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Abstract. In this paper, we firstly extend the concept of Grobner bases to relative Grobner bases
for ideals in and modules over quotient rings. We develop a “relative” variant of both Buchberger’s
criteria and Schreyer’s theorem for syzygies. We then introduce the new notion of relative invo-
lutive bases and present an algorithm for their construction. Finally, we define the new notion
of relatively quasi-stable ideals and exploit it for the construction of coordinates in which finite
relative Pommaret bases exist.

Mathematics Subject Classification (2010). 13P10, 13D02, 68W30.

Keywords. Polynomial rings, quotient rings, ideals, Grobner bases, syzygy module, involutive
bases, quasi-stable ideals.

1. Introduction

The concept of Grobner bases along with the first algorithm to compute them was introduced by
Buchberger in his PhD thesis [4} I5]. Since then, many interesting applications of these bases have
been found in mathematics, science, and engineering. Due to this wide range of applications of
Grobner bases, many improvements of the original algorithm and alternative approaches have been
developed. For example, Buchberger himself proposed two criteria to improve his algorithm by re-
moving superfluous reductions [3]]. Based on effective linear algebra methods and by applying these
two criteria, Faugere described the F, algorithm [8]]. He also proposed a signature-based algorithm
known as F5 algorithm [9]. As a final example, Gao et al. [[10] presented a new approach to compute
simultaneously the Grobner bases of an ideal and of its syzygy module.

Involutive bases (which are a special kind of Grobner bases with additional combinatorial
properties) have their origin in the works by Janet [18] on the analysis of systems of (linear) par-
tial differential equations. Zharkov and Blinkov [29] introduced the notion of involutive polynomial
bases inspired by works of Pommaret [23]]. Then, Gerdt and Blinkov [12] introduced the general
concepts of involutive divisions and involutive bases for polynomial ideals and derived with them
an alternative algorithm for computing Grébner bases. Involutive bases arise via a restriction of the
usual divisibility relation of monomials to an involutive division. Gerdt [[1 1] proposed an efficient al-
gorithm to compute these bases. For an implementation of this algorithm and extensive benchmarks,
we refer to the website http://invo. jinr. ru. For a comprehensive study and applications of
the theory of involutive bases to commutative algebra and the geometric theory of partial differential
equations, we refer to [26].

Let P = K[z1,...,z,] be a polynomial ring over a field K. A well-known application of
Grobner bases as well as involutive bases is the construction of free resolutions of finitely generated
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P-modules, see e.g. [2| 6L 20, 24} 25]]. As already the title of Buchberger’s thesis [4] indicates,
Grobner bases are also used for effective computations in the quotient ring P/ Z where Z < P is an
ideal. In this work, we are interested in basic tools for the construction of free resolutions of finitely
generated P/ Z-modules. For this purpose, we are firstly concerned with extending the concept of
Grobner bases to ideals in and modules over P/ Z (we refer to these new bases as relative Gribner
bases). Such an extension is not new. Some ideas can already be found in textbooks like [1]. La
Scala and Stillman [20] sketched the necessary theoretical background and implemented procedures
in MACAULAY?2 not only for computing Grobner bases, but also for free resolutions. Nevertheless,
we believe that it is worth while to take a closer look at the details of such an extension for further
generalisations. We also present a variant of Buchberger’s algorithm for the computation of relative
Grobner bases. However, our main contribution in this paper consists of introducing the concept
of relative involutive bases for ideals in and modules over P/Z and designing an algorithm for
their construction. In this context, we will generalise the notion of well-known combinatorial notion
of a quasi-stable (monomial) ideal to relative quasi-stable ideals for the computation of relative
Pommaret bases in P/Z. We note that most of the algorithms proposed in this work have been
implemented in MAPLE and their codes are available at the website https://amirhashemi.
iut.ac.ir/softwaresl

This paper is structured as follows. Section [2] recalls the basic notations and definitions used
throughout. In Section [3] we introduce relative Grébner bases and establish the analogy to the
Schreyer construction for ideals in quotient rings. In Section ] we provide the basics for the con-
struction of relative Grobner bases developing criteria analogous to Buchberger’s criterion and Buch-
berger’s (first and second) criteria to improve the computation of relative Grbner bases. Section [3]
is devoted to the study of relative involutive bases. We introduce the notion of a relative involu-
tive division and study the basic properties of relative involutive bases. In Section [6] we thoroughly
investigate the required properties for the construction of relative involutive bases. Section [/| pro-
vides a study of some combinatorial properties of finite relative Pommaret bases. We introduce the
new notion of a relative quasi-stable ideal and apply it to propose a deterministic algorithm for the
construction of finite relative Pommaret bases. We conclude with some remarks on future research.

2. Preliminaries

Let n > 1 be a natural number. We write P := K[X] = K[x1,...,x,] for the polynomial ring on
n variables over a field K. Every polynomial f € P is a (finite) linear combination of terms cx*,
where ¢ € K\ {0}, pu € Z% and z* = /" ---zt» is a monomial. We write supp( f) for the finite set
of monomials appearing in f. The set of all monomials in P defines a monoid for the multiplication
which we denote by the symbol M.

If an ideal Z 9 P is generated over the ring P by a subset S ¢ P, we write Z = (S)p. An ideal
T 4 P is called a monomial ideal, if it can be generated by monomials. Such an ideal possesses a
unique finite minimal generating set G(Z) € M consisting of those monomials of Z which have no
divisor in Z other than themselves. An order ideal is a subset O € M such that for each monomial
€ O, all divisors of z* are also contained in O. In other words, O is an order ideal, if and only if
there exists a monomial ideal Z such that M\ O =Z n M.

A monomial ordering is a well-ordering < on M which respects the multiplication of mono-
mials, that is, 1 < z* for all #* # 1 and if z* < z¥, then x* - 2 < z¥ - x” for all x” ¢ M.
Given a monomial ordering < and a polynomial f € P \ {0}, we denote the leading monomial
of f by lm(f) := max.{supp(f)} where supp(f) stands for the set of all monomials appearing
in f. Also, we write lc(f) for the coefficient of lm(f) in f. The leading term is then written as
16(f) == le(f) Im(f). For each subset F' c P, we denote by Im(F) the set {lm(f) | f € F'}.
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For each ideal Z 4 P and each monomial ordering <, there exists a finite subset G € Z such
that Im(G) generates the monomial ideal Im(Z) := (Im(f) | f € Z)p. Such a subset G of Z is
called a Grobner basis of Z for the monomial ordering <. Note that every Grobner basis of Z is in
particular also a generating set of Z. Grobner bases are not unique, but every ideal Z < P has for
each monomial ordering < a unique reduced Grobner basis which satisfies additionally that for each
g € G (1) lc(g) = 1 and (ii) no monomial of g lies in (Im(G ~ {g¢})). The monomials in the order
ideal M ~ 1Im(Z) form a K-linear basis of the quotient ring ?/Z and each polynomial f € P has a
unique normal form with respect to the Grobner basis G which is a linear combination of monomials
of M N 1m(Z). We denote this normal form by NFo(f). If G = {g1,...,g:} is a Grobner basis of
the ideal Z for <, then there exists for each ideal member f € 7 a representation f = q1g1 + ...+ q: gt
with ¢; € P and where for each index ¢ with ¢; # 0 we have Im(g;g;) < lm(f). Such a representation
is called a standard representation with respect to G for f; it is generally not unique.

The concept of monomial orderings and Grobner bases can straightforwardly be extended to
submodules of free P-modules. Let s > 1 be a positive integer and view the elements of the free
‘P-module P? as row vectors. Moreover, let {e1,...,e4} be the standard basis of P°. Then, every
vector f € P is a finite K-linear combination of module monomials x*e; with x* € M and i €
{1,...,s}. A module monomial ordering < is a total ordering and well-ordering on the set of all
module monomials such that, for all ¢ and for all z* € M, if ze; <x"e;, then x¥x"e; < x”z’e; for
all z* € M. Similar to the polynomial case, any element f € P° can be written as a linear combination
of module monomials and one is able to define the notions of module leading coefficient, module
leading monomial and module leading term for f which are denoted by le(f), Im(f) and 1t(f),
respectively. If u := z*e; and v := z"e; are two module monomials in P*, then we say that u
divides v, and write u | v if ¢ = j and z* divides z". If u divides v, then the quotient v/u is defined
to be x¥/x* € M. Based on these definitions, one is able to build a theory of Grobner bases for
submodules of P?® similar to the one for ideals in P. For a description of the division algorithm,
Buchberger’s algorithm to compute Grobner bases and further details on their theory, we refer to
standard textbooks like [1,[7,16].

We finally recall some basic notions around involutive bases. More details on them, corre-
sponding algorithms and applications can be found in [26]]. Involutive bases are a special form of
Grobner bases with additional combinatorial properties. The main point is that to each generator h
in a basis H a subset L(h, H) € X of multiplicative variables is assigned and that one considers
only linear combinations of the generators where each generator h € H is multiplied by a coefficient
depending only on the variables in L(h, H). In contrast to Grobner bases, not every monomial basis
of a monomial ideal is automatically an involutive basis.

The rule for the assignment of the multiplicative variables is called an involutive division. Given
a finite set H of monomials, the involutive division L assigns to each monomial i € H the multiplica-
tive variables L(h, H) such that the corresponding involutive cones Cr, g (h) := hK[L(h,H)] n M
satisfy the following conditions:

1. If H contains two monomials h, b’ such that Cy, i (h)nCp, g (h') + @, theneither h € Cp, g (h')
orh' e CL}H(h).

2. If H contains two monomials h, b’ such that h € Cp, g (h'), then Cr, g (h) € Cr u(h').

3. If H' c H are two sets both containing the monomial h, then Cr, i (h) € Cr, g+ (h).

Given a finite set H of monomials and an involutive division L, we call H a weak L-involutive
basis of the monomial ideal Z = (H), if Upepr Cr i (h) generates T as a K-linear space. It is a
(strong) L-involutive basis, if in addition the involutive cones Cy, i (h) are pairwise disjoint. The
L-involutive basis H is minimial, if any other L-involutive basis H' of Z contains H as subset. L is
called noetherian, if every monomial ideal Z possesses an L-involutive basis. One can show that for
a constructive (see [26] for a definition), noetherian division every monomial ideal Z has a unique
minimal L-involutive basis.
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Given a finite set [ of polynomials, a monomial ordering < and an involutive division L, we
call H a weak L-involutive basis of the ideal Z = (H ), if Im H is a weak L-involutive basis of Im Z.
For a (strong) L-involutive basis, we require in addition that Im H is a strong L-involutive basis and
that all generators h € H have pairwise disjoint leading monomials. We assign to each polynomial
h € H the multiplicative variables L(lm (h),lm (H)) and define the involutive cone Cy, g <(h) =
hK[L(h,H)]. A strong involutive basis H of an ideal Z induces then a disjoint decomposition
Z = @®pe Cr i <(h) as K-linear spaces. H is a minimal L-involutive basis of Z, if Im H is a
minimal L-involutive basis of Im 7.

For most purposes, two involutive divisions are particularly important. For the Pommaret di-
vision P, the assignment rule is very simple. Given a monomial x*, the class of x*, denoted by
cls(a*), is defined as k = min {7 | u; # 0}. Let P(z*) = {x1,...,x}. It is a so-called global divi-
sion where the assignment is independent of any ambient set H . For the Janet division, we introduce
for a finite set H ¢ M the following subsets: (v;,...,v,) = {a* € H | Vj > i: p; = v;}; note that
() = H. We now have that x; € J(a*, H), if p1; = max {v; | ¥ € (fix1,- -, fin) }-

In contrast to the Janet division, the Pommaret division is not noetherian. However, one can
show that this is only a problem of the used coordinates: after a generic linear change of variables
any ideal possesses a Pommaret basis provided the coefficient field K is large enough (see [15]] for
an extensive discussion and a deterministic algorithm for finding a suitable change of variables). As
generally a monomial ideal does not remain monomial after a linear change of variables, Pommaret
bases exist only for a special class of monomial ideals. For Pommaret bases, we will always consider
the degree reverse lexicographical ordering < with z1 < -+ < x,,.

Definition 2.1. A monomial ideal Z is called quasi-stable, if for any monomial z* € Z and for any
index i with cls(z*) < i < n an exponent s > 0 exists such that zjz" [z 5(zn) € J. A polynomial
ideal Z is in quasi-stable position, if 1t(Z) is quasi-stable.

Quasi-stable ideals appear in many places (and are known under many different names like
ideals of Borel type, ideals of nested type or weakly stable ideals). Besides the above combinatorial
definition, they can be characterised by many algebraic properties. For our purposes, the following
characterisation is relevant.

Proposition 2.2 ([26} Prop. 5.3.4]). A monomial ideal I possesses a finite Pommaret basis, if and
only if it is quasi-stable.

3. Relative Grobner Bases and Syzygies

A basic building block of the theory of Grobner basis is polynomial division. Since we are interested
in establishing an analogous theory for ideals in a quotient ring P/Z, we need a division algorithm
that takes the ideal Z into account as well. Suppose we are given a reduced Grobner basis G of
an ideal Z 4 P with respect to a given monomial ordering <. Additionally, let hy,...,h, € P be
polynomials which are reduced with respect to G, i.e. NFg(h;) = h; for all 1 < ¢ < r. Finally, we
are given a polynomial f € P which we want to divide by the set H = {hy,...,h,} modulo Z. The
result is then a polynomial f , reduced with respect to GG and with no monomial in its support divisible
by any monomial in lm(H ). Algorithmically, this result can be achieved by repeatedly applying the
normal form operation NF 4 followed by a classical polynomial division step with respect to H.
Algorithm I]is a formalisation of this idea.

Remark 3.1. The support of the quotient polynomial g belonging to hj, computed during the course
of Algorithm [I]is contained in the order ideal M \ (Im(Z) : Im(hy)). Since H U G need not be a
Grobner basis of {(H )p +Z, the polynomial p in the output of Algorithmis not uniquely determined
by the input, but depends on the chosen polynomials g and h;, resp., in the various reduction steps.
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Algorithm 1: Relative Polynomial Division

Data: A monomial ordering <, an ideal Z <4 P, a Gribner basis G of Z, a set of
polynomials H = {hq,...,h,} ¢ P with NFg(h;) = h; for all ¢ and f € P
Result: A polynomial p € P with support disjoint from (Im(Z),1lm(H)), polynomials
1y qgr€Pwith f—p-37 1 qh; €T

begin
fe—1f p—0
fori=1,...,rdo
| g0

while f # 0 do

if Im(f) € (Im(G)) then

Choose g € G with Im(g)|1m(f)

5 ot

f—I-5t3e

Ise if Im(f) € (lm(H)) then

Choose h; € H with Im(h;)|1m(f)

Qi <~— qi + 1t(( ji)) ; JZ ~— f~ 11tt((}{ )) hi

o

else

i | pe—p+l6(f): f— f-1t(f)

| return (p,qi,...,qr)

Definition 3.2. If the polynomial p is a possible output of Algorithm [I]for input f, H,Z, <, then we
write f — 7 7 . p and say that f reduces to p with respect to H modulo Z. We omit the reference
to the monomial ordering < if no confusion can arise.

Given an ideal Z < P, we are interested in defining something like Grobner bases for ideals in
the quotient ring P/Z. As it makes no sense to speak of monomials in this ring, a direct approach
does not appear meaningful. Instead, we exploit the well-known fact that any ideal in P/Z is of the
form J/Z for an ideal Z ¢ J < P. Therefore our basic idea is to determine suitable bases of J
“relative” to Z which may be interpreted as Grobner bases of 7 /Z.

From now on, we fix a monomial ordering < on P and leading monomials, terms, coefficients,
Grobner bases etc. will always be determined with respect to it. In particular, the leading ideal
Im(Z) is thus fixed. Every cosel flz = f + T € P/T contains then a unique representative f =
NFz(f) with supp(f) nlm(Z) = @ (it can be easily determined as the normal form of f with
respect to an arbitrary Grobner basis of 7). If not explicitly stated otherwise, we will in the sequel
always assume that each coset [f] is described by this unique representative. This allows us to
define Im([f]) = Im(f) and accordingly le([f]), It([ f]). For an ideal J/Z < P/Z, we then find
Im(J/Z) =1m(J) ~ Im(Z). Finally, we denote by 7 the canonical projection P — P/Z.
Definition 3.3. Let Z ¢ J < P be ideals. The finite subset H c 7 is called a Grobner basis of J
relative to T, if (Im(H))+Im(Z) = Im(7). A finite subset H = {[h1],...,[he]} J=J|I4P|T
is a Grobner basis of j , if {h1,...,h,} is a Grobner basis of J relative to Z or equivalently if
(Im(H)) +Im(Z) = Im(7).

Relative Grobner bases exist, since every Grobner basis of J is also a Grobner basis of J
relative to Z. Given a relative Grobner basis of J with respect to Z, we can extend it trivially to a
Grobner basis of . Relative Grobner bases can be characterised similarly to the classical case.

1We omit the index Z, if it is clear from the context by which ideal we factor.
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Proposition 3.4. Let H = {hq,...,h} ¢ J be a finite set and G a Grébner basis of I. Then the
following statements are equivalent:

e H is a Grobner basis of J relative to L.

e H UG is a Gribner basis of J.

e Forany f €J, we have f —3; 7 _ 0.

e Any f € J has a relative standard representation of the form f = g+ Zﬁzl qih; where g € T and
Im(q;h;) < 1lm(f) for each i with g; # 0.

Proof. By definition of a relative Grobner basis, we know that (Im(H)) + (Im(G)} = lm(J). Thus,
if f € Z, then Im( ) is divisible by some Im(g) with g € G and if f € J \ Z, then lm(f) is divisible
by some lm(h) with h € H. Thus, H being a relative Grobner basis of 7 is equivalent to H UG being
a Grobner basis of 7. The last two statements follow by classical properties of Grobner bases. O

As a consequence, the classical Buchberger algorithm provides us already with a basic proce-
dure to compute relative Grobner bases. More precisely, we have the following observation.

Proposition 3.5. Let Z ¢ J 4 P be two polynomial ideals and F a finite generating set of J. Let
furthermore G be a Grobner basis of T and call Huchberger the Grobner basis of J obtained by
applying Buchberger’s algorithm to the set F'U G. Then H := Hpychberger \ L is a Grobner basis of
J relative to T.

Proof. Since Hpychberger i @ Grobuner basis of (F, G)p = J, it is of course also a Grobner basis of
J relative to Z and we can discard all elements belonging to Z, as their leading monomials do not
divide any monomial in Im(7) \ Im(Z). ]

Assume, again, that Z ¢ 7 < P are polynomial ideals. If F' generates 7, and G is a Grobner
basis of Z, then NF 4 (F) u G also generates 7. Applying Proposition and observing that each
element that is added during the course of Buchberger’s algorithm is reduced with respect to G, i.e.
in normal form with respect to Z, we get a Grobner basis H of J relative to Z with H = NFg(H).
Iteratively discarding any element of [/ whose leading monomial is divisible by the leading mono-
mial of another element of H, then performing a full auto-reduction and finally normalising leading
monomials, we get a reduced Gréibner basis of J relative to Z, that is, a set H with NF(H) = H
with the additional properties
|H|=G(m(7)) ~ Im(Z)],

{lm(h) |he H} = G(Im(T)) ~ Im(Z),
VheH:le(h) =1,
Vhe H :supp(h-1t(h)) c M~1m(T).

Proposition 3.6. Let H be a Gréobner basis (resp., the reduced Grobner basis) of J 2 T and let G
be a Gribner basis of Z. Then H = NF ¢ (H ) is a Grobner basis (resp., the reduced Gribner basis)
of J relative to I.

Proof. Let z* € G(Im(J)) ~ lm(Z). Then there exists a polynomial h € H with Im(h) = z*. Now,
since the leading monomial of A cannot be reduced modulo Z and since reduction modulo Z (as,
indeed, reduction modulo any set) does not introduce higher monomials than the monomials that are
eliminated by the reduction, we have Im(NFq(h)) = 2*. The claim follows. ]

We may extend the above theory to modules. This requires a bit care with the used orderings.
We continue to assume that we are given an ideal Z <P and a monomial ordering < defining the
monomial ideal Im(Z). Then we fix on the free module P” with the standard basis {eq,...,e,} a
module monomial ordering < which must be compatible to < in the sense that if x* < z¥ then also
xte; <x"e; for any index 1 < ¢ < r (obviously, any POT or TOP lift of < will be compatible to <,
but also any Schreyer ordering based on <).
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If we write an element of (P/Z)" as a vector of cosets, then we use again the convention
that for each coset the unique representative in normal form with respect to Z has been chosen. As
in the scalar case, this convention allows us to extend the notions of leading module monomial,
leading coefficient etc. to vectors of cosets. Denoting again by 7 the extension of the canonical
projection onto the cosets to the projection P" — (P/Z)", we associate with any P/Z-submodule
N ¢ (P/T)" the P-submodule N' = 7~'(N) and find then analogously to the scalar case that
Im(N) = Im(N) + X7, Im(2)e;.

Definition 3.7. Let Z <P be a polynomial ideal and A/ ¢ P a P-submodule containing Z". A finite
set B c N disjoint from Z" is called a Grébner basis of N relative to Z, if (Ilm(B))+¥i_, Im(Z)e; =
Im(N). A finite subset {[h;],..., [h,]} of a P/Z-submodule N < (P/T)" is a Grébner basis of
N, if {hy,... h,} is a Grobner basis of A relative to Z.

Note that, if G is a Grobner basis of Z, then B is a relative Grobner basis of A/ with respect
to Z if and only if the set B U {ge; | g € G,1 < ¢ < r} is a Grobner basis of A/ because of the
assumed compatibility of the monomial orderings < and <. With this definition, we can now analyse
relative Grobner bases of syzygy modules. Schreyer’s construction [24] allows us to compute a
Grobner basis of a syzygy module of a set of polynomials, if this set is a Grobner basis of the ideal it
generates. A decisive step in Schreyer’s construction is the definition of a module monomial ordering
adapted to the given Grobner basis. By a characteristic property of Grobner bases, all S-polynomials
of the given set reduce to zero, which yields syzygies whose leading module monomials encode
the monomials where the cancellations defining the S-polynomials happen. We now introduce the
necessary notation to be able to adapt it to the relative case.

Construction 3.8. Let G = {¢1,...,9s} be a Grobner basis of the ideal T < P. We write Syz(G) =
Syz(g1,..-,9s); recall that (p1,...,ps) € Syz(G) if and only if 3.;_ p;g; = 0. On the module P?,
define the Schreyer module monomial ordering <g by

te;<sa’e; «— a*Im(g;) < Im(g;) v (" Im(g:) =¥ Im(g) Aj<i). (1)

For 1 < i < j < s, the S-polynomial of the generators g; and g; is defined to be S(gi,g;) =

lcm(lmftg(gi’;’n(gj ) gi — lcm(lml(tiig)j’;m(gj)) gj. By Buchberger’s criterion, S(g;, g;) reduces to zero with

respect to G for each i, j, which entails that it has a standard representation ¥ ;_ qege, where the
polynomials qg € P are such that Im(ge) lm(g¢) < 1m(S(g;,9;)) forall £ € {1,...,s} with g, # 0.
By definition of the Schreyer ordering, the leading module monomial of the resulting syzygy

_lem(Im(g;),lm(g;))  lem(lm(g;),lm(g;)) 2
Sij = e; - e — Y queg

1t(g;:) 1t(g;) =1
i lem(m(g).Im(g,))

1t(g:)
Syz(G) with respect to the Schreyer module monomial ordering adapted to G. Below, we refer to

Si; as the S-syzygy corresponding to g; and g;.

(@)

e;, and one can show that the set {S;; | 1 < i < j < s} is a Grobner basis of

Consider again two ideals Z ¢ J < P. Let H = {hy,..., h,} be a Grobner basis of J relative
to Z and let G = {g1,...,9s} be a Grobner basis of Z. We may as well assume both bases to be
reduced, but this is not strictly necessary. But we will always assume that NF¢(H) = H, i.e. H is
given by polynomials in normal form with respect to the ideal Z and the given monomial ordering.
To apply Schreyer’s construction, we need to choose an enumeration of the polynomials involved.
We choose to give precedence to the polynomials in H over the polynomials in G. This will be useful
later as a kind of elimination ordering when we look at the syzygies of H relative to Z.

In the Schreyer construction of Syz(H,G) := Syz(h1,...,hr,g1,...,9s) — the set H UG is
a Grobner basis of 7 by Proposition [3.4] — we have a certain degree of freedom in that for each
S-polynomial, we may choose one of the various available standard representations with respect to
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HUuG. Specifically, every time a term belonging to a monomial in Im(Z) needs to be reduced, we can
choose a reduction by an element of G; note that Algorithm [T|implements just this kind of reduction.
This way, reductions with respect to H are only performed for terms belonging to monomials of the
order ideal M \1m(Z). This has the effect that the quotient polynomial ¢ belonging to an element
h € H is built up exclusively of terms belonging to monomials not in Im(Z). Divisors of monomials
in M\ 1m(Z) are again not in lm(Z), since M \ lm(Z) is an order ideal.
The canonical projection 7 onto the cosets induces furthermore a projection map from Syz(H, G)

to Syzp,z([h1], ..., [h,]) which we continue to call 7. Let p € P" and q € P°. Then we define

m:Syz(hi, ..o hes gus- o5 9s) — Syzp([Pa], .. [Re]),  (P,a) — [P], 3)

where by [p] we denote the vector obtained from p by taking cosets in each component. Of course,
we still need to prove that 7 has the properties that one would expect from a projection map. For
this, we shall need the definition of an A-polynomial.

Definition 3.9. With the above notations, an S-polynomial of a pair (h;, g, ) € H xG is called an A-
polynomial and is denoted by A (h;, g, ). As in Construction we also introduce the corresponding
notion of an A-syzygy denoted by A,,.

To justify the notations introduced in Definition let us note that S;; is the syzygy induced
by the S-polynomial of two generators h;, h; € H, whereas A, is the syzygy induced by annihilat-
ing the leading monomial of h; modulo Im(T). As it is well-known, the letter ”.S” is an abbreviation
for "syzygy", whereas ” A” refers to "annihilator" inspired by the work of Norton and Salagean [22]
on Grobner bases over principal ideal rings (see also [[19]).

In the rest of this section, for the sake of simplicity, we will use the subindices r+ 1,..., 7+ s
for the polynomials g1, ..., gs; i.e. we define hy = go—p for a = v+ 1,...,7 + 5. Thus, we will
consider the set {h1,...,h.+s} and we will study the syzygy module Syz(H, G) of these polyno-
mials in P"*°. Let {e1,...,€e,+s} be the standard basis of P"™*°. By S;; (respectively A,;,), we
mean the syzygy module element corresponding to the S-polynomial S(h,,h;) with1 <i<j<r
(respectively to the A-polynomial A(h;,h;) with1 <¢ <randr+1 < « < r+ s) involving the
module elements {e1,...,e,.5}, see . However, when we write S, 3 we mean the syzygy module
element corresponding to the S-polynomial S(h, hg) with r + 1 <« < § < r + s containing merely
the module elements {€,1, ..., €., . With these notation we can state the following proposition.

Proposition 3.10. The map 7 defined in (3) is a P-linear surjective map. The syzygy module
Syzpz([h],.. ., [h:]) is generated as a P [Z-module by the image of the subset

{Sij|1<i<j<r}u{Ain|1<i<r, r+1<a<r+s}cSyz(H,G)
under the map .

Proof. We first show that 7 is well-defined. Let (p,q) € Syz(H,G) with p = (p1,...,p,) and
q=(q1,---,4s). Then ;) pihi + Yisq Gaga = 0,50 ¥i_y pihi = = ¥o21 qaga € I, which implies
Yi-1[pil[hi] = [0] modulo I. This means that [p] € Syzp,;([h1],...,[h]). Hence, 7 is well-
defined. The P-linearity of 7 follows from the P-linearity of the canonical projection P — P/ .

To show surjectivity, let ([p1],...,[pr]) € Syzp,z([h1],...,[h:]) be an arbitrary syzygy.
Then Y!_;[pi][h:] = [0] and thus ¥._; p;h; € Z. A standard representation with respect to G
yields polynomials q1,...,qs with ¥i_; p;h; + Y5 _1 Gaga = 0. Hence (p1,...,Dr,q1,---,qs) €
Syz(hi,.-.,heyg1,-..,9s) is a preimage of ([p1],...,[p-]) and 7 is surjective.

Since 7 is P-linear and surjective, any generating set of Syz(H, G) is mapped to a generating
set of the module Syzp,7([h1],...,[hr]). By Schreyer’s construction, we know that the syzygies
Sij, Aia, Sap form a generating set of Syz(H, G). The syzygies Sqp withr+1 < a < 8 <r+sare
mapped to 0 under 7, as our special choice of a standard representation for S(h,, hg) implies that
S.p has its first 7 components equal to 0. Hence we can omit them and our claim follows. O



Relative Grobner and Involutive Bases 9

This result motivates the introduction of some special notations to reflect the two somewhat
different subsets making up the constructed generating set of Syz(H, G), in particular, as the two
subsets will be treated quite differently at many places.

Definition 3.11. Let G = {g1, ..., gs | be a Grobner basis of the ideal Z < P and let H = {hq,..., h,}
be a set disjoint from Z such that NF¢(H) = H and H U G generates the ideal 7 2 Z. Keeping the
above notations, we define the set of all S-syzygies of H relative to G by

S(H,G)={Sy|1<i<j<r} @
and the set of all A-syzygies of H relative to G by
AH,G)={An|1<i<r, r+1<a<r+s}. 5)

Construction [3.8| can be extended to P/ Z-submodules of (P/Z)". Thus, we are able to show
that the generating set obtained in Proposition [3.10]is even a Grébner basis.

Theorem 3.12. Ler G = {g1,...,9s} be the reduced Grobner basis of the ideal T < P and let
H = {hy,...,h.} be a Grébner basis of the ideal J 2 T relative to T such that NFg(H) = H
and let  be the projection map of the corresponding syzygy modules defined in (3). Then the set
m(S(H,G)) vn(A(H,Q)) is a Grobner basis of the syzygy module Syzp,7([h1],...,[h:]) for
the Schreyer ordering <g.

Proof. From Proposition[3.10]above, we know already that the set 7(S(H,G)) un(A(H,G)) gen-
erates Syzp,z([h1],...,[hs]) as a P/Z-module. Thus, we must only show that for each syzygy
[p] € Syzp,z([h1],...,[h:]) there exists a generator [q] € n(S(H,G)) u T(A(H,G)) such
that Im([q]) divides lm([p]) with the leading monomials taken with respect to the Schreyer
ordering <s. Let [p] = ([p1],---,[pr]). By the proof of Proposition there exists a syzygy
S=(p1,---,Prq1,---,qs) € 7 ([p]) which implies that the polynomial g := ¥I_, p;h; lies in the
ideal Z. Since G is a Grobner basis of Z, there exists a standard representation g = Y0 _; ), go €n-
tailing that max.{Im(q}g1),...,Im(q.gs)} < Im(g). This shows that the preimage 7~ *([p]) also
contains the syzygy S’ = (p1,...,pr, 41, - - -, q%) which satisfies

max {lm(qigl), . lm(q;gs)} < max {lm(plhl), ... ,lm(prh,«)} .

Assume that lm(p;h;) = max.{lm(p1hy),...,Im(p-h,-)} where i is minimal with this property.
Then Im(p; )e; is the module leading monomial of S’ with respect to <s. Now, two cases may
occur: If there exists j € {1,...,7} \ {4} such that Im(p;h;) = Im(p;h;) then Im([p]) is divisible
by Im(7(S;;)). Otherwise, there exists « € {r + 1,...,r + s} such that Im(p;h;) = Im(q},g. ). It
follows that Im([p]) is divisible by Im(7(A;,)) and this completes the proof. O

4. Computation of Relative Grobner Bases

In the previous section, we showed how to compute relative Grobner bases using the most basic
version of Buchberger’s algorithm. In this section, we will develop “relative” criteria analogous to
Buchberger’s S-polynomial criterion for a Grobner basis as well as Buchberger’s (first and second)
criteria for recognising unnecessary reductions. As starting point, we recall a result of Moller et al.
[21] relating the computation of Grobner bases of polynomial ideals to Grobner bases of syzygy
modules of sets of monomials.

Theorem 4.1 ([21, Thm 2.7]). Let G = {g1,...,g9s} € P be a set of polynomials and B a Grobner
basis of the submodule Syz(Im(g1),...,lm(gs)) c P*. Then G is a Grébner basis of the ideal it
generates, if and only if for allb = (by,...,b,) € B we have ¥.;_; bigi —¢. 0.

To obtain an analogous result in the context of relative Grobner bases, we shall need the next
proposition inspired by [22, Thm 4.6].
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Proposition 4.2. Let Z <P be a monomial ideal and H = {x**, ... ztr} ¢ M \T a set of standard

monomials. With x#i7 := lem(a#*,217), the syzygy module Syzp,([z"1],..., [2#"]) is generated
as P/ Z-module by
rHii rHii T
B::{[xm ]ei—[x# :|ej|1<z<j<r} L_J [G(Z:z")]e;

Proof. Let G = {«"*,... 2"} be the minimal generating set of Z. It is clear that G (resp. H)
is a Grobner basis for Z (resp. the ideal it generates) with respect to any monomial ordering. Thus,
applying Theorem[3.12]to the sets G and H, we see that the first subset in B consists of the projection
of the S-polynomials between all pairs of elements of H and the second component comes from the
projection of the A-polynomials between all pairs in H x G.

To be more precise for the second component, we show that

(m(ACH, G)))pyz = U [G(Z:a")]ei
=1 P/T

By definition, ma* € T for any index ¢ and any monomial m € G(Z : z*¢). Hence there exists
an index « such that ¥~ | ma/. It follows that there exists a monomial u € P such that mz# =
ulem(z# 27> ) and the module element A, = lem(z#¢ x¥>) [zt e; — lem(z#i, 27> ) /x"> e, sat-
isfies uA, = me; — mati [z e,. We conclude that [me;] = [u]7(Ais) € (T(A(H,G)))p;z by
the definition of 7.

Conversely, let us consider the element m(A;,) € 7(A(H,G)) where A, is the syzygy

T
xHi

0
e; — —--e, where

corresponding to the A-polynomial between z*¢ and x">. Write A;, =
2% = lem(z",z¥*). By the definition of 7, we have m(A;q) = [Ilg ]e;. There may also ex-
ist % e G such that Im(A;g) divides Im(A;,) = ;—Zei. Without loss of generality, we may
assume that Azﬁ is the minimal element satisfying this property. Let "7 = lem(a*¢, 2"#). Thus,
m(Ag) = [M ]e;. We have a2 [x#¢ € T : x#¢. To finish the proof, it is enough to prove that z" [z
belongs to the minimal generating set of Z : z:/¢. Suppose, by reductio ad absurdum, that u | 2" /"
where u € G(Z : ) and u # " /2", Thus, uz*i € T and ¥ | uzté | 2" for some . This entails
that lem(x#*, x*7) divides properly z", leading to a contradiction with the choice of A,;g. Since
m(A;p) divides Im(A;,), we must have Im(A;q) € (Ui, [G(Z : 2")] €i)p, 7- ]

Remark 4.3. If H = {c1z",..., ¢, zt"} is a set of terms, then Propositionremains essentially
true: B is a generating set for Syzp, ([ ],..., [2#"]) provided that in the first component of B,

Hij Hij . Hig Hij
[£:7 ] ei - [£7F ] e is replaced by [sz,] ] e; - [—Cfx}fj ] e;.
Grobner bases can be characterised using various properties, among them we mention, besides
Buchberger’s criterion, that a set G is a Grobner basis, if and only if any polynomial in (G) has
a standard representation. Furthermore, G is a Grobner basis, if and only if any syzygy of Im(G)

can be lifted to a syzygy of GG and vice versa. We give below similar characterisations for relative
Grobner bases as in [21, Thm 2.7].

Theorem 4.4. Let < be a monomial ordering on P. Let T ¢ J < P be polynomial ideals, let
H ={hy,...,h.} ¢ J be a relative generating set of J, that is, (H) + T = J. Then, the following
statements are equivalent.
(1) H is a Grobner basis of J relative to T.
(2) Forallb=([b1],...,[br]) € Syzpim(z) (16(H)), we have ¥.;_; bih; —3; 7 0.
(3) For any generating set B of Syzp i1y (t(H)) and any b = ([b1],...,[b;]) € B, it holds
Xiz1 bihi — 1 0.
(4) Forall h € J, there exist polynomials g € T and ¢; € (M ~(Im(Z) : lm(h;)))x for 1 <i <7,
such that h = g+ ¥.;_; q;h; and lm(q;h;) < 1m(h) for all i with ¢; + 0.
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Proof. (1) = (2). Let G be a Grobner basis of Z. Since >;_; b;h; € J and H u G is a Grobner
basis of 7, the claim follows from Proposition @

(2) = (3). This is obvious.

(3) = (4). Let h € J. We first claim that there exist g € Z and ¢1,...,¢q, € P such that
h =g+ 3 1 qih; and in addition lm(g;h;) < lm(h) for each ¢ with ¢; # 0. Arguing by reductio ad
absurdum, suppose that for each choice of g € Zand ¢1, . . ., ¢, € P there exists ¢ such that lm(g; h;) >
Im(h). Among all such representations of h, we pick a representation h = g + ¥_; ¢;h; such that
X := max{lm(q1h1),...,lm(g-h,)} is minimal with respect to <. Without loss of generality, we
may assume that X = Im(q1h1) = -+ = lm(grhy) and lm(g;h;) < X for each i > k. In addition,
since h — Y7, q;h; € Z, we have Im(g) < X. It follows that % 1t(g;) 1t(h;) € 1t(Z) and in turn
((t(q1)], - -+, [1t(qx)],[0], ..., [0]) € Syzpim(z)(1t(H)) can be written as a combination of the
elements in B. From (3) and using the fact that the operation of computing remainders on division
by a set is linear, we obtain Zle 1t(gi)hi —% 7 0. Thus, there exist gi,...,q, € P such that
Y& 1t(gi)hi = G+ X Gshs such that Im(G;h;) < X and Im(§) < X with § € Z . This yields a new
representation for i of the form

g+ qihi=g+ Y (g —16(qi))hi + G+ Y Gihs
i=1 i=1 i=1

with ¢’ € Z and max.{lm(q1h1),...,Im(q.h.)} < X. As this contradicts our assumptions, our
claim is proven. Thus, we are able to find a representation g + Y;_; ¢;h; for h such that Im(g;h;) <
lm(h) for each i. Now, if there exists 4 such that Im(g;h;) is reducible by G, then we can perform
this reduction and in consequence we may assume that in the representation h = g + >;_; ¢;h; we
have ¢; € (M \(Im(Z) : lm(h;)))k for each ¢ and this proves (4).

(4) = (1). Let 2* € Im(J) ~ Im(Z). There exists an element h € J with lm(h) = z*.
From (4), write h = g + Y.}._; qxhi. Since h — X} 1 qihy, € Z, we may assume that lm(g) < lm(h).
From the choice of z*, we conclude that lm(g) < lm(h). Additionally, we know that for all ¢,
lm(g;h;) < lm(h). Consequently, there exists ¢ with Im(g;h;) = lm(h) and this shows that H is a
Grobner basis of J relative to Z. m]

As a consequence of Propositions [3.4]and .2 and Theorem 4.4 3), we get the next theorem.

Theorem 4.5 (Relative Buchberger criterion). Let < be a monomial ordering on P. LetZ ¢ J 4P
be two polynomial ideals and G = {g1, ..., g: } a Grébner basis of . Let H = {h1, ..., h.} ¢ J with
(H)+Z = J. Then, H is a Grobner basis of J relative to L if and only if we have A(hi, go) — 3.7 0

and S(hi, hj) — 7 7 0 for all indices i, j, c.

Based on this theorem, we are now able to provide the relative variant of Buchberger’s algo-
rithm to compute relative Grobner bases, i.e. Algorithm [2| For making it more efficient, we recall
first Buchberger’s criteria which may be applied in Buchberger’s algorithm to avoid some superflu-
ous reductions in the course of Grobner bases computation, for more details see [[1, pages 222-225].

Lemma 4.6 (Buchberger’s first criterion). Let f;, f; € P be two polynomials such that we have
lem(Im( f;),Im(f;)) = Im(f;) Im( f;). Then, S(fi, f;) is reduced to zero modulo { f1, f2}.

Lemma 4.7 (Buchberger’s second criterion). Let ' c P be finite and p, f;, f; € P three polyno-
mials such that the followings conditions hold:

o Im(p) divides lem(Im(f;),1m(f;)),
o S(p, fi) and S(p, f;) have standard representations with respect to F.

Then, S(f;, f;) has a standard representation with respect to F.

It is worth noting that these two criteria are applicable in the relative setting using the algorithm
described in [1l pages 232]. To apply these criteria in Algorithm [2] we must use also the relative
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Algorithm 2: Relative Buchberger

Data: A monomial ordering <, a Grobner basis G = {¢1, ..., g} of Z 9P, a finite set of
polynomials H = {hq,...,h,} ¢ P with NFg(h;) = h; for all 1
Result: A Grobner basis of (H) + Z relative to Z
begin
T«—H; P<«—{{hi,h;j},{hi,g}|1<i<j<r,geG}
while P # @ do
Select and remove a critical pair { f;, f;} from P

Reduce S(fi, ;) —71.q P

if p # 0 then
L P:=Pu{{p,h},{p.g} |heT,geG}; T:=Tu{p}
return 7’

normal selection strategy. By this, we mean that when we want to select a pair from P, we pick a pair
{fi, f;} € P such that lem(Im( f;),1lm(f;)) is as small as possible. In addition, if there are several
pairs sharing the same least common divisor, we select a pair { f;, f;} € P such that { f;, f;} nG # &,
if any. The main idea to prove Buchberger’s second criterion is that using the mentioned conditions,
one is able to write the S-syzygy corresponding to the pair {f1, fo} as a combination of the S-
syzygies corresponding to the pairs {p, f1} and {p, fo}, see [1]. Applying this idea, and beside
to the above criteria, we can state the next improvement applicable to the computation of relative
Grobner bases.

Proposition 4.8. Assume that in Algorithm 2| the pair {f;, f;} with f;, f; € T is considered. If
lem(Im( f;),1m(f;)) € lm(Z), then this pair is superfluous.

Proof. Let us first fix some notations. Let Im( fy) = «#¢ for £ = i,j and z*%¥ = lem(xt*,at9).
Assume that z"* := Im(g, ) | ¥ for some g, € G. By assumption, there exist monomials z7 and
2™ such that z#i = 7 lem(z#, ¥>) and 2 = 27 lem (a3, 7). Thus, we can write

xﬂz‘j mﬂij
e - ——e; =
6(fi) " ()
Hi Vo i Vo M Vo g Va
x,y(lcm(x , T )ei_ lem(zH x )ea)_xn(lcm(x i, )ej— lem(x* | x )ea) .
16(f:) 1t(ga) 1t(f5) 1t(ga)

Our selection strategy ensures that at the time we choose the pair {f;, f;}, the A-polynomials
A(fi,9o) and A(f;, go) have already relative standard representations and therefore the S-poly-
nomial S(f;, f;) has a relative standard representation, too, which implies our claim. i

Corollary 4.9. In Proposition[d.2} one can replace B by

xl‘“ij x“‘w T
B::{[ ]ei—[ :|e]|1<z<j<r/\x“”¢I}UU [G(Z:z")]e; .

i THi im1

5. Relative Involutive Bases

We adapt now the basic definitions from the theory of involutive bases to the situation that we work
relative to an ideal Z. The basic idea is to require that the usual axioms hold only outside of Z. This
yields the following extension of the definition of an involutive division which for Z = 0 coincides
with the standard one. Note that “relative cones” are not necessarily cones in the usual sense, but
cones parts of which have been removed.
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Definition 5.1. Let Z < P be a monomial ideal with minimal generating set G(Z). An involutive
division L relative to T is a rule which assigns to any monomial z* € M \Z which is contained
in a finite set H ¢ M\ Z of monomials a subset of variables L(z*, H), called L-multiplicative
variables of " € H, such that the following conditions are satisfied for the relative involutive cones
CL,H,I(JTH) =gk K[L(l‘“, H)] \NZ:
1. If the set H contains two monomials z* and z* such that Cr, g 7(z") nCp g z(z") # @, then
either 2 € Cp, gy z(2¥) or ¥ € Cr gz ().
2. If the set H contains two monomials z* and z* such that 2* € Cp, g 7(2"), then Cp, g z(2*) €
Cr.az(z”).
3. If Hy c H are two sets containing the monomial z*, then Cr, g, z(2*) € Cp, g, z(z").

Next we show that any classical involutive division induces a relative one (and thus provide
many concrete instances of relative involutive divisions). The key question here is how one treats
directions leading into Z, as different plausible possibilities exist. It turns out that the one chosen
here is for many purposes the most convenient one.

Definition 5.2. Let Z < P be a monomial ideal with minimal generating set G(Z) and let L be an
involutive division on M. Then the following rule defines an associated relative division L relative
to Z: If a finite monomial set H ¢ M \ T is given, then for each variable z; (i € {1,...,n}) and for
eachz" ¢ H,

zieLz(a" H) <= (w;eL(a" H)vauatel). (6)

Proposition 5.3. If L is an involutive division on M and I P, then the rule Lz defined by (6)) is
an involutive division relative to T.

Proof. For all monomials z* € H, it is clear by definition that C;, g z(z") = Cr g (x") \ Z. Now,
if z# and z” are elements of H such that Cy g z(2*) N Cr mz(z”) # @, then also the classical
involutive cones Cr, g (z#) and Cr, g (") intersect nontrivially, implying, without loss of generality,
x# e Cr p(x¥). But since «* ¢ Z, this implies z* € Cr g z(x"), proving that the first defining
property of relative involutive divisions is satisfied by the rule L. In the same situation, the inclusion
Cr,u(z") € Cp g («”) must hold for the classical involutive cones, which immediately implies
the same inclusion for the corresponding Lz-cones. If, finally, H; c Hs are two monomial sets
disjoint from Z and if 2* € Hy, then we have the inclusion Cr, g, (z*) € Cr, m, (z*) for the classical
involutive cones, which again immediately implies the same inclusion for the Lz-cones. O

Now we can define relative involutive bases. As in the classical case and as for relative Grobner
bases, we begin by considering the monomial case, before we proceed to general polynomial ideals.

Definition 5.4. Let Z < P be a monomial ideal and let L be an involutive division relative to Z. Let
H c M~ T be a finite monomial set disjoint from Z and set J := (H) + Z. We call H a weak L-
involutive basis of J relative to L, if the K-spans of the sets U uepy Cr 7, g (2*) and J \ T coincide.
H is called (strong) involutive basis of [J relative to Z, if it is a weak involutive basis of 7 relative
to Z and the relative involutive cones Cy, 7 z(z#) for z# € H are pairwise disjoint.

Example 5.5. Let P = K[x1, 23] be the polynomial ring in two variables, let the monomial ideal
T be minimally generated by the set G(Z) = {z3, 223,23} and consider H = {2%x5,29,71}. We
analyse this constellation of monomial sets first by using the relative involutive division induced by
the Pommaret division and the ideal Z and then by using the relative involutive division induced by
the Janet division and the ideal Z.

1. For the Pommaret division Pz relative to the ideal Z, we find that Pr(23xo, H) = {21, 22}, as
cls(z?x9) = 1 and 2o (2225) = 2222 € T. Furthermore, Pr(z2, H) = {21, 75} as cls(zy) = 2
and Pr(x1,H) = {z1} as cls(x1) = 1 and z2(x1) = 2122 ¢ Z. One can now easily see that H
is a weak Pommaret basis of 7 = (H ) +Z relative to Z. But it is not a strong relative Pommaret
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basis, because Cp, HVI(ZL'%wQ) c Cp,u,z(x2). But of course an autoreduction yields the strong
relative Pommaret basis H \ {z2x5} = {z1,z2}.

2. For the Janet division J7 relative to Z, we find that Jz(z3w2, H) = {x1, 22} and Jz(z2, H) =
{2} as both monomials contain x5 linearly and Jz(xz1, H) = {1 }. Since the monomial 1z
does not lie in any of the three relative cones, H is not a weak Janet basis of J relative to Z.
Nevertheless, one can easily see that H \ {z?25} is a strong Janet basis of 7 relative to Z.

Definition 5.6. Let Z < P be a polynomial ideal, G a Grobner basis of Z and L an involutive division
relative to Z. Let H c P be a finite set satisfying NFg(H) = H and set J := (H) +Z. We call H a
weak L-involutive basis of J relative to T, if lm(H ) is a weak involutive basis of Im(7) relative to
Im(Z). H is called a (strong) L-involutive basis of J relative to T, if lm(H) is a strong involutive
basis of lm(J) relative to Im(Z) and the mapping h — Im(h) is a bijection from H to lm(H).

Via a relative involutive polynomial division, any strong relative involutive basis of an ideal
J 2 T induces a finite direct sum decomposition of 7 / Z as a K-linear space provided one uses the
right definition of relative involutive cones in the polynomial case. To make this remark precise, we
introduce first Algorithm [3| for the division and then define relative involutive cones using normal
forms with respect to G.

Algorithm 3: Relative Involutive Division
Data: Ideal Z 9 P; Grobner basis G of Z; set of polynomials H = {hy,...,hy} c P with
NF¢(H) = H; involutive division L relative to Z; polynomial f € P
Result: Polynomial r € P with supp(r) € M~ (lm(I) u CLylm(H)’lm(I)(lm(H))),
polynomials ¢, ..., qm € P with f —r =3} qihi € Z and
ar € K[L(Im(hy),Im(H))]

begin
fe—1fi r—0
fork=1,...,mdo
| g <—0
while f = 0 do
if Im(f) € (Im(G)) then
Choose g € G with Im(g)|lm(f)
fe—T-%3
Ise if Im(f) € Cr (), im(z) (Im(H )) then
Choose index £ such that Im(f) € Cp, 1m(#r),1m(z) (Im(hr))
() . F Fo D

[

Gk < Ak * 1(n,)° 1t(hr)
else
L 7“(—7‘+1t(f); f<_f_1t(f)
| return (7,q1,...,qm)

Definition 5.7. Let Z ¢ 7 4P be two polynomial ideals, G a Grobner basis of Z and L an involutive
division relative to lm(Z). Let H ¢ J \ T be a finite set satisfying NF¢(H) = H, whose elements
have pairwise distinct leading monomials. For i € H define its L-involutive cone relative to T to be
the following K -vector space:

CL () 1m(z) (h) = (NFa(zh) | 2°1m(h) € Cp () .1m(z) (Im(h))), - @)
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Theorem 5.8. Let Z ¢ J < P be polynomial ideals, L an involutive division relative to I and
H c J T a strong L-involutive basis of J relative to Z. Then we have the following finite direct
sum decomposition of the ideal J as a K-vector space

J = ( @ CL,lm(H),lm(I)(h)) oT. 8)
heH

Proof. Let us refer to the first summand in (8) as A. We show first that A is indeed a direct
sum. For this it suffices to show that for any two distinct basis elements h;,hy € H and any
polynomials fi € Cp im(a)mz)(P1), f2 € Cpim(m),im(z)(h2) we have Im(f1) # Im(f2). In-
deed, if h € H is any basis element, then for each f € Cp im(m),im(z)(h) there exists a poly-
nomial p € K[L(Im(h),Im(H))] with supp(p) ¢ ﬁCL,lm(H)Jm(I)(lm(h)) such that f =
NF(ph). But since the leading monomial Im(ph) = lm(p)lm(h) ¢ Im(Z), we have lm(f) =
Im(ph) € Cr, im(#),1m(z) (Im(h)). These relative monomial L-cones are pairwise disjoint when h
varies through H, because H is a strong relative L-involutive basis. This proves that A is a direct
sum. This argument also entails that Im(A) nlm(Z) = @, proving that AnZ = {0}.

Now we show that A +Z = 7. Let f € J ~{0}. Since H is a strong L-involutive basis of J
relative to Z, Algorithm[3|applied to f yields the remainder r = 0 and we can write f = g+, gnh
with g € Z and supp(qp) ¢ ﬁCLJm(H)Jm(I) (Im(h)) for all h. Taking normal forms modulo Z
via a Grobner basis, we get NFz(f) = X,y NFz(gnh), and consequently f = G+ ¥,y NFz(gnh)
for some g € Z. This finishes the proof. O

For the remainder of this section, let us analyse relative syzygy modules Syzp, 7(H) where H
is a strong L-involutive basis of ( H ) +Z relative to Z for some involutive division L relative to Z. The
goal is to find relative involutive bases also for these syzygy modules. Since all relative involutive
bases are a fortiori also relative Grobner bases, we can build on the work done in previous sections.
We need to describe carefully how the combinatorial structure of H carries over to the syzygy mod-
ule. The distinction of S- and A-polynomials as building blocks of the syzygy modules will be the
key for this. Let G be a Grobner basis of Z. As in Proposition and Theorem [3.12] we impose an
ordering on H u G where the elements of H get smaller indices than those of G. Additionally, we
impose an L-ordering on the elements of H, which means that if for some hy, hy € H there exists
a non-multiplicative variable z; ¢ L(Im(hy),Im(H)) such that z;lm(h1) € Cp im(m),z(Im(h2)),
then hy precedes hs in the L-ordering. The fact that a linear ordering of H can be achieved which is
also an L-ordering follows from the acyclicity of the L-graph of H. This can be shown for relative
involutive divisions induced by classical continuous divisions completely analogously to the case
of classical involutive bases. For further details we refer to [26, Lemma 5.4.5] and the references
therein. As a first step, we now analyse the S-polynomials S(H, G).

Proposition 5.9. Let T € 7 <P be polynomial ideals, G a Grobner basis of Z, L1 an involutive di-
vision relative to T induced by a continuous involutive division L on M and H = {hy,...,h,}
a strong L-involutive basis of J relative to I ordered according to an Lz-ordering. Then for
each S-polynomial S;; € S(H,G) satisfying lem(lm(h;),1lm(h;)) ¢ Im(Z), we have Im(S;;) €
({z1,..., 2.}~ Lz(Im(h),lm(H)))e;.

Proof. Note that, by definition of S-polynomials, 1 < ¢ < j < r. Let us write lm(h;) = z#,
Im(h;) = 2, and lem(Im(h;),1m(h;)) = 2. Again by definition of S-polynomials and by
the proof of Theorem , we know that Im(S;;) = 2.~

THi
fﬁfj ¢ K[Lz(x"?,lm(H))]. Assume this was the case. Since the Lz-cones Cr,, im(),im(z) (Im(h))
for the generators h € H disjointly decompose Im () \ Im(Z) by Theorem [5.8] it is then impos-
sible that ”;‘;f € K[Lz(«* ,lm(H))], too. Thus there exists a non-multiplicative variable z, ¢

Lz(z",1m(H)) such that z,,| “;‘LZJ’ .lm( H) contains then a unique leading monomial 2**« = lm(hy,, )

e;. We have to show that the monomial
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such that 242" € Cp, (i), im(z) ("% ). By the defining property of Lz-orderings, j < ko. Now,
if ;Z:ZJ € K[Lz(z"*,lm(H))] were true, then x"i € Cpr im(m),m(z) (2% ), which entails
h; = hi,, which is not possible since i < j < k,. So there must necessarily exist a non-multiplicative
variable z;, ¢ Lz(z/*+,lm(H)) such that x| " ;j —. An iteration of this argument yields an infinite
sequence of monomials /%«  x#*  xtke . inlm(H ) belonging to basis elements hy, , by, , b, , - - -
with indices strictly monotonically increasing, which is not possible. Consequently, the assumption
ﬁ:ﬂ e K[Lz(z",lm(H))] was false and there must necessarily exist a non-multiplicative variable
for z#¢ dividing the polynomial part of the leading module monomial of the S-polynomial S;;. O

Proposition helps to identify among the set of S-polynomials S(H,G) an irredundant
subset S, (H, G) of S-polynomials induced by non-multiplicative prolongations.

Lemma 5.10. In the situation of Proposition for each basis element h; € H and for each non-
multiplicative variable xy, ¢ Lz(1m(h;),1m(H)), there exists an S-polynomial S;; € S(H, G) such
that Im(S;;) = zye;.

Proof. There is a unique basis element h; € H such that ¢ < j and such that z; Im(h;) is in the Lz-
cone Cr, im(H),im(z)(Im(h;)). Note that, trivially, zx Im(h;) | lem(Im(h;),lm(h;)). But since
Im(h;) # lm(h;), it follows that x Im(h;) = lem(Im(h;),lm(h;)). This induces, by Construction
[3.8] an S-polynomial S;; with the desired properties. O

Definition 5.11. In the situation of Proposition [5.9]and Lemmal5.11} denote by S, (H,G) the set
of all S-polynomials induced by non-multiplicative prolongations of elements from H.

Having analysed the part of the syzygy module induced by the S-polynomials, we now turn
to the A-polynomials. Since our goal is to obtain, in each module component of the relative syzygy
module Syzp /I(H ), a relative involutive basis of the ideal in P/Z associated to this module com-
ponent, we need an additional structure for the Grobner basis G of Z. More concretely, we want to
achieve that the leading monomials of the A-polynomials S;, associated to the i-th module com-
ponent of Syzp, 7 (H) form part of an involutive basis of the leading ideal of the ideal associated
to this i-th module component. To achieve this, a natural assumption on G is for it to be a (strong)
L-involutive basis of Z, where L is the continuous involutive division on M inducing the relative
involutive division Lz.

Definition 5.12. Let Z < P be a polynomial ideal and Lz an involutive division relative to lm(Z)
induced by a continuous involutive division L on M. We say that L is of Schreyer type if, whenever
H is a strong Lz-involutive basis of (H) + Z relative to Z and G is a strong L-involutive basis of Z,
we have that for all z* € Im(H ) the monomial set

B-= ({lcm(z:“T#) |2¥ € lm(G)} N lm(I)) U({n, o mad s Lo(a, m(H))) )

is an Ly, (z)-involutive basis of the ideal (B) + Im(Z) relative to Im(Z).

Theorem 5.13. Let Z <4 P be a polynomial ideal and Lz an involutive division relative to Im(T)
of Schreyer type. Furthermore, let G be a strong L-involutive basis of Z, where L is the continuous
involutive division on M inducing Lz, and H a strong Lz-involutive basis of (H,T) relative to T.
Then, the set 1(A(H,G)) un(S.,(H,Q)), where 7 is defined as in @), is an Lz-involutive basis
of the relative syzygy module Syzp; 7 (H).

Proof. By Theorem the set A(H,G) u S(H,G) is mapped by 7 to a Grobner basis of the
relative syzygy module Syzp, 7(H). A closer inspection of the proof of Theorem shows that
in fact the subset of all A-polynomials and S-polynomials with a leading module monomial whose
polynomial part does not belong to lm(Z) suffices. Then, by Proposition among the remain-
ing S-polynomials, the subset S, (H, G) suffices. Among the remaining A-polynomials S;,, note
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that, if «* is the leading monomial of the basis element h; € H, then all monomials from the set
{m(i# | ¥ € lm(G)} ~ lm(Z) appear as polynomial part of Im(S,, ) for some index «. And,
since for all ¢, the minimal generators of the quotient ideal Im(Z) : z# are included in this set, col-
lecting the corresponding A-polynomials and the S-polynomials from Sy, (H, G), we get a Grobner
basis of the relative syzygy module by projection via 7. Since L is of relative Schreyer type, it is

even a relative involutive basis. O

The notion of quasi-stability is well-behaved with respect to standard ideal operations such
as sum, intersection, and quotient of given ideals, see [26, Lemma 5.3.5]. Thus, one expects that
the Pommaret division P induces a relative involutive division of Schreyer type with respect to a
quasi-stable ideal I.

Proposition 5.14. Let 7 < P be a quasi-stable polynomial ideal and P the Pommaret division on
M. Then the relative involutive division Py, () induced by P is of Schreyer type.

Proof. Let G be a strong Pommaret basis of Z and H a strong Pr-basis of the ideal J := (H) +Z
relative to Z. Let z* € lm(H) be the leading monomial of a generator h; € H and analyse the
monomial set A := {lcm(z# | ¥ € lm(G)}. Since A contains the minimal generators of the
colon ideal Im(Z) : z*, it is a monomial generating set of it.

We now prove that A is an involutive set for the Pommaret division, i. e., it is a Pommaret basis
of its P-span. Let 2* € (A) be any monomial in the ideal generated by A. Then z*z” € lm(Z), so

that there exists 1 € lm(G) with z#z? € Cp(x"). From this it follows that lem(z", z*) |z and
e K[P(z")]. Note that cls(lcm(fiﬂ’ﬂ)) > cls(z"). In other words, every variable

| CE
lcm(x" x“)

. . . . v B
that is Pommaret multlphcatlve for 2 is also Pommaret multiplicative for lcm(;”i;z) Hence, 2” ¢

C p(lcm(;’#), proving the involutivity of the set A with respect to the Pommaret division.

We now turn to an analysis of the set V' := {z1,...,2n} N Piy(z)(2*). It contains exactly
those variables x; with index j > cls(z*) for which additionally ;2" ¢ lm(Z). Let us take a
closer look at the variables x; for which z;z* € Im(Z). For such a variable, there necessarily exists

a leading monomial ¥ € Im(G) such that z;z* € Cp(z"). Since z* is an element of the order
ideal M ~1m(Z), it follows immediately that z;z* = lem(a*,z"), and so, z; = <27 ¢ 7,
Consequently, (A, V) = (A)+ ({z1,...,2,} N P(2*)), and since both A and {1, .. x,b} N P(a:“)
are (weak) Pommaret bases of the monomial ideals they generate and the Pommaret division is
global, by applying [26, Rem. 3.1.13], we have that A UV, which is equal to AU ({z1,...,z,} ~
P(x*)), is a weak Pommaret basis of (A, V).

Finally, by the equivalence (6) in Deﬁnition the set of multiplicative variables Py, (7 (z7)
for any 27 ¢ lm(Z) is a superset of P(x"), the set of Pommaret multiplicative variables. This proves
that (A u V') N Im(Z) is a weak Py, (7)-involutive basis of (A u V') N Im(Z),1m(Z)) relative to
Im(Z). Since obviously V' n1m(Z) = @, we have proved that P, (z) is of Schreyer type. ]

The natural question is now whether the Janet division relative to a monomial ideal Z is also
of Schreyer type. It turns out that it is not; if one takes the minimal Janet basis for Z and the minimal
relative Janet basis of 7 o Z (for a definition, see Section E]), one cannot expect to obtain relative
Janet bases when forming sets B defined as in (9). Here is a concrete counterexample.

Example 5.15. Let the monomial ideal Z 4« P = K[x,y, 2] be minimally generated by G(Z) =
{x?y?z}. Since T is a principal ideal, G(Z) is also the minimal Janet basis of Z. Let J = (z,y);
clearly, J o Z. Moreover, {x,y} is the minimal relative Janet basis of 7 with respect to Z. For y, ev-
ery variable is Jr-multiplicative. For the generator z, only the variable y is non-multiplicative. Now,
if one forms the set B as defined in Equation@]for the generator x, one obtains B = {y, zy*2}, whose
first element is induced by the non-multiplicative variable, the second element being w
This set is autoreduced in the classical sense, so no subset of it is a basis of J relative to 7 in
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any sense — involutive or not. Furthermore, the variable z is Jz-non-multiplicative for y, and so the
monomial yz is not contained in the relative Janet span of B. Hence, we need to perform an invo-
lutive completion on the set B to obtain a relative Janet basis. This example proves that the relative
Janet division Jz is not of Schreyer type.

In Example [5.15] an important aspect is that we chose minimal Janet bases as generating sets.
In a sense that will be made more precise in the following discussion, the minimal bases used in
Example[5.15]are not enough adapted to one another. But one can find supersets of both sets which,
joined together, form a Janet basis of the larger ideal 7 in the classical sense; moreover the sets B
constructed as in (9) are then always relative Janet bases.

Lemma 5.16. Let Z < P be a monomial ideal generated by a set G ¢ M and z* = lem(G) the
least common multiple of all generators. Then I possesses a Janet basis H c T such that all basis
elements x € H are divisors of v and such that for all ", x¥ € H we have lem(z",2") € H, i.e.,
H is closed under the operation of least common multiple.

Proof. The set Z = {x" € T : x| z*} is a finite Janet basis of Z (see for instance [13] Prop. 4.5]).
Since G € Z, Z can be regarded as a completion of G. O

Remark 5.17. For a generating set G of Z, there may in some cases exist Janet bases of Z closed
under least common multiples and containing G which are smaller than the set Z introduced in the
proof of Lemma[5.16] They can be constructed via a completion algorithm which alternates between
the addition of non-multiplicative prolongations and the addition of new least common multiples. A
termination proof of such a procedure can be obtained by noting that the sets constructed by these
additions always remain subsets of the completion Z.

Proposition 5.18. Let 7 c J < P be two polynomial ideals and F' a monomial Janet basis of
Im(J) such that G(Im(J)) uG(Im(Z)) € F and F is closed under least common multiples. Then
J possesses a strong Jyy(zy-involutive basis H relative to T such that lm(H) = F ~ Z. More-

over, if H is ordered according to a Jr-ordering, then for any i € {1, |H } the ith component
Im;(Syzp,7(H)) of the module of leading monomials of the relative syzygy module of H has the

set B; = {ﬁ szt e F Alm(h;) | 2* Alm(h;) # x“} as a Jyy(z)-involutive basis.

Proof. The assumption that F' is a Janet basis of Im(7) implies trivially that the set H:=F~\T
is a Jim(z)-involutive basis of Im(J) relative to Im(Z). For each 2* € H choose a monic poly-
nomial h,, € J with Im(h) = z*; then H := {NFz(h,) | «* € H} is a strong Janet basis of J
relative to Z. For any index i € {1, ey |H|}, the monomial ideal Im; (Syzp,7(H)) is generated
by G(Z : lm(h;)) together with the non-multiplicative variables xy ¢ Jz(lm(h;),lm(H)). The set

G(Z : lm(h;)) = {W | 2t € G(I)} is contained in B;, since F' is closed under least

common multiples. Moreover, for each non-multiplicative variable xj, ¢ Jz(lm(h;),lm(H)), the
prolongation x, Im(h;) is in the involutive cone of some other leading monomial Im(/;) and hence
xlm(h;) = lem(Im(h;),1m(h;)). This implies that =4, € B;. Thus, the set B; is a basis of the ideal
Im; (Syzp,7(H)).

We still need to show that B; is a Jz-involutive basis. For this it suffices to show that B; is a
Janet basis of (B;) in the classical sense. By the homotheticity of the Janet division [28] p.265], we
have for each ¥ € B; the equality J (2", B;) = J(Im(h;)z",1m(h;)B;). Since Im(h;)B; € F, Ax-
iom (3) of the definition of involutive divisions implies J(x” Im(h;), F') € J(Im(h;)x¥,lm(h;)B;).
We claim that this inclusion is in fact an equality. Indeed, let z) ¢ J(z"1m(h;), F') be any non-
multiplicative variable of ¢ := x1m(h;) € F. Then there exists some x” € F with py > ay.
But then also z? := lem(z”,2%) € F, and obviously, z° € B;lm(h;). This implies that z;, ¢
J(Im(h;)x¥,1m(h;) B;), because also x” causes 2}, to be non-multiplicative. Thus, we have shown
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that for each 2 € B;, J(z¥, B;) = J(«¥1lm(h;), F'). But it is easy to see that the Janet cones of
B; lm(h;) with respect to F yield the whole ideal 7 n{lm(h;)). This finishes the proof. o

Example 5.19. Let us take up again Example An lecm-closed basis of J = (z,y, 2%y%2) is
given by F = {x,y, 2%y*2, xy, vz, 2yz, 9?2, vy° 2, 2 }. If we order the eight relative generators as
H = {z,y,zy,v2,y2, vyz,y*2, 2y*2} (this is indeed a Jz-ordering), we get the following relative
Janet bases B; for the ideals Im; (Syzp,7(H)), where 1 < < 8:

Bl = {y7 Z’ yz7 yQZ’ $y2z}7 B2 = {x’ Iz7yz7xyz7z7x2yz}’ B3 = {Z7 yZVjUyz}?
By = {y»y27$y2}7 Bs = {-T7y7xyax2y}? Bg = {y,xy},
By = {z,2%}, Bg = {z}.

6. Computation of Relative Involutive Bases

If one wants to compute a relative involutive basis for an ideal J 2 Z by going over to the respective
leading ideals, one sees that a necessary condition is that Im(7) has a finite involutive basis relative
to lm(Z). If one chooses a noetherian involutive division L, every monomial ideal Q < P has a
finite strong L-involutive basis. Thus, a natural choice of a relative involutive division for which one
can expect to be able to obtain strong relative involutive bases is a relative division of the form L,
where 7 < P is a monomial ideal and L is a classical noetherian involutive division.

Lemma 6.1. If L is a noetherian involutive division, T 4P a monomial ideal, and Lz the involutive
division induced by L relative to I, then every monomial ideal J 2 1T possesses a strong Lz-
involutive basis relative to 1.

Proof. There exists a strong monomial L-involutive basis G ¢ J of J. The L-involutive span of the
set G\Z is a superset of J \ Z, since the L-involutive span of G is a superset of 7 and by deletion of
elements from G the remaining elements cannot lose multiplicative variables. Going over to Lz, the
elements of G \ 7 may be assigned additional multiplicative variables, but no variable multiplicative
with respect to L can become non-multiplicative. Consequently, G \ 7 is a weak involutive basis of
J relative to Z. Performing an Lz-involutive autoreduction, we arrive at s strong involutive basis
H c G\Tof J relative to Z. m]

Next to the question of existence of a finite involutive basis, there is also the question whether
there exists an algorithmic procedure to compute such a finite involutive basis in a finite number
of steps. This is known to be true for classical involutive divisions that are constructive. We will
not go into the details of this technical definition here, but rather recall a very important algorithmic
property that constructive involutive divisions have (see the above cited literature on involutive bases
for more details and proofs).

Definition 6.2. Let H c M be a finite monomial set, L be any involutive division (possibly relative
to some monomial ideal Z) and z* a monomial in H (in the relative case we assume H NnZ = @).
For any variable x; ¢ L(z*, H), the monomial x;x* is called a non-multiplicative prolongation of
z# with respect to the division L and the set H.

Theorem 6.3. Let G ¢ M be a finite monomial set and L a constructive involutive division. Then G
is a weak involutive basis of (G), if and only if all non-multiplicative prolongations of all elements
of G possess an L-involutive divisor in G. Moreover, given any finite monomial set G ¢ M, a
weak L-involutive basis G 2 G of (G) can be computed in a finite number of steps by adding to G
non-multiplicative prolongations which do not possess involutive divisors.
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Now consider a monomial ideal Z <4 P and a relative involutive division Lz induced by a
constructive noetherian division L. For obtaining an algorithm for the Lz-involutive completion of
amonomial set H c (M \Z), we want to use a monomial completion algorithm for L. For this, we
need a relative version of local involution.

Proposition 6.4. Let T < P be a monomial ideal and H c (M \T) a finite set of monomials disjoint
from L. Furthermore, let L be a noetherian constructive involutive division and Lz the relative
involutive division induced by L and T. Then H is a weak Lz-involutive basis of J := (H )+Z relative
to Z, if and only if for all z* € H and all x), ¢ Lz(x*, H) the non-multiplicative prolongation xx*
possesses an Lz-involutive divisor in H. Moreover, this criterion of local involution translates into
an algorithm which computes for any such set H a superset H ¢ H c (M~T) such that H is a
weak Lz-involutive basis of J relative to Z.

Proof. Let H be such a finite set and set J := (H) + Z. Consider a monomial z” ¢ J \Z. By
definition of Lz, ¥ € Cr,(H) if and only if ¥ € Cr,(H). This means that local involution of
H with respect to Lz implies that for all 2 € H and all x, ¢ Lz(z", H), the non-multiplicative
prolongation xz* is an element of C;,(H ). Let now z” € J \ Z be any monomial not contained in
Cr(H). If, whenever 2* € H is a divisor of 2¥ and z, ¢ L(«*, H) is a non-multiplicative variable,
the non-multiplicative prolongation xxx* is contained in Cr (H), then one can construct — just as
in the proof of [26, Prop. 4.1.4] — an infinite sequence of elements of H consisting of divisors of
x¥ satisfying certain division properties, contradicting the assumption that L is continuous. Hence
we can conclude that ¥ € Cp,(H), and so, a fortiori, also ¥ € Cr,(H). In other words, H is a
weak Lz-involutive basis of J relative to Z. But since x¥ ¢ Z and M \ T is an order ideal, the
necessary containments of non-multiplicative prolongations of divisors of =¥ are indeed given under
our assumptions.

To see that this relative local involution criterion translates to a completion algorithm, note
that H is not locally involutive relative to Z, if and only if there is a classical L-non-multiplicative
prolongation which is contained in J \ Z but not in C, ( H ). Now, the existence of such an algorithm
follows from the fact that in the classical monomial involutive completion algorithm, we are free
to choose a selection strategy for the analysis of non-multiplicative prolongations, and so, we may
give preference to those non-multiplicative prolongations which are not contained in Z. In other
words, if we run the classical involutive monomial completion algorithm on the set H with this
special selection strategy for the non-multiplicative prolongations, then a certain intermediate step
will yield a weak involutive basis of J relative to Z. And until this stage, no elements of Z will have
been added to the prospective involutive basis in the course of the algorithm at all. m|

Proceeding to the more general case of two polynomial ideals Z ¢ J < P, an involutive
completion algorithm becomes more complex, since one also has to consider the A-polynomials.
But note that if the input set H which generates 7 relative to Z is already a Grobner basis of J
relative to Z, then all A-polynomials reduce to zero, and an involutive completion procedure is
now again largely equivalent to the combinatorial task of monomial relative involutive completion.
To overcome the difficulties posed by inputs which are not relative Grobner bases, it is useful to
keep in mind that we are only interested in a combinatorial decomposition of the part of J that is
disjoint from Z and do not care about any decomposition of Z. This suggests to treat S-polynomials
— in this context represented by non-multiplicative prolongations — differently than A-polynomials.
Concretely, for the non-multiplicative prolongations, we use relative involutive reductions and for A-
polynomials the usual relative reductions. The candidate set for an involutive basis will then only be
enlarged by normal forms of A-polynomials, if they introduce a completely new leading monomial.
Hence, in a suitable terminating completion algorithm, A-polynomials will cease to contribute new
elements to the candidate set after a finite number of steps, and the algorithm will only add non-
multiplicative prolongations to the candidate set from that point on. These considerations lead to
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Algorithm [] which is adapted from [26, Algo. 4.5] which in turn is a slight reformulation of the
algorithm originally introduced by Gerdt and Blinkov [13]. The two used reduction algorithms are
identical with the division Algorithms [T]and [3|but return only the remainder.

Algorithm 4: Relative Involutive Basis

Data: Grobner basis G of Z := (G) < P, finite set ' c P with FNZ =@, NFg(F) = F,
constructive noetherian involutive division L and its induced relative division L.

Result: Lz-involutive basis of J := (F') + Z relative to
begin

H «— InvolutiveHeadAutoreduction(F, Lz)

A« {a®h|he H, 2% € G(Im(T) : Im(h))}

S — {xh |\heH, z¢ LI(lm(h),lm(H))}

while Au S + @ do

if A # & then

choose p € A with Im(p) minimal in lm(4); A «— A~ {p}
p <— RelativeReduction(p, H,G)

else

choose p € S with Im(p) minimal in Im(S); S «— S~ {p}
| p<— RelativeInvolutiveReduction(p, H,G, L)

if p # O then
H «— InvolutiveHeadAutoreduction(H u{p}, L1)

A {a®h|he H, 2 € G(Im(Z) s lm(h)) |
| S—{eh|heH, x¢Ly(lm(h), lm(H))}

return H

Theorem 6.5. Algorithmdis correct and terminates.

Proof. Introduce the notation Hy := F' and let Hj, denote the set H after the kth time iteration of
the while loop with p # 0. The set Hy.; is thus constructed from H}, by first adding a polynomial
and then performing an involutive head autoreduction which implies that (Im(Hy)) € (Im(Hg11)).
Since the polynomial ring P is noetherian, there exists an index ¢ such that (Im(Hy)) = (Im(Hy))
forall k > ¢. Whenever Hy, arises from Hy, via the addition of the remainder r of an A-polynomial,
Im(r) does not lie in (Im(Hy),lm(Z)) and hence (Im(Hy)) ¢ (Im(Hy,1)). After the ¢th time
the while loop has produced a further generator, therefore only remainders stemming from non-
multiplicative prolongations are added and these remainders do not enlarge the leading ideal.

Let p € S be the non-multiplicative prolongation that is checked for the construction of Hyq
with k& > ¢ and let r # 0 be its remainder after the relative involutive reduction. If Im(r) # lm(p),
then Im(r) < lm(p). Since Im(r) is not Lz-involutively reducible by the current set lm(Hy,) of
leading monomials and also lm(r) € lm(Hy) = lm(Hy), we see with an argument like in the
proof of Proposition that there must exist a generator h € Hj, and a non-multiplicative variable
x; ¢ Lz(lm(h),lm(Hy)) such that z; lm(h) | Im(r) and z;lm(h) ¢ Cr,(Im(Hy)). Hence x;h
cannot reduce to zero in a relative involutive reduction with respect to Hy, and Z. But this contradicts
the normal selection strategy used in Algorithm [} the non-multiplicative prolongation ;A must
have already been treated at this stage, since lm(z;h) < lm(p). Hence, Im(p) = lm(r). This means
that after the ¢th time the while loop has produced a new generator, the sets Hy, are modified in such
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a way that the effect on the corresponding sets lm(Hj,) is a monomial involutive completion with
intercalated involutive autoreductions — a process which terminates, see [26, Rem. 4.2.2]. Hence,
Algorithm [4] terminates on all inputs and we call the output set H.

We still have to prove the correctness of Algorithm ] When the set H is returned, the sets .S
and A must be empty. Since .S is empty, the set Im( H) is locally Lz-involutive and Lz-involutively
autoreduced. Hence, it is a strong Lz-involutive basis of (Im(H)) +1m(Z) relative to lm(Z). At this
point, however, we have not yet proven that {Im(H)) + lm(Z) = Im (7). To this end, enumerate the
sets H and lm( H ) according to an Lz-ordering on lm(H ). The monomial set Im(H) ¢ M \1m(Z)
constitutes a Grobner basis of (Im(H)) + Im(Z) relative to lm(Z). By Theorem the sets
S(Im(H),G(Im(Z))) and A(Im(H),G(Im(Z))) of S-syzygies and A-syzygies induce a Grobner
basis of the relative syzygy module Syzp () (Im(H)) via the projection mapping 7 defined in (3).
Applying Proposition[5.9]and Lemmato Im(Z) < (Im(H)) +1m(Z), we see that by comparing
module leading monomials, we can replace the set S(Im(H ), G(Im(Z))) of all S-polynomials by
the smaller set Sz, (Im(H ), G(Im(Z))) introduced in Definition Let b e (P/1m(Z))!'m)
be a vector with entries b;. If b € Sy (Im(H ), G(Im(Z))), then the fact that S = & at the end of

Algor1thml1mp11es that lem(H)lb hi —3 7 0. If b e A(Im(H),G(Im(Z))), then it follows

analgously from A = & at the end of Algonthm@that lem(H)‘ b; - hi —3 7 0. By Theorem
H is thus a Grobner basis of (H) +Z = (F) + Z = J relative to Z. Together with the involutive head
reducedness of H and the involutivity of lm(H ), this implies that H is a strong Lz-involutive basis
of J relative to Z, finishing the proof of correctness of Algorithm 4] |

Example 6.6. Let P = K[x1, x2,x3] be a polynomial ring in three variables endowed with the degree
reverse lexicographical ordering < with x5 < 25 < x1. Let Z = (g) = (122 + 22) be a principal ideal
generated by the Grobner basis {g} and consider F' = {2229 — 23 + 23, 122 — 23 + 212023} ¢ P.
The elements of F' are not yet in normal form with respect to Z. Applying a normal form algorithm,
we get the set F' = {x3, —x3 — 23 — 2323} with (F) + T = (F) + T.

The data F, {g}, < together with the Janet division J},(7) relative to Im(Z) form a valid input
for Algorithm[4] For the Janet division every monomial set is Janet autoreduced. This property carries
over to the relative Janet division Jy,,(7) and hence we can ignore the involutive head autoreductions
in Algorlthml 4| At first, set H = {hy, hg} with by = 23 and hy = —x3 — 2% — 23x3. The A-polynomial
with minimal leading term is x5 - 3. It can be 1gn0red because lem(lm(g),lm(z3)) = lm(g) -
Im(x3). At this stage, only the A-polynomial 5 - (23 — 2% — x323) is left to check. Its normal form
with respect to Z is —x3x3, and this polynomial is reduced with respect to H U {g}. So it is added to
H: h3 := —z3x3. This yields the new A-polynomial z; - (h3). Its normal form with respect to Z is
x%xg and this is a multiple of hg, so it reduces to zero.

This is the first time that no A-polynomials are left to check (A = @), so we turn to the Jiy,(7)-
nonmultiplicative prolongations. The variables x; and x5 are multiplicative for all elements of
Im(H), only x3 is nonmultiplicative for Im(hz) and Im(h3). Our selection strategy is to choose the
<-minimal prolongation. This is x3-hg, which is already involutively reduced and immediately yields
the new element hy := —x322. Its A-polynomial, z; - hy, has the normal form z33 with respect to
7, which is again just a multiple of ~4 and thereby reduces to zero. Again, A = &, so we are asked to
consider nonmultiplicative prolongations. The multiplicative variables of lm(hq),lm(hs),lm(hs)
are not altered by the addition of Im(h,4). This entails that we do not need to check x3 - hg again
at this time. x5 is the only nonmultiplicative variable of Im(/,4). This is also the <-minimal prolon-
gation, so we check x3 - hy. It reduces to zero involutively via hi. There is only the prolongation
x3 - (he) = —z3x3 — 2313 — ¥32% left to check. It reduces involutively to hs = —x3z3 — z323
with Im(hs) = x3x3. The A-polynomial of hs is x5 - hs and its normal form with respect to Z is

r3x3 — 2322, This reduces to zero via hs and hy.
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We are again asked to consider nonmultiplicative prolongations and since the multiplicative
variables of Im(h1),...,lm(hy) are not altered by the addition of Im(hs5), only the prolongation
3-h;s remains to be checked. (Note that x5 € Jiy,(zy(Im(hs), Im(H ) ), because 22 Im(hs) € Im(Z).)
r3-hg = —:c:f;zzg —x%zg reduces to hg := —x%x% involutively via h;. The A-polynomial of hg is z2 - hg
and its normal form with respect to Z is 323, which reduces to zero via h3. So we are again asked
to consider nonmultiplicative prolongations, and this time no non-zero involutive remainders are
computed. Therefore Algorithm@returns the strong relative .Jy,,(z)-involutive basis H = {xﬁ, —x% -
23 —xdxs, —x3x3, —w373, —2iw3 - 2dwd, -3}

From the theory of involutive bases in P, it is known that for a given constructive noetherian
division L every monomial ideal Z < P possesses a unique minimal L-involutive basis. The proof of
this fact is algorithmic in the sense that one can show that the monomial completion algorithm using
the addition of non-multiplicative prolongations, applied to the minimal generating set G(Z), always
terminates with this unique minimal basis. This fact, in its turn, is proven by showing that each of the
prolongations added during the course of the completion algorithm must necessarily be contained in
every L-involutive basis of Z. In view of Proposition[6.4] which shows that the monomial completion
procedure can be adapted to the relative situation, this motivates the following definition, which
generalises [14, Def. 4.2] to the relative case.

Definition 6.7. Let Z c J <4 P be two ideals and L a constructive noetherian involutive division on
P.If Z and J are monomial ideals and if H ¢ J \Z is an Lz-involutive basis of J relative to Z,
then we say that H is a minimal relative Lz-involutive basis, it H ¢ H for all Lz-involutive bases H
of J relative to Z. More generally, we say that a subset H c J \ 7 is a minimal involutive basis of
J relative to Z, if H is a strong Ly, (z)-involutive basis of J relative to Z and lm(H) is a minimal
Ly (z)-involutive basis of Im(J) relative to Im(Z).

Proposition 6.8. Let 7 c 7 <P be two ideals and L a constructive noetherian involutive division
on P. Then there exists a unique Ly, (zy-involutively autoreduced minimal Ly, zy-involutive basis
of J relative to L.

Proof. The general case, for polynomial ideals, follows immediately from the monomial case. The
monomial case can be proven by a straightforward adaption of the proofs for L-involutive bases. We
sketch here only the main argument which implies that the relevant proofs can be adapted to the rel-
ative case. A key point in the classical monomial completion algorithm is the selection strategy for
non-multiplicative prolongations, which says that exactly those prolongations which do not possess
a strict (non-involutive) divisor among the set of eligible prolongations are valid choices for the next
element to be added. By Proposition[6.4] for monomial ideals Z and 7, a relative Lz-involutive basis
of J can be found by applying the L-involutive completion algorithm to G(J ) \Z, choosing prolon-
gations which do not lie in Z as long as possible. Now, if there exists any eligible non-multiplicative
prolongation which does not lie in Z, then there obviously also exists a prolongation which does
not lie in Z and which possesses no strict (non-involutive) divisor among all eligible prolongations.
This means the selection strategy can be adapted to the relative case, and the proof of existence and
uniqueness of minimal relative Lz-involutive bases is thereby reduced to the respective results for
L-involutive bases. O

Algorithm [5] combines the ideas behind Algorithm [4] with the classical TQ algorithm for the
construction of minimal involutive bases introduced by Gerdt and Blinkov [14]] following the for-
mulation given in [26, Algorithm 4.6]. We omit an explicit proof of its termination and correctness,
as it is obvious from the corresponding proofs for the two underlying algorithms.
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Algorithm 5: Minimal Relative Involutive Basis
Data: Grobner basis G of 7 := (G) 4 P, finite set F' ¢ P with FnZ =g, NFg(F) = F,
constructive noetherian involutive division L and its induced relative division Lz.
Also, Im(F) is Lz-involutively autoreduced.
Result: Minimal Lz-involutive basis of J := (F') + Z relative to Z
begin
H—g, Q—F
A« {2°h|he HuQ, z* e G(Im(Z) : Im(h))}
while AuQ # @ do
if A + & then
choose p € A with minimal Im(p) in A; A «— A~ {p}
p <— RelativeReduction(p, HU @, G)
if p # 0 then
L Q—Quiph A—Au{a®p|z®*eG(m(Z):1m(p))}

else

choose ¢ € @ with Im(¢) minimal in lm(Q); @ «— Q ~ {q}

q <— RelativelInvolutiveReduction(q, H,G, L)

if ¢ # 0 then
H «—{heH|lmg<lmh}; H<— (Hu{q})\H’
Q< QUH'U{zh|heH, «¢Lr(mh,ImH)}
A«—{a*h|he HuQ, z* ¢ G(Im(Z) : Im(h))}

return H

7. Relative Quasi-stable Position

It is well-known that Pommaret bases exist only in generic coordinates, more precisely, for ideals
in quasi-stable position — see [25} 26]. In [[17] a first algorithm for the deterministic construction of
such coordinates was developed in the context of differential equations and in [16]] it was extended to
polynomial ideals. It was based on a comparison of the Janet and Pommaret multiplicative variables
of the given basis. Later, an alternative approach to various kinds of stable position based on their
combinatorial characterisations was presented in [[15]. We will now extend some of these results to
the relative setting.

Definition 7.1. Let Z ¢ 7 < P be two monomial ideals. We say that 7 is quasi-stable relative to T,
if for all monomials z* € J \ Z and for all indices ¢ with cls(z#*) < i < n there exists an exponent
5 > 0 such that either x; 2" € Z or ;2" [2jg(gn) € T .

Remark 7.2. Similar to [27, Lemma 3.4], one can show that it suffices to consider in Definition [7.1]
the monomials in G(7) \ Z. Quasi-stability relative to Z = {0} corresponds to the classical notion
of quasi-stability. For J o> Z to be quasi-stable relative to Z, neither Z nor J need to be quasi-
stable in the classical sense. As as simple example, consider in the ring P = K[z, z2] the ideals
T = (222,2123) and J = (x22). One sees readily that J is quasi-stable relative to Z, however,
neither 7 nor Z contains a monomial of class 2, so both ideals are not quasi-stable.

However, we have the following result which is immediately implied by the definitions.

Lemma 7.3. Let T c J 4P be two monomial ideals. If J is quasi-stable, then J is quasi-stable
relative to L. If T is quasi-stable and [J is quasi-stable relative to I, then J is quasi-stable.



Relative Grobner and Involutive Bases 25

Proposition 7.4. Let Z € J < P be two monomial ideals. Then J is quasi-stable relative to I, if
and only if J possesses a finite Pommaret basis relative to L.

Proof. Suppose that 7 is quasi-stable relative to Z. Consider the set

P - gt
H = {xp-x“ |2 € G(T)NT AaP € K[Zerg(arysets- - @n] A —— ¢J}. (10)

Lcls(zm)
By Definition [7.1] it is not difficult to see that H is finite. Thus, it suffices to show that H is a weak

Pommaret basis for 7 relative to Z. Consider a monomial z* € 7 \ Z. We decompose it as z* =

xPx?x* where x# € G(J) \ Z is a minimal generator, z° contains only multiplicative variables for
xz# with respect to the relative Pommaret division and z” only non-multiplicative ones. If z”x* € H,
then we are done, as cls(z*) = cls(z”z") and z” contains only multiplicative variables for z*z*.
If xPz* ¢ H, then we choose among all monomials z* € 7 \ T with this property one having the
same class and the smallest degree in z¢j5(,n). Without loss of generality, assume that our given a?
is such an element. Therefore, from the definition of H, we conclude that w := x* - z* /mcls(w) eJ.
Now, two cases may occur. If u € Z, then x> € Z in contradiction to our assumptions. Otherwise, we
have u € J \ T and the degree of w in T¢jg(,n) is less than that of 2. By our minimality assumption,
there exists v € H which involutively divides u for the Pommaret division relative to Z. Thus v also
involutively divides 2 for this division, as Tels(z»)@” contains only multiplicative variables for v.
Conversely, suppose that 7 has a finite Pommaret basis H relative to Z. Arguing by reductio
ad absurdum, suppose there exists a monomial z* € J \ Z with cls(z*) < n and j > cls(z*) such
that 25z ¢ 7 and 252" |15,y ¢ J for all s € N. Consider the set {z}z" | s € N} ¢ 7 \T. Since
it is infinite and H is a finite Pommaret basis of J relative to Z, there exists a generator ” € H
involutively dividing infinitely many of its elements for the Pommaret division relative to Z. Let us
pick one of these elements, say :v;fo x#. By the mentioned property, x; must be multiplicative for "
and hence cls(z") > cls(z*). But then 2" must divide 27° 2" [ 141, leading to a contradiction. O

Corollary 7.5. Let Z c J < P be two monomial ideals. J is quasi-stable relative to L, if and only
if the monomial set
Zh
P(T,7)={a" e I T| —— ¢ T}
Tcls(zr)

is finite. In this case, P(Z,J) is the unique minimal monomial Pommaret basis of J relative to T.

Proof. Suppose that 7 is quasi-stable relative to Z. One sees easily that the set H defined in is
equal to P(Z,J) and thus it was already shown in the proof of Proposition that is a finite
weak Pommaret basis of 7 relative to Z. There only remains to show that it is in fact a strong basis.
Assume that there exist two generators =, z# € P(Z,J) such that 2* # z* and 2* = 2°2* where
z? contains only multiplicative variables for x* for the relative Pommaret division. It follows that
cls(z*) < cls(2*) and in turn 2 [T 5(2n) € T, leading to a contradiction.

Conversely, suppose that P(Z, J) is finite. Assume that for some monomial z* € J \ Z, for
some index ¢ > cls(«*) and for each exponent s we have xizH /ircls(xu) ¢ J so that J is not quasi-
stable for Z. Note that 27 z* and * have the same class. Thus, by definition of P(Z, J), for each s
the monomial 2" /2s(,x) must lie in P(Z, J') contradicting its finiteness. ]

In the sequel, we use the degree reverse lexicographical ordering < with 2y < --- < x,,. The
notion of ideals in quasi-stable position can be defined in the relative setting as follows.

Definition 7.6. Let Z c J 4 P be two polynomial ideals. We say that J is in quasi-stable position
relative to Z, if lm(J) is quasi-stable relative to lm(Z).

As a consequence of [26, Theorem 4.3.15] and Lemma(7.3] we get the next result.



26 Amir Hashemi, Matthias Orth and Werner M. Seiler

Proposition 7.7. Let Z ¢ J 4 P be two homogeneous polynomial ideals. If K is an infinite field,
then a generic linear change of variables transforms J into quasi-stable position relative to .

Thus, given homogeneous ideals Z ¢ J < P, J need not be in quasi-stable position relative
to Z, but after a sufficiently general linear change of variables ® : P — P, the ideal ®(J) 4 P
will be in quasi-stable position relative to ®(Z). Under the assumption that the coefficient field K
is large enough, [15| Alg. 2] describes a deterministic algorithm returning for a given homogeneous
ideal a sparse linear change of variables such that the transformed ideal is in quasi-stable position.
In our situation where two homogeneous ideals Z € 7 4 P are given, we look for a linear change
of variables ® such that ®(7) is in quasi-stable position relative to ®(Z )E] For this, we extend the
approach of [15] to the relative case. The following definition of an ordering on ordered tuples of
leading monomials is identical to the one used in [15]].

Definition 7.8. Let F' c P be a finite set of polynomials with Im(F) = {¢1,...,¢,} such that
t1 >revier *** >reviex t¢e Where > ..., refers to the pure reverse lexicographic ordering with x; <
-+ < Zp,. Then we denote the ordered tuple of these leading monomials by £ (F') = (¢1,...,ts). If
F, F c P are two finite sets of polynomials with £ (F) = (t1,...,t¢) and £ (F) = (1,...,;), then
we define an ordering on the corresponding tuples of monomials by

HjSmin(E,E) Vi<j:ti:fi/\tj <revlex t~j or

F F / 3 [
L(F)<c L(F) <— {ngmin(g7g);tj:tj/\ﬁ<€.

The definition of quasi-stability relative to a monomial ideal leads immediately to a simple test
realised in Algorithm [6] As we are not concerned with efficiency questions here, the test returns in
the negative case simply the first obstruction detected.

Algorithm 6: Relative Quasi-Stable Test

Data: A monomial ideal Z and the minimal generating B of the monomial ideal 7.

Result: True if 7 is quasi-stable relative to Z and false otherwise.

begin
for 2" ¢ B do

for i from cls(z*) + 1 to n do
L if for each s we have x§x" ¢ T and xix" [1o4(ny ¢ J then
| return (false,z;, Zeig(an))

return true

Based on this test, it is straightforward to design a relative version of the algorithm in [[15]].
Algorithm[7]is based on the repeated determination of reduced Grébner bases for our chosen ordering
< realised in the function ReducedGrobnerBasis(F’). A key point is the inner while loop ensuring
that in each iteration of the outer loop some progress is made — see the discussion in [15].

Theorem 7.9. Algorithm[]]is correct and terminates in finitely many steps for a sufficiently large
field K.

Proof. The main issue with this algorithm is its termination. Indeed, it is easy to see that upon
termination the output satisfies the specification. Let J be an ideal which is not in quasi-stable
position relative to Z, i.e. there exists a monomial z* € J with 22" [z c15(zuy ¢ J for some index
i > cls(z*) and for all exponents s and Algorithm @ will return x; and xjg(yry. If we perform

21t should be noted that, by Lemma it follows that this change may be sparser than the change that we need to transform
J into quasi-stable position.
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Algorithm 7: Relative Quasi-Stable Position
Data: A homogeneous Grobner basis G of Z := (G) < P, finite set of homogeneous
polynomials F' ¢ P with (F') + Z = J and the monomial ordering <.
Result: A linear change ® such that ®(7) is in quasi-stable position relative to ®(Z).
begin
® «— The identity linear change
K «— ReducedGrobnerBasis(G)
H «<— ReducedGrobnerBasis(F)
A < RelativeQuasiStableTest({lm(K)),lm(H))
while A # true do
¢ «— (A[B] » AB] + A[2]); @ «— g0 @
K «— ReducedGrobnerBasis(¢(K))
H «— ReducedGrobnerBasis(¢(H))
while L(H) > L(H) do
¢ «— (A[B] =~ A[B] + A[2]); @ «— ¢o @
K «— ReducedGrobnerBasis(¢(K))
H «— ReducedGrobnerBasis(¢(H))

G—K
H<«—H
A «—— RelativeQuasiStableTest({lm(K)),lm(H))

return ¢

now a linear change of coordinates ¢ mapping Tcis(zn) F Tels(z+) + ar; With a positive integer a
and keeping all other variables unchanged, then, by [15, Prop. 6.9], L(H) <z L(H) where H is
a Grobner basis of J and H is a Grobner basis of @(J). Finally, [15, Thm. 6.11] guarantees the
termination of the algorithm in any characteristic for a sufficiently large field K. O

Example 7.10. For a better understanding of Algorithm[7] we illustrate its steps with a concrete ex-
ample. Let P = K[x1, 2, 3] and consider Z = (x12o+232) and J = (z123, 2122 +23). One sees that
J is not in quasi-stable position relative to Z. Set G = {z129+x3} and H = {x123,z172+23}. Since
w3123 € (Im(G)) and 253 ¢ (Im(H)) for any s, the algorithm RelativeQuasiStableTest re-
turns (false,x3,21). Now, by performing the linear change ¢ := z1 ~ 21 + 3 on 7 and J, we get
G = {w129 + 23 + mox3} and H = {x129 + 23 + woxs, 1123 + 23, 125 + 3 }. Therefore, we have
L(H) = (z123,23) <¢ L(H) = (23, 2322, 23). It can be seen that ¢(7) is in quasi-stable position
relative to ¢(Z) and the algorithm terminates.

As mentioned above, an alternative way to obtain quasi-stable position consists of comparing
the Janet and the Pommaret multiplicative variables. We present a relative version of this approach.
It is based on the following result (see [25, Prop. 4.3.6, Thm. 4.3.12] for more information).

Lemma 7.11. Let J 4 P be a monomial ideal and B a Janet basis for J which is involutively
autoreduced with respect to the Pommaret division. Then, J is quasi-stable, if and only if for each
monomial x* € B the sets of Janet respectively Pommaret multiplicative variables coincide.

In the next lemma, we give a variant of this lemma in relative setting.

Lemma 7.12. Let Z c J 4P be two monomial ideals and B ¢ J \ T a set of monomials Pommaret
autoreduced relative to T such that (B) + T = J. Then, the following statements hold:
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(1) For any monomial x* € B, any Pommaret multiplicative variable relative to T is also Janet
multiplicative relative to L.

(2) If for all monomials in B the sets of Janet and Pommaret multiplicative variables relative to T
coincide, then J is quasi-stable relative to I.

(3) Let J be quasi-stable relative to T and B a Janet basis for J relative to I. Assume that for
the monomial x* € B the variable x; is Janet multiplicative relative to T and xjx" ¢ T for any
exponent s. Then, x; is also Pommaret multiplicative relative to T for x*.

Proof. (1) Assume that x; is Pommaret multiplicative relative to Z for «*. Then two cases may
arise. If x;x" € Z, then, by definition, it is Janet multiplicative relative to Z as well and we are done.
Otherwise, z; is Pommaret multiplicative for z#. It is easy to see that B is Pommaret autoreduced.
Then, by [12l Prop. 3.10], it follows that z; is Janet multiplicative with respect to B and this proves
the claim.

(2) Suppose that 7 is not quasi-stable relative to Z. Then there exists a monomial 2 € 7\ T
and an index cls(2#) < i < n such that for each s > 0 we have ;2" ¢ Z and zjz" [zog(m) ¢ T
If x; is Janet multiplicative for z*, then by assumption it is also Pommaret multiplicative for x*,
contradicting cls(z*) < ¢. Otherwise, there exists a monomial 2 € B such that x; is Janet multi-
plicative for £, f;41 = Vit1, .- -, fbn = Vn and p; < v; where = (pi1,. .., ) and v = (v, ..., V).
If cls(2¥) < i then z; is Pommaret non-multiplicative and in turn it is Janet non-multiplicative which
leads to a contradiction. Otherwise, cls(z") = 4 and it follows that 22" [z cjs(zx) € J for some s
which leads again to a contradiction,

(3) Arguing by reductio ad absurdum, suppose that x; is not Pommaret multiplicative rela-
tive to Z for #. Since zjx* ¢ I for each s then x; is Janet but not Pommaret multiplicative for
x# and it follows that cls(2#) < 4. From assumption, there exists s such that o2/ /2g(zn) € J.
On the other hand, B is a Janet basis for J relative to Z. Thus, there exists ¥ € B such that
x¥ divides xjx"[2s(on) using Janet division relative to Z. Since xjx* ¢ Z we conclude that
zix! [2og(pny ¢ Z and in turn ¥ divides 252" [zc5(,n) using the ordinary Janet division. It yields
that p;41 = Vit1, ..., by = v and p; < v; where p = (u1,...,14n) and v = (v1,...,v,). We obtain
a contradiction with the fact that x; is Janet multiplicative for z*, proving the claim. O

Remark 7.13. The converse of the second item in Lemma[7.12]does not hold in general. For example,
in the ring P = K[z, 72, 73], let T = (z3,23) and J = (123,73, 23). One easily sees that J is
quasi-stable relative to Z and that for z;x3 — the only generator of 7 not in Z — all variables are
Janet multiplicative relative to Z, whereas only x; is also Pommaret multiplicative relative to Z.

Algorithm [ uses this lemma to compare the Pommaret and the Janet multiplicative variables
relative to Z for a set which is a Pommaret autoreduced Janet basis relative to Z.

Algorithm 8: Relative Janet-Pommaret Test

Data: A monomial ideal Z and a monomial set B which is a Janet basis for the monomial
ideal J relative to the monomial ideal 7 and Pommaret autoreduced relative to Z.
Result: True if for each 2# € B and each z;, we have either x{ 2" € T for some s or x; is
Janet and Pommaret multiplicative relative to Z and false otherwise.
begin
for 2 € B do
for i from cls(z") + 1 to n do
if for each s we have xix" ¢ T and x; is Janet multiplicative for x* then
L | return (false,z;, Teig(on))

return true
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Algorithm [9] follows a similar strategy as Algorithm [7} with the help of Algorithm [§]it con-
structs deterministically a linear change of coordinates such that 7 is in quasi-stable position relative
to Z. However, instead of reduced Grobner bases is uses Janet bases relative to Z. More precisely,
the function RelativeJanetBasis(G, F') computes a Janet basis for (F') relative to (G) which is
Pommaret autoreduced relative to (G). While classically a Pommaret autoreduced Janet basis of an
ideal in quasi-stable position is automatically also a Pommaret basis, the situation is slightly more
complicated in the relative case and we need the following additional construction.

Definition 7.14. Let Z ¢ J 4 P be two monomial ideals and B ¢ J \Z a set of monomials with
(B) + I = J. Then Pommaret completion of B relative to Z, denoted by PommComp(Z, B), is the
set of all monomials xﬁxf:x“ ¢ 7 such that 2* € B and for each ¢ we have i, > cls(z") and
xffx“ € Z for some sy.

Corollary 7.15. Let T c J 94 P be two monomial ideals and B a Janet basis for J relative to
T which is Pommaret autoreduced relative to Z. Assume that for each monomial x* € B and each
variable x; we have either x;x" € L for some exponent s or x; is Janet multiplicative relative to Z, if
and only if it is also Pommaret multiplicative relative to I. Then B U PommComp(Z, B) is a finite
weak Pommaret basis for [J relative to L.

Algorithm 9: Relative Pommaret Basis

Data: A homogeneous Grobner basis G of Z := (G) 4 P, finite set of homogeneous
polynomials F' c P with FnZ =@, NFg(F) = F and (F) +Z = J and the
monomial ordering <.

Result: A linear change ® such that ®(7) has a finite Pommaret basis relative to ®(Z)

and such a basis.

begin

® «— The identity linear change

K—G

H «— RelativeJanetBasis(K, F)

A «— RelativeJanetPommaretTest({(lm(K)),lm(H))

while A # true do

¢« (A[3] = AB] + A[2]); P «—¢o @

K «— ReducedGrobnerBasis(¢(K))

H «— RelativeJanetBasis(K,¢(H))

A «— RelativeJanetPommaretTest({Im(K)),Im(H))

while A = A do

¢« (A[3] =~ A[B] + A[2]); P «—¢o @

K «— ReducedGrobnerBasis(¢(K))

H «— RelativeJanetBasis(K,¢(H))

A «— RelativeJanetPommaretTest((Im(K)),Im(H))

G—K

H«—H

A—A

return (P, H u PommComp(Z,B)((K), H))

Theorem 7.16. Algorithm[9)is correct and terminates in finitely many steps.
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Proof. Assume that we are given a finite generating set F' of J (that is (F) +Z = J) and a
Grobner basis G of ideal Z. If the algorithm RelativeJanetPommaretTest finds an obstruc-
tion (4, Tcig(zny) for a monomial 2 € Im(F'), then we claim that it remains also an obstruction
for some monomial in Im(F") U Im(G). We know that ziz* ¢ lm(Z) for each s and z; is Janet
but not Pommaret multiplicative for z* € lm(F'). Suppose that z; is not Janet multiplicative for
z# € Im(F) u lm(G), but Janet multiplicative for some z” € Im(G). Two case may occur. If
cls(z”) < cls(x#), then x; is not Pommaret multiplicative for 2 and therefore (z;,Tcig(zn) Te-
mains an obstruction for ¥ € Im(F') ulm(G). Otherwise, we must have cls(x”) = ¢ and it follows
that zfz# € lm(Z) for some s and this leads to a contradiction, proving the claim. Thus, based
on Corollary and the correctness and termination of the algorithm similar to Algorithm [9] in
the classical setting (see [26, Theorem 4.3.12]), the correctness and termination of Algorithm E] is
guaranteed. Finally, we note that, PommComp(Z, B)((K), H) is a finite set. ]

Example 7.17. To illustrate the steps of Algorithm [9] let us consider again the ideals given in
Example We know that G = {zj2o + 23} is the reduced Grobner basis for Z and H =
{x1x3} is the Janet basis for J relative to Z which is Pommaret autoreduced relative to Z. Since
r3z123 € (Im(G)), Algorithm RelativeJanetPommaretTest returns (false,z3,71). By per-
forming the linear change ¢ := x1 — x1 + x3 on Z and 7, we get G = {x129 + 23 + 223} and H=
{x123+23, 123 +23}. One sees that {z1, T, 23} is the set of the Janet multiplicative variables for
73 and 23 relative to (w2x3). Since 2325 € Im(¢(Z)), Algorithm RelativeJanetPommaretTest

returns true and in turn H is the weak Pommaret basis for ¢ (.7 ) relative to ¢(Z).

Example 7.18. Consider in the polynomial ring P = K[z, 2, 23] the monomial ideals Z = (x3, z3)
and J = (z173, =5, x3). Since Algorithm RelativeJanetPommaretTest returns true, the set
{z123, 17223, x1x§x37 xlxg, $1x2$§, xlxgxg} is a weak Pommaret basis of 7 relative to Z.

8. Conclusion

In this paper, we introduced the notions of relative Grobner bases as well as relative involutive bases.
In addition, we established a relative Schreyer Theorem. We developed the required concepts and
tools to present algorithms for the constructions of these bases. In particular, we introduced the no-
tion of relative quasi-stable position and applied it to describe an algorithm to compute finite relative
Pommaret bases. In future works, we will investigate the applications of the concepts introduced
in this paper. Specially, since involutive bases provide effective tools to compute many homolog-
ical invariants of an ideal like the Castelnuovo-Mumford regularity, a natural question consists of
designing similar tools in the relative case.

Acknowledgment

The third author thanks Cristina Bertone and Francesca Cioffi for their hospitality in Torino and for
bringing this problem to his attention. The research of the first author was in part supported by a
grant from IPM (No. 99130215).

References

[1] Thomas Becker and Volker Weispfenning. Grobner bases: a computational approach to commutative
algebra. In cooperation with Heinz Kredel., volume 141. New York: Springer-Verlag, 1993.

[2] Christine Berkesch and Frank-Olaf Schreyer. Syzygies, finite length modules, and random curves. In Com-
mutative algebra and noncommutative algebraic geometry. Volume I: Expository articles, pages 25-52.
Cambridge: Cambridge University Press, 2015.



Relative Grobner and Involutive Bases 31

[3] B. Buchberger. A criterion for detecting unnecessary reductions in the construction of Grobner-bases.
Symbolic and algebraic computation, EUROSAM °79, int. Symp., Marseille 1979, Lect. Notes Comput.
Sci. 72, 3-21, 1979.

[4] Bruno Buchberger. Ein Algorithmus zum Auffinden der Basiselemente des Restklassenringes nach einem
nulldimensionalen Polynomideal. PhD thesis, Universitidt Innsbruck, 1965.

[5] Bruno Buchberger. Bruno Buchberger’s PhD thesis 1965: An algorithm for finding the basis elements
of the residue class ring of a zero dimensional polynomial ideal. Translation from the German. J. Symb.
Comput., 41(3-4):475-511, 2006.

[6] David A. Cox, John Little, and Donal O’Shea. Using algebraic geometry., volume 185. New York, NY:
Springer, 2nd ed. edition, 2005.

[7] David A. Cox, John Little, and Donal O’Shea. Ideals, varieties, and algorithms. An introduction to com-
putational algebraic geometry and commutative algebra. 4th revised ed. Cham: Springer, 2015.

[8] Jean-Charles Faugere. A new efficient algorithm for computing Grobner bases (Fy). J. Pure Appl. Algebra,
139(1-3):61-88, 1999.
[9] Jean-Charles Faugere. A new efficient algorithm for computing Grobner bases without reduction to zero

(F5s). In Proceedings of the 2002 international symposium on symbolic and algebraic computation, ISSAC
2002, Lille, France, July 07-10, 2002., pages 75-83. New York, NY: ACM Press, 2002.

[10] Shuhong Gao, Frank IV Volny, and Mingsheng Wang. A new framework for computing Grobner bases.
Math. Comput., 85(297):449—-465, 2016.

[11] Vladimir P. Gerdt. Involutive algorithms for computing Grobner bases. In Computational commutative
and non-commutative algebraic geometry. Proceedings of the NATO Advanced Research Workshop, 2004,
pages 199-225. Amsterdam: IOS Press, 2005.

[12] Vladimir P. Gerdt and Yuri A. Blinkov. Involutive bases of polynomial ideals. Math. Comput. Simul.,
45(5-6):519-541, 1998.

[13] V.P. Gerdt and Yu.A. Blinkov. Involutive bases of polynomial ideals. Math. Comp. Simul., 45:519-542,
1998.

[14] V.P. Gerdt and Yu.A. Blinkov. Minimal involutive bases. Math. Comp. Simul., 45:543-560, 1998.

[15] Amir Hashemi, Michael Schweinfurter, and Werner M. Seiler. Deterministic genericity for polynomial
ideals. J. Symb. Comput., 86:20-50, 2018.

[16] Marcus Hausdorf, Mehdi Sahbi, and Werner M. Seiler. §- and quasi-regularity for polynomial ideals. In
J. Calmet, W.M. Seiler, and R.W. Tucker, editors, Global Integrability of Field Theories, pages 179-200.
Universitétsverlag Karlsruhe, Karlsruhe, 2006.

[17] Marcus Hausdorf and Werner M. Seiler. An efficient algebraic algorithm for the geometric completion to
involution. Appl. Alg. Eng. Comm. Comp., 13:163-207, 2002.

[18] Maurice Janet. Sur les systeémes d’équations aux dérivées partielles. C. R. Acad. Sci., Paris, 170:1101-
1103, 1920.

[19] Deepak Kapur and Yongyang Cai. An algorithm for computing a Grobner basis of a polynomial ideal over
aring with zero divisors. Math. Comput. Sci., 2(4):601-634, 2009.

[20] Roberto La Scala and Michael Stillman. Strategies for computing minimal free resolutions. J. Symb. Com-
put., 26(4):409-431, 1998.

[21] H. Michael Moller, Teo Mora, and Carlo Traverso. Grobner bases computation using syzygies. In Interna-
tional symposium on Symbolic and algebraic computation 92. ISSAC 92. Berkeley, CA, USA, July 27-29,
1992, pages 320-328. Baltimore, MD: ACM Press, 1992.

[22] Graham H. Norton and Ana Séldgean. Strong Grobner bases for polynomials over a principal ideal ring.
Bull. Aust. Math. Soc., 64(3):505-528, 2001.

[23] Jean-Francois Pommaret. Systems of partial differential equations and Lie pseudogroups. Gordon and
Breach Science Publishers., 1978.

[24] Frank-Olaf Schreyer. Die Berechnung von Syzygien mit dem verallgemeinerten Weierstrass’schen Divi-
sionssatz. Master’s thesis, University of Hamburg, Germany, 1980.



32 Amir Hashemi, Matthias Orth and Werner M. Seiler

[25] Werner M. Seiler. A combinatorial approach to involution and é-regularity. II: Structure analysis of poly-
nomial modules with Pommaret bases. Appl. Algebra Eng. Commun. Comput., 20(3-4):261-338, 2009.

[26] Werner M. Seiler. Involution. The formal theory of differential equations and its applications in computer
algebra. Berlin: Springer, 2010.

[27] Werner M. Seiler. Effective genericity, d-regularity and strong Noether position. Commun. Algebra,
40(10):3933-3949, 2012.

[28] Alexander Semenov. On connection between constructive involutive divisions and monomial orderings. In
Computer algebra in scientific computing. 9th international workshop, CASC 2006, Chisindu, Moldova,
September 11-15, 2006. Proceedings, pages 261-278. Berlin: Springer, 2006.

[29] A.Yu. Zharkov and Yu.A. Blinkov. Involution approach to investigating polynomial systems. Math. Com-
put. Simul., 42(4):323-332, 1996.

Amir Hashemi

Department of Mathematical Sciences, Isfahan University of Technology, Isfahan 84156-83111, Iran
School of Mathematics, Institute for Research in Fundamental, Sciences (IPM), Tehran, 19395-5746, Iran
e-mail: Amir.Hashemi@iut.ac.ir

Matthias Orth
Institut fir Mathematik, Universitit Kassel, Heinrich-Plett-Str. 40, 34132 Kassel, Germany
e-mail: morth@mathematik.uni-kassel.de

Werner M. Seiler
Institut fir Mathematik, Universitit Kassel, Heinrich-Plett-Str. 40, 34132 Kassel, Germany
e-mail: seiler@mathematik.uni-kassel.de



	1. Introduction
	2. Preliminaries
	3. Relative Gröbner Bases and Syzygies
	4. Computation of Relative Gröbner Bases
	5. Relative Involutive Bases
	6. Computation of Relative Involutive Bases
	7. Relative Quasi-stable Position
	8. Conclusion
	Acknowledgment

	References

