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Differential Algebra

5. Exercise Sheet

Exercise 1

(i) Prove Lemma 6.4. Hint: Use first that for any differential polynomials a,b € K{U} and any
derivative operator § € © we have 6(ab) = af(b) mod (#(b) : 6 | 8 A § # 0) and then apply
Exercise 3 from Sheet 2.

(i1)) Show with a concrete counter example that the condition for differential coherence provided by
Corollary 6.5 is not necessary.

Exercise 2

Given sets F, H C IK{U} and a subset G C O(F), we say that G is differentially coherent relative to
F away from H, if for all pairs g, go € G such that v; = lead(g;) and vy, = lead(g2) have a common
derivative v = 0,v; = vy we have Sa ,(g1,¢92) € (OF,) : H™.

(i) Assume that G; C Gy C O(F) and that G is differentially coherent relative to F' away from H.
Show that then also (7, is differentially coherent relative to F' away from H.

(i) Show that G is differentially coherent relative to F' away from H, if and only if for every pair
g1, g2 € G the subset {g1, go} is differentially coherent relative to F' away from H.

(iii) Assume that G; C G5 C ©G. Show that if GG, is differentially coherent relative to ' away from
H, then G5 has the same property. Show furthermore that if (G is differentially coherent (relative
to itself away from H, ), then the same is true for G, (relative to itself away from Hg,).

(iv) Show that G is differentially coherent relative to F' away from H, if and only if ©G is coherent
relative to © F' away from H (in the algebraic sense!). In particular, ' is differentially coherent, if
and only if ©F is coherent.

(v) Let (K, A) be adifferential field with A = {4y, d2} and consider the ring of differential polynomials
K{u,v,w} with an orderly ranking. Verify for G = {6;w — u, Jow — v} the following statements.
G is an autoreduced set. The differential polynomial f = d;v—0dsu is partially reduced with respect
to G. Furthermore, we have f € [G] : H®, but f ¢ (G) : HZ. The set GG is not differentially
coherent, but the set /' = G U {f} is. G is differentially coherent relative to F' away from Hp.



