> restart:
read "qFPS.mpl":

[> with(QFPS):
‘Sitzung 01 (q-Ableitungen und q-Shifts)

[q-Ableitung bzw. g-Shift von Potenzen
> qdiff(x"k,x,q);
k k—1
(¢ —1)x
qg—1

> gshift(x"k,x,q);
L (g x)

k

| Zweite g-Ableitung bzw. doppelter g-Shift des q-Pochhammersymbols
| > qdiff(gpochhammer(x,q,k),[x$2],9);
) (qk— 1) ( —qk—l- q) gpochhammer(x, q, k)
2
L (g—1)" (-1+x) (-1 +gx)
> qgshift (gpochhammer(x,q,k),[x$2],9);

(—1 + qqu) (—1 -l-qu) gpochhammer (x, q, k)
(-1+gx) (-1+x)

| q-Ableitung bzw. g-Shift der kleinen g-Exponentialfunktion

> qdiff(qgexp(x,q),x%,9);

_ gexp(x, q)

> gshift(qexp(x,q),x,d);

i (I —x) gexp(x, q)
> qdiff(qexp((1l-9)*x,q),x%x,q);

I gexp((1 = q) x, q)

 Inverser g-Shift
[ > gshift(gpochhammer(x,q,k),x,1/q);
(-q + x) gpochhammer(x, q, k)

L g +x4"

[Kompliziertere, hdhere g-Ableitungen
’>zqgifﬂsinq(x,q)*f(x,y)+cosq<y*x,q)*g(zy)5[;nzy,y],zqg;z o
V¢ x(q—1) (q+1)cosq(yx.q) Dg, (g(»)) +yq (Vg2 =24y 5 +y qx

— 1) Dq, (g(»)) sing(yx,q) + (q = 1) xcosq(x, q) Dq, , (f (%)) + sing(x,
q) Dq, , (f(x,y)) + cosq(x. q) Dg, (f(x.y)) —x(q+ 1) cosq(yx,q) g(y)
+ 2 sing(yx,q) g(v) + (¢ + 1) (¢ x* = ¢" ' 5" = 1) Dg (2(»)) sing(yx, q)

—yx(q+1) (¢ +q—1) cosq(yx,q) Dg,(g(»))

Sitzung 02 (q-Holonome Differential- und Rekursionsgleichungen)

[Beispiele g-holonomer Differential- und Rekursionsgleichungen g-holonomer Funktionen

[Potenzen
F> gHolonomicDE (x°k,F(x));

(1)

(2)

(3)

(4)

(3)

(6)
(7)

(8)

(9)



(¢ —1)xDq(F(x)) + (-¢"+ 1) F(x) =0

> qHolonomicRE (x"k,F(x));
k
F(x) ¢ = Sq(F(x)) =0

EKleine g-Exponentialfunktion

> qHolonomicDE (gexp(x,q) ,F(x));
i (g = 1) Dg(F(x)) + F(x)=0
> qHolonomicRE (gexp(x,q) ,F(x));
Sq (F(x)) + (-1 +x) F(x)=0

[GroBe g-Cosinusfunktion
> gqHolonomicDE (qCos(x,q),F(x));

 gx(g—1) (g+ 1) Dg(F(x)) + (¢ —1)* (1 +¢*x) Dg,_ (F(x)) + ¢ F(x) =0

> gqHolonomicRE (gCos(x,q),F(x));

(-1 —q) Sq(F(x)) +qF(x) + (1+¢°%) Sq_ (F(x))=0

[q-Orthogonales Polynom: g-Laguerre

> gqHolonomicDE (qLaguerreL(n,a,x,q),F(x));
(¢—1)(¢"¢x—qq"q"x+q"q+qq°x—1) Dg(F(x)) +xq"q (¢ —1)" (qx
.+ 1)Dg, (F(x)) —q"q (¢"—1) F(x)=0

> gHolonomicRE (qLaguerreL(n,a,x,q),F(x));
(-a4"q"x—q"— 1) Sq(F(x)) + F(x) +¢" (gx+ 1) Sq_ (F(x)) =0

hypergeometrische Funktion)

[ > qHolonomicRE (gqphihypergeom([a,b,c],[d,e],x,q),F(x));
q(qxc+gxb+tqgxa—q—e—d)Sq (F(x)) —q2 (-1+4+x)F(x)+ (xqzabc
—de) qu’xjx(F(x))-i- (—xqzbc—i-de—xqzac—xqzab-i-qe
+dq) Sq, (F(x))=0

Sitzung 04 (Summen-, Produkt und Kompositionsalgorithmus)
| > REl:=qHolonomicRE(gsin(x,q),F(x));
«— - - 2 fd
i REI:= (-1 q)qu(F(x))-i-q(x +1)F(x)+qujx(F(x)) 0
> RE2:=qHolonomicRE (gpochhammer (x,q,k),F(x));
RE2:=(-1+x) Sq (F(x)) + (1 —x¢") F(x) =0
[ > gSumRE (RE1,RE2,F(x));
g (-1 +x=2¢+@3+qx—*x (¢
2
—q4x4+q4x3+x3q5—q4x2—q5x4+q5x5+3q3x—(qk) -|—2x(]2—2q2
3 ky2 k3 4 3 ( k\? 3.2 4 52 3 k
—q X(q2) +xq(qd) +4q"x (9)2—261 X Axg g x g +24q
2 k k 2 k 3 k 3.3 k
—q (q") F24q +dyq —q(d') +2¢x—qx(q)
2 k 2 2 k 3 2 k 3.2 2
+xd* () =2 (")) Sa(F(x) =& (P +1) (-1 +x¢") (P —xq* —qx
k k ky2 2 2 ky?2
tq—d'¢—d+ () +1) Fx) + (-1+x¢") (¢ —x—gx+1+q+ ()

2
2Pt gxdrd— gt — 24— P

2 k3 2 k 4
—Xqq9 —xq49

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

Sitzung 03 (q-Holonome Rekursionsgleichung fiir die verallgemeinerte (-

(18)

(19)

(20)

(21)



k k k 2 22 43
—q q—q)Squ’x(F(x))—i-(1—x+2q—2qx—q +gx +2q¢x —q x
2
+q4x2—3q3x+(qk) —2xqz+2q2—|-2q3xz—|-quq4—2xq4—i-q5)cz—|-q3
k 2 ( k2 k2 k3 w2 33, 2 k3, 2 k4 3k
—24°q+4q (¢) —32qq—qq+q(q) X +txqdqT+xqdqd —xqyq
k 3 2( k
 +xd'd —xd’ (¢9)) Sq, (F(x)) =0
[ > gProductRE(RE1,RE2,F(x));
k 2 k
g+ 1) (-14x) (-1+gxq") Sq(F(x)) +q (x+1) (-1 +xq) (-1
k
| Hgxd) F(x) + (-1+qx) (-1+x)5q, (F(x))=0
| > gCompositionRE(RE1l,F(x),a*x"2);

(1+¢°) (¢°@x" = 1) Sq (F(x)) +¢* (1 +a*x") (¢ a’x"+ 1) F(x) +Sq_ (F(x))
=0
| > gHolonomicRE (gsin(a*x"2,q),F(x));
(1+¢°) (¢°@x" = 1) Sq (F(x)) +¢* (1 +a°x") (¢"a’x"+ 1) F(x) + g, (F(x))
=0

Sitzung 05 (q-PetkovSek-Algorithmus)

k+2) *A(k)=0;
CREL= (TP 1) A+ 2) + (P @+ 1) =T A+ 1) + ¢ TR ak) =0
> qPetkovsek(RE1l,A(k));

k _binomial(k 2 qk2
(_1) qlnomla( )

B " gpochhammer(q, q, k)
> RE2:=A(k+2)-(1+q)*A(k+1)+q*(1-q" (2*k+1))*A(k)=0;
i RE2:=A(k+2)— (g+ 1) A(k+ 1) +¢q (1 —¢" T**) 4(k) =0
[ > gPetkovsek(RE2,A(k));
[]

> gqPetkovsek (RE2,A (k) ,quadratic);
B [qpochhammer( —\/7, q, k), qpochhammer(\/?, q, k) ]

Sitzung 06 (q-FPS-Algorithmus)
> convert (gexp(x,q) ,qFPS);

k
X

i=0 qpochhammer(q, q, k)

E> infolevel[qFPS]:=4:
> convert(gsin(x,q),qFPS);
convert/gFPS: g-holonomic recurrence equation of order 2
2
(¢ —1) Sq(F(x)) +¢ (¥ +1) F(x) + Sq,_ (F(x)) =0

convert/qFPS: g-holonomic recurrence equation for series
coefficients of order 2

k 2 k
Ak)+(q'q=1) (¢'g—1) A(k+2)=0
convert/qgFPS: solution of recurrence equation
(—l)kx1+2k

" gpochhammer(q, q, 1 + 2 k)

> REl:=(q” (k+2)-1)*A(k+2)+(q" (2*k+2)* (1+q)-q" (k+1) ) *A(k+1)+q” (3*

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)



oo

(~1)fx T2k

=0 gpochhammer(q, q, 1 + 2 k)
[> infolevel[qgFPS]:=0:
> convert(gCos(x"2,q),qFPS);
* k k(-1+2k ( 22k
(D" ()

2,

=0 gpochhammer(q, q, 2 k)

> convert (gphihypergeom([a,b],[c,d],x,q),qFPS,Xx);

o . % (k— 1)k .
(-1)°¢q gpochhammer (a, q, k) gpochhammer(b, q, k) X

=0 gpochhammer(c, q, k) gpochhammer(d, q, k) gpochhammer(q, q, k)

[Anwendungsbeispiel: Beweis von g-Identitéten
> convert(gsin(x,1/q),qFPS);

Z ) (_1)kq(k+1)(1+2k)x1+2k
i—o\ gpochhammer(q, q, 1 + 2 k)

> convert (-gSin(q*x,q),qgFPS) ;

* k (k+1)(1+2k 1+2k
Z (-1 q( ) ( )

k=0

gpochhammer(q, q, 1 + 2 k)

Eoder
[ > convert(x/(1l-q)*gphihypergeom([0,0],[q"3],-x"2,q9"2),qFPS);
* k 142k
D (-1)'x
i=0 gpochhammer(q, q, 1 + 2 k)

> convert(gsin(x,q),qFPS);

2,

i=0 gpochhammer(q, q, 1 + 2 k)

(~1)fx T2k

(31)

(32)

(33)

(34)

(35)

(36)

(37)



