosper/findf’ (op (PQR) ,q,K, [seq(sigma
[31,3=0..J)]1, 'sigmasol’) ;
od;
if (sigmasol = NULL) then
ERROR (cat ( Found no g-derivative rule of order
smaller than °~,J, .7));
fi;
if beta=0 then
rec:= subs(sigmasol, add(sigma[j]*S(n-j,alpha), j=0..J-1))

else
rec:= subs(sigmasol, add(sigma[j]*S(n-j,alpha,beta),
j=0..J-1));
fi;
rec:=combine (map (factor, subs ({N=g*n,K=g”k}, rec)) , power);
if (_gsum profile) then
printf (' CPU-time: %.1f seconds , time()-
zeit) ;
fi;
if beta=0 then
eq:=S(n,alpha*g” (shift) )=rec
else
eq:=S(n,alpha*g” (shift) ,beta*g” (shift) )=rec




fi;
RETURN (eq) ;
end:

¥ the monic big g-Jacobi

The big g-Jacobi polynomials are orthogonal on (gamma®*q, alpha*q) for O<alpha*q<1, O<beta*
| g<I, gamma<0
> bgj:=(n,x,alpha,beta,gamma,q)->1/ (qpochhammer (alpha*beta*g”
(n+1) ,q,n)/ (gpochhammer (alpha*q, q, n)*gpochhammer (gamma*q,
g, n)))*add(gphihyperterm([g” (-n) ,alpha*beta*g” (n+l) ,x],
[alpha*q,gamma*q] ,q,q9,]) ,j=0..n);

baj = (n. .0, B q) = L
gpochhammer(a.Bq" "', q,n)

(qpochhammer( aq,q, (1.1.1)

n+1

n) gpochhammer(yq, g, n) add(gphihyperterm([q™", aBq" " ", x], [0.q,v¢], ¢, ¢»

| /).j=0.n))
| The summand of the above sum is
> Fbqgj:=1/ (gpochhammer (alpha*beta*g” (n+l) ,q,n) / (qpochhammer
(alpha*q, g, n)*gpochhammer (gamma*q, q, n)))* (gphihyperterm/(
[9* (-n) ,alpha*beta*q” (n+l) ,x], [alpha*q,gamma*q],q,q,k))
Fbgj = (qpochhammer(ocq, g, n) gpochhammer(yq, q, n) gpochhammer(q™", g, (1.1.2)
"1 g, k) gpochhammer(x, ¢, k) q") |

(qpochhammer( oBq" * 1, q, n) gpochhammer(a.q, q, k) gpochhammer(yq, q,

k) gpochhammer(o.B ¢

k) gpochhammer(q, q, k) )

| Proposition 5

> eqg7al:=gMixRec (Fbgj,q,k,P(n) ,alpha,0,-1):

> eq7a2:=subs(_Cl=1,eq7al):

> eq7a:=lhs (eq7a2)=combine (map (gsimpcomb, rhs (eq7a2)) ,power)

(¢"—=1) (Bg"—1) (y¢"—1) goP(n—1,a)

2 27
(g™ —1) (aBg™"—q)
> Eq7a := P(n, alpha/q,beta,gamma) = P(n, alpha,beta,gamma)+
(g*n-1) * (beta*qgq*n-1) * (gamma*qgq*n-1) *q*alpha*P(n-1, alpha, beta,
gamma) / ( (alpha*beta*qg” (2*n) -1) * (alpha*beta*g” (2*n) -q))

Eq7a == P(n, %, B, y) —P(n, o, B, y) (1.1.4)

(¢"—1) (Bg"—1) (vg"—1) goP(n—1,0,B,7)
2 2

i (aBpg"—1) (aBg"—q)

| Let us check if the above relation is valid for some values of n

> checka:=n->gsimpcomb (-bgj (n,x,alpha/q,beta,gamma, q)+bqgj (n,x,
alpha,beta,gamma, q)+(g*n-1) * (beta*qgq*n-1) * (gamma*gq*n-1) *g*
alpha*bqgj (n-1,x,alpha,beta,gamma,q)/ ( (alpha*beta*g” (2*n)-1) *
(alpha*beta*g” (2*n) -q)))

eq7a = P(n, g) ~P(n, ) + (1.1.3)

+

checka = n—>qsimpcomb[ —bqj(n, X, %, B, v qj +bgj(n,x, 0, B, v, q) (1.1.5)



(qn_l) (Bqn_l) (Yq"—l)qocbq;(n—l,x,oc, Ba%q)
2 2
i (aBg™—1) (aBg™"—q)
> [seg(checka(n) ,n=0..10)]
i [0,0,0,0,0,0,0,0,0,0,0] (1.1.6)
:> eq7bl:=gMixRec (Fbqj,q,k,P(n) ,beta,0,-1):

| > eq7b2:=subs (_Cl=1,eq7bl):

> eq7b:=1lhs (eq7b2)=combine (map (gsimpcomb, rhs (eq7b2) ) ,power)
eq7b = P(n, %j =P(n,B) 1.1.7)

_P(n—1.B)alqd"—1) (vg"—1) (ag"—1)q""'B
2 2

i (aBg™"—q) (aPg™"—1)
> Eq7b := P(n,alpha, beta/q,gamma) = P(n,alpha, beta, gamma)-
alpha*beta*P(n-1, alpha, beta, gamma) * (alpha*g®n-1) * (q*n-1) *
g” (n+1) * (gamma*g*n-1) / ( (alpha*beta*g” (2*n) -q) * (alpha*beta*g”
(2*n)-1))

B

Eq7b = P(n, o, ;, y) =P(n, o, B, y) (1.1.8)
_aBP(n—1,0B7) (agd" —1) (¢"=1) """ (v¢"— 1)

i (aBg*" —q) (aBg*" —1)

| > eqcl:=gMixRec (Fbqgj,q,k,P(n) ,beta,gamma,-1) :

| > eq7c2:=subs(_Cl=1,eq7cl):

> eq7c:=1lhs (eq7c2)=combine (map (gsimpcomb, rhs (eq7c2) ) ,power)
eq7c = P(n, E, l) =P(n,B,7) (1.1.9)
q 4

(¢"—=1) (ag"—1) (-oBg"+v) g P(n—1,B,7)
(aBg”"—1) (aBg’"—q)

+

;Corollary 6
| > eq8l:=subs (beta=beta/q,Eq7a) :

| > eq82:=subs ({Eq7b, subs(n=n-1,Eq7b)}, eq8l):
> eg8:=1lhs (eq82)=combine (map (gsimpcomb,collect (rhs (eq82), [P(n,
alpha, beta,gamma) ,P(n-1, alpha, beta,gamma) ,P(n-2,alpha,
beta,gamma)] )) , power)
eq8 = P(n, * B v) =P(n, 0, B.7) (1.1.10)
q (4

~P(n=1,0B7) (aBg’" —¢""'B—Bq"+q) a(qd" —1) g (yg"—1)
(0Bg*" —4*) (aBg’"—1)

~((vq"=q) (¢"—q) o’ (¢"=1) (v¢"—1) (aq"—q) (Bq"—q) P(n—2,

b7 " p) (B =) (apa® — ) (aBa® —q))

;Theorem 8 (We give some specific values to the parameters and do some simulations)
> alpha:=1.2;beta:=1.9;gam:=-0.5;9:=0.2;n:=7;
o:=12




B:=19

gam = -0.5
qg=0.2
i n:=717 (1.1.11)
> hypl:=alpha>l and beta>1 and 0 < alpha*gq and alpha*qg<l and
0<= beta*q and beta*g<l and gam <0 ;

i hypl = true (1.1.12)
| x_{n,i} zeros of P_n(alpha, beta, gam)

> xnbqgj:= sort([solve (gsimpcomb (bgj (n,x,alpha,beta,gam,q)) ,x)])
xnbgj == [ -0.09999999999998580653791289890001858341165, (1.1.13)

-0.01999995947012877041200347700287100231468,
-0.003885620221658069627810813425820985589473,
0.001281746403552302595800449666893326127597,
0.009596217473257513484289640403872046138906,
0.04799999994914494710822580183538862722123,
0.2399999999999999984431325242478724218281 ]

;x_{n-l,i} zeros of P_{n-1}(alpha, beta, gam)
> xnmlbqgj:= sort([solve (gsimpcomb (bgj(n-1,x,alpha,beta,gam,q)),

x)1);
xnmlbgj == [ -0.09999999990763340073767578071555475908888, (1.1.14)

-0.01998962908626907589972734990500008178454,
-0.002428697809971220933080874503190631136209,
0.009380326114825333434642687282332142676292,
0.04799992404337514306910401707651916723028,
0.2399999999999416278414474394250991801031 ]

;y_{n,i} zeros of p_n(alpha/q, beta, gam)
> ynbqgj:= sort([solve (gsimpcomb (bgj(n,x,alpha/q,beta,gam,q)) ,h x)

1)
ynbgj = [-0.09999999991473458301959821536283443610821, (1.1.15)

-0.01998979552763828422344906664587266648991,
-0.002433279056457934769963661359961743535023,
0.009378676517260657930699617405291794558664,
0.04799992089381603146407689100893030007597,
0.2399999999999270393808840497307459389816,
1.200000000000000000000157085681028862517 ]

;z_{n,i} zeros of p_n(alpha,beta/q, gam)
> znbqgj:= sort([solve (gsimpcomb (bgj (n,x,alpha,beta/q,gam,q)) ,h x)

1)
znbgj = [ -0.1000000000000127785652291960762861429623, (1.1.16)

-0.01999997482692167106089505773061321380532,
-0.003893743835336782596387715055170675918373,
0.001261375639529531464192469785492431258347,
0.009595543889065026591630303960788324823111,




0.04799999990283675010268574150088100229984,
0.2399999999999999913438221674385389443047 ]

;V_{l’l,i} zeros of p_n(alpha/q,beta/q, gam)
> vnbqgj:=

sort ([solve (gsimpcomb (bgj (n,x,alpha/q,beta/q,gam,q)),
x)1);
(1.1.17)

vnbgj := [ -0.1000000000768643278752950605070183145769,

-0.01999361865354851607215094209847061547661,
-0.002538036990052724784576724260740295740115,
0.009341421445454082748520877811586498166443,
0.04799984932643881944322280749477374382260,
0.2399999999995946843442323642462947225335,
1.200000000000000000003735178977440261271 ]

;w_{n,i} zeros of p_n(alpha,beta/q, gam/q)

> wnbqgj:= sort([solve (gsimpcomb (bgj (n,x,alpha,beta/q,gam/q,q)),

x)1);
wnbgj == [ -0.5000000000000000041701847091608537604111, (1.1.18)

-0.09999999988455959291554386008572995499408,
-0.01998920651656975665589435876538511828878,
-0.002417631584590383604517785853049616616412,
0.009384187055348694958408206170428663000276,
0.04799993066740485089622878764670325281288,
0.2399999999999605551295481045862985244972 ]

5-()
> evalb (gam*g<xnbgj[1l]) ;seq(evalb (xnbgj[i]<ynbgj[i] and ynbqgj
[1]<xnmlbqgj[i] and xnmlbgj[i]<xnbgj[i+1l] and xnbqgj[i+1]
<ynbqgj[i+1]) ,i=1l..n-1)
true
(1.1.19)

true, true, true, true, true, true

(5
> znbqgj[l]<gam*q and gam*q<xnbqj[l] and xnbqg]j[l]<xnmlbqgj[1];
seq(evalb (xnmlbqgj[i]<znbqgj[i+l] and znbqgj[i+l]<xnbqgj[i+l])

i=1..n-1);

14

true
(1.1.20)

true, true, true, true, true, true

| 8--(iil)
> seqg(evalb (wnbgj[i]<xnbqgj[i] and xnbqgj[i]<xnmlbqgj[i] and
xnmlbqgj[i]<wnbqgj[i+l] and wnbqgj[i+l]<xnbgj[i+l]) ,i=1l..n-1);
evalb (xnbqgj[n]<alpha*q) ;
true, true, true, true, true, true

true (1.1.21)

[8--(iV)
> evalb (vnbqgj[1l]<gam*q)
true (1.1.22)

i> unassign('alpha,beta,q,n, gamm')




V¥ the monic q-Hahn

| The g-Hahn polynomials are defined by
> QH:=(n,x,alpha,beta,N,q)->1/ (gpochhammer (alpha*beta*g” (n+l1),
q, n) / (qpochhammer (alpha*qr q, n) *qPOChhamer (qA (-N) r 9 n)))
*add (gphihyperterm([g* (-n) ,alpha*beta*g” (n+l) ,x], [alpha*qg,g*
(_N) ] ,q,qrj) IJ=0 . -n) ’

OH = (n,x,0, B, N, q) — 1

gpochhammer(o.p ¢" 1 q,n)

(qpochhammer( agq,q, (1.2.1)

n—+1

n) qpochhammer( q_N, q, n) add(qphikyperterm( [q_n, oBg , x], [OL q, q_N], q,

| 4.j).j=0.n))
| The summand of the above sum is

> Fgh:=1/ (qgpochhammer (alpha*beta*g” (n+l), q, n)/ (qpochhammer
(alpha*qgq, g, n)*gpochhammer (g*(-NN), gq, n)))* (gphihyperterm/(
| [9"(-n) ,alpha*beta*q” (n+1) ,x], [alpha*q,q” (-NN)],q,q,k)):
| They are orthogonal for O<alpha*q<I1, O<beta*q<1 on (1, q*(-N))
| Equations (12)
| > eql2al:=gMixRec (Fgh,q,k,Q(n) ,alpha,0,-1):
| > eql2a2:=subs({_Cl=1,NN=N},eql2al):
> eql2a:=1lhs (eql2a2)=combine (map (gsimpcomb, rhs (eql2a2)) ,power)

eql2a == Q(n, % ) ~0(n, ) 1.2.2)

(¢"—1) Bq"—1) (6" ""+4") 0 0(n—1,0) "

2 2
i (aBg™—1) (aBg™"—q)
> Eql2a := Q(n, alpha/q,beta) = Q(n, alpha,beta)+(g”"n-1)* (beta*
g*n-1) * (-g* (N+1) +g”*n) *alpha*Q(n-1, alpha, beta) *g”" (-N)/ (
(alpha*beta*g” (2*n) -1) * (alpha*beta*qg” (2*n) -q))

Eql2a = Q[n, %, Bj ~0(n, o, B) 1.2.3)

(¢"=1) (Bg"=1) (-¢" " '+4¢") a0(n—1,0,B) ¢

i (aBg*" —1) (aBg* —q)

:> eql2bl:=gMixRec (Fgh,q,k,Q(n) ,beta,0,-1):

[ > eql2b2:=subs ({_Cl=1,NN=N}, eql2bl):

> eql2b:=1lhs (eql2b2)=combine (map (gsimpcomb, rhs (eql2b2) ) ,power)

eql2b = Q(n, % ) =0(n, B) (1.2.4)

Coalg"=1)9(n—1.p) (ag"—1) (-¢" ""+4") ¢" "B

2 2
i (aBg™"—q) (aBg™"—1)
> Eql2b := Q(n,alpha, beta/q) = Q(n,alpha, beta)+(g”n-1)*alpha*
(alpha*g”"n-1) *beta*Q (n-1,alpha, beta)* (g* (N+1)-g*n) *g* (n-N) / (
(alpha*beta*g” (2*n) -q) * (alpha*beta*g” (2*n) -1))

EqI2b = Q(n, 0, gj =0(n, o, B) (1.2.5)

+

+




(¢"=1)o(ag"—1)Bo(n—1,0B) (" T'=¢") g" "

+
(aBg™"—q) (aBg’"—1)

| Corollary 10

| > eql31:=subs (beta=beta/q,Eql2a) :

[> eql32:=subs ({Eql2b, subs(n=n-1,Eql2b)}, eql3l):

> eql3:=1lhs (eql32)=combine (map (gsimpcomb,collect (rhs (eql32), [Q
(n, alpha, beta),Q(n-1, alpha, beta),Q(n-2, alpha, beta)] )),
power)

a B
eql3 = Q(n, ;, ;j =Q0(n, o, B) (1.2.6)

_O(n=1,0,B) (aBg’" —¢" " 'B—Bg"+q)alg"—1) (-¢" "' +4") ¢"
(0Bg*" —¢*) (aBg’"—1)

~((¢"=q) &’ (¢"=1) (-¢" "2 +¢") (aq"—q) (Bq"—q) (-¢" "

+q) oln—2,0B) ¢ "2V8) [ ((aBe? ) (0B — ) (0B

)
;Theorem 12
> alpha:=1.5;beta:=1.9;N:=10;9:=0.3;n:=7;
o:=1.5
B:=1.9
N:=10
q =203
n:=717 1.2.7)

> hypl:= alpha>l and beta>1 and 0 < alpha*g and alpha*g<l and
0< beta*q and beta*g<l and n <=N;

hypl = true (1.2.8)

:Zeros of Q(n,alpha, beta)

> xngh:= sort([solve (gsimpcomb (QH (n,x,alpha,beta,N,q)) ,x)]);

xngh = [57.72258881745031298937020596151572731431, (1.2.9)
398.7930325054665348270834915552793297946,
1371.533847366295026590007371120564145369,
4572.473463855536571961771855914128332315,
15241.57902756445184239861768437274849943,
50805.26342529085997951309742564764884633,
1.693508780843028671103659303056735759517 105]

;Zeros of Q(n-1,alpha, beta)
> xnmlgh:= sort([solve (gsimpcomb (QH (n-1,x,alpha,beta,N,q)) ,x)])

14

xnmlgh = [191.3323730139257545510897697776276647274, (1.2.10)
1329.267280517031772861224957467982765956,
4571.789414234537295104333867532206644286,




15241.57826827690287658257119147149008493,
50805.26342523295323316088395646194989914,

1.693508780843028669547542405392142642043 105]

:zeros of Q(n,alpha/q, beta)

> yngh:= sort([solve(gsimpcomb (QH(n,x,alpha/q,beta,N,q)) ,x)]1);

yngh = [ -35.20314879465939054195602223073730375478, (1.2.11)
314.3342452550018039358514392944702514225,
1365.377925114486001864377711340149245914,
4572.445108537253801404793792787833749449,
15241.57901834101758537099135174359376873,
50805.26342529065023118977420705731870024,
1.693508780843028671101971295534509108119 105]

:zeros of Q(n,alpha, beta/q)

> zngh:= sort([solve (gsimpcomb (QH(n,x,alpha,beta/q,N,q)) ,x)1);

zngh = [57.75150285832352999087749514620657536899, (1.2.12)
398.8374140543768391825190150602181735850,
1371.536824503312910327423492323197994944,
4572.473476148766347458014432450919513491,
15241.57902756833194451963294166980618496,
50805.26342529086006699445023739199492260,
1.693508780843028671103660005297964123852 105]

;zeros of Q(n,alpha/q, beta/q)
> Zngh:= sort([solve(gsimpcomb (QH(n,x,alpha/q,beta/q,N,q)) ,x)])

4

Zngh = [—35.25095571681310598018704164582760607786, (1.2.13)
314.5536457390290933388627912656832903087,
1365.459021600899896347854627899691942929,
4572.446505985168543862222852985559026350,
15241.57901990283135814073174050932340061,
50805.26342529076964932486568946016049126,

i 1.693508780843028671105183009961057245657 105]

=12__(i)

> evalb(yngh[1]<1 and 1l<xngh[l] and xngh[l]<xnmlgh[1]) ;

seq(evalb (xnmlgh[i]<yngh[i+l] and yngh[i+l]<xngh[i+1]) ,i=1..
n-1);
evalb (xngh[n]<g” (-N) )

true

true, true, true, true, true, true

true (1.2.14)

[12--(ii)



\ 4

> evalb(l<xngh[1]) ;
seq(evalb (xngh[i]<zngh[i] and zngh[i]<xnmlgh[i] and xnmlgh
[1]<xngh[i+1]) ,i=1..n-1);
evalb (xngh[n]<g” (-N) and g”* (-N)<zngh[n] )
true

true, true, true, true, true, true

i true (1.2.15)
| Theorem 14
> evalb(Zngh[1]<1 and g* (-N)<Zngh[n])
true (1.2.16)

i> unassign('alpha,beta,N,q,n")

the monic little q-jacobi

| The little g-Jacobi polynomials are given by
> LQJ:=(n,x,alpha,beta,q)->1/((-1) “n*g” (-binomial (n,2))*
gpochhammer (alpha*beta*qg” (n+l) , q, n)/gpochhammer (alpha*q, q,
n) ) *add (gphihyperterm([g” (-n) ,alpha*beta*g” (n+l) ], [alpha*q],
qlq*xlj) lj=0' 'n) ;
LOJ = (n,x,0,B,q) — (qpochhammer( og,q,n) add(qphihyperterm( [q_n, (1.3.1)

aBq" '] [agl g qxs).i=0.1))] ((

n _—binomial(n, 2
-1)"q (

) qpochhammer(oc Bq" * 1, q, n) )

B Flgj:=1/((-1) “n*g”* (-binomial (n,2) ) *gpochhammer (alpha*beta*qg”*
(n+1) , q, n)/gpochhammer (alpha*q, q, n))* (gphihyperterm([g” (-

| n),alpha*beta*q”(n+l)], [alpha*q],q,q*x,k)):

| orthogonal for O<alpha*q<1 and beta*q<1I on (0,1)

| Equations (14)

| > eql4al:=gMixRec (Flqj,q,k,p(n) ,alpha,0,-1):

> eql4a2:=subs(_Cl=1,eqldal):

> eqléd4a:=l1lhs (eql4a2)=combine (map (gsimpcomb, rhs (eql4a2)) ,power)

o —1,0) (¢"—1 "—1) ag"
eqlda :=p(n,—)=p(n,0() + p(n gn(q ) (qun ) 9
q (aBg™"—1) (aBg"—q)
> Eql4a := p(n, alpha/q,beta) = p(n, alpha,beta)+p(n-1, alpha,
beta) * (g*n-1) * (beta*gq”n-1) *alpha*qgq*n/ ( (alpha*beta*g” (2*n) -1) *
(alpha*beta*g” (2*n) -q))
(n—l,OC,B) (qn_l) (Bqn_l)aqn

a = n g = n P
Eql4 p( ' ,B) p(n, o, B) + (aBg*"—1) (aBg*" —q)

> eqlédbl:=gMixRec (Flgj,q,k,p(n) ,beta,0,-1):
> eql4b2:=subs(_Cl=1,eql4bl):

> eqlé4b:=1hs (eql4b2)=combine (map (gsimpcomb, rhs (eql4b2) ) ,power)

2

o[, B _p(n—1,8) (¢"—1) (0g"—1) aBg™”

eql4b = p|n,— | =p(n,B) o o

q (aBg™"—1) (aBg”™"—q)

> Eql4db := p(n,alpha, beta/q) = p(n,alpha, beta)-p(n-1,alpha,

(1.3.2)

(1.3.3)

(1.3.4)

beta) * (g*n-1) * (alpha*g”n-1) *alpha*beta*qg” (2*n) / ( (alpha*beta*



q* (2*n) -1) * (alpha*beta*q” (2*n) -q) ) ;

ol o B oy 2n=10B) (¢"=1) (ag"—1) apg””
ra p( - ‘IJ plroeP) (aBg™ —1) (aBg*" —q)

[> eql51:=subs (beta=beta/q,Eql4a) :

:> eqgl52:=subs ({Eql4b, subs(n=n-1,Eql4b)}, eql51l):

> eql5:=1lhs (eql52)=combine (map (gsimpcomb,collect (rhs (eql52), [p
(n, alpha, beta) ,p(n-1, alpha, beta) ,p(n-2, alpha, beta)] )),

(1.3.5)

power)
eqls ==p(n, %, %) ~p(n, o, B) (1.3.6)
_pln—1,0B) (aBg" —¢" " 'B—Bg"+q) (¢"—1) ad"
(anzn_ ?) (aBg® —1)
Cp(n=2,0P) (¢"=q) o’ (¢"=1) (aqg"—q) (Bg"—q) &" "' B

(0B =) (0Bg*" —4°) (aBg’"—q)

> egAl:=subs (alpha=alpha/q,eql4a) :

> egA2:=subs({eqld4a, subs(n=n-1,eql4a)}, eqhAl):

> egbA:=l1lhs (egA2)=combine (map (gsimpcomb,collect (rhs (egA2), [p(n,
alpha) ,p(n-1, alpha),p(n-2, alpha)] )), power)

o p(n—1,0) (g+1) (¢"—1) (Bg"—1) ag
eq6A4 ==p(n,—j=p(n,oc) + " . 1.3.7)
7 (0Bg”"—q") (aBg™ —1)
L' =g (g =1) (Bg"—1) (Be"—q) p(n—2,0) " *?
2
i (0Bg™" —¢°) (aBq’"—q) (aBq*" —q)
;Theorem 18 and 19
> alpha:=3;beta:=2;q:=0.2;n:=7;
oa:=3
Bi=2
qg =02
n="17 (1.3.8)

> hypl:= alpha>l and beta>1 and 0 < alpha*g and alpha*g<l and
O<beta*q and beta*qg<1l;

i hypl = true (1.3.9)

;zeros of P(n, alpha, beta)

> xnlqgj:= sort([solve (gsimpcomb (LQJ(n,x,alpha,beta,q)) x)])

xnlgj = [0.00002229234760658827499495981188222567820432, (1.3.10)
0.0003137458647575321036690874615834128636694,
0.001599963638005024863509038461724314741914,
0.007999999992767996646937228635365204905428,
0.03999999999999994536278201482159554979170,
0.1999999999999999999999851530600225299012,
0.9999999999999999999999999999999124022699 |




| zeros of P(n-1, alpha, beta)
> xnmllqgj:= sort([solve (gsimpcomb (LQJ(n-1,x,alpha,beta,q)) x)])

xnmllgj == [0.0001114727937494773936397869979311360177457, (1.3.11)
0.001568754280690845946437419661506206359290,
0.007999819032998991931774058195721823392474,
0.03999999996469773831208225258341623602806,
0.1999999999999997586849364190111000250557,

| 0.9999999999999999999999643618691962886320 ]

;zeros of P_n(alpha/q, beta)

> ynlqgj:= sort([solve (gsimpcomb (LQJ(n,x,alpha/q,beta,q)) ,x)]1);

ynlgj = [ -0.00006566209041537795886635554735328091532038, (1.3.12)
0.0002135743121307239382725776645799864820626,
0.001596101383060171583197239302944469764001,
0.007999995610136013620414385718947002941524,
0.03999999999983022314102369697340536744342,
0.1999999999999999997682571324447269616790,

| 0.9999999999999999999999999931572159139865 ]

;zeros of P_n(alpha, beta/q)

> znlqgj:= sort([solve (gsimpcomb (LQJ(n,x,alpha,beta/q,q)) ,x)]);

znlgj == [0.00002229382170734782568308512175485662301969, (1.3.13)
0.0003137491929757458596009569105032492846880,
0.001599963750519441760393242736723251134576,
0.007999999992882975243067921946692399931555,
0.03999999999999994972860535740403218206389,
0.1999999999999999999999910909235241571312,
1.000000000000000000000000000000087606701 ]

;zeros of P_n(alpha/q, beta/q)
> Znlqgj:= sort([solve (gsimpcomb (LQJ(n,x,alpha/q,beta/q,q)) ,x)1])

Znlgj = [ -0.00006567782570201985027749146132872677634377, (1.3.14)
0.0002136037148332339828581704128640499012752,
0.001596112218146290654157998494513074081884,
0.007999995678588128483699667127053988230814,
0.03999999999984374118625794448122270168841,
0.1999999999999999998608972873292667080335,

i 1.000000000000000000000000006845588106282 ]

[18--(i)

> evalb(ynlgj[1]<0 and 0<xnlqgj[l] and xnlgj[n]<1);

seq(evalb (xnlgqj[i]<xnmllqgj[i] and xnmllqgj[i]<ynlqgj[i+l1l] and
ynlgj[i+1]<xnlgj[i+1]) ,i=1..n-1)
true

i true, true, true, true, true, true (1.3.15)

[ 18--(ii)

> evalb( 0<xnlqgj[l] and xnlgj[n]<1l and 1<znlqgj[n]) ;




seq(evalb (xnlqj[i]<znlgj[i] and znlgj[i]<xnmllgj[i] and
xnmllgj[i]<xnlgj[i+1]) ,i=1..n-1)
true

true, true, true, true, true, true (1.3.16)
| Theo. 19

> evalb(Znlgj[1]1<0 and 1<Znlqgj[n])
true (1.3.17)

i> unassign('alpha,beta,q,n')

Y the monic g-Laguerre

> QL:=(n,x,alpha,q)->1/((-1) “n*g”* (n* (n+alpha) ) /gpochhammer (q, q,
n) ) *qpochhammer (g~ (alpha+l) ,q,n) /gpochhammer (q,q,n) *add
(qphihyperterm([q”* (-n)], [q" (alpha+l)],q,-q" (ntalpha+l) *x,]j) ,
j=0..n);

1

gpochhammer(q, q, n)

OL := (n,x,0,q) > (1 gpochhammer(q, q, (1.4.1)

(_l)nqn(n-i-(x)

0c+1] _ntoa+l
q X

n) qpochhammer( qa * 1, q, n) add(qphihyperterm( [q_"], [q

| )=0.n))
> Fql:=1/((-1)*n*g” (n*2) * (g~ (alpha) ) *n/gpochhammer (q,q,n) ) *
gpochhammer (g~ (alpha) *q, q,n) /gpochhammer (q,q,n) *
(gphihyperterm([q” (-n) ], [9” (alpha) *q] ,q,-g" (n+1) *q*alpha*x, k)
)

3 3 b

k
Fql := (qpochhammer(qa q, 9, n) qpochhammer(q_n, q, k) ( -q" 1 qax) ( (14.2)

— k(k—1) )
~1)fg? ) ((—1)”q" (q“)nqpochhammer(qaq, g, k) gpochhammer(q, q,

)
| Orthogonal for alpha>-1 on (0,infinity)
| Equation (16)
| > eqléal:=qgMixRec (subs (q”alpha=alpha,Fql),q,k,L(n) ,alpha,0,-1):
| > eql6a2:=subs({_Cl=1,alpha=q*alpha},eqlé6al):
> eqglé6a:=combine (lhs (eql6a2) ,power)=combine (map (gsimpcomb, rhs
(eql6a2) ) ,power)
i eqita=L(n,¢" ") =L(n,¢") = (¢"—1) Lln —1,4%) ¢' 72"~ (1.4.3)
| Note that we did the substitution subs(q*alpha=alpha,Fql) since alpha is a power of q.

| Theorem 22
> alpha:=-0.7;9:=0.15;n:=10;

o= -0.7
q = 0.15
n:=10 (1.4.4)

> hypl:= evalb(-1l<alpha and alpha<o) ;
hypl = true (1.4.5)




| zeros of P_n(alpha)
> xnqgl:= sort([solve(gsimpcomb (QL(n,x,alpha,q)) ,x)])

xngl = [0.6578899019948919167004144100965197621680, (1.4.6)
71.06425805988116912060150240548515513829,
3440.136124311764226002403829511443194323,
1.547734972385400953181510893480156043499 10°,
6.891403547664555681647582314788984446940 10°,
3.063855753542152113436847732273396583070 10°,
1.362287784995561322513506834576046772064 10'°,
6.070056260440730649479934927895159787123 10",
2.744361221686144088352892738683878770035 10",
1.378342453283118046851755172188793924527 10'°]

;zeros of P_{n-1}(alpha)
> xnmlqgl:= sort([solve (gsimpcomb (QL(n-1,x,alpha,q)) ,x)])

xnmlgl = [0.6578899223317822601976374999933582897918, (1.4.7)
71.06427176219330563458972532863058300386,
3440.140542792981743241278058003204972463,
1.547748224922997229437295754273305249098 10°,
6.891796955947361759922816797231005939414 10°,
3.065022235928457542802550583476022119832 10°,
1.365754285332968907610002380408792670765 10'°,
6.174807070507187375842184963762187053552 10",
3.101270092929366394161910643249561601702 10"*]

;zeros of P_n(alpha-1)
> ynqgl:= sort([solve (gsimpcomb (QL(n,x,alpha-1,q9)) ,x)]);

yngl = [ -0.5615546448834409798648978655455933900822, (1.4.8)
5.618297398415111113697270177200419840639,
482.6086188428850340489145522166910617559,
22993.29500428060601182944409725564965392,
1.032225657802078298582141137089443095248 10°,
4.594793657604071056612825081654451611305 107,
2.043365654186998767077452924803492630582 109,
9.105040263159158057328882943039137001082 1010,
4.116538840045772770966349591958222575829 10'2,
2.067513454916011967627127069082170175683 1014]

;Theorem 22
> evalb(yngl[1]<0 and 0<xngl[1]);
seqg(evalb (xngl[i]<xnmlqgl[i] and xnmlqgl[i]<yngl[i+l1] and ynqgl




\ 4

[i+1]<xngl[i+1]), i=1..n-1)
true
true, true, true, true, true, true, true, true, true (1.4.9)
|:> unassign('alpha,q,n')

the monic Al-Salam-Carlitz I

> ASCI:= (n,x,alpha,q)->(-alpha)“*n*g” (binomial (n,2)) *add
(qgphihyperterm([g* (-n) ,1/x],[0],q,q9q*x/alpha,]j),j=0..n);

ASCI = (n,x, 0, q) — (-a)" g>momialn 2) add(qphihyperterm( [q_", 1 101, ¢, L5, @.5.1)
(04

X
jj,jZO..nJ

=> Fascl:=(-alpha) *n*g” (binomial (n, 2)) * (gphihyperterm([g”* (-n),
| 1/x],[0],q9,9*x/alpha, k)):
| Orthogonal for alpha<0 on (alpha,1) subset of (alpha/q, 1)
| Equations (17) and (18)
| > eql71:=gMixRec (Fascl,q,k,U(n) ,alpha,0,-1):
> eql72:=subs(_Cl=1,eql71):
> eql7:=1hs (eql72)=combine (map (gsimpcomb, rhs (eql72)) ,power)
Oc(q"—l) Un—1,a)
q

eql7 = U(n, g) —U(n, o) + (15.2)

> eql8l:=subs (alpha=alpha/q,eql7) :

> eql82:=subs({eql7, subs(n=n-1,eql7)}, eql8l):

> eql8:=1hs (eql82)=combine (map (gsimpcomb,collect (rhs (eql82) , [U
(n, alpha),U(n-1, alpha),U(n-2, alpha)] )),h power)

n
eql8 == U(n, %J =U(n,a) + & (q —1) g +21) Uln=1,0) (1.5.3)
q q
+_f(f—1)w”—ﬂlﬂn—la)
4
L q
| Theorem 25
> alpha:=-1;q:=0.9;n:=7;
o= -1
qg = 0.9
i n = (1.54)
> hypl:= evalb(alpha<0 and alpha<g”n/(g”n-1));
hypl = true (1.5.5)

;ZGI‘OS of P_n(alpha)
> xnascl:= sort([solve (gsimpcomb (ASCI(n,x,alpha,q)) ,x)])

xnascl = | -0.8958986042421276823802887196323397556803, (1.5.6)
-0.6197941772155604635718920413472472029792,




-0.3159001166772401010153205820223949178210,
1.592515997595760382128113894735624150473 10'37,
0.3159001166772401010153205820223949173148,
0.6197941772155604635718920413472472036741,
0.8958986042421276823802887196323397553263 |

;zeros of P_{n-1}(alpha)
> xnmlascl:= sort([solve (gsimpcomb (ASCI (n-1,x,alpha,q)) ,x)])

xnmlascl == [-0.8419786385092158516200264034950925711009, (1.5.7)
-0.5197807037779804786674180816042209706820,
-0.1754782131041757773384066827352104159997,
0.1754782131041757773384066827352104158670,
0.5197807037779804786674180816042209710045,
0.8419786385092158516200264034950925709061 ]

;Zeros of P_n(alpha/q)
> ynascl:= sort([solve (gsimpcomb (ASCI (n,x,alpha/q,q)) ,x)])

ynascl == [ -1.019524476423485557582007826296907960747,
-0.7366431771583760644719082609288059704681,
-0.4205417645232633767236664660032704318522,
-0.08882549202285206278786551033753892377424,
0.2456133501026075632339907875443832501259,
0.5703679875699805763585683575917241495632,

| 0.8698834613442778108617778073193047760359 ]

;zeros of P_n(alpha/q”2)

> znascl:= sort([solve (gsimpcomb (ASCI (n,x,alpha/qg*2,q)) ,x)1]1);
znascl = [ -1.154908371721788920317386982244582319972, (1.5.9)
-0.8649408587154727685312445479402788249184,
-0.5359976795536781853502143754849063795990,
-0.1874902777745954600463690900446390711592,
0.1667580225292603514165438041849833533116,
0.5139414749932215868240798722743767130344,

| 0.8388896778973743836589123069093675169507 ]

[25--(i)

> evalb(ynascl[1l]<alpha and alpha<xnascl[1l] and xnascl[n]<1);
seq(evalb (xnascl[i]<xnmlascl[i] and xnmlascl[i]<ynascl[i+l]),

i=1..n-1)

(1.5.8)

true

true, true, true, true, true, true (1.5.10)

|:> unassign('alpha,q,n')

Y the monic Askey-Wilson



k) *gpochhammer (q,q,k) ), k=0..n);
AW = (n,x,a,b,c,d, q)

R 1 (qpochhammel”(a b,q,

(2a)" qpochhammer(a bc dqn B 1, q, n)

/ (gpochhammer(a b, q, k) gpochhammer(a c, q, k) gpochhammer(a d, q,
k) gpochhammer(q, q, k)), k=0 n) )

b,a*c,a*d] ,q,q,k)

n) gpochhammer(a b, q, k) gpochhammer(a c, q, k) gpochhammer(a d, q,
i k) gpochhammer(q, q, k) )

| orthogonal on (-1,1) for max(|al, |b|, [c], [d[)<I.

> Awrecl:=gMixRec (FAW,q,k,P(n) ,a,0,-1)

Awrecl ==P(n, %) —P(n,a)

_ 1 galq"—1) (cdq"—q) (¢"bd—q) (¢"bc—¢q) P(n—1,a)

i 2 (abcdg®"—¢’) (abcdq™" —¢)

;> Awrec2:=subs(_Cl=1 ,gMixRec(FAW,q,k,P(n),b,0,-1)):

> lhs (Awrec2)=combine (map (gsimpcomb, rhs (Awrec2) ) ,power)

P(n, s) =P(n,b)

_ 1 (¢"=1) (cdq"—q) (adq"—q) (acq"—q) gbP(n—1,b)

i 2 (abcdg®"—¢’) (abcdq™" —¢)

;> Awrec3:=subs(_Cl=1 ,gMixRec(FAW,q,k,P(n),c,0,-1)):

> lhs (Awrec3)=combine (map (gsimpcomb, rhs (Awrec3) ) ,power)

P(n, 2) =P(n,c)

_ 1 (¢"=1) (¢"bd—q) (adq"—q) (abq"—q) gcP(n—1,c)

i 2 (abcdg®"—¢’) (abcdq™" —¢)

;> Awrec4:=subs(_Cl=1 ,gMixRec(FAW,q,k,P(n),d,0,-1)):

> lhs (Awrec4)=combine (map (gsimpcomb, rhs (Awrec4) ) ,power)

n) gpochhammer(a c, q, n) gpochhammer(a d, g, n) add ( (qpochhammer(q_n,
g, k) gpochhammer(abcdq" ™ 1, g, k) mul(1—2 axqj +d qzj,j=0 k—1) qk)

FAW = (qpochhammer(a b, q, n) gpochhammer(a c, q, n) gpochhammer(a d, q,
n) gqpochhammer(q™", q, k) gpochhammer(abcd ¢"~ 1, q, k) quChhammer(a ele,
g k) qpochhammer(ae™'®, g, k) ¢") / ((2 a)" gpochhammer(abcdq" ™", q,

> AW:=(n,x,a,b,c,d,q) ->gpochhammer (a*b, q,n) *qpochhammer (a*c, q,
n) *gpochhammer (a*d,q,n) / (2*a) *n /gpochhammer (a*b*c*d*qg” (n-1),
q,n) *add(gpochhammer (g* (-n),q, k) *gpochhammer (a*b*c*d*g”*
(n-1) ,q,k) *mul (1-2*a*x*q*j+a*2*g” (2*j) ,j=0. .k-1) *q*k/
(gpochhammer (a*b, q, k) *gpochhammer (a*c, q, k) *qpochhammer (a*d, q,

(1.6.1)

=> FAW:=gpochhammer (a*b, q,n) *qpochhammer (a*c,q,n) *gpochhammer (a*
d,q,n)/(2*a) *n /gqpochhammer (a*b*c*d*g” (n-1) ,q,n) * ghyperterm
([g” (-n) ,a*b*c*d*g” (n-1) ,a*exp (I*theta) ,a*exp(-I*theta) ], [a*

(1.6.2)

(1.6.3)

(1.6.4)

(1.6.5)

(1.6.6)



P(n, %) —P(n, d) (1.6.6)

1 (¢"=1) (¢"bc—q) (acqd"—q) (abq"—q) gdP(n—1.d)

i 2 (abcdg®"—¢’) (abcdq™" —¢)
;Theorem27
(1)
> a:=0.95;b:=-0.68;c:=0.75;d:=-0.9,;,9:=0.8;n:=10;

a = 0.95

b= -0.68

c:=0.75

d=-09

qg = 0.8

n =10 (1.6.7)

=> hypl:= g<abs(a) and abs(a)<l and abs(b)<1l and abs(c)<1l and
abs (d)<1 ;
hypl = true (1.6.8)

;zeros of P(n,a,b,c,d)

> xnAW:= sort([solve (gsimpcomb (AW (n,x,a,b,c,d,q)) ,x)]1);

xnAW = [ -0.9425413838594203121535161976763897983078, (1.6.9)

-0.8067846865499503866302295417194399208386,

-0.6097854765030745328965309285711740295026,

-0.3667253931676475264675533550526031444816,

-0.09610895079636025104321695376444652220819,

0.1814888151792465252702485684657414144575,

0.4449683561574630874812979936000289905766,

0.6743056767075273527576099093689180380549,

0.8520751617738030772670578293491709305034,

| 0.9647818480041536937885633154065789622065 ]

;zeros of P(n-1,a,b,c,d)

> xnmlAW:= sort([solve (gsimpcomb (AW(n-1,x,a,b,c,d,q)) ,x)])

xnmIAW = [-0.9299681494072114003646970856026568281517, (1.6.10)
-0.7680730943202930137756280897964190836595,
-0.5363102006064754850890187580843927494130,
-0.2560073340344280838522722417832480716865,
0.04722777916713101569277077201542788557385,
0.3457149809900441642139037690107093384422,
0.6122131709447061401496635819131562021795,
0.8224056136260775920370564268053588160975,

| 0.9571381793081005544074732371837556664977 ]

;zeros of P(n,a/q,b,c,d)

> ynAW:= sort([solve(gsimpcomb (AW (n,x,a/q,b,c,d,q)) ,x)1);

ynAW = [ -0.9362424006737725721236944276657156249330, (1.6.11)




-0.7872748429514291364331345131988696302886,
-0.5724745809842018647617516704808507384775,
-0.3098851688613702267981178323244116120011,
-0.02135900664705415457360624451225813168317,
0.2691182208699469141974079881180972445477,
0.5374056092862479665932250866237872989930,
0.7612141772971439589319547328618426076785,
0.9219946416519921967762810006515909573514,

i 1.010180436933410495398822734775771166933 ]

[> seq(evalb (xnAW[i]<ynAW[i] and ynAW[i]<xnmlAW[i] and xnmlAW[i]
<xnAW[i+l1l] and xnAW[i+1l]<ynAW[i+1l]) ,i=1..n-1 )

i true, true, true, true, true, true, true, true, true (1.6.12)
(ii)
> a:=-0.85;b:=-0.68;c:=0.75;d:=-0.9,;9:=0.8;n:=10;
a = -0.85
b = -0.68
c=0.75
d=-09
qg = 0.8
n =10 (1.6.13)

=> hypl:= g<abs(a) and abs(a)<l and abs(b)<1l and abs(c)<1l and
abs (d)<1 ;

i hypl = true (1.6.14)
| zeros of P(n,a,b,c,d)

> xnAW:= sort([solve (gsimpcomb (AW (n,x,a,b,c,d,q)) ,x)]);

xnAW = [-0.9901080723125981590331351681517750604287, (1.6.15)

-0.9554738787441058236156939284972165199822,

-0.8900416852484718914606252369910502365863,

-0.7886412506016488628739157714431342767653,

-0.6472475914810063803439610005769215405266,

-0.4637393196093483213858386351052786334326,

-0.2385931353514710784186271345581992547607,

0.02437031471983945387747690809194930762185,

0.3172335918450866328568521658915794514987,

| 0.6279990168543674392263398179628192047395 ]

;zeros of P(n-1,a,b,c,d)

> xnmlAW:= sort([solve (gsimpcomb (AW(n-1,x,a,b,c,d,q)) ,x)])

xnmIAW = [ -0.9890538452005215028024586759505662348715, (1.6.16)
-0.9502021089956487497955814241249089080655,
-0.8759010318981252083794125955372652687454,
-0.7594503853550906818421722047395793615975,
-0.5955108565404938257130143609671995382224,
-0.3811411421904349090203376428010166076246,




-0.1167909334555316832242562785615285537234,

0.1927486269926876587686563134604260969067,

| 0.5387026165006529995400947698842432730922 ]

;zeros of P(n,a/q,b,c,d)

> ynAW:= sort([solve (gsimpcomb (AW (n,x,a/q,b,c,d,q)) ,x)1);

ynAW = [ -1.001235151841991366821370330479543150704, (1.6.17)
-0.9781545584975536689157368434869331552943,
-0.9260027367093782406913247732278952314098,
-0.8377582086190685832643574979306223243918,
-0.7080402330485180021977105287154766557522,
-0.5331803069582737346494815333037296583815,
-0.3120673759520467275167292805316496910039,
-0.04700988105285459452247061772528506507079,
0.2554147704381876290442429477842313442462,

| 0.5845363749501198726585085716202469477106 ]

[> seqg(evalb (ynAW[i]<xnAW[i] and xnAW[i]<xnmlAW[i] and xnmlAW[i]
<ynAW[i+1] and ynAW[i+1]<xnAW[i+1]),i=1..n-1 )

i true, true, true, true, true, true, true, true, true (1.6.18)
:> unassign('a,b,c,d,q,n'")

V¥ the monic g-Racah

> QR:=(n,x,alpha,beta,gamma,delta, q) -> gpochhammer (alpha*q, q,
n) *gpochhammer (beta*delta*q, g, n)*gpochhammer (gamma*q, g, n)
/gpochhammer (alpha*beta*qg” (n+l), q, n)*add(gpochhammer (g* (-
n) ,q,m) *gpochhammer (alpha*beta*g” (n+l1) ,q,m) *mul (1-x*q*k+
gamma*delta*g” (2*k+1) ,k=0..m-1) *g”m /(gqpochhammer (alpha*q,
q,m) *gqpochhammer (beta*delta*q, q,m) *qpochhammer (gamma*q,q,m) *
gepochhammer (q,g,m) ) ,m=0..n);

OR = (n,x,0,B,% 8 q) > !
gpochhammer( o g

—— gpochhammer(a.q, q, 1.7.1)

.q.n)

n) gpochhammer(B dq, q, n) gpochhammer(yq, q,

n) add( (qpochhammer(q_”, q, m) qpochhammer(oc Bqg" * 1, q, m) mul( I —x qk
+v90 qZk+ Lk=0.m—1 ) 4™) / (gpochhammer(o.q, q, m) gpochhammer(B 8 g,

q, m) gpochhammer(yq, q, m) gpochhammer(q, q, m) ), m=0 n) )

> FQR:=gpochhammer (alpha*q, q, n)*gpochhammer (beta*delta*q, q,
n) *gpochhammer (gamma*q, q, n)/gpochhammer (alpha*beta*g” (n+l),
q, n)*ghyperterm([g” (-n) ,alpha*beta*g” (n+l) ,g” (-x) ,gamma¥*
delta*qg” (x+1) ], [alpha*q,beta*delta*q,gamma*q] ,q,q, k)

FOR = (qpochhammer( o.q, q, n) gpochhammer(Bdq, g, n) gpochhammer(vyq, q, (1.7.2)

n) gpochhammer(q™", q, k) gpochhammer(o.p q" 1 q, k) gpochhammer(q ™", q,



k) qpochhammer(v84* ™", 4, k) ¢) | (apochhammer(aB "', 4,
n) qpochhammer( aq,q, k) qpochhammer( Bdgqg,q, k) qpochhammer(yq, q,
k) gpochhammer(q, q, k) )

| orthogonal on (1+gamma®*delta*q, q"(-N)+gamma*delta*q"(N+1)) or for x in (0,N)

| Equation (24)

:> QRrecal:=subs(_Cl=1,gMixRec (FQR,q,k,P(n) ,alpha,0,-1)):

> QORreca:=1hs (QRrecal)=combine (map (gsimpcomb, rhs (QRrecal)),
power)

QRreca = P(n, %j =P(n, o) 1.7.3)

_(¢"=1) (Bg"—1) (Bd4"—1) (v¢"—1) goP(n—1,a)

2 2
i (aBg™"—1) (aBg™—q)
| > QRrecbl:=subs (_Cl=1,gMixRec (FQR,q,k,P(n) ,beta,0,-1)):

> QORrecb:=1hs (QRrecbl)=combine (map (gsimpcomb, rhs (QRrecbl)) ,
power)

ORrech = P(n, %) =P(n, B) (1.7.4)

~ (¢"—1) (ag"—1) (ag"—38) (vq"—1) ¢ pP(n—1,p)
(aBg’"—1) (aBg*" —q)

V¥ the monic al-Salam-Carlitz 11
[> ASCII:= (n,x,alpha,q)->(-alpha)“n*g”* (-binomial (n,2)) *add
(qgphihyperterm([g” (-n) ,x],[]1,q9,9"(n) /alpha,j),j=0..n);
ASCII == (n,x, 0, q) = ( —oc)n q_binomial(n’ 2 add[qphihyperterm[ ¢ x],[14q -q—, (1.8.1)
o

j],,-:o..n]

=> Fasc2:=(-alpha) *n*g”* (-binomial (n, 2)) * (gphihyperterm([g” (-n),
| x]1,[1,9,9"(n)/alpha,k)):
| Orthogonal for O<alpha q<1 on (1, infinity)

> eql6al:=gMixRec (Fasc2,q,k,V(n),alpha,0,-1)
"x — o n_ _ 1—2n
eql6al = V(n, %j _ ("x—0)g"V(no) ald"—1)V(n—1,0)q

(1.8.2)
o—Xx oaA—Xx

:We conclude here that the Al-Salam-Carlitz II polynomial family is not quasi-orthogonal

Y the monic q-Meixner



\ 4

\ 4

> OM:=(n,x,beta,gamma,q)->1/((-1) “n*g”* (n*2) /gamma“n/gpochhammer
(beta*q, q, n))*add(gphihyperterm([g”(-n),x], [beta*q],q,-q*
(n+1) /gamma, j) ,3j=0..n);

1 n
OM:= (n,x,B,%q) >——— (Y gpochhammer(P q, q, (1.9.1)
( _ 1 )n ql’l

n+1
n) add[qphihyperterm[ 7" x), [Bql g, - ‘L,J'j ,j=0 nj J
Y

=> Fagm:=1/((-1) *n*g” (n*2) /gamma“n/qgqpochhammer (beta*q, gq, n))*
(gphihyperterm([g” (-n) ,x], [beta*q],q,-g* (n+l) /gamma, k)) :

:orthogonal for 0 \leq beta*q<1 and gamma>0 on (1,infinity).

> gMixRec (Fgm,q,k,M(n) ,beta,0,-1)
n -n n_ . n -3n+1
M(n,E)= (¢"x+By) ¢ "M(n,B) (¢"—1)yM(n—1,B) (¢"+7) ¢ B 1.92)
q By+x By+x

:We conclude that the g-Meixner polynomials are not quasi-orthogonal

the monic little g-Laguerre / Wall (special case from little -
Jacobi)

[> LOLW:= (n,x,alpha,q)->1/((-1) “*n*g” (-binomial (n, 2))
/gpochhammer (alpha*q, q, n))*add(gphihyperterm([g”*(-n),0],
[alpha*q],q,q9*x%,]),3=0..n);

LOLW := (n X, O, q) (1.10.1)

1

- (-1 )n -binomial(n, 2) (qpochhammer(oc 4> 9 I’l) add(qphihyperterm( [q—n’
1) q

i O], [ocq],q,qx,j),jZO..n))

> Flgqlw:=1/((-1) “n*g” (-binomial (n, 2))/gpochhammer (alpha*q, q,
| n))*(gphihyperterm([g” (-n),0], [alpha*q],q,q*x,k)):
| Orthogonal for O<alpha gq<1

> eqllal:=gMixRec (Flqlw,q,k,p(n) ,alpha,0,-1):
> eqlla2:=subs(_Cl=1,eqllal):
> eqlla:=lhs(eqlla2)=combine (map (gsimpcomb, rhs (eqlla2)) ,power)

eqlla ==p[n, gj =p(n,a) —a(g"—1) p(n—1,a) qn_1 (1.10.2)

the monic Affine q-Krawtchouk (special case from ¢q-Hahn)

|_> AQK:=(n,x,p,N,q)->1/(1/ (gqpochhammer (p*q, q, n)*gpochhammer (g*
(-N) , g9, n)))*add(gphihyperterm([q”(-n),x,0], [p*q,q*(-N)],q,



\ 4

\ 4

q,3),3=0..n);
AQK = (n,x, p, N, q) = gpochhammer(p q, q, n) qpochhammer(q_N, q, (1.11.1)

| n) add(gphihyperterm([q™", x,0), [pq.q™"). 4. 4.).j=0..n)

[> Fagk:=1/(1/ (qpochhammer (p*q, q, n)*gpochhammer (q*(-NN), q, n)
| )) *(gphihyperterm([q” (-n) ,x,0], [p*q,q"(-NN)],q,q,k)):

| Orthogonal for 0<pq<l1

;> eqlOal:=gMixRec (Fagk,q,k,K(n),p,0,-1):
| > eql0a2:=subs ({_C1l=1,NN=N},eqlOal):

> eqlOa:=1lhs (eql0a2)=combine (map (gsimpcomb, rhs (eql0aZ2)) ,power)
eql0a = K(n, 5) =K(n,p) —p (¢"=1) (-¢" "' +¢" ) Kin—1,p) ¢ ¥ @112

the monic quantum g-Krawtchouk (special case from (-
Hahn)

[> QOK:=(n,x,p,N,q)->1/ (p*n*q” (n*2) /qpochhammer (q* (-N) , q, n))*
add (gqphihyperterm([q* (-n) ,x], [g* (-N)1,q,p*q" (n+1) ,3) ,3=0..n);
Q0K = (n,x,p, N, q) 1.12.1)
_N]

— % (gpochhammer( q_N, g, n) add(gphihyperterm([q™", x|, [¢

r'q"
| pd" ). =0.n))
[> Fqggk:=1/ (p*n*g”* (n*2) /gpochhammer (g~ (-NN) , q, n))*
| (gphihyperterm([g” (-n) ,x], [q*(-NN)],q,p*q”" (n+l) ,k)):
| orthogonal for p>q”(-N) on (1, ¢*(-N))

7q7

;> eg81:=gMixRec (Fqgk,q,k,K(n) ,p,0,-1):
| > eq82:=subs ({_Cl=1,NN=N}, eq81):
> eg8:=1lhs (eq82)=combine (map (gqsimpcomb, rhs (eq82) ) ,power)

+qn) K(n—l,p) q (1.12-2)

E (qn_l)(_qN—l—l -2n—N
e¢9=:K(m q)==KUup)— .

the monic g-Krawtchouk

[> QK:=(n,x,p,N,q)->1/ (gpochhammer (-p*gq”*n, q, n)/gpochhammer (g*
(-N) , q, n))*add(gphihyperterm([q”"(-n),x,-p*q”n], [q*(-N),0],
qrqu) ’j=0' 'n) ;

OK = (n,x,p,N, q)— 1

gpochhammer(-p ¢", g, n)

N oo

(gpochhammer(q™, q, (1.13.1)

n) add(gphihyperterm([q™",x, -p ¢"), [¢™", 01, ¢, 4,j),j=0.n))



> Fqgk:=1/ (gpochhammer (-p*g”n, q, n)/gqpochhammer (g~ (-NN), q, n))
| *(gphihyperterm([q” (-n),x,-p*q*n], [q" (-NN),0],q,q9,k)):
| Orthogonal for p>0

;> eqg9al:=gMixRec (Fgk,q,k,K(n),p,0,-1):
| > eq9a2:=subs ({_Cl=1,NN=N},6eq9al):

> eg9a:=1lhs (eq%a2)=combine (map (gsimpcomb, rhs (eq9a2) ) ,power)
n N +1 n n+1—N
"=1) (-¢" " +¢")Kn—1,p)q

(*"p+q") (¢*"p+q)

eq9a = K(n, fé) —K(n,p) — £ ( (1.13.2)

V¥ the monic alternative q-Charlier

[> apcC:= (n,x,alpha,q)->1/((-1) *n*g”* (-binomial (n,2) ) *gpochhammer
(-alpha*g”n, q, n))*add(gphihyperterm([g” (-n),h-alpha*g”*(n)],
[0],q,9*%,3),3=0..n);

. add(qphihyperterm( [q_n, —Ocqn], [0],9,¢9 x,j),j =0 n)
AQC = (l’l, X, O, Q) - (-1 )n q—binomial(n, 2)

(1.14.1)
qpochhammer( - qn, q, n)
B Fagc:=1/((-1) “n*g” (-binomial (n,2) ) *gpochhammer (-alpha*g*n, q,
_ n))*(gphihyperterm([q” (-n) ,-alpha*q*(n)], [0],q,9*x,k)):

| Orthogonal for alpha>0

;> eql3al:=gMixRec (Faqgc,q,k,y(n) ,alpha,0,-1):
| > eql3a2:=subs(_Cl=0,eql3al):

> eql3a:=l1lhs(eql3a2)=combine (map (gsimpcomb, rhs (eql3a2)) ,power)

o o n—l) I’l—l,OC 2n+1
eql3a ;:y(n, —) ~y(n, o) — (g — v 2n) 7
q (ag™"+q) (ag™" +4¢°)

(1.14.2)

V¥ the monic q-Charlier

> oc:= (n,x,alpha,q)->1/((-1)*n*g” (n*2) /alpha”n) *add
(gphihyperterm([g* (-n) ,x],[0],q,-9* (n+l) /alpha,]j),j=0..n);
n—+1

o add(qphihyperterm( [q_”, x], [0, q, - -q—,j),j =0 n)
o
oC = (n,x,0,q)— — (1.15.1)
i (-1)"¢

[> Fgc:=1/((-1) *n*g” (n*2) /alpha”“n) * (gphihyperterm([g”* (-n) ,x],

| [0],q9,-9"(n+1) /alpha, k)):

| Orthogonal for alpha>0

;> eqgl4al:=gMixRec (Fgc,q,k,C(n) ,alpha,0,1):
| > eqld4a2:=subs({_Cl=1},eqldal):
> eqléd4a:=1lhs (eql4a2)=combine (map (gsimpcomb, rhs (eql4a2)) ,power)

eql4a = C(n,aq) =C(n,0) —a(¢"—1) C(n—1,a) ¢' ~*" (1.15.2)




> read "hsuml7 .mpl";
Package "Hypergeometric Summation"”, Maple V - Maple 17

Copyright 1998-2013, Wolfram Koepf, University of Kassel 2)

Y Quasi-orthogonality of the Bessel and the classical O.P. of the

quadratic lattice

> Mixedrec:=proc(F,k,Sn,alpha,beta,shift)
local n,S,a,b,sigma,rat,p,q,r,upd,deg,£f,j,jj,1,var,req,sol,
sol2,num,den,J;
if type(Sn,function) then S:=op(0,Sn); n:=op(1l,Sn) else n:=Sn
end if;
for J from 1 to MAXORDER do
a:=subs ({alpha=alpha+shift, beta=beta+shift} ,F)-add(sigma[j]*
subs (n=n-j,F) ,j=0..J) ;
rat:=ratio(a,k);
if not type(rat,ratpoly(anything,k)) then
ERROR ( "Algorithm not applicable’)
fi;
# p:=1: g:=subs(k=k-1,numer (rat)): r:=subs(k=k-1,denom(rat)):
p:=1: g:=numer (rat): r:=denom(rat):
upd:=update(p,q,r, k) ;
p:=op(l,upd): g:=op(2,upd): r:=op(3,upd):
deg:=degreebound(p,q,r,k) ;
# Maple 13: if deg>=0 then
if deg>=-1 then
f:=add (b[j]*k*j,j=0..deq) ;
var:={seq(sigma[j]j],jj=0..J) ,seq(b[j]j],]j=0..deg)};
req:=collect (subs (k=k+1,q) *£-r*subs (k=k-1,£f) -p,k) ;
sol:={solve({coeffs(req,k)},var)};
if not(sol={} or {seqg(op(2,op(l,op(l,s0l))),1=1..nops(op(1,
sol))) }={0}) then
if beta=0 then
sol2:=add(sigma[]j]*S(n-j,alpha),hj=0..J);
sol2:=subs (op(1l,so0l) ,so0l2);
RETURN( S(n,alpha+shift)=map(factor,sol2))
else
sol2:=add(sigma[]j]*S(n-j,alpha,beta), j=0..J);
sol2:=subs (op(1l,so0l) ,so0l2);
RETURN( S(n,alpha+shift,beta+shift)=map (factor,sol2));
fi;

fi;
fi;
od;
ERROR (cat ('Algorithm finds no derivative rule of order <= °,
MAXORDER) )




L end:

V¥ the monic Wilson polynomials

> Wilson:=(n,x,a,b,c,d)->(-1) *n*pochhammer (a+b,n) *pochhammer (a+
c,n) *pochhammer (a+d,n) /pochhammer (n+a+b+c+d-1,n) *add
(pochhammer (-n, k) *pochhammer (n+a+b+c+d-1, k) *mul (a*2+2*a*j+
j*2+x,3j=0. .k-1) / (pochhammer (a+b, k) *pochhammer (a+c, k)*
pochhammer (a+d, k)*factorial(k)), k=0..n)

. o 1
Wilson = (n,x, a,b, ¢, d) = pochhammer(n +a +b +c+d—1,n) (( 2.1.D

-1)" pochhammer(a + b, n) pochhammer(a + ¢, n) pochhammer(a + d,

n) add( (pochhamrner( -n, k) pochhammer(n +a +b +c+d —1,k) mul(a2
+2aj —|—j2 +x,j=0.k—1 )) / (pochhammer(a + b, k) pochhammer(a + c,

k) pochhammer(a +d, k) k!), k=0.n))
> FWilson:= (-1) “n*pochhammer (a+b,n) *pochhammer (a+c,n) *
pochhammer (a+d,n) /pochhammer (n+a+b+c+d-1,n) *hyperterm([-n,n+
L at+b+c+d-1, a+I*x, a-I*x],[a+b, a+c, a+d],1,k):

Orthogonal on (0,infinity) if Re(a,b,c,d)>0 and non-real parameters occur in conjugate pairs (for
| example c=bar(a), d=bar(b) if a,b are complex)

| Proposition 29
> recWill:=Mixedrec (FWilson,k,W(n),a,0,-1)
recWill :== W(n,a—1)=W(n,a) (2.1.2)

n(c+d+n—1)b+d+n—1)(b+c+n—1) Wn—1,a)

i 2n+a—-3+b+c+d) 2nta—2+b+c+d)

:> recWil2l:=Mixedrec (FWilson,k,W(n) ,b,0,-1):

:> recWil22:=subs (coeff (rhs (recWil2l) ,W(n, b))=1,recWil2l):

[> recWil2:=1lhs (recWil22)=collect (rhs (recWil22) , [W(n, b), W(n-1,
b)], simpcomb)

recWil2 .= W(n,b —1)=W(n, b) (2.1.3)

(c+d+n—1)(a—1+d+n)(a—14+c+n)nW(n-—1,>b)

i 2n+a—3+b+c+d) 2n+a—2+b+c+d)

[> recWil3l:=Mixedrec (FWilson,k,W(n) ,c,0,-1):

> recWil32:=subs (coeff (rhs (recWil3l) ,W(n, c))=1,recWil3l):

> recWil3:=1lhs (recWil32)=collect(rhs (recWil32), [W(n, c), W(n-1,
c)], simpcomb)

recWil3 := W(n,c—1)=W(n, c) 2.14)

b+d+n—1)(a—1+d+n) (a—1+b+n)nWn-—1,c)

i 2n+a—-3+b+c+d) 2n+a—2+b+c+d)

:> recWildl :=Mixedrec (FWilson,k,W(n) ,d4d,0,-1):

:> recWild2:=subs (coeff (rhs (recWildl) ,W(n, d))=1,recWildl):

[> recWild:=1lhs (recWild2)=collect(rhs (recWil42) , [W(n, d), W(n-1,
d)], simpcomb)

recWild := W(n,d—1)=W(n,d) (2.1.5)

+

+

+




(bt+c+n—1)(a—1+c+n) (a—1+b+n)nWn—1,d)

i * 2n+a—-3+b+c+d) 2n+ta—2+b+c+d)
;Theorem 31
> a:=0.65;b:=5; ¢:=2.5; d:=25; n:=10
a = 0.65
b:=15
c=25
d =25
i n:=10 (2.1.6)
> hyp:=b>0 and ¢>0 and d>0 and 0<a and a<1l;
hyp = true 2.1.7)

;zeros of P_n(a,b,c,d)

> xnWs:= sort([solve (gsimpcomb (Wilson(n,x,a,b,c,d)) x)]);

xnWs = [2.637445139589767449741054354092340609545, (2.1.8)
8.232613023882692859424692474374916005452,
16.85774291536091691914732211812284418722,
29.06991121670024953132143276954681606240,
45.65626994163319974959983466225888844822,
67.70834103989775610466433736858358029885,
96.81492052775119756895183466719078430643,
135.5034460218659507330635247687404753188,
188.4373213421920740827840442571226166486,

| 267.1465049601584530658180515922248026306 ]

[ zeros of P_{n-1}(a,b,c.d)

> xnmlWs:= sort([solve (gsimpcomb (Wilson(n-1,x,a,b,c,d)) x)]);

xnmiIWs = [2.8724356402240774709052625691214552576009, (2.1.9)
8.938651039930943707394899840018073217416,
18.35608899012150401170043525673584863311,
31.82925660157690609070724106303757944925,
50.38148915077534054976549416984744692983,
75.51318975454469082937262658605633069176,
109.6083543218704236058946445733888349537,
157.0519468245817219673475781224504587992,

| 228.6489945939735779317134454897407167277]

;zeros of P_n(a-1,b,c,d)

> ynWs:= sort([solve(gsimpcomb (Wilson(n,x,a-1,b,c,d)) x)]):;

ynWs = [0.7581087108918173196521879237371028687152, (2.1.10)
5.179547050332514444032058320330500998215,
12.53276028469192797112402534797720675155,
23.34029421731839490588012379615104846400,
38.35937769988116146862825860843249560390,
58.65039048105764475381203715504412494538,
85.75882386286743767471753070846544337458,




\ 4

122.1404879604011465169239352576329809261,
172.3192083423090455542996665585546431908,
| 247.4614998947354497697935860943623890677 ]

[> seq(evalb (ynWs[i]<xnWs[i] and xnWs[i]<xnmlWs[i] and xnmlWs[i]
<ynWs[i+l] and ynWs[i+1l]<xnWs[i+l] ), i=1..n-1)
true, true, true, true, true, true, true, true, true (2.1.11)

:> unassign('a,b,c,d,n')

the monic Racah polynomials

> Racah:=(n,X,alpha, beta, gamma, delta)-> pochhammer (alpha+l,
n) *pochhammer (betat+delta+l,n) *pochhammer (gamma+1,n)
/pochhammer (n+alpha+beta+l,n) *add (pochhammer (-n, k)*
pochhammer (nt+alpha+t+beta+l, k) *mul (-X+j* (gammat+delta+j+1) ,
0..k-1)/ (pochhammer (alpha+l, k)*pochhammer (beta+delta+l, k)
pochhammer (gamma+1l, k) *factorial (k)) ,k=0..n)

1
pochhammer(n + o+ B+ 1,1)

n) pochhammer(p + 8 + 1, n) pochhammer(y+ 1, n) add( (pochhammer( -7,
k) pochhammer(n + o+ B+ 1, k) mul(-X + (y+8+/+1),7=0.k—1))/
(pochhammer (o + 1, k) pochhammer(f + 8+ 1, k) pochhammer(y+ 1, k) k!), k

=0.n))

> FRac:=pochhammer (alpha+l,n) *pochhammer (betat+delta+l,n) *
pochhammer (gamma+1,n) /pochhammer (n+alpha+beta+l,n) *hyperterm (
[-n,n+alphatbeta+l, -x,x+gamma+delta+1], [alphat+l, beta+
delta+l, gamma+l],1 ,k)

FRac := (pochhammer( o + 1, n) pochhammer(B + 8 + 1, n) pochhammer(y+ 1, (2.2.2)
n) pochhammer( -7, k) pochhammer(n + o + B + 1, k) pochhammer( -x,
k) pochhammer(x +y+ 8+ 1, k) ) / (pochhammer(n + o+ B + 1,
n) pochhammer( o + 1, k) pochhammer( + 8+ 1, k) pochhammer(y+ 1, k) k!)

Orthogonal on (0, N*(N+gamma-+delta+1)) for alpha+1=-N or beta+delta+1=-N or gamma+1=-
| N. Shift only alpha and beta not to change x
| > recRacll:=Mixedrec(FRac,k,R(n) ,alpha,0,-1):
:> recRacl2:=subs (coeff (rhs (recRacll) ,R(n, alpha))=1,recRacll):
[> recRacl:=1lhs (recRacl2)=collect (rhs (recRacl2) , [R(n, alpha), R
(n-1,alpha)], simpcomb)

j=
*

Racah = (n, X, o, B, 7y, 8) — pochhammer(o + 1,  (2.2.1)

(B+n) (B+8+n) (y+n)nR(n—1,a)
i 2n4+o+B) 2n+a+p—1)

[ > recRac2l:=Mixedrec(FRac, k,R(n) beta,0,-1):

| > recRac22:=subs (coeff (rhs (recRac2l) ,R(n, beta))=1,recRac2l):

[> recRac2:=1hs (recRac22)=collect (rhs (recRac22), [R(n, beta), R
(n-1,beta)], simpcomb)

recRacl = R(n,o0—1) =R(n, o) — (2.2.3)

(o+n) (0—8+n) (y+n)nR(n—1,B)

recRac2 == R(n,p—1) =R(n, ) — 2.24)

2n+a+B) (2n+a+p—1)



V¥ the monic continuous Hahn
> CHahn:= (n,x,a,b,c,d)->I*n*pochhammer (a+c,n) *pochhammer (a+d,n)
/pochhammer (n+a+b+c+d-1,n) *add (hyperterm([-n,n+a+b+c+d-1,a+I*
x], [a+c,a+d],1 , k) ,k=0..n)
CHahn = (n,x,a, b, c,d) (2.3.1)
N 1
pochhammer(n +a +b+c+d—1,n)
n) pochhammer(a + d, n) add(hyperterm([-n,n +a+b +c+d—1,a +1x], [a
i +c,a+d),1,k),k=0.n))
[> Fch: =I“n*pochhammer (a+c,n) *pochhammer (a+d, n) /pochhammer (n+a+
b+c+d-1,n) * (hyperterm([-n,n+at+b+c+d-1,a+I*x], [atc,a+d],1 , k)
L )¢
| Orthogonal on (-infinity, infinity) for Re(a, b, ¢, d)>0 and c=bar(a), d=bar(b)

(In pochhammer(a + ¢,

| Proposition 34
> eqgqchl:=Mixedrec (Fch,k,P(n) ,a,0,-1)
eqchl := P(n,a —1)=P(n,a) 2.3.2)

IP(n—1,a) (b+c+n—1)(b+d+n—1)n

+

i 2n+a—-3+b+c+d) 2n+a—-2+b+c+d)

[> Eqchl := P(n, a-1,b,c,d) = P(n, a,b,c,d)+I*P(n-1, a,b,c,d)*
(b+c+n-1) * (b+d+n-1) *n/ ( (2*n+a-2+b+c+d) * (2*n+a-3+b+c+d))

Eqchl == P(n,a—1,b,c,d) =P(n,a,b,c,d) (2.3.3)

IP(n—1,a,b,c,d) (b+c+n—1) (b+d+n—1)n
i 2n+a—3+b+c+d) 2n+a—-2+b+c+d)
> eqch2:=Mixedrec (Fch,k,P(n),b,0,-1)
eqch2 == P(n,b —1) =P(n, b) 2.34)
In(a—1+d+n)(a—1+c+n)Pn—1,>b)

i + 2n+a—3+b+c+d) 2n+a—2+b+c+d)

[> Eqch2 := P(n, a,b-1,c,d) = P(n, a,b,c,d)+I*n*(a-1+d+n)* (a-1+
c+n) *P(n-1, a,b,c,d)/((2*n+a-3+b+c+d) * (2*n+a-2+b+c+d))

Eqgch2 = P(n,a,b —1,c¢,d)=P(n,a,b,c,d) (2.3.5)

In(a—1+d+n)(a—1+c+n)Pn—1,a,b,c,d)
i 2n+a—-3+b+c+d) 2n+a—2+b+c+d)
[> eqch3:=Mixedrec (Fch,k,P(n),c,0,-1)
eqch3 == P(n,c—1)=P(n,c) (2.3.6)
I(b+d+n—1)(a—1+d+n)nPn—1,c)
2n+a—-3+b+c+d) 2n+a—2+b+c+d)

> Eqch3 := P(n, a,b,c-1,d) = P(n, a,b,c,d)-I*(b+d+n-1)* (a-1+d+
n) *n*P(n-1,a,b,c,d)/ ((2*n+a-3+b+c+d) * (2*n+a-2+b+c+d))
Egch3 = P(n,a,b,c—1,d)=P(n,a,b,c,d) (2.3.7)

_Ibtd+n—1)(a—1+d+n)nPn—1,a,b,¢d)
i 2n+a—-3+b+c+d) 2n+a—2+b+c+d)
> eqgch4 :=Mixedrec (Fch,k,P(n),d,0,-1)
eqch4 := P(n,d —1) =P(n,d) (2.3.8)




I(b+c+n—1)(a—14+c+n)nPn—1,d)
2n+a—3+b+c+d) 2n+a—2+b+c+d)

=> Eqch4 := P(n, a,b,c,d-1) = P(n, a,b,c,d)-I*(b+c+n-1)* (a-1+c+
n)*n*P(n-1, a,b,c,d)/ ((2*n+a-3+b+c+d) * (2*n+a-2+b+c+d))
Eqch4 := P(n,a,b,c,d —1)=P(n,a,b,c,d) 2.3.9)

I(b+c+n—1)(a—14+c+n)nPn—1,a,b,cd)

i 2n+a—-3+b+c+d) 2n+a—2+b+c+d)

| Corollary 35

| > EqchlAl:=subs (c=c-1,Eqchl):

| > EqchlA2:=subs ({Eqch3, subs(n=n-1,Eqch3)}, EqchlAl):

> EqchlA:=l1lhs (EqchlA2)=collect (rhs (EqchlA2), [P(n, a, b, c, d),
P(n-1, a, b, ¢, d),P(n-2, a, b, ¢, d)], simpcomb)

EgchlA == P(n,a—1,b,c—1,d)=P(n,a,b,c,d) (2.3.10)
_Ilatd—b—c) (b+d+n—1)nPn—1,a,b,¢d)

Qnta—2+b+c+d) (atbtctdian—a) T bFdEn

—2)(a+d+n—-2)(n—1)P(n—2,a,b,c,d) (b+c+n—-2) (b+d-+n
—l)n)/((2n+a—5+b+c+d) (a+b+c+d+2n—4)2(2n+a—3

| +b+c+d)

:> Eqch2Al :=subs (d=d-1,Eqgch2) :

:> Eqch2A2:=subs ({Eqch4, subs(n=n-1,Eqch4)}, Eqch2Al):

[> Eqch2A:=1hs (Eqch2A2)=collect (rhs (Eqch2A2), [P(n, a, b, ¢, d),
P(n-1, a, b, ¢, d),P(n-2, a, b, ¢, d)], simpcomb)

Eqch24 == P(n,a,b —1,c,d—1)=P(n,a,b,c,d) (2.3.11)

l(a+d—b—c)(a—14+c+n)nPn—1,a,b,c,d)

2n+a—-2+b+c+d) (a+b+c+d+2n—4)

—2)Y(a—1+c+n) (b+c+n—-2)(a+c+n—-2) (n—1)P(n—2,a,b,c,

d ] (2n+a—5+b+c+d) (a+btet+d+2n—4>22n+a—3+b

+c+d))

+ +(n(a+d+n

¥ the Jacobi polynomials

[> Jacobi := (n, alpha, beta, x) -> pochhammer (alpha+l, n)/n! *
add (hyperterm([-n,n+alpha+beta+l], [alpha+l], (1-x)/2,k), k = 0
. n);

Jacobi = (n, o, B, x) — # (pochhammer(oc +1,n) add(hyperterm( [-n,n+a+p (24.1)

1 1 _
_ +1] [a+1] 5 2.nk}k—0“n))
[> FJac:=pochhammer (alpha+l, n)/n! * (hyperterm([-n,n+alpha+
beta+l], [alpha+l], (1-x)/2,k));

1

FJac = ( ochhammer( o + 1, n ) pochhammer( -n, 2.4.2
n! pochhammer(o + 1, k) k! p ( ) p ( )




\ 4

\ 4

2 2
;Orthogonal on (-1, 1) for alpha>-1 and beta>-1
> recllJac:=Mixedrec (FJac,k,L(n) ,alpha,0,-1)
L Lin—1
recllac = L(n, o —1) = AT+ B) Llmo)  (B+n) L(n=1,0) 2.4.3)
2n+a+P 2n+oa+P
> recl2Jac:=Mixedrec (FJac,k,L(n) ,beta,0,-1)

(n+a+pB)L(nP) N (ao+n)L(n—1,B)

k
k) pochhammer(n + o+ B + 1, k) (—ix—kl) )

recl2Jac == L(n,B—1) = 2.4.4)

2n+a+p 2n+a+p

the Gegenbauer polynomials

> Gegenbauer :=(n, lambda, x) -> pochhammer (2*lambda, n)/n!*
add (hyperterm([-n, n+2*lambda], [lambda+1/2], (1-x)/2,k), k = 0
. n);

Gegenbauer = (n, \, x) — % (pochhammer(2 A n) add(hyperterm( [-n,n+2L], (2.5.1)

1111 B
[x+ . ] = x,k),k—O..n))

> FGe:=pochhammer (2*lambda, n)/n!* (hyperterm([-n, n+2*lambda],
[lambda+1/2], (1-x)/2,k)) ;

FGe :== I (pochhammer(2 A, n) pochhammer( - n, 2.5.2)

n! pochhammer(k + %, k) k!

k
k) pochhammer(n + 2 A, k) (—%x + %) j

;Orthogonal on (-1,1) for lambda>-1/2
> recllGegen:=Mixedrec (FGe,k,L(n),lambda,0,-1)

2(A=1)L(mA)  2(=1)xL(n—1,2)

] recl1Gegen := L(n, L —1) = Py PPy (2.5.3)
the Laguerre polynomials
[> Laguerre := (n, alpha, x) -> pochhammer (alpha+l, n)/n!*add
(hyperterm([-n], [alpha+l] ,x,k), k = 0 .. n);
Laguerre :== (n, o, x) (2.6.1)
. pochhammer (o + 1, n) add( hyperterm([-n], [0+ 1],x,k),k=0.n)
n!

=> FLag:=pochhammer (alpha+l, n)/n!* (hyperterm([-n], [alpha+l], x,
k));

B k
Flag — pochhammer( o + 1, n) pochhammer( -7, k) X (2.62)

n! pochhammer(o + 1, k) k!



\ 4

\ 4

| Orthogonal on (0, infinity) for alpha>-1
> recllJac:=Mixedrec (FLag,k,L(n) ,alpha,0,-1)

recllJac = L(n,a0—1) =L(n,a) —L(n—1, ) (2.6.3)

the monic Bessel polynomials

> Bessel := (n, alpha, x) -> 2”n/pochhammer (n+alpha+l,n)*add
(hyperterm([-n,n+alpha+l1],[],-x/2,k), k =0 .. n) ;
1

2nadd(hyperterm([—n, n—+o-+ 1], [ ], - 5 X, k),kZO..n)
2.7.1)

pochhammer(n + o+ 1, 1)

Bessel :== (n, o, x) —

=> FBess:=2”n/pochhammer (n+alpha+l,n) *hyperterm([-n,n+alpha+1],
[ ] ’ —X/2 ’ k)

1 k

2" pochhammer( - n, k) pochhammer( oa+1-+n, k) ( - x)

FBess := 2 2.7.2)
pochhammer(o + 1 + 7, n) k!
| Orthogonal on (0, infinity) for n=0,1,...,N, alpha<-2N-1
> recBessl:=Mixedrec (FBess,k,L(n) ,alpha,0,1)
2 2
4 4 2 —2n)L
recBessl = L(n, o+ 1) = <oc x+4onx+4n x+oax+2nx n) (n, o) @.1.3)

x(o+1+2n) (aa+2n)
4n(o+n)Lin—1,0)
x(oa+14+2n) (a+2n—1) (0L+2n)2

:We conclude that the Bessel polynomials are not quasi-orthogonal

_|_

the monic Hahn polynomials

[> Hahn:=(n,x,alpha,beta, N)->pochhammer (alpha+l,n) *pochhammer (-
N,n) /pochhammer (n+alpha+beta+1l,n) *add (hyperterm([-n,n+1+
alphat+beta,-x], [alpha+l,-N],1,k) ,k=0..n);

1
Hahn == (n,x, 0, B, N) — ochhammer( o + 1, 2.8.1
( B.V) pochhammer(n + o+ B+ 1, n) (v ( @51)

n) pochhammer( - N, n) add(hyperterm(|-n,n +o+p+1, -x], [a+1, -N], 1,
k), k=0.n))

=> FHahn:=pochhammer (alpha+1l,n) *pochhammer (-N,n) /pochhammer (n+
alphat+beta+l,n) * (hyperterm([-n,n+l+alphat+beta,-x], [alpha+l, -
N],1,k));

FHahn := (pochhammer(o + 1, n) pochhammer( - N, n) pochhammer( -7, (2.8.2)
k) pochhammer(n + o + B + 1, k) pochhammer( -x, k) ) / (pochhammer(n + o + B
+ 1, n) pochhammer( o + 1, k) pochhammer( - N, k) k!)

:Orthogonal on (0O,N) for alpha>-1 and beta>-1
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> recHahnl :=Mixedrec (FHahn,k,L(n) ,alpha,0,-1)
- 1 L(in—1
recHahnl = L(n, o.— 1) =L(n, o) + n(Bn) CntlEN)Ln=Lo) g5
i 2n4+o+B) 2n+a+p—1)
> recHahn2:=Mixedrec (FHahn,k,L(n) ,beta,0,-1)
- 1+N)L(n—1
recHahn2 == L(n,p—1) =L(n, B) — nlotn) (nt1+N)Ln=1,B) (2.8.4)
i 2n+o+B) 2n+a+p—1)

the monic Meixner polynomials

[> Meixner:= (n,x,gamma,mu) ->pochhammer (gamma,n) * (mu/ (mu-1) ) *n*
add (hyperterm([-n,-x], [gamma] ,1-1/mu,m) ,m=0..n );

Meixner := (n, x, "y, 1) = pochhammer(y, 1) [L ] add(hyperterm( [-n, -x], [Y], (2.9.1)

n—1
1
1 — —,m),mZO..n)
i

=> FMeix:=pochhammer (gamma,n) * (mu/ (mu-1) ) *n* (hyperterm([-n,-x],
| [gamma] ,1-1/mu,k)):
| Orthogonal on (0, infinity) for gamma>0 and 0<mu<l

> recMeixl :=Mixedrec (FMeix,k,M(n) ,gamma,0,-1)

recMeix] := M(n,y—1) =M(n,y) — o M(n _1 L) 2.9.2)
M_

the monic Charlier polynomials

> Charlier:=(n,x,alpha)->(-alpha)“n*add (hyperterm([-n,-x],[],
-1/alpha,k) ,k=0..n );

Charlier :== (n, x, o) = ( —(x)n add(hyperterm( [-n, -x], [ ], - L, k), k=0 nj (2.10.1)
o
;> FChar:=(-alpha) “n* (hyperterm([-n,-x],[],-1/alpha,k)):
| Orthogonal on (0, infinity) for alpha>0
> recChar:=Mixedrec (FChar,k,C(n) ,alpha,0,-1)

Frror, (in Mixedrec) Algorithm not applicable

VY the monic Krawtchouk polynomials

> Krawtchouk:=(n,x,p,N) ->pochhammer (-N,n) *p*n*add (hyperterm([-
nr_x]r[_N]rl/plk) Ik=0"n );

Krawtchouk := (n, x, p, N) —pochhammer(-N, n) p" add(hyperterm ( [-n, -x], [ (2.11.1)



“N], i,kj,k=o..n)
P

=> FKrawt :=pochhammer (-N,n) *p*n* (hyperterm([-n,-x], [-N],1/p,k));
k
pochhammer( - N, n) p" pochhammer( -7, k) pochhammer( -x, k) (i j
P/ (211.2)

FKrawt =
i raw pochhammer( - N, k) k!
| Orthogonal on (0, N) for 0<p<l
> recKraw:=Mixedrec (FKrawt,k,M(n) ,p,0,+1)
Error, (in Mixedrec) Algorithm not applicable




