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ABSTRACT. Let k be a field of arbitrary characteristic, A a Noetherian k-algebra and consider
the polynomial ring A[x] = A[zo, ..., xn]. We consider homogeneous submodules of A[x]™ hav-
ing a special set of generators, a marked basis over a quasi-stable module. Such a marked basis
shares many interesting properties with a Groebner basis, including the existence of a Noether-
ian reduction relation. The set of submodules of A[x]™ having a marked basis over a given
quasi-stable module possesses an affine scheme structure which we will exhibit. Furthermore,
the syzygies of a module with such a marked basis are generated by a marked basis, too (over a

suitable quasi-stable module in @{';llA[x](—di)). We apply marked bases and related properties
to the investigation of Quot functors (and schemes). More precisely, for a given Hilbert poly-
nomial, we explicitely construct (up to the action of a general linear group) an open cover of
the corresponding Quot functor, made up of open functors represented by affine schemes. This
provides a new proof that the Quot functor is the functor of points of a scheme. We also exhibit
a procedure to obtain the equations defining a given Quot scheme as a subscheme of a suitable
Grassmannian. Thanks to the good behaviour of marked bases with respect to Castelnuovo-
Mumford regularity, we can adapt our methods in order to study the locus of the Quot scheme
given by an upper bound on the regularity of its points.

INTRODUCTION

Marked bases may be considered as a form of Grébner bases which do not depend on a term
order. Instead one chooses for each generator some term as head term such that the head
terms generate a prescribed monomial ideal. For a long time, it was believed that it was not
possible to use a marked basis which is not a Grobner basis with respect to some term order
while preserving the good features of Grobner bases such as the termination of the standard
normal form algorithm. Indeed, it was shown in [25] that the standard normal form algorithm
always terminates, if and only if the head terms are chosen via a term order. However, [25]
contains no results about other normal form algorithms and it was proven in [1, 10] that the
involutive normal form algorithm for the Pommaret division will terminate whenever the head
terms generate a strongly stable ideal over a coefficient field of characteristic zero.

The present paper is concerned with generalising and deepening the results of [1, 4, 10, 22] for
the investigation of Quot schemes. The Quot functor was introduced by Grothendieck in [16],
where he also proved that it is the functor of points of a projective scheme. A Hilbert scheme
is a special case of a Quot scheme. In the present paper, we consider the Quot functor that
associates to a k-scheme Z the set of quotients of (’)IP’?% with a given Hilbert polynomial and flat
over Z (see Section 7). We will not use the fact that the Quot functor is the functor of points
of a scheme, but actually we will give an independent proof of the existence of the Quot scheme
(Corollary 10.2) only assuming that the Quot functor is a Zariski sheaf [24, Section 5.1.3].

After setting some notations and recalling some useful notions and results (Sections 1, 2), the
first part of the paper is devoted to the investigation of the properties of marked sets, bases
and schemes over a quasi-stable module (Sections 3 and 4) and of the syzygies of a marked
basis (Section 5). Let k be a field of arbitrary characteristic and A a Noetherian k-algebra. For
variables x := {zo, ..., x,} and a weight vector d = (dy, ... ,dy,) € Z™, we consider homogeneous
submodules of the graded A[x]-module A[x]|] := @&, A[x|(—d;). We will define marked bases
over a quasi-stable monomial module U, i.e. over a monomial module possessing a Pommaret
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basis, for free submodules of A[x|} and investigate to what extent the algebraic properties
of Pommaret bases shown in [28] carry over to marked bases. It will turn out that marked

bases provide us with simple upper bounds for some homological invariants of the module they
generate, such as Betti numbers, (Castelnuovo-Mumford) regularity and projective dimension
(Corollary 5.8). Furthermore, we prove that the set of modules generated by a marked basis
over a given quasi-stable module has an affine scheme structure and we show an algorithmic
procedure to compute explicit equations defining this scheme (Theorem 4.1).

In the second part of the paper, we use marked bases in the context of a very specific applica-
tion, namely for the derivation and the study of equations for Quot schemes and of special loci
on them similarly to what is shown in [1, 7, 5] for Hilbert schemes in the characteristic zero case.
In Section 6, we consider the usual action of g € PGL(n + 1) over a finite subset F' of A[x]™.
We show that for every finite F' C A[x]™ we can algorithmically construct a transformation
g € PGL(n + 1) such that the transformed set g. F is marked over a quasi-stable module.

In Section 7, we recall the definition of the Quot functor and its embedding in a suitable
Grassmannian functor. We first prove that, up to the action of PGL, a Grassmann functor has
a cover made up of open subsets depending on quasi-stable modules (Section 8). In Section 9,
we intersect this open cover with a Quot scheme and prove that, for a given Quot scheme, we
have an open cover (up to the action of PGL(n + 1)) whose open subsets are suitable marked
schemes over quasi-stable modules belonging to the Quot scheme (Theorem 9.5). The same holds
if, instead of considering the whole marked scheme, we are interested in the points respecting
an upper bound on the regularity: in this case, the open subsets are marked schemes over
quasi-stable modules that respect the bound on the regularity, too.

Starting from this open cover, we obtain in Section 10 global equations defining a Quot scheme
(resp. its locus defined by an upper bound on the regularity) as a closed (resp. locally closed)
subscheme of a suitable projective space (Theorem 10.3). We end the paper with an explicit
example (Section 11).

1. NOTATIONS AND GENERALITIES

For every n > 0, we consider the variables zy,...,x,, ordered as xg < -+ < zp_1 < Z, (see
[27, 28]). This is a non-standard way to sort the variables, but it is suitable for our purposes. In
some of the papers we refer to, variables are ordered in the opposite way, hence the interested
reader should pay attention to this when browsing a reference. A term is a power product
z® = xy° -+ 2%, We denote by T the set of all terms in the variables zo,...,z,. We denote
by max(xz®) the largest variable that appears with non-zero exponent in z® and, analogously,
min(z®) is the smallest variable that appears with non-zero exponent in x®. The degree of a
term is deg(z®) = Y"1 ja; = |af.

Let k be a field and A be a Noetherian k-algebra. Consider the polynomial ring A[x] :=
Alzo, ..., xy,) with the standard grading: for every a € A we set deg(a) = 0. We write A[x];
for the set of homogeneous polynomials of degree t in A[x]|. Since A[x]| = ®;>0A[x];, we define
Alx]>t == @it A[x];. The ideals we consider in A[x] are always homogeneous. If I C A[x] is a
homogeneous ideal, we write I; for INA[x]; and >, for INA[x]|>s. The ideal I-; is the truncation
of I in degree t. If F' C A[x] is a set of polynomials, we denote by (F') the ideal generated by F'.

An ideal J C A[x] is monomial if it is generated by a set of terms. A monomial ideal J
has a unique minimal set of generators made of terms and we call it the monomial basis of J,
denoted by Bj. We define N'(J) C T as the set of terms in T not belonging to J. For every
polynomial f € A[x]|, Supp(f) is the set of terms appearing in f with a non-zero coefficient:
f= Zxaesupp(f) Ccax® where ¢, € A is non-zero.

Hereafter, we will simply write module (resp. submodule) for an A[x]-module (resp. submodule
of an A[x]-module). For modules and submodules over other rings, we will explicitly state the
ring. A module M is graded, if it has a decomposition

M = @jenM; such that A[x];M; C M;y;.

If M is a graded module, the module M>; := @;>:M; is the truncation of M in degree ¢t. As
usual, if M is a graded module, the module M(d) is the graded module (isomorphic to M as
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a module) such that M(d)e = Mji.. We fix an integer m > 1 and d = (dy,...,dn) € Z™.
We consider the free graded A[x]-module A[x|] := @, A[x|(—d;)e;, where eq,..., e, are the
standard free generators. Every submodule of A[x]7 is finitely generated and from now on we
will only consider graded submodules of A[x]}.

If F is a set of homogeneous elements of A[x]], we write (F) for the graded A[x]-module

m

generated by F in A[x|}. If ' = F for some positive integer s, we denote by (F)4 the A-
module generated by F in (A[x]})s. In particular, if M is a graded submodule, every graded
component M; has the structure of A-submodule in A[x]}". Following [12, Chapter 15], a term
of A[x]] is an element of the form t = z%¢; for i € {1,...,m} and z* € T. Furthermore, we
denote by T™ the set of terms in A[x]}. Observe that T™ = U™, Te;. For 2%;,2%¢; in T™ we
say that z%e; divides xﬁej if i = j and z® divides z”. A submodule U of A[x]T is monomial, if

it is generated by elements in T". Any monomial submodule U of A[x]™ can be written as
U=ap,J®e, C @AX](—dy)e, = A[x]7, (1.1)

where each J*) is the monomial ideal generated by the terms 2 such that 2%, € U. We define
N(U) == Up  N(J®)ey, where N(J*)) C T.

If M C A[x]] is a submodule such that for every degree s, the homogeneous component
M; is a free A-module, we define the Hilbert function of M as hps(s) = rk(Ms), which is the
number of generators contained in an A-basis of M. In this case, we will also say that M
admits a Hilbert function. In this setting, this definition corresponds to the classical one (e.g.
[12, Chapter 12]), considering the localisation of A in any of its maximal ideals. If we consider
a monomial module U, for every s, Us is always a free A-module and hy(s) = >0 hym(s),
with J®) as in (1.1). If M admits a Hilbert function, then for s > 0, has(s) = p(s), where p(2)
is a numerical polynomial (see also [7, Section 1]).

If A =k, then Hilbert’s Syzygy Theorem guarantees that every module M C A[x]7] has a
graded free resolution of length at most n. If A is an arbitrary k-algebra, there exist generally
modules in A[x]] whose minimal free resolution has an infinite length (see [12, Chapter 6,
Section 1, Exercise 11]). Assume that the module M C A[x]7} has the following graded minimal
free resolution

0—=FE)—-—F —FEy— M—D0, (1.2)

where E; = ®;A[x|(—7)%. The Betti numbers of the module M are the set of positive integers
{bij}o<i<p,jez- The module M is t-regular if ¢ > j — i for every 4, j such that b;; # 0. The
(Castelnuovo-Mumford) regularity of M, denoted by reg(M), is the smallest ¢ for which M
is t-regular (see for instance [13]). If M C A[x]] admits a Hilbert function, we recall that
hapxm /v (s) = p(s) for all degrees s > reg(M). The projective dimension of M, denoted by
pdim (M), is defined as the length of the graded minimal free resolution (1.2), i.e. pdim(M) = ¢.

From [21, Definition 3.5.7], consider the ideal m := (x, ..., z,) C A[x]. The saturation of M,
submodule of A[x]™, is

Msat::M:mOO:UM:mi:{feA[x]m|mifCMforsomei€N}
ieN

2. POMMARET BASIS, QUASI-STABILITY AND STABILITY

We now recall the definition and some properties of the Pommaret basis of a monomial module.
Several of the following definitions and properties hold in a more general setting, namely for
arbitrary involutive divisions. For a deeper insight into this topic, we refer to [27, 28] and the
references therein. For an arbitrary term z® € T, we define the following sets:

e the multiplicative variables of x*: Xp(z®) := {z; | z; < min(z®)},
e the non-multiplicative variables of x*: Xp(x%) := {z0,...,z,} \ Xp(z%).

Definition 2.1. Let T' C T™ be a finite set of monomial generators for U. For every 7 = x%ey
in T, we define the Pommaret cone in A[x]] of T as

CH (1) == {2’2%}, | 6 = 0 forallz; € Xp(z®)} C Tey.
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Let U be a monomial submodule of A[x]}'. We say that 7' C T™ is a Pommaret basis of U if
UnT™ = | | cp(n).

TET
If U is a monomial module, we denote its Pommaret basis (if it exists) by P(U). The existence
of the Pommaret basis of a monomial module in A[x] is equivalent to the concept of quasi-
stability. In the literature, one can find a number of alternative names for quasi-stability (e.g.
[8, 2, 18]). We recall here the definition of quasi-stable and stable monomial modules. Both
properties do not depend on the characteristic of the underlying field. A thorough reference on
this subject is again [28].

Definition 2.2. [9, Definition 4.4] Let U C A[x]™ be a monomial module.

(i) U is quasi-stable, if for every term xz%e;, € UNT™ and for every non-multiplicative variable
z; € Xp(z®), there is an exponent s > 0 such that ziz®/ min(z)ey, € U.

(ii) U is stable, if for every term xz%e; € U N T™ and for every non-multiplicative variable
z; € Xp(z®) we have z;z%/ min(z*)e;, € U.

Theorem 2.3. [28, Proposition 4.4, Proposition 4.6][23, Remark 2.10] Let U C A[x]™ be a
monomial ideal. U is quasi-stable if and only if it has a (finite) Pommaret basis, denoted by
P(U). Furthermore, U is stable if and only if P(U) is its minimal monomial generating set. If
U C A[x] is quasi-stable, then Uss is quasi-stable for every s > 0.

Recalling that any monomial module U can be written as U = @], .J (ke with J*) suitable
monomial ideals in A[x] (see (1.1)), it is immediate that U is quasi-stable (resp. stable) if and only
if J) is a quasi stable (resp. stable) ideal for every k € {1,...,m}. If U C A[x]™ is a monomial
module, then a term z*ey, is an obstruction to quasi-stability for U if there is z; > z, = min(z#),
such that for every s > 0, (xjz")/zc ey, ¢ U. If the term z'e, is an obstruction to quasi-stability

“w
. . x

for U, observe that in particular xé‘ ‘i
Te

The following lemma collects some properties of a Pommaret basis and of the quasi-stable
module it generates. In particular, certain invariants of the quasi-stable module can be directly

read off from a Pommaret basis.

ex does not belong to U.

Lemma 2.4. Let U be a quasi-stable module in A[x]™.
(i) Ut = U : (w0)>;
(i) The satiety of U is the mazximal degree of a term in P(U) which is divisible by the smallest
variable in the polynomial ring. If U is saturated, then the smallest variable of the ring
does not divide any term in P(U).
(iii) The regularity of U is the mazximal degree of a term in P(U).
(iv) The projective dimension of U is n—D where D is the index of the variable min{min(z®) | x
P(J)}.
(v) If xep ¢ U and x;x"y, € U, then either x;x"ey € P(U) or x; € Xp(x").
(vi) If 2"ex, ¢ U and (2" - 2°) ey = (:U‘S/xa) e € U with 2%, € P(U) and % € A[Xp(z®)],

(67

then % <}y 2°.
Proof. For m = 1, items (ii), (iii) and (iv) are proven in [28, Lemma 4.11, Theorems 9.2 and
8.11], item (v) is shown in [3, Lemma 3], item (vi) is a consequence of (v). We obtain the
statement for U applying the results for ideals to J®), k € {1,...,m} of (1.1). O

Proposition 2.5.

(i) Let U C A[x]™ be a quasi-stable module generated in degrees less than or equal to s. The
module U is s-reqular if and only if Uss is stable.

(ii) Let U be a quasi-stable module in A[X]™ and consider a degree s > reg(U). Then Usg is
stable and the set of terms Us N'T™ 1is its Pommaret basis.

Proof. For the ideal case m = 1, we refer to [28, Lemma 2.2, Lemma 2.3, Theorem 9.2, Propo-
sition 9.6]. For the module case, we repeat the argument of Lemma 2.5. O
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3. MARKED MODULES

We extend the notions of marked polynomial, marked basis and marked family, investigated
in [4, 9, 10, 22] for ideals, to finitely generated modules in A[x]7. Let U C A[x|] be a monomial
module so that U = @} ,J (k)ey, with J*) monomial ideals in A[x]. If U is a quasi-stable module,
we denote by P(U) the Pommaret basis of U.

Definition 3.1. [25] A marked polynomial is a polynomial f € A[x] together with a fixed term
z® € Supp(f) whose coefficient is equal to 14. This term is called head term of f and denoted
by Ht(f). With a marked polynomial f, we associate the following sets:

e the multiplicative variables of f: Xp(f) = Xp(Ht(f));

e the non-multiplicative variables of f: Xp(f) := Xp(Ht(f)).

Definition 3.2. A marked homogeneous module element is a homogeneous module element in
A[x]7 with a fixed term in its support whose coefficient is 14 and which is called head term.
More precisely, a marked homogeneous module element is of the form

fE=faer =Y gier € AXIY
1k

where f, is a marked polynomial with Ht(f,) = 2%, and Ht(f*) = Ht(f.)er = 2%

The following definition is fundamental for this work. It is modelled on a well-known charac-
teristic property of Grobner bases.

Definition 3.3. Let 7" C T™ be a finite set and U the module generated by it in A[x]].
A T-marked set is a finite set G C A[x]} of marked homogeneous module elements fX with
Ht(f¥) = 2%k € T and Supp(f¥ — 2%ex) € (M(U)) (obviously, |G| = |T|). A T-marked set G
is a T-marked basis of the module (G), if N'(U); is a basis of (A[x]7), /(G)s as an A-module,
Le if (AX]]), = (G)s & (N(U)s)? for all s.

Lemma 3.4. Let T C T™ be a finite set and U the module generated by it in A[x]1}. Let M C
A[x]] be a module such that for every s the set N'(U)s generates the A-module (A[x]])s/Ms.
Then for every degree s there exists an Us N T™-marked set F = Fy contained in My such that

(AXID), = (B) & (W(U)s)".

Proof. Let m be the usual projection morphism of A[x]|]} onto the quotient A[x|7}'/M. For every
a%ey € UsNT™, we consider 7(z%ey,) and choose a representation m(z%ex) = 3 ne,enr(u), cf;lkx"el,
cglk € A, which exists as N'(U)s generates (A[x]]")s/Ms as an A-module. We consider the set of
marked module elements F' = {f¥} ac, cv,, where f¥ := 2%, — m(z%y) and Ht(f¥) = 2%;,.
We now prove that A[x]” = (F)4 @ (N (U))4. We first prove that every term in T7 belongs
to (Y4 + (N(U)s)A. If 2Pe; € N(U)s, there is nothing to prove. If xPe; € U, then there is
f}; € F such that Ht(fé) = 2%¢;, hence we can write 2°¢; = fé + (zPe — fé) = fé + m(xPe;).
We conclude by proving that (F)4 N (N (U)s)?4 = {07}, Let g € A[x]}? be an element
belonging to (F)4 N (N(U))4: g = 2o pher AarfE € (N(U)s). Since the head terms of f*
cannot cancel each other, A, = 0 for every a and k£ and hence g = 0. (I

We specialize now to the case that U is a quasi-stable module and 7' = P(U) its Pommaret
basis. We study a reduction relation naturally induced by any basis marked over such a set 7.
In particular, we show that it is confluent and Noetherian just as the familiar reduction relation
induced by a Grébner basis.

Definition 3.5. Let U C A[x]] be a quasi-stable module and G be a P(U)-marked set in
A[x]}'. We introduce the following sets:

« GO = {a"fy | fa € G.a® € AlXp(f3)], dega’ fy = s}

o GO = {alfk | fF € G.ad ¢ AXp(fE)], degad fE = s} = {a¥f5 | 15 € G} \ GV,

e N(U(G)) :=(G) N (N(U)).
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Lemma 3.6. Let U C A[x|] be a quasi-stable module and G a P(U)-marked set. For each
product x° f* with f¥ € G, each term in Supp(x®z®ey — 20 f¥) either belongs to N'(U) or is of
the form x"x"e; € CF(xVe;) with x¥e; € P(U) and x" <jeyp 20,

Proof. Tt is sufficient to consider 2°2%¢; € Supp(x®2®e, — 2° f¥)NU. Then 2927 € JO for some
quasi-stable ideal J) C A[x] appearing in (1.1). Therefore there exists =7 € P(J") such that
2%z € Cp(z7). More precisely, if 27 := 2928 /27, then 27 <j¢, 2° by Lemma 2.4 (vi). O

Note in the next definition the use of the set G(*), which means that we use here a genera-
lisation of the involutive reduction relation associated with the Pommaret division and not of
the standard reduction relation in the theory of Grébner bases. This modification is the key
for circumventing the restrictions imposed by the results of [25]. It also entails that if a term is
reducible, then there is only one element in the marked basis which can be used for its reduction.

Definition 3.7. Let U C A[x|] be a quasi-stable module and G a P(U)-marked set. We denote

(s) (s)
by S, the transitive closure of the relation h <~ h — Az" f% where x"2%; is a term which
appears in h with a non-zero coefficient A € A and which satisfies both deg(z"z%}) = s and

(s) (s)
2 fk e G). We will write h o, g,if h AN gand g € (N(U)). Observe that if h € (A[x]7),,
()
then h g € (A[x]7),-
Proposition 3.8. Let U C A[x|] be a quasi-stable module and G a P(U)-marked set. Then
, . Ge) .
the reduction relation —— is Noetherian.

Proof. Tt suffices to prove that for every term z7ej in U, there exists g € (N(U))? such that

(s)
Ve G—>* g. Since z7¢;, € U, there exists a unique :U5f§ e G such that :L“SHt(fgf) = ze¢y.

G(s) . . . ..
Hence, z7e, — xVe), — 20 ffj If we could proceed in the reduction without ever obtaining an

element in (N (U)), we would obtain by Lemma 3.6 an infinite lex-descending chain of terms in
(s)
T which is impossible since lex is a well-ordering. Hence S, is Noetherian. ]

Corollary 3.9. Let U C A[x]™ be a quasi-stable module and G be a P(U)-marked set. Every
term xPej, € T™ of degree s can be expressed in the form

Pe = Z el fE g, (3.1)

where A € A\ {04}, 20fF € G, g € (N(U))? and the terms x° form a sequence which is
strictly descending with respect to lex.

Proof. For terms in N(U), there is nothing to prove. For 2%e¢; € U, it suffices to consider
(s)
g € (N(U))* such that 2%¢ AN g. The appearing polynomials 20 f¥ € G() are exactly those

(s)
used during the reduction &, They fulfill the statement on the terms 2° by Lemma 3.6. [

We now define an ordering for the polynomials z° fC’f € G assuming that the polynomials
in G are ordered (in some way): z0f% < 2% féf,/ , if f4 is smaller than f, or if f¥ = féf,l and
2% <oy ¥ . When we say in the sequel that a polynomial in a subset of G®) is maximal, we

refer to this order.
Lemma 3.10. Let U C A[X]] be a quasi-stable module and G' be a P(U)-marked set. Consider

a homogeneous element g € A[x]} such that h = > a0 f&, with X\ € A\ {0} and 2°fF € G
with s = deg(h) and x° f¥ pairwise different. Then h # 0% and h ¢ (N(U))A.

Proof. Let Pl fg be the maximal polynomial of G(*) appearing in the summation Sl fk =0
with A # 0. Then, by Lemma 3.6, the term xaxaeE does not appear in the support of any other

polynomial zf f% involved in the summation. Hence, h # 0"¥. Furthermore, since x‘;xaeg eU
belongs to the support of h, h does not belong to (N (U)). O
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Proposition 3.11. Let U C A[X]] be a quasi-stable module and G a P(U)-marked set. The

) .Gge)
reduction relation —— is confluent.

(s)
Proof. Let h be a polynomial in A[x]|™. We reduce it twice with & following different paths

(s) (s)
along the reduction: h . g1 € (N(U)) and h AN g2 € (N(U)). By Corollary 3.9 applied
to the terms in the support of h,

h:Z)\x‘;féf—Fm :Zux‘;fclf—kgz. (3.2)

Then g1 — g2 = S.(\ — p)x® f£. If there is a coefficient A — p € A\ {0}, then by Lemma 3.10,

— g2 ¢ (N(U)) contradicting the hypothesis. Thus A = y for every 20 f* € G in (3.2) and
g1 = g2 U
Corollary 3.12. Let U C A[x]™ be a quasi-stable module and G be a P(U)-marked set. Every
term xPey, € T of degree s has a unique representation of the form (3.1).

The following Theorem and Corollaries collect some basic properties of sets marked over
a Pommaret basis. They generalise analogous statements in [22, Theorems 1.7, 1.10] which
considered only ideals and marked bases where the head terms generate a strongly stable ideal.

Theorem 3.13. Let U C A[x]] be a quasi-stable module with q(s) := rk(Us) and G a P(U)-
marked set. Then, we have for every degree s the following decompositions of A-modules:

(i) (G)s = (GW)A + (G4,
(ii) (AlX]g)s = <G(S)>A@<N(U)S>A;
(iii) the A-module (G® > is free of rank equal to |G| = rk(U,) and it is generated (as an
A- module) by a unique Us N'T™-marked set G(S),
() (G)s = (G) @ N(U(G))s-
Moreover, the following conditions are equivalent:
(v) G is a P(U)-marked basis;
(vi) (G)s = <G(S > for all degrees s;
(vii) N( (@) ={0%};
(viii) /\q(s)Jrl(G)S =04 for all s.

Proof. Ttem (i) is obvious.

Item (ii) is a consequence of Corollary 3.12.

For Item (iii) we use the arguments of [22, Theorem 1.7] for the ideal case: by (ii) we have
the short exact sequence

0 — (G¥) = (AX]T)s = (N(U)s) — 0.
For each x%e, in Us we compute the image w(z%y) = ZmﬁeleN(U)s aaﬁklxﬁel and consider the
set GO = {fF .= 2 — D aBeeN(U), anprir’e; | 1%y, € Ust C kerm = (G®)). Let U’ := (Us).
By construction, G is a U’-marked set with Ht(f*) = 2%e;. Applying (ii) to this U’-marked
set, we have (G)) + (N(U")s) = (A[x]F)s.

Finally, since the A-module generated by G*) is contained in (G*)) and N (U), = N'(U")s, the
modules (G*)) and (G(*)) coincide. Note that the set G(*) is marked on the monomial module
U’ which is generated by U, but it is not necessarily a Usg -marked set, since Usg may have
minimal generators of degree greater than s.

For Ttem (iv), we first note that, by (i) and (iii), we have (G) = (G4 + (G(*))4. Recalling
that (GENA N (N(U))A = = {07} by Lemma 3.4, it suffices to show that every g € (GENA can
be written as g = f + h with f € (G4 and h € (N(U),)*. We express every term ZL”Bel € U
appearing in g with non-zero coefficient in the form ze; = fﬂ + (2Pe; — fﬁ) where fﬁ is the

unique polynomial in G() with Ht(fl) = 2P¢;. By construction, h € N(U, (G))s. By (ii), we
obtain the assertion.
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Items (v), (vi), (vii) are equivalent by the previous items. In fact, these properties are a
rephrasing of the definition of P(U)-marked basis.

With respect to [22], the only new item is (viii), which is obviously equivalent to (vi) and
(vii). In fact, by (iii) and (iv), we find that (G)s = <G(s)>A ® N(U,(G))s and 1k <G(s)>A =
rk(Us) = q(s). O
Remark 3.14. If G C A[x]™ is a P(U)-marked basis, then, by Theorem 3.13 (ii), (iii) and (vi),
the A[x]-module (G) admits a Hilbert function, which is the same as the Hilbert function of the
monomial module U'.

Corollary 3.15. Let U C A[x|] be a quasi-stable module and G be a P(U)-marked set. The
following conditions are equivalent:

(i) G z's a P(U)-marked basis;

(ii) (G)s = <G(5 > for every s <reg(U) + 1;
(iii) N( (G))s = {07} for every s < reg(U) + 1;
(iv) /\q(S)H( G)s =04 for every s <reg(U)+1 .

Proof. By the second part of Theorem 3.13, (i) implies (ii) and (ii), (iii) and (iv) are equivalent.

For the proof that (ii) implies (i), we follow the arguments used in [22, Theorem 1.10] and
adapt them to the module case. We have to prove that (A[x]7])s = (G)s < (U)s) for every s.
This is true for s < m + 1 by hypothesis. By Theorem 3.13 (ii), (iii), we know that (A[x]])s =
(GOY@® (N(U),) and (G®)) C (G)s, so that we have to prove (G)s € (G®)). Let us assume that
this is not true and let ¢ be the minimal degree for which (G); Z (G®). Note that t > m+2 > m
and (G)y = 20(G)t—1 + -+ + 2,(G)¢_1. Since (G);—1 = (G, there must exist a variable z;
such that z;(G);_1 Z (G®) or equivalently z;(G*1) ¢ (G®)). Assume that the index i is
minimal with this property and take a polynomial z° f* € Gt=1 with 2%, = Ht(f*) € P(U)
such that 2;2°ff ¢ (G®). The variable z; has to be greater than min(z®), since otherwise
z;x k€ GM. Morevover |§] > 0 since t — 1 > m. Let x; = max(z’) < min(z®) < 2; and
2 = fg—f The polynomial is contained in (G);— while z;(z;2® f¥) = 2;2° f¥ is not contained in
(GU=1) | contradicting the minimality of i. O

Corollary 3.16. Let U C A[X|T be a quasi-stable modul such that U = ©J®e;, with J*)
a saturated ideal for every k and G a P(U)-marked set. Then the following conditions are
equivalent:

(i) G is a P(U)-marked basis;

(”) < >reg U)+1 — <G(reg(U)+1)>A’,

(ii1) N(U, (G >)reg(U +1 = {OZL}'

(M}) /\Q+ < >reg (U)+1 — 04, where Q 1= rk(Ureg(U)Jrl)’
Proof. The equivalence of (ii), (iii) and (iv) is immediate by Theorem 3.13. We thus only prove
that (i) and (iii) are equivalent. If G is a P(U)-marked basis, then, by Theorem 3.13, we have
N (U, (G))reg()+1 = {0%}. We now assume that N'(U, (G))reg()+1 = {0%} and prove that
N(U,(G)) = {07} . By Corollary 3.15, it suffices to prove that N (U, (G))s = {07} for every
s < reg(U). If f € N(U,(G))s with s < reg(J), then zy™® (U)+1- °f € N(U(G))regy+1 by
Lemma 2.4 (ii) and (v) applied to U. Hence f = 07}. O

Corollary 3.17. Let U C A[x|} be a quasi-stable module and W C A[x]] be a finitely generated

graded submodule such that (A[x|})s = Ws ® (N (U)s)? for every s. Then W is generated by a
P(U)-marked basis.

Proof. The statement is an easy consequence of Theorem 3.13 as soon as we have defined a
P(U)-marked set generating W. By the hypotheses, for every degree s and every monomial
z%y, € P(U), there exists a unique element h¥ € (N(U),)4 such that z%ej, — hE € W,. The
collection G of the elements x%ej, — h¥ is obviously a P(U)-marked set and generates a graded
submodule of . Moreover, (Ax|})s = Ws @ (N(U)s)* = (GE)4 @ (N(U)s)?. Therefore,
W, = (GHYA C Gy € W, so that G generates W as a graded A[x]-module. O
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Finally, we provide an algorithmic method to check whether or not a marked set is even a
marked basis using the reduction process introduced in Definition 3.7.

Theorem 3.18. Let U C A[x]] be a quasi-stable module and G a P(U)-marked set. The set G
is a P(U)-marked basis, if and only if

J— (s)
V¥ e G Vo € Xp(fY) : mft <5 o

Proof. We adapt the arguments used in [9, Theorem 5.13] for the ideal case. Since “="is a
consequence of Theorem 3.13, we only prove “<”. More precisely, we prove that (G), = (G®))
showing that if f*¥ € G and deg(z®t%) = s, then 2% f¥ is either an element of G*) itself or a
linear combination of polynomials in G(®).

If this were not true, we could choose an element z° fclj € (G(S)) with 2% minimal with respect
to <jez. As 2°fF ¢ G©), at least one variable z; appearing in #° with a non-zero exponent is

’ . (s) . .
non-multiplicative for z®. Let 2% = x;2° . By hypothesis, xlfclf G—>* 0, so that mzfclx"’ is a linear
combination ) ¢;z" fgl’ of polynomials in G+ By Lemma 3.6, we have " <j., ;. Now
2O fF = 2 (2 fF) = 29 (% cix”ifgf) = Eci:nm*‘s/fgz, where 29 <., z;2° = 2%, This yields a

contradiction, since 10 fg; € (G®)) by the minimality of z°. O

4. THE MARKED FAMILY ASSOCIATED WITH A QUASI-STABLE MODULE

Given a quasi-stable module U with Pommaret basis P(U), we may consider the set of all
modules in A[x]7" which can be generated by a P(U)-marked basis. We call this set the marked
family associated to U. Our goal in this section consists of exhibiting a natural scheme structure
of this set. More precisely, we will first define a functor m;gg)d mapping the Noetherian k-
algebra A to this set and then show that it is representable by an affine scheme.

If o : A — B is a morphism of k-algebras, we will also denote by ¢ its natural extension to
a morphism A[x] — B[x|. We now consider the functor of the P(U)-marked bases from the
category of Noetherian k-algebras to the category of sets

Mf 7 : Noeth k-Alg — Sets

that associates to any Noetherian k-algebra A the set

mg("[})d(/l) ={G C A[x]7 | G is a P(U)-marked basis} ,

or, equivalently by Corollary 3.17,

Mfg{g)d(/l) = {W C A[x]{’ | W is generated by a P(U)-marked basis}

and to any morphism o : A — B the map
n,m,d . n,m,d n,m,d
Mfpiy (0): MEpiy(4) — Mipg) (B)
G — o(G) .

Note that the image o(G) is indeed again a P(U)-marked basis, as any head term in the P(U)-
marked basis G has the coefficient 14 which is mapped by ¢ into 1p and we are effectively
applying the functor — ®4 B to the decomposition (A[x]])s = (G4 @ (N(U)s)4 at every
degree s.

The above introduced functor turns out to be representable by an affine scheme that can
be explicitly constructed by the following procedure. We consider the k-algebra k[C| where C
denotes the finite set of variables {Cypi | 2%, € P(U),2"¢; € N(U),deg(a"e;) = deg(z®ex)}
and construct the P(U)-marked set G C k[C][x]]' consisting of all elements

FCIS = (gja — Z Comkkx”> €L — Z Canklajnel (41)

aneN(JR)) o I#k,ze €N (JD)e
deg(z"e;)=deg(z%ey,)
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(s)
with z%e;, € P(U). Then, we compute all the complete reductions x; F, 5 g—>* Lfa for every term
z%;, € P(U) and every non-multiplicative variable z; € Xp(F¥) and collect the coefficients of
the monomials z”e; € N(U) of all the reduced elements L, in a set R C k[C].

s represented by the affine scheme Spec(k[C]/(R)) that

Theorem 4.1. The functor mg(U)

we denote by Mf;’{[%d.

Proof. We observe that each element f¥ of a P(U)-marked set G in A[x]7} can be written in the
following form:

k
A== DY Copmr” | er— > CankiZ"el,  Canpl € A.
1EN(JF) 4 I#k,ze;eN(JD)e
deg(z"e;)=deg(zey,)
Therefore, G can be obtained by specialising in G the variables Cyy; to the constants canr € A.

()
Moreover, G is a P(U)-marked basis if and only z;f* S, 0 for every xz%y, € P(U) and

z; € Xp(f¥). Equivalently, G is a P(U)-marked basis if and only if the evaluation morphism
¢ k[C] = A, p(Canki) = canm factors through k[C]/(R), namely, if and only if the following
diagram commutes

]

Remark 4.2. The arguments presented in the proof of Theorem 4.1 generalise those presented
in [9, 22] for ideals to our more general framework of modules. As a consequence of this result,
we know that the scheme defined as Spec(k|C]/(R)) only depends on the submodule U and
not on the possibly different procedures for constructing it: any other procedure that gives a
set of “minimal” conditions on the coefficients C that are necessary and sufficient to guarantee
that a P(U)-marked set G is a P(U)-marked basis generates an ideal R’ such that k[C]/(R) =
K[C]/(R!).

5. P(U)-MARKED BASES AND SYZYGIES

We now study syzygies of a P(U)-marked basis and we formulate a P(U)-marked version of
the involutive Schreyer theorem [28, Theorem 5.10]. For notational simplicity, this section is
formulated for m = 1, that is for ideals in A[x], but it is straightforward to extend everything
to submodules A[x]}' generated by a marked basis over a quasi-stable module.

Let J be a quasi-stable monomial ideal in A[x] and I an ideal in A[x] generated by a P(J)-
marked basis G. Let m be the cardinality of P(.J). We denote the terms in P(J) by z*®*) and
the polynomials in G' by fux), with k € {1,...,m}.

Lemma 5.1. Every polynomial f € I can be uniquely written in the form f =3 ", By faq) with
fa(l) €Gand P, € A[Xp(fa(l))]

Proof. This is a consequence of Corollary 3.9 and Theorem 3.13 (vi). U
Take an arbitrary element f,) € G and choose an arbitrary non-multiplicative variable

— (s)
z; € Xp(faw)) of it. We can determine, via the reduction process G—>, for each f,q) € G

a unique polynomial Pl]“ € A[Xp(faq))] such that z;fom) = D% Plk;ifa(l). This relation
corresponds to the fundamental syzygy

m
ki
Skii = xiep — ZPI e .
I=1
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We denote the set of all fundamental syzygies by
G’Syz = {Sk,l ‘ k€ {17' . .,m}, T € ?P(fa(k))} .
We consider the syzygies in Gsy, as elements of A[x]} with d = (deg(z®M), ..., deg(z*(™)).

Lemma 5.2. Let S =>"", Sie; be an arbitrary syzygy of the P(J)-marked basis G with coeffi-
cients S; € A[x]. Then S; € A[Xp(faq))] for all 1 <1< m if and only if S = 0.

Proof. If S € Syz(G), then ", Sifaq) = 0. According to Lemma 5.1, each f € I can be
uniquely written in the form f = >, Pifoqy with foq) € G and P € AlXp(faq))]- In
particular, this holds for 04 € I. Thus 04 = S; € A[Xp(fy()] for all [ and hence S =07%. O

Lemma 5.3. Let U be the monomial module U = @ (Xp(x*D))e; where (Xp(x*D)) is the
ideal generated by Xp(z*W) in A[x]. Then U is a quasi-stable module with Pommaret basis
PU) = {zie; | 1 <L <m,z € Xp(faw)} and Gsy, is a P(U)-marked set in A[X]7.

Proof. By [28, Lemma 5.9], we can immediately conclude that U is a quasi-stable module and
that the set {zie; | 1 < I < m,z; € Xp(faq))} is the Pommaret basis of U. We define
Ht(S;,1) = zie; and easily see that Gsy, is a P(U)-marked-set: by definition of U, every term
ztey, in Supp(Sy;; — zie;) belongs to N (U), because x# € Xp(for))- O

Observe that for every fundamental syzygy Sk € Gsy,, Xp(Ski) = {zo,...,xi}. As in
Section 3, we define for every degree s the following set of polynomials in (Gsy,):

GY), = {2°Sk;i | Sti € Gy a® € Xp(Sky), deg(a®Syy) = s}
Lemma 5.4. The set G(S“;)Z generates the A-module Syz(G)s for every s.

Proof. Let S = Y%, Sie; be an arbitrary non-vanishing syzygy in Syz(G)s. By Lemma 5.2,
there is at least one index k such that the coefficient Sy contains a term z* depending on a
non- multiplicative variable x; € X'p( fa(k))- Among all such values of k and p, we choose the
term xz*ej, which is lexicographically maximal. Then, x*e; belongs to the quasi-stable module
U, hence there is x‘sSk;j € Gésy)z such that x5acj = a#. We define 8’ = S — /\a:‘;Sk;j, where A # 04
is the coefficient of z#e; in S.

Now we have to show that every 2 contained in a module term A\z"e; € Supp(S')NU is lexico-
graphically smaller than z#. The terms of Supp(S)NU contained in Supp(S’) are by assumption

lexicographically smaller than z*e;. Every other term arises from x° >y Pl(k;j )el. We know
that z; for) = Yoy Pl(k;j ) Ja)- In particular, a term 2V in Pl(k” ) is lexicographically smaller
than x;, by Corollary 3.9. Therefore every term in 0 Sy Pl(]w )eg is lexicographically smaller
than :E5xj = x#. If S’ # 0, again by Lemma 5.2, we iterate the procedure on a lexicographical
maximal term of S’ containing a non-multiplicative variable. Since all new non-multiplicative
terms introduced are lexicographically smaller, the reduction process must stop after a finite
number of steps. As a result we get a representation S’ = Z§:1 Sjer such that S; € A[XPp(fau))]

for all 1 <1 < m. But Lemma 5.2 says that this sum must be zero. O

Theorem 5.5 (P(U)-marked Schreyer Theorem). Let G = {fq(1),- - - fa(m)} be a P(J)-marked
basis. Then Gsy, is a P(U)-marked basis of Syz(G) with U as in Lemma 5.5.

Proof. By Lemma 5.3, we know that Ggsy, is a P(U)-marked set. By Lemma 5.4, we know that

<G(Ssy)Z>A = (Syz(G)s)? and we conclude by Theorem 3.13 (vi). 0

Iterating this result, we arrive at a (generally non-minimal) free resolution. In contrast to
the classical Schreyer Theorem for Grobner bases, we are able to determine the ranks of all
appearing free modules without any further computations.

Theorem 5.6. Let G = {fo1),-- -, fatm)}, deg(fa)) = di, be a P(J)-marked basis and I the
ideal generated by G in Alx|. We denote by 5(()? the number of terms x® € P(J) such that
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deg(z®) = j and min(z®) = x}, and set D = mingacp(y){i | v; = min(z)}. Then I possesses a
finite free resolution

0—>EBA )P —s —>@A g —>@A j)yi —1—0 (5.1)
of length n — D where the ranks of the free modules are given by

n—i n—k .
rig = 2. ( i )ﬂ 0+

k=1
Proof. According to Theorem 5.5, G'sy, is a P(U)-marked basis for the module Syz; (/) with U
as in Lemma 5.3. Applying the theorem again, we can construct a marked basis of the second
syzygy module Syz,(I) and so on. Recall that for every index 1 < I < m and for every non-
multiplicative variable xj, € Xp(foq)) we have min(Ht(S;x)) = k& > min(Ht(f,q)). If D is the
index of the minimal variable appearing in a head term in G, then the index of the minimal
variable appearing in a head term in Gsy, is D + 1. This observation yields immediately the
length of the resolution (5.1). Furthermore deg(S;;) = deg(fq(;)) + 1, i.e. from the i-th to the
(i 4+ 1)-th module the degree of the basis element to the corresponding syzygy grows by one.

The ranks of the modules follow from a rather straightforward combinatorial calculation. Let

BZ(’];.) denote the number of generators of degree j of the i-th syzygy module Syz;(G) with minimal
variable in the head term z. By definition of the generators S, we find

ﬁz(,’; Zﬁz 1,] 1

as each generator with minimal variable Smaller than k£ and degree 7 — 1 in the marked basis
of Syz;(G) contributes one generator of minimal variable k£ and degree j to the marked basis of

Syz;(G). A simple but lengthy induction allows us to express 51-(5) in terms of B((]Z-):

k—i

k) _ k— l -1

BZ] Z( i— BOJ —i
t=1

Now we are able to compute the ranks of the free modules via

n n k—i -1 n—i
W,jzkz_lﬁi(, ZZ( ) c()t;z:Z( )50,3 i

k=1 t=1 k=1
The last equality follows from a classical identity for binomial coefficients. O

Remark 5.7. Observe that the direct summands in the resolution (5.1) depend only on the
Pommaret basis P(J) and not on the ideal I, while the maps in (5.1) depend on I.

Corollary 5.8. Let G be a P(J)-marked basis and I the ideal generated by G in A[x]. Define
ri; as i Theorem 5.6 and let b; ; be, as usual, the Betti numbers of I. Then

o b ; <rij; foralli,j;

o reg(l) < reg(J);

e pdim(/) < pdim(J).
Proof. The three inequalities follow from the free resolution (5.1) of I, recalling that reg(.J) :=
max acp(yyideg(z®)} and pdim(J) = n — mingaep({i | z; = min(z®)}. O

If G is even a Pommaret basis for the reverse lexicographic term order, i. e. if J is the leading

ideal of I for this order, then we obtain the stronger results reg(/) = reg(J) and pdim(/) =
pdim(J) (for other term orders we also get only estimates) [28, Corollaries 8.13, 9.5].

Example 5.9. Let A[x] = k[zo,z1,22], J the monomial ideal with Pommaret basis P(J) =
{23, 2321, 2921, 7170, 23} and I the polynomial ideal generated by G = {g1, 92, g3, 94, g5 } With
91=$§, 92296%9017
g3 = T2x1 , g4 = 2130 + 23,
gs = {L‘% .
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One easily checks that G is a P(J)-marked basis.
We explicitly compute the multiplicative representations of zs - g2, 2+ g3, 194, T2 g4, T2 g5
which yield the set of fundamental syzygies Gsy, = {S2;2, S3.2, 54,1, Sa;2, S5,2} C Alx]?:

T2 g2 =191, S0 =x2-€3 — 1 - €1,

T2 g3 = g2, S3.2 = T2-e3 — e,
X194 =20 g5 +g2, Sa1=7T1-€4—To-e5— €2,
X294 =x0-93+g1, Sa2=T2-e4—2Tg-€3— €1,
T2 g5 =T1-93, Ss2 =1T2-e5—T1-€3.

The only non-multiplicative variable for Gsy, is Xp(Ss1) = {@2}. Therefore we have to
compute the reduction of 22541 which is 29541 = 21.54,2 — 52,2 — 20552 and hence we get the set
of fundamental syzygies of the first syzygy module Gsy,, = {x2e3 — x164 — €1 — T0e5} C Alx]®.

This leads to the following free resolution of I of length two:

0 — Alx](—4) —2— A[x](—4) @ A[x](-3)* —2—
A (—3)2 @ Ax](—2)} —2 T 0,
where
bo= (a3 3wy wowy mimo+ad i),
—x1 0 0 -1 0 1
Ty -1 -1 0 0 0
(51 = 0 I 0 —Tyg —X1 y 52 = X9
0 0 T To 0 -
0 0 —x0 0 €2 xo

This free resolution is not minimal, as these matrices contain non-vanishing constant entries.
Minimising the resolution leads to the minimal free resolution of I of length one:
&t &)
0 — A[x](-3)? —— A[x](-2)} —2—T —0.
Hence in the present example, we have 1 = pdim(/) < pdim(J) = 2 and 2 = reg(I) < reg(J) = 3.

Example 5.10. Let A[x]| = k[zo, 21, 22], J the monomial ideal with Pommaret basis P(J) =
{woxy, 2321, 23, 23, 2320, 7370} and I be the ideal generated by the P(J)-marked basis G =
{91. 92, 93, 94, 95, g6 } with

_ 2 2 .2
g1 = Tax1 — Xy — 7, g2 = Tyx1,
S _ .3
93_33%7 g4—$%,
g5 = Tyx0, ge = T1Z0,

where Ht(g1) = xoz1. Observe that G is not a Grobner basis, for any term order, due to the
terms in xoxy — g1.
By Theorem 5.6, we construct the following free resolution of I:

0 — A[x](=5)2 —2 5 A[x](—3) @ A[x](—4)® —2

— s AR(-2) & AR(-3)° == T — 0. (5.2)

It is not minimal, as the minimal free resolution of I is

0 — A[x](=5)% —2 5 Ax](—4)° — 5 A](=2) & A[x](=3)* —2 5 T —s 0.

In this case, although the resolution (5.2) is not minimal, the bounds on projective dimension
and regularity given in Corollary 5.8 are sharp.

In the sequel, we will apply the theory of marked bases and schemes to the study of Quot
schemes. Theorem 5.6 and Corollary 5.8 seem to suggest that marked bases are particularly suit-
able to study loci of a Quot scheme given by bounds on the invariants of a module coming from
the minimal free resolution: regularity, projective dimension, extremal Betti numbers. However,
this is only partly true, due to the fact that in order to study special loci of marked schemes we
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need to prove inequailities like those in Corollary 5.8 on saturated ideals. Nevertheless, we will
be able to study the locus of a Quot scheme given by an upper bound for the regularity, thanks
to the following theorem (and corollary). The proofs are given for ideals, but they also hold for
modules in A[x]|™ generated by a marked basis over a quasi-stable module.

Theorem 5.11. Let J C A[x] be a stable ideal, generated in a single degree s, and I the ideal
generated by a P(J)-marked basis G. Then J and I have the same Betti numbers.

Proof. Since J is stable, P(J) is the minimal monomial generating set of J. Then we can follow
the lines of the proof of [1, Theorem 4.4], thanks to Theorem 3.13, items (v), (vi). O

Corollary 5.12. Let J C A[x] be a stable ideal, generated in a single degree s, and I be the
ideal generated by a P(J)-marked basis G. Then reg(J%') > reg(I°).

6. DETERMINISTIC COMPUTATIONS FOR STABLE POSITIONS

So far, from Definition 3.3 on, we considered arbitrary marked sets over a quasi-stable mono-
mial module. We now focus on marked sets whose polynomials are generated in a single degree,
which is the case of interest for our applications. We are interested in investigating how to
modify a finite set of polynomials so that they become a marked set over a quasi-stable module.

Remark 6.1. Consider an arbitrary monomial module U C A[x|] generated by the terms
T = {x“mekl, ... ,x“<q) ek, y- Let s be the maximal degree of a term in T and assume that U
is not quasi-stable, i.e. there exists a term x“ek € T and an index j > ¢ := min(z*) such that

Lo
5 e G ¢ U. This implies that the term mé‘c

the module U generated by T = {x“cm €k, T “(1)ek1,...,x“(q>ekq}, then it is clear that U is

somehow nearer to quasi-stability than U . This observation is studied in much more detail for
the case of ideals in [17] and [20].

With the knowledge of the remark above, we define an elementary move m;;, as a linear
change of variables of the form x; — x; if i # [ and z; — x; + a - 2; for suitable indices [ < ¢ and
a parameter a € k*. If we apply m; ¢, to a term z* we obtain a polynomial

Hi I l‘i

mytq(xt) = U )atar L
l,t,a 7
—\i )

K
The polynomial my ,(2#) always contains at least two terms: z# with coefficient 1 and " xt

with coefficient a#t. In the case of a coefficient field of prime characteristic, any other coefﬁculsnt
may vanish for some values of j;; and j. We extend the linear transformation m; ; , to polynomials
and sets of polynomials in the obvious way.

It is clear that any monomial module is marked on itself. If we apply a linear change of
variables to a monomial module, then the transformed module is generally no longer monomial,
but will have a non-monomial minimal generating set. The next proposition shows that we can
construct again a marked set out of the new module.

Proposition 6.2. For a given degree s > 0, let T = {x/'Mey,, ..., 2l Dey } be a set of terms in
T and let K be a field extension of k such that |K| > sq. Furthermore, let F' = {fi,..., f;} C
K[x]2* be a T-marked set. Assume that xte, = xFWey, is an obstruction to quasi-stability

for (T) and set F = Me,ja(F) for an arbitrary a € K* and some j > ¢ = min(a#). Setting

Hc
J x,uc

zhey, == ¥ er ¢ (T), we denote by T the set of terms {afey, 2M@ey,, . .. ,xf@ey } obtained

from T by replacmg the first generator by zFey,. Then there exists a set F' C (ﬁ)s which is
marked over T and which can be constructed from F via linear combinations.
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Proof. We consider the elementary move m, j, for a yet undetermined parameter a € K*. The
considered term x*ej, transforms as follows:

Me
Me,ja(2!)er = Z <'L;C>a xugjek (6.1)

=0 ¢

By our choice of the index pair (c,j), the term zfe;, appears on the right hand side with a
non-zero coefficient for the index value i = pi..

Applying the elementary move m, j, to all polynomials f; € I yields new generators f@ and
each fz still contains the term z#(® ey, with a coefficient which is a polynomial in a with constant
term 1. It may happen that the term 2" ey, now also appears in other generators fl, but then
its coefficient there is always a polynomial in a without a constant term. Furthermore, in fl
the term zfe;, now appears. Its coefficient contains in particular the term ate coming from the
above transformation of z#. If z¥e, also lies in the support of some other generator fl, then its
coefficient cannot contain the term a*<, as z*ep appeared only in fi, as the set F' was assumed
to be marked over T'.

These observations imply that, after taking suitable linear combinations of the polynomials
fl, we can arrive at a set of polynomials F’ := {hl, ... h hq} such that for i € {1,...,q} the only

term of T appearing in h is: zfey, for i = 1, and x“U)ek for the other values of 1.

It cannot happen that for some i = 2,...,¢ the term 2"®ey, vanishes when we perform
the linear combinations on El, . ,/ﬁq, because there is exactly one term z#(® ey, which has as
coefficient a polynomial in a with constant term 1. By the same argument, it is clear that
the term z”ej, does not vanish by performing linear combinations as its coefficient ate in h; is
unique. But this implies that the set F’ obtained from F' by the elementary move and suitable
linear combinations is marked over 7. Furthermore, in each polynomial h the coefficient of the
head module term is a polynomial in a of degree at most s. Since we have ¢ such coefficients,
the assumption |K| > sq guarantees that there exists a choice for a € K* such that none of
these polynomials vanishes. U

Remark 6.3. For this proposition, it is crucial that we always consider marked sets and bases
over quasi-stable modules. If we used any stronger notion of stability like stable or even strongly
stable modules, then the proposition would remain true only in characteristic zero. Only in the
quasi-stable case the key term z'e;, appears in (6.1) with coefficient 1. Obstructions to (strong)
stability may appear somewhere “in the middle” of (6.1) and then it is in positive characteristic p
no longer possible to guarantee that the needed term can be produced with an elementary move.
One may introduce adapted “p-versions” of (strong) stability, but the corresponding monomial
ideals do not necessarily exhibit all the relevant algebraic properties.

From now on, we will assume for simplicity that the field k is infinite, hence we will use
coordinate transformations in PGL := PGLg(n + 1). For any element g € PGL, we denote by §
the automorphism induced by g on A[x]™ and by §. the corresponding action on an element. If
F is a subset of A[x]™, §.F is the set obtained by applying g to every element of F'. We can
now rephrase Proposition 6.2 in the following way, keeping in mind that, under the hypothesis
that k is infinite, k is also Zariski dense in any field extension K.

Corollary 6.4. Let F' C A[x]|™" be a finite set of polynomials. Then there exists a transformation
g € PGL such that g« F' is a marked set over a quasi-stable module.

Lemma 6.5. Consider ¢ > 0. Let F' be a saturated module in K[x|]™ for a field extension K of
k with Hilbert polynomial p(z) and reg(F') < €. Then there exists a transformation g € PGL and
a stable module U = (Uy) C K[x]™ having Hilbert polynomial p(z) and reg(U) < £ such that

G+ (Fy) belongs to mg(’ﬁ)d(K)



16 M. ALBERT, C. BERTONE, M. ROGGERO, AND W. M. SEILER

Proof. By [28, Thm. 2.16] (or [17, Thm. 6.11, Rem. 6.13]),' there exists a transformation g € PGL
such that g. (F;) has a Pommaret basis for the degree reverse lexicographic term order. This
means that the initial module U of §. (F}) is quasi-stable and has the same Hilbert polynomial
as F'. Since reg(U) = reg(Fy) = ¢, we have that U = (U;) and U is even stable. Now it suffices
to observe that reg(U®") < reg(U) = /. O

7. DEFINITION OF QUOT FUNCTOR AND QUOT SCHEME WITH BOUNDED REGULARITY

Let p(z) € Q[z] be the Hilbert polynomial of k[x]™ /M for some homogeneous module M C
k[x]™. We denote by N, (z) the polynomial m("**) and by g(z) the polynomial Ny,(z) — p(2).
By [I1, Proposition 3.1], there exists a unique Gotzmann representation of p(z):

p(2) = (z—;m) N <Z+Zz_l> ey <z+ar;(r—1)>

where a1 > a2 > ---a, > 0. We call r the Gotzmann number of p(z). We recall that, by [11,
Proposition 4.1}, r is an upper bound for the regularity of the associated sheaf M.

We now define the Hilbert function and the Hilbert polynomial in a more general case, fol-
lowing the lines of [24]. Let X be a finite type scheme over a field k together with a line bundle
L. Recall that, if F' is a coherent sheaf on X whose support is proper over k, then the Hilbert
polynomial ® € Q[z] of F is defined as

n
O(z) = x(F(2)) = Y _(~1)"dimy H' (X, F © L¥?)
i=0
where the dimensions of the cohomologies are finite because of the coherence and properness
conditions. The fact that x(F'(z)) is indeed a polynomial in z under the above assumption is a
special case of what is known as Snapper’s Lemma (see [20, Theorem B.7] for a proof).

Let X — S be a finite type morphism of noetherian schemes and let L be a line bundle
on X. Let F be any coherent sheaf on X whose schematic support is proper over S. Then for
each s € S we get a polynomial ®, € Q[z] which is the Hilbert polynomial of the restriction
Fs = F|x, of F to the fiber X over s calculated with respect to the line bundle Ly = L|x,. If
F is flat over S, then the function s — &, from the set of points of S to the polynomial ring
QJz] is known to be locally constant on S.

We will denote by P™ the n-dimensional projective space over k. If Z is a k-scheme, we define
P? :=P" xi Z and if A is a finitely generated k-algebra, then PP} is defined as IPSpec( Ay’ We are
interested in the case where X =P, L = Opy (1) and F' is a quotient of Oﬁl}t. If F is flat over
Z, then the Hilbert polynomial of the fibres is locally constant. If it is constant we call it the
Hilbert polynomial of F'.

In the sequel, Quotz(’g will denote the Quot functor Sch/k® — Sets that associates to any
object Z of the category of schemes over k the set

Quot;l(’g(Z ) = {Q quotients of Op;, flat over Z with Hilbert polynomial p(z)}.

and to any morphism of schemes ¢: Z — Z’ the map

QuotZ&Z(gp): QuotZ&Z;(Z') — Quot;g)L(Z)
Ql — (p* Ql .
The Hilbert polynomial of Q is here defined via the Hilbert polynomial of each fibre of Z.
The Quot functor was introduced by Grothendieck in [16] where he also proved that this
functor is the functor of points of a projective scheme. We will not use this fact, but will give
instead an independent proof of the existence of the Quot scheme. Here, we only assume that

IThese references consider only the case of ideals. However, the extension to modules along the lines of Prop. 6.2
is straightforward.
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the Quot functor is a Zariski sheaf [24, Section 5.1.3]. Hence, we may consider it as a covariant
functor from the category of noetherian k-algebras [29, Lemma E.11]
n,m
Quotp(z) : k-Alg — Sets

such that for every finitely generated k-algebra A
Quot )(A) = { quotients Q of Oﬁ% flat over Spec A with Hilbert polynomial p(z)} .

and for any k-algebra morphism f: A — B

Quotgiz;(f): QuothZ;(A) — Quotp(z)(B)
Q ~ QB

where ) = H,?Q for O € Quot;iz; (A). This is equivalent to consider the functor k-Alg — Sets
that associates to every k-algebra A the set

Quotp(z)( ) = {saturated submodules M of A[x]|™
Alx]™/M flat with Hilbert polynomial p(z)}.
and to every k-algebras homomorphism f: A — B the function

Quotzgg( f): QuotZEZ;(A) — Quotp(z)(

M — M®aB

B)

Inspired by the results in Section 5 and in [1] for Hilbert schemes, we intend to study a special
subfunctor of the Quot functor defined by giving an upper bound on the Castelnuovo-Mumford
regularity of the elements in Quotz(’g(A) for any k-algebra A. Several proofs use the same
arguments of corresponding results in [1]. If A is a local ring, we define the Castelnuovo-Mumford
regularity reg(M) of a saturated module M € Quot;?:; (A) in the obvious way. Otherwise, we
say that the Castelnuovo-Mumford regularity of M is min{reg(M ®4 Ay) | p prime ideal in A}.

Definition 7.1. Let ¢ be an integer. The Quot functor with bounded regularity, denoted by

Quot"”; [@’ is the subfunctor of Quotz(’g that associates to every Noetherian k-algebra A the
set Quotnm [4( A)={M € Quotzg | reg(M) < £}.

It is immediate that if ¢ < ¢, then Quotnn; W(A) is a subset of Quotn(”; 14 (A) for every
]k—algebra A. Furthermore, if r is the Gotzmann number of p(z), then Quotnn; I g exactly

Quot™™ o(2)" From now on, we fix two positive integers, £ and s > ¢. For every k-algebra A

and for every M € Quotn’n;’m (A), there is a unique graded A[x|-module generated in degree s
whose saturation is M, namely (M;). Hence, the Quot Functor with bounded regularity can be

considered by [11, Lemma 5.2, Theorem 5.1] as a subfunctor of the following Grassmann functor:
grint  k-Alg — Sets with Ny, (s) = m (")
Nm(s)
A — grp(s) (A4)
where

gr;\gl)(s)(A) = {A-submodule F' C A[x]7" such that A[x]]'/F is locally free of rank p(s)}.

Therefore, the Quot Functor with bounded regularity can be seen as a subfunctor of the Grass-

Nn(s)

mann functor gr (5) in the following way:

Quoti ™ (A) = {F € gr) ) (A) with A[x]™/(F) flat
with Hilbert polynomial p(z) and reg(F**") < ¢}.
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and for every k-algebra homomorphism f: A — B

Quotnm[é]( f): Quotzeg’m(A) — Quotn("; [Z](B)

F — F®aqB.

Furthermore, we define the natural transformation of functors

’H[S] Quotn”’; (4] N ngm(S) )
We denote by 7y the canonical projection A[x]* — A[x]7"/Ms. The functor QrN’:(S) is rep-
m(s)

resentable and the representing scheme G o(5) is called the Grassmannian. By the Pliicker

Nm(s) _
embedding, it can be seen as a closed subscheme of IP’( o) ) '

We will now introduce some useful subfunctors of grﬁ?)(s) and Quotzg)b’[g]. We set a basis
{b1,. .., by(s)} for APG) . Consider the complete list T = {1y}, 1,..,Nm(s) Of terms 7 = x%;,
la| = s, of ]k[ 7. T™ is the basis we consider for the A-module A[x]m. For every element
g € PGL := PGLg(n+ 1) we denote by g also the automorphism induced by g on the Grassmann
and Quot functors and g. denotes the corresponding action on an element.

Consider for Z = {a1,...,ay} C {1,..., Np(s)} with |Z| = p( ) the injective morphism

D APG) 5 A[X|™, b — T4, and for g € PGL the subfunctor Gy ] that associates to every
noetherlan k-algebra A the set

gg] (A) ={F edr, Nm(s (A) | mp o g o I'z is surjective} .

The open subfunctors gZ 1q Provide an open cover of grﬁ’;(s) when 7 varies among the subsets
of {1,... Np,(s)} containing p(s) elements [15, Lemma 8.13]. We refer to these open subfunctors
as standard open cover of Gr s)( s) Finally, for every Z C {1,..., Ny (s)} with |Z| = p(s) and
for every g € PGL, we define the following open subfunctors of Quotp(z) 1,
l,s s -1 s
Qril(a) = <7—l[ 1) (gg]g( )) N Quot! 1. (7.1)

Obviously, for g = Id and Z varying, the subfunctors in (7.1) cover Quotp(z) ml,

8. QUASI-STABLE OPEN COVER OF THE GRASSMANNIAN

We associate to any set Z C {1,..., Ny,(s)} the set of monomials Uz := {7;};cz C T?" and its
complement U§ in T, If |Z| = p(s), then |UF| = Ny, (s) — p(s). Later, we will prefer to work
with a different open cover of the Quot scheme defined by considering only some special sets Uz.

Lemma 8.1. Consider T = {a1,...,ap} C {1,...,Niu(s)}, and assume that the monomial
module U = (UF) C A[x]™ is quasi-stable.

(i) F € Qj[_ii]ld(A) if and only if it is generated as an A-module by a UF-marked set.

(ii) If F belongs to g[s] 4(A), then for every s’ > s the A-module (F)y contains a free submodule
of rank > q(s") genemted by a (UF) NTT -marked set.

Proof.

(i) If F belongs to QI Id( ), then Uz is a generating set for the module A[x]7"/F, since 7p o
Ido 'z is surjectlve For every 7 € U{, we consider the polynomial f. = 7 — 7p(I'z(7)).
The module element f is a homogeneous marked element of A[x]™ with Ht(f;) = 7 and
T — fr € (UD)* = (N(U)s)?. Hence { fr}reus is a Uf-marked set contained in F'. Observe
that (f,)4 C F and rk(F,) = rk(f,), hence F' = (f,)F.
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Vice versa, let G = { f- }reug be the Uf-marked set generating F'. Then, by Corollary 3.9,
for every 7 € A[x]™, there is g € Fj;| such that 7—f =", N U)y, a't’ with a’ € A. Hence

the A-module F generated by {f;}rcye belongs to QZ 1(A4).

(ii) We denote by G©) the set {z°f, f. € G,deg(2’f,) = &/, min(7) > max(z®)}. Due to the
fact that (G*))4 C (F)y, the statement follows from Theorem 3.13 (iii). O

The following example shows that A[x]|™/(U$) and A[x]™/(F), with F' € gﬂd (A), in general
do not have the same Hilbert polynomial or function.

Example 8.2. In A[x] = k[z2, 21, ¢, we consider US = {z122,23} and U := (US) C A[x]. Let
M be the submodule of A[x] generated by fi = z1x2 + xox1, f2o = 33(2) + xgx2, which form a
Ug-marked set. The Hilbert polynomial of A[x]/U is constant, while the Hilbert polynomial of
A[x]/(f1, f2) has degree 1. Hence they also do not have the same Hilbert function.

Lemma 8.3. Let (A, m,K) be a local ring and F' € Q’rN’; ) (A). Then F € QZ Id( ), if and only
if FRaK e gI,Id( ).

Proof. By extension of the scalars, it is clear that F®@4K € Q’glld(K), if F e g%s]ld(A). Therefore
we only prove the other direction.
Assume that F @4 K € Q[IS]I 4(K) and let {?T}Teu% be the U7-marked set generating F' ® 4 K.

Consider a set of polynomials {f}rcyie C F' such that the image of each f; in K[x|{" is I
We construct for F' a g(s) x Np(s) matrix Mp. We order (in any way) the terms of T}
e, ..., xaNm<S>ekNm(s) and the elements f;. The j-th column of M corresponds to the term
z%ey;. The i-th row of Mp corresponds to the coefficients in the i-th element in {fr}rcye.
Considering the images of the entries in K, we obtain the analogous matrix M’ for {?T}reug-
By hypothesis, the minor corresponding to U¢ of this last matrix is invertible. Then the cor-
responding minor in M is also invertible, because A is local. In general, {f;};cye is not a
Ug-marked set. But we can obtain a U7-marked set by performing a row reduction of M such
that the minor from above gets the identity matrix. ]

Definition 8.4. For any admissible Hilbert polynomial p(z) in A[x]™, given an integer ¢, we
consider the integers s > ¢, p(s), Ny, (s). We define the following sets:

m

e QS is the set of those quasi-stable modules in k[x]™ whose minimal monomial set of

generators consists of NV,,(s) — p(s) terms of degree s.
e QS,.) is the subset of QS containing monomial modules having Hilbert polynomial p(z).

o Qs o(») 18 the subset of QS.) containing submodules U with reg(U**) < £.

° L[E(s]) is the closed subset of Gr (S)( %) defined by the ideal

(g Az |Vgeprcrin+1), V(U5 € @Sﬁ(z)> :
Proposition 8.5. The collection of subfunctors
{gf}g g€ PaL, T C{l,...,Nin(s)} s.t (UF) € QS}

covers the Grassmann functor grﬁ’:)(s),

Proof. We have to prove that, for every k-Algebra A and every F € grﬁ’;)(s) (A), there exist
T cC {1 ( )} with (U5) € QS and g € PGL such that F' € Q[IS]g(A) or equivalently such

that g7 . F € QI Id( ). As the question is local, it suffices to consider the case that the ring A
is local. By Lemma 8.3, we may assume that A is in fact a field.
Let F' € grp(s )(A) for a field A. Let J be the set of subsets of T}* of cardinality N, (s)—p(s).

As in the proof of Lemma 8.3, we associate the ¢(s) X Ny, (s) matrix Mp to F', considering a set of
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generators for the module F'. For every V € J, let Ay (Mp) be the minor of Mg corresponding
toV € J. It is obvious that there is V € J such that Ay (Mp) # 0.
If (V) € QS, we are already done: if Z C {1,..., Ny (s)} is such that U5 =V, then F belongs

to QE}I 4(A). Assume that this is not the case. Then there exists an obtruction to quasi-stability:
wte, € V and j > ¢ := min(z#), such that z;2- ek ¢ (V). We denote by V 6 J the set obtained
by replacing in V the obstruction to quasi- stablhty xtep with x“ek =z ek

Up to an autoreduction of F', we can assume without loss of generahty, that F' is generated
by a V-marked set due to the fact that Ay(Mp) is non-zero. Proposition 6.2 guarantees that
there is a linear coordinate transformation g € PGL with respect to the elementary move mc ;
forana € A such that F' = g '.F and Fis generated by a V-marked set. This implies that
Ag(Mp) # 0. If (V) € QS, we are done: if 7 C {1,..., Ny (s)} is such that U = V), then g~ F

belongs to gf ]Id( A). I (VY ) ¢ QS, we can repeat thls construction starting from an obstruction

to stability for the module (V).
The claim of tlle proposition follows from a simple termination argument, which shows thit
we finally get a V € J and g € PGL such that there is Z C {1,..., Ny,(s)} such that Uf =V,

<l7> € QS and g~'. F belongs to g[s] 4(A). We introduce an ordering on J. Given two sets
V1, Ve € J, we first sort them accordmg t0 < TOPyegreviex (ST€AtEst term first) and then compare
the two sets entry by entry again with respect t0 <TOP geviex- Then Vi < Vs, if there is ¢ such
that for every j < i, the j-th entry of V; is the same as the j-th entry of V,, while the i-th entry
of V; is smaller than (or equal to) the i-th entry of Va with respect to <top desreviex

Our construction gives at each recursion a set V such that V > V with respect to the ordering
we defined. In this way, we construct a strictly ascending chain of sets in J. Since J is a
finite set, the chain must be finite, too. Hence, our construction only stops when there are no
obstructions to quasi-stability, that is when it reaches a set Y such that (9} € QS. [l

Definition 8.6. A quasi-stable subfunctor of gr;V(’S")(S) is any element of the collection of sub-
functors of Proposition 8.5.

Remark 8.7. The same statement as Proposition 8.5 is proved in [, Proposition 5.4], concerning
the Grassmannian of linear spaces of A[x|s. We emphasise that here we consider the action of PGL
on A[x]™, hence [1, Proposition 5.4] does not apply. Furthermore, the proof of Proposition 8.5

. . . .. -1 [s]
gives an algorithmic strategy to explicitly construct a g such that g—* . F' belongs to QIJd(A)
with (UF) € QS.

Corollary 8.8. For every g € PGL and for every T C {1,..., Ny, (s)} such that (UF) € QS, the
[5]

functor Q[IS’]Q is the functor of points of an affine scheme which we denote by GI,g

naturally isomorphic to AﬂiNm(s)_p(s))’p(s).

and which is

Proof. This is analogous to [, Proposition 5.4]. (I
Proposition 8.9. The collection of open subschemes

{65 19 € PALT C {1, Nnls)} .6 (U5) € QS

covers Grp( \ Lt

s) p(2)”

Proof. Tt suffices to recall the definitions of QS (z) and L[(’ ]) given in Definition 8.4. O

9. STABLE COVER AND REPRESENTABILITY OF QUOT FUNCTORS

n,m,[¢]

We will now prove that for covering the Quot Functor with bounded regularity Quot _° o) it

suffices to consider those sets Z for which the module (U5) is stable, possesses the same Hilbert

polynomial p(z) and has a saturation where the regularity is bounded by ¢. We will divide the

proof in two steps. In Proposition 9.1, we will show that in order to cover Quot” ( )’[E] it suffices
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to consider those Z for which (U7) is in QS,,). In Theorem 9.5, we will prove that only those
T with reg((Ug)%*) < ¢ are necessary and that such a cover actually does not depend on the
chosen degree s > ¢ for the embedding in the Grassmannian.

Proposition 9.1. Consider s > £. The collection of subfunctors

{QVS | g€ PGL, TC{l,...,Nin(s)} s.t (Uz) € QS }

covers the Quot functor Quot’ (2) mlf
Proof. We consider Quotzg;’[ } embedded by H¥ in Grﬁ’:)(s) . By Proposition 8.5, we can imme-
diately deduce that the Quot functor is covered by

{ ol | gercL, TC{l,...,Nu(s)} st (Us) € QS} '

We obtain the statement by proving that Q; ISC]I( A) # 0 for any Z C {1,...,N(s)} such that
(US) € QS, if and only if actually (US) € QSp(Z

have Q[gs (A) # 0, if and only if (UF) € QSp(;). As this is a local and set-theoretical fact, we
may assume that A is a field.

Consider now a module F' € Q[Iefd(A), for T C {1,..., Nyu(s)} such that (UF) € Q@S. Due to
Lemma 8.1, we know that (F)s is generated by a U¢-marked set. By Theorem 3.13, we know
that (F')y contains an A-vector space of the same dimension as (US)y for every s’ > s. This
implies, by Theorem 3.13, that Ny,(s') — p(s’) = dim((F)y) > dim({U$)s). But the growth
theorem of Macaulay [19, Lem. 23] implies that dim({U$)s) > Ny (s") — p(s’), hence we have
equality and the Hilbert polynomial of ({/5) must be p(z). O

In fact, this implies that for every g € PGL we

In order to obtain an open cover for Quotn(n; 1 made up of less open subsets than the one

given in Proposition 9.1, we need some preliminary results.

Proposition 9.2. Consider T C {1,..., Np(s)} such that (Us) € QS,(,) and reg({Us)™") < s.

Let I be an element of Q[Is]ld(A). Then F € Q[Irlsd( A), if and only if for any ' > s the A-module
(F)g is free of rank q(s') and generated by a (Z/II> N T -marked basis.

Proof. Observe that under the made hypotheses, (U5) is stable. As the question is again local,
we may again assume that A is a local ring. We first consider the special case that A is even a
field. Let G = {f:}rcug be the Uz-marked set generating F'. For any s’ > s, we denote by G
the set {z0f, | fr € G,deg(2®f,) = s/, min(r) > max(x%)}. It is immediate that (G()) C Fy.
Using the same argument as in the proof of Proposition 9.1, the dimension of both vector spaces
is q(s"). Hence they must be equal for every degree s’ and this implies via Theorem 3.13 that G
is a Uz-marked basis of F.

We generalize this result to the case that (A, m,k) is a local ring by the Nakayama lemma,
since for any s’ > s the A-module Fy contains the free submodule (G)) of rank N, (s') — p(s’)
(by Theorem 3.13) and the two A/m-vector spaces Fy @4 A/m and (G*)) @4 A/m coincide, as
they have the same dimensions. O

We now easily see that the functor Q[I I{]i with (US) € QS¢ 1(z) 18 isomorphic to Mf7y o

Proposition 9.3. Let Z C {1,..., N ()} be such that (UF) € QSp(z)

(i) The subfunctor Q[llf:f(]i is isomorphic to the marked functor Mfm%
(ii) The subfunctor Q[lli”fc]i is the functor of points of an affine subscheme of the affine space
AP©)-a(f)

Proof. (U%) is stable under the made hypotheses by Proposition 2.5. Item (i) is a straightforward
consequence of Proposition 9.2. Item (ii) follows from (i) and Theorem 4.1. O
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Proposition 9.4. Let U be a saturated quasi-stable module with Hilbert polynomial p(z) and
reg(U) < £. We denote by T the set of indices defining the module U N Tm Let F = F53% e

a module in Quot” ( )’[é] For any s,s' > (, the truncation (Fs) belongs to Q if and only if

S] J1d’

the truncation (Fy) belongs to QI[S

Proof. By Proposition 9.3 (i), our claim is equivalent to Mf7}. g = ~ MIf7}. . For this isomor-
I S

I 5]
phism, we can repeat the arguments given in the proof of [22, Theorem 3.4 (i)]: indeed, all the

arguments given in [22] apply also in the stable case and both UNTY and UNTY are stable
by Lemma 2.4 (iii). O

We now prove that the modules in QSK are sufficient to cover Quot” ( )’[ ] refining the result

given in Proposition 9.1.

Theorem 9.5. Consider ¢ <

1) Let U = (Us) be a quasi- stable module in QSt, ., and let T be as in Proposition 9.4. Then
)

p(z
Q[Iz[j ] Q[IZ[’:]]VQ = Q[Irfr,]]’g as subfunctors of Quotn(ﬂ; e,
(ii) The collection of subfunctors
{ Qb | geparL, TC{L,..., Nul(s)} s.t (US) € @Sgg(z)} (9.1)

covers the Quot functor with bounded regqularity.

Proof. (i) The equality between QIM

other equality by Proposition 9.4.

(ii) By item (i), we can take s = . As the question is local, it suffices to consider the case that
the ring A is a field. Then Lemma 6.5 applies.

and Q[IT[’:]}g follows from Corollary 5.12. We obtain the

O
m,[(]

Corollary 9.6. The Quot functor with bounded regularity Quot’ ’Z) is an open subfunctor of

Quot, -

Definition 9.7. The quasi-stable cover of Quotnn; 14 is the collection of the open subfunctors

(9.1) of Theorem 9.5.
m,[¢

and suitable deterministic changes of coordinates. There also exists a change of coordlnates
to reach a Borel-fixed position depending on p = char(k) (for short, p-Borel fixed position).
Therefore, we could repeat the statements and proofs of the present section in order to prove
(constructively) the existence of a p-Borel cover of the Quot functor, which is in general more
sparse than the quasi-stable cover of Definition 9.7. However, we prefer to consider the quasi-
stable cover because this cover is independent of the characteristic and the algorithm to reach
the stable position is cheaper.

Furthermore, in the next section we will show that it is possible to compute equations for the
open subscheme of the Quot scheme corresponding to each quasi-stable open subfunctor. The
computational cost to get such equations for open neighbourhoods of a given point of the Quot
scheme can be significantly different depending on the neighbourhood we choose. Hence it is an
advantage to have a relatively dense cover in order to choose the more convenient neighbourhood.

Remark 9.8. We constructed a cover of Quot’; (2) ] by using the quasi-stable modules in QSE ()

10. REPRESENTABILITY OF QUOT FUNCTORS AND EQUATIONS

From now on, we will only consider open subfunctors Q[lti’f(]i with Z C {1,..., Njn(s)} such

that (Uf) € QS;;( »)- 1t was proved by Grothendieck that the Grassmann and Quot functors are
representable. We will now prove that the Quot functor with bounded regularity is represented
by a locally closed subscheme of the Grassmann scheme using the quasi-stable open cover and
the fact that the Quot functor is a Zariski sheaf.
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Theorem 10.1. The Quot functor with bounded reqularity is the functor of points of a closed

subscheme Quot [f] of G N’" (s) \ LV S] with L[E(S]) gwen by Definition 8.4.

(]

Proof. By the semicontinuity theorem for regularity, Quotnig

m,[¢

can be considered as an open

subfunctor Quot’™™ o(2) ! for any ¢/ < {. Furthermore, Quot™"™" o(2) is a Zariski sheaf [24, Section 5.1.3].

™l is a Zariski sheaf, too.

Hence, Quot™"™" o(2)
n,m, (],
p(2)

we choose the one given in (9.1). By Theorem 9.5 (i) and by Proposition 9.3 (ii), we immediately

conclude that the Quot functor with bounded regularity is the functor of points of a scheme. By
Proposition 8.9 and by Theorem 3.13 (viii), we obtain that the scheme representing the Quot

By [, Theorem VI-14], it suffices to check the representability on an open cover of Quot

functor with bounded regularity is a closed subscheme of GrN;”(S \ L[K S O

Corollary 10.2. The Quot functor QuotZ(’Z is the functor of points of a scheme and it is also

a closed subscheme of Grﬁ;”)(s).

n,m,[r]

Proof. 1t suffices to observe that Quot Quot (2) and to use Theorem 10.1 noting that
Lg(j]) = () where r is the Gotzmann number of p(z). O

We will now give a constructive procedure to define an ideal $) C k[A] such that Proj(k[A]/$) =
Quotz(’:; where k[A] is the ring of Pliicker coordinates for Grﬁ’:)(r). The construction of §) starts

from the ideals defining the affine schemes representing the open subsets ng (}1 of (9.1). Since

Quot™™ pix) = Quotp(g 1] the cover of Definition 9.7 is in this case indexed by QSp(Z QS;(Z).
Furthermore ifU e QSp Z), then Us is stable, since s > r.

For every Z C {1,..., Nmm(s)} such that (U7) € QS,,), we denote by k[Cz]/(Rz) the quotient

ring that defines the afﬁne scheme representing Q[r’r] see Theorem 4.1 and Proposition 9.3).
Z,1d

As shown in Theorem 4.1 and Proposition 9.3, Spec(k[Cz]/(Rz)) is the open subset of Quotz(’:;

corresponding to the locus where Az can be inverted. Hence, the ideal (Rz) is the dehomogeni-
sation of the ideal in k[A] that defines Qg’{c]l as a closed subscheme of Grﬁ’;‘)(r) \ {Az # 0}.

We construct an ideal hz C k[A] starting from Rz: Let &z C k[Cz][x]| be the Uf-marked
set as defined in (4.1). We consider the p(r) X N,,(r)-matrix M, with columns indexed by the

terms in T7" and rows indexed by the set Uz. The columns of M contain the coefficients of
(r)
®
the polynomials h;; such that x%e; —~, hij, for every x%e; € T". Consider now the set of
equations

{Ag =Mz | T C{L,..., Nu(r)},|T| = p(r)} (10.1)

where M 7 is the minor corresponding to the columns with indices j € J. Consider the set
Rz C k[Cz] and compute the complete Grobner reduction of the set Rz with respect to the set
of polynomials in (10.1) using an elimination term order for the variables Cz. We obtain a set
of non-homogeneous polynomials in k[A]. We homogenise each polynomial in this set with Az
and take these homogeneous polynomials as generators for an ideal in k[A] that we denote by
bz

We define b := UIIUEE@SP(Z)
hY9 obtained by the action of g on the elements of h. Finally, we define the ideal

ﬁ:=‘BU< U h9>,

gEPGL

hz. Moreover, we consider for every g € PCGL the set of equations

where B is the ideal k[A] containing the Pliicker relations, that is Proj(k[A]/P) = GrNT)(T).
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Theorem 10.3. Let p(z) be an admissible Hilbert polynomial for submodules of A[x]™. The

homogeneous ideal $) in the ring of Pliicker coordinates k[A] of the Pliicker embedding Grﬁf)(r)

Nm (1)

p(rt ) defines Quotz(’ as a closed subscheme of Gr (ZL)(T)

Proof. We follow the lines of the proof of [7, Theorem 6.5] on the Hilbert scheme. For conve-

nience, we denote by Z the subscheme of Gr (’:)( ") defined by $ and by D the saturated ideal in

k[A] that defines Quotnm)” We will show that Z = Quot (7)» although in general $ # .
As equality of subschemes is a local property, we can check the equality locally. The proof is

divided in two steps.

Step 1: For every Z C {1,..., Ny(r)} such that (U7) € QS,,), the ideal generated by bz
]

—>

defines the affine scheme representing Q[IT’ITA as closed subscheme of the scheme G[ 1d of

Corollary 8.8, representing QI -

Step 2: For every (closed) point F' of GrNm ™ , Z and Quot 2) coincide on a neighbourhood

of (F').
Proof of Step 1. We have to prove that for every Z C {1, ..., Ny, (r)} such that {U7) € QS

and for every k-algebra A and F' belonging to Qrﬁ[;”(r) (A), (F) C A[x]™ belongs to Q[IT”ITA, if and
only if the polynomials in §) vanish when evaluated at (F'). Referring to Proposition 9.2, Theorem
4.1 and Proposition 9.3, it suffices to observe that the vanishing at (F') of the polynomials in $
is equivalent to the vanishing at (F') of the polynomials in (Rz).

Proof of Step 2. Both ideals $ and © are invariant under the action of PGL: $ by con-
struction and ® because Quotz(’z; is. Since k[A] is a Noetherian ring, we can choose generators
hi,...,hg of the ideal $). More precisely, we denote by g; the element in PGL such that h; € h9:.
Hence, h9t U---Uh94 = §. Since § is nvariant under the action of PGL, we get for every g € PGL

ho9 U - Uh%9e = (h9 U --- U B9)T = §9 = §.
Using the invariance of ® under the action of PGL and by Step 1, we see that if we restrict to

the open subset G[Ir]gg N G[I]gg ;

p(r)

then the ideals $ and ® define the same scheme, hence

) zZn (GM nagl

il i}
Quot! N (G NG o Iggl)

17991 7,991

It only remains to prove that for every F € Grl\z’:)(r) there is Z C {1,..., Np,(r)} such that

(UF) € QS and there is g € PGL such that (F) € G[Ir]gg1 G[Ir]gg1

By Proposition 8.5, there is Z C {1,..., Ny, (r)} such that ({Uz) € QS and there is g € PGL
such that (F) € Gg]y. Since G[TT]g is an open subset of Grﬁf)(r), an open subset of the orbit of

(F') under the action of PGL is contained in G[Ir]g. there is an open subset G of PGL such that
for every ¢ € G, ¢ . F € G[T],, in other words F € G[T] .

9919, ..-,9949 € G and F € G[Ir]gg -N Gg]gg

. Hence, for a general g € PGL,

as desired. O

Remark 10.4. We can rephrase the construction of the ideal £ and the statement of Theorem

10.3 in order to obtain the ideal defining the scheme representing the functor Quotz(’:;’m as a

closed subscheme of Gr]\?: () \ Lg(j)'

modules in QSf; ()

it suffices to use in the construction the set of quasi-stable

11. AN EXAMPLE: COMPUTATIONS ON Quot3 oN P!

We consider p(z) = 2, n =1 and m = 2. This is the very first example one can think about
in order to consider a non-trivial Quot scheme which is not a Hilbert scheme. Nevertheless,
even if this is the simplest case on which we can test our methods, to our knowledge nothing is
known about this Quot scheme. In this section, we describe the construction of the ideals Rz
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defining the open cover of of Definition 9.7 and the global equations defining Quot3. A detailed
description on the geometry of Quot3 can be found in [6].

We consider the scheme Quot% parameterising the saturated submodules of A[zg,z1]? with
constant Hilbert polynomial 2. The Gotzmann number is r = 2, hence we will study this Quot

scheme under the embedding in Gr§. We will also study Quotg’m, which is the subscheme of

Gr \ Lé’Q whose functor of points is Quotg’[l]. Consider

Up = (z1)er ® (1)e2, Uz = (z1)e1 @ (z1)ea, Us = (1)er @ (a7)es.
We have QS, = {Uy, Us, Uz} and QSi = {Us}.

11.1. Global equations for Quot% in P'. We keep the notation U; for the embedding of the

quasi-stable module U; in Grg for ¢ = 1,2,3. By the procedure of Section 4, and in particular

by Theorem 4.1, we explicitely construct the affine scheme representing Mfp (), i € {1,2,3}.
We construct the marked scheme on P(U;) starting from the following marked set:

fi = (2 = Crazy — Croy®)er,  fo=—(Copzy + Cooy®)er + x’es,

f3=—(Canxy + Csoy”)er + ayes,  fo= (—Canzy — Caoy®ler + yPes.
We compute the ideal R obtaining

Ri1=(—C12031+ C2,C11Cs1 — C31+ Ca2,—C11C31 — C12C41 + Co1,—C12Cs1 + C32)

In the same way, we can construct the ideals Ry and R3 which define the schemes representing
Mfp i,y and Mfp(y,). Each of these three ideals has four generators and each of them allows
the elimination of a variable (in the sense of Grobner theory). Hence for every i € {1,2,3},
Mfp ;) ~ At

Following the construction outlined in Section 10, we can compute the ideal b in the polynomial
ring k[A] where A is the set of Pliicker coordinates of Gr§, |A| = 15. We then repeatedly apply
some random elements ¢g; € PGL on the ideal h until for some ¢

f]glU-"Uf]gth]gt“:hglLJ"-Ubgt-

By noetherianity, such a t exists and for this specific example t = 4.

Adding the Pliicker relations, we obtain the ideal defining Quot3 as a closed subscheme of
P, We can exhibit a set of generators consisting of 61 polynomials of degree 2, 3 and 4. This
Quot scheme has the Hilbert polynomial

11, 114 67, 23
157 3% T 157 + 6z+1. (11.1)
Hence it is a fourfold in P'* of degree 22.

11.2. Global equations for Quotg’m in P, By Theorem 9.5 (i), Quotg’m embeds in Grj,
which embeds in P?. In this case, Quotg’m is simply the open subset A% ~ Gr;1 \ Lé’l. Indeed,
in this case Ly is defined by the ideal (As4).

We can also compute the equations defining Quotg’[l] as an open subscheme of Grg \ L$’2. It
is sufficient to consider only one marked scheme, the one defined by the ideal Ry and use the
procedure described in Section 10. After homogenising the generators of Ro in k[A], we obtain
the ideal h’. We apply four times random elements g; € PGL on §’ obtaining the ideal ' defining
Quotg’m as a subscheme of Gr$ \ L§’2 in P14,

In this case, L%’2 = (As6,A1,4) and the closed scheme defined by $’, which contains the

(1]

scheme Quotg’ , has the Hilbert polynomial

11 5 67 5 7

— — — 1. 11.2

37 + 5z t o Tort (11.2)
The construction of §’ is faster than that of $ due to the fact that we have only one open
subset in the open cover of Quotg’m up to the action of PGL. Nevertheless, the ideal §) is, by

construction, contained in the ideal $ that defines Quot3 and the Hilbert polynomial (11.2) of
Proj(k[A]/$') is smaller than the one computed for Quot3 in (11.1). Hence Proj(k[A]/$') D
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Quot%. Indeed, the ideal £’ defines a closed scheme that strictly contains Quotg’m. We have
that Proj(k[A]/H) \ Quot> ¢ 112,

12. CONCLUSIONS

In this paper, we defined and investigated properties of marked bases over a quasi-stable
monomial module U C A[x]7}. The family of all modules generated by a marked basis over P(U)
possesses a natural structure as an affine scheme (Theorem 4.1). In particular, we proved that
the quasi-stable module U provides upper bounds on some homological invariants of any module
generated by a P(U)-marked basis such as Betti numbers, regularity or projective dimension
(Corollary 5.8).

We exploited these properties and constructions to obtain local and global equations of Quot
schemes and of special loci of them, namely those given by an upper bound on the Castelnuovo-
Mumford regularity of a module. Indeed, we proved that we have an open cover of a Quot
scheme (resp. of its locus defined by an upper bound on the regularity) whose open subsets are
suitable marked schemes over a quasi-stable module (Theorem 9.5). Starting from this open
cover, we obtained global equations defining a Quot scheme (resp. its locus defined by an upper
bound on the regularity) as a closed (resp. locally closed) subscheme of a suitable projective
space (Theorem 10.3).

In the future, inspired by Corollary 5.8, we intend to investigate other loci of a Quot scheme,
given by bounds on other numerical invariants of a module, such as projective dimension or
extremal Betti numbers. In order to obtain similar results to those for the locus with bounded
regularity, we will need also other tools, since a preliminary study showed, for instance, that
the locus given by a bound on projective dimension is in general not an open subset of a Quot
scheme.

We will also investigate some explicit examples of Quot schemes, as we are doing in [0], in
order to have a better comprehension of the geometry of a Quot scheme using explicit equations
defining it, locally or globally.

ACKNOWLEDGEMENTS

The first author was supported by a fellowship by the Otto-Braun-Fonds. The second and
third author are member of GNSAGA (INdAM, Italy), which partially funded the second author
during the preparation of this article. The third author was partially supported by the frame-
work of PRIN 2010-11 “Geometria delle varieta algebriche”, cofinanced by MIUR. The work
of the fourth author was partially performed as part of the H2020-FETOPEN-2016-2017-CSA
project SC? (712689). Mutual visits of the authors were funded by the Deutsche Forschungsge-
meinschaft.

REFERENCES

[1] Edoardo Ballico, Cristina Bertone, and Margherita Roggero. The locus of points of the Hilbert scheme with
bounded regularity. Comm. Algebra, 43(7):2912-2931, 2015.

[2] Isabel Bermejo and Philippe Gimenez. Saturation and Castelnuovo-Mumford regularity. J. Algebra,
303(2):592-617, 2006.

[3] Cristina Bertone. Quasi-stable ideals and Borel-fixed ideals with a given Hilbert polynomial. Appl. Algebra
Engrg. Comm. Comput., 26:507-525, 2015.

[4] Cristina Bertone, Francesca Cioffi, Paolo Lella, and Margherita Roggero. Upgraded methods for the effective
computation of marked schemes on a strongly stable ideal. J. Symbolic Comput., 50:263—290, 2013.

[5] Cristina Bertone, Paolo Lella, and Margherita Roggero. A Borel open cover of the Hilbert scheme. J. Symbolic
Comput., 53:119 — 135, 2013.

[6] Cristina Bertone, Margherita Roggero, and Roy Skjelnes. An explicit description of Quot3. in preparation,
2018.

[7] Jerome Brachat, Paolo Lella, Bernard Mourrain, and Margherita Roggero. Extensors and the Hilbert scheme.
Ann. Sc. Norm., XVI:65-96, 2016.

[8] Giulio Caviglia and Enrico Sbarra. Characteristic-free bounds for the Castelnuovo-Mumford regularity. Com-
pos. Math., 141(6):1365-1373, 2005.



COMPUTING QUOT SCHEMES VIA MARKED BASES OVER QUASI-STABLE MODULES 27

[9] Michela Ceria, Teo Mora, and Margherita Roggero. Term-ordering free involutive bases. J. Symbolic Comput.,

68(part 2):87-108, 2015.

[10] Francesca Cioffi and Margherita Roggero. Flat families by strongly stable ideals and a generalization of

Grobner bases. J. Symbolic Comput., 46(9):1070-1084, 2011.

[11] Roger Dellaca. Gotzmann regularity for globally generated coherent sheaves. J. Pure Appl. Algebra,

220(4):1576-1587, 2016.

[12] David Eisenbud. Commutative Algebra, volume 150 of Graduate Texts in Mathematics. Springer-Verlag, New

York, 1995.

[13] David Eisenbud. The Geometry of Syzygies, volume 229 of Graduate Texts in Mathematics. Springer-Verlag,

New York, 2005.

[14] David Eisenbud and Joe Harris. The Geometry of Schemes, volume 197 of Graduate Texts in Mathematics.

Springer-Verlag, New York, 2000.

[15] Ulrich Gértz and Torsten Wedhorn. Algebraic Geometry I. Advanced Lectures in Mathematics. Vieweg +

Teubner, Wiesbaden, 2010.

[16] Alexander Grothendieck. Techniques de construction et théorémes d’existence en géométrie algébrique. IV.

Les schémas de Hilbert. In Séminaire Bourbaki, Vol. 6, pages Exp. No. 221, 249-276. Soc. Math. France,
Paris, 1995.

[17] A. Hashemi, M. Schweinfurter, and W.M. Seiler. Deterministic genericity for polynomial ideals. J. Symb.

Comput., 86:20-50, 2018.

[18] Jiirgen Herzog, Dorin Popescu, and Marius Vladoiu. On the Ext-modules of ideals of Borel type. In L.L.

Avramov, M. Chardin, M. Morales, and C. Polini, editors, Commutative Algebra: Interactions with Algebraic
Geometry, Contemp. Math. 331, pages 171-186. Amer. Math. Soc., Providence, 2003.

[19] Heather A. Hulett. A generalization of Macaulay’s theorem. Communications in Algebra, 23(4):1249-1263,

1995.

[20] Steven L. Kleiman. The Picard scheme. In Fundamental Algebraic Geometry, volume 123 of Math. Surveys

Monogr., pages 235-321. Amer. Math. Soc., Providence, RI, 2005.

] Martin Kreuzer and Lorenzo Robbiano. Computational Commautative Algebra 1. Springer-Verlag, Berlin, 2000.
| Paolo Lella and Margherita Roggero. On the functoriality of marked families. J. Commut. Algebra, 8(3):367—

410, 2016.

] Daniel Mall. On the relation between Grobner and Pommaret bases. Appl. Algebra Engrg. Comm. Comput.,

9(2):117-123, 1998.

[24] Nitin Nitsure. Construction of Hilbert and Quot schemes. In Fundamental Algebraic Geometry, volume 123

of Math. Surveys Monogr., pages 105-137. Amer. Math. Soc., Providence, RI, 2005.

[25] Alyson Reeves and Bernd Sturmfels. A note on polynomial reduction. J. Symbolic Comput., 16(3):273-277,

1993.

| Michael Schweinfurter. Deterministic Genericity and the Computation of Homological Invariants. PhD thesis,

Universitiat Kassel, 2016.

[27] Werner M. Seiler. A combinatorial approach to involution and d-regularity. I. Involutive bases in polynomial

algebras of solvable type. Appl. Algebra Engrg. Comm. Comput., 20(3-4):207-259, 20009.

[28] Werner M. Seiler. A combinatorial approach to involution and §-regularity. II. Structure analysis of polynomial

modules with Pommaret bases. Appl. Algebra Engrg. Comm. Comput., 20(3-4):261-338, 2009.

[29] Edoardo Sernesi. Deformations of Algebraic Schemes, volume 334 of Grundlehren der Mathematischen Wis-

DI

senschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 2006.

CRISTINA BERTONE AND MARGHERITA ROGGERO, DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI
ToORINO, VIA CARLO ALBERTO 10, 10123 TORINO, ITALY
E-mail address: cristina.bertone@unito.it, margherita.roggeroQunito.it

MARIO ALBERT AND WERNER M. SEILER, INSTITUT FUR MATHEMATIK, UNIVERSITAT KASSEL, 34132 KAs-

SEL, GERMANY

E-mail address: albert@mathematik.uni-kassel.de,seiler@mathematik.uni-kassel.de


mailto:cristina.bertone@unito.it
mailto:margherita.roggero@unito.it
mailto:albert@mathematik.uni-kassel.de
mailto:seiler@mathematik.uni-kassel.de

	Introduction
	1. Notations and Generalities
	2. Pommaret basis, Quasi-Stability and Stability
	3. Marked Modules
	4. The marked family associated with a quasi-stable module
	5. P(U)-marked Bases and Syzygies
	6. Deterministic computations for stable positions
	7. Definition of Quot functor and Quot scheme with bounded regularity
	8. Quasi-stable open cover of the Grassmannian
	9. Stable cover and representability of Quot functors
	10. Representability of Quot functors and equations
	11. An example: Computations on Quot22 on P1
	11.1. Global equations for Quot22 in P14 
	11.2. Global equations for Quot22,[1] in P14

	12. Conclusions
	Acknowledgements
	References

