Representations of g-Orthogonal Polynomials

M. Foupouagnigni®, W. Koepf™!, D. D. Tcheutia®, P. Njionou Sadjang®

% Department of Mathematics, Higher Teachers’ Training College, University of Yaounde I, Cameroon
bnstitute of Mathematics, University of Kassel, Heinrich-Plett Str. 40, 34132 Kassel, Germany

Abstract

The linearization problem is the problem of finding the coefficients Cy(m, n) in the expansion of the product
P, (x)Qpn(x) of two polynomial systems in terms of a third sequence of polynomials Ry (x),

n+m

Pp(x)Qm(x) = ) Cr(m,n)Re(x).
k=0

Note that, in this setting, the polynomials P,, Q. and Ry may belong to three different polynomial families. If
Qm(x) = 1, we are faced with the so-called connection problem, which for P,,(x) = x" is known as the inversion
problem for the family Ry (x).

In this paper we use an algorithmic approach to compute the connection and linearization coefficients be-
tween orthogonal polynomials of the g-Hahn tableau. These polynomial systems are solution of a g-differential
equation of the type

0(xX)DgD1/gPn(x) +T(x)DgPp(x) + A Pp(x) =0,

where the g-differential operator D is defined by

(gx) - fx)
Dyf(x)= —f q ! .
(g-1x
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1. Structural Formulas for g-Orthogonal Polynomials of the g-Hahn Class
A family
Y(x) = Pp(x) = kpx" + kL, x" P+ kI x"2 4. (n€Nsg:=1{0,1,2...}, k, #0) 6]
of polynomials of degree exactly 7 is a family of classical g-orthogonal polynomials of the g-Hahn class if it is the
solution of a g-differential equation of the type

0(x)DgD1/gPn(x) + T(x)DgPp(x) + A Pp(x) =0, @)

where o (x) = ax? + bx + c is a polynomial of at most second order and 7(x) = dx + e is a polynomial of first order.
The g-differential operator Dy is defined by

flgx)—fx)

Dyf(x)= (q-Dx

, x#0,g#1
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and D, f(0) := f'(0) by continuity, provided f’(0) exists.
The linearization problem is the problem of finding the coefficients Cy(m, n) in the expansion of the product
P, (x)Qp(x) of two polynomial systems in terms of a third sequence of polynomials Ry (x),

n+m

Pu(x)Qm(x) = Z Cr(m, n)Ry(x). (3)
k=0

Note that, in this setting, the polynomials P,, Q,, and Ry may belong to three different polynomial families.
When the polynomials P;, Q,, and Ry are solutions of the same differential equation (2), this is usually called the
(standard) linearization or Clebsch-Gordan-type problem for hypergeometric polynomials. On the other hand,
if Q;u(x) =1 in (3), we are faced with the so-called connection problem, which for P,(x) = x" is known as the
inversion problem for the family Ry (x).

The polynomial systems that are solution of (2) form the g-Hahn tableau. These systems are contained in the
so-called Askey-Wilson scheme ([4], [7], [8]). The following systems are members of the g-Hahn tableau: the big
g-Jacobi polynomials denoted by P, (x,a, 8,7; q), the g-Hahn polynomials Q,(x, a, 8, N; q), the big g-Laguerre
polynomials P, (x,a, B;q), the little g-Jacobi polynomials p,(x,a, B; ), the alternative g-Charlier polynomials
K, (x,a; q), the little g-Laguerre/Wall polynomials p,(x, a; q), the g-Meixner polynomials M, (x, B,v;q), the g-
Charlier polynomials Cy, (x, a; q), the g-Laguerre polynomials L(,,“) (x; q), the Stieltjes-Wigert polynomials S, (x; q),
the Al-Salam-Carlitz II polynomials V,(l“) (x;q), the discrete g-Hermite II polynomials H,(x;q) = h,(—ix;q). The
corresponding monic families will be denoted by a tilde. For these polynomial systems, the polynomials o (x) and
7(x) of equation (2) are given in the Table 1.

Family o(x) 7(x)

Big g-Jacobi (ag-nyq-»n AR
g-Hahn (@q-x)(q N —x) “HDbOrrg 0z
Big g-Laguerre (x—aq)(Bg—x) %ﬁf‘ﬁ‘ﬁ”
Little g-Jacobi x(x-1) quq—_uf”x_l)
Alternative g-Charlier x(1-x) L_lfaq)
Little g-Laguerre/Wall x(1-x) %
q-Meixner y(x—Bq) W
q-Charlier ax q(xq_ji_“
g-Laguerre x ql+a;1_+1x -1
Stieltjes-Wigert x qqx:ll
Al-Salam-Carlitz II a x;‘_‘zl
Discrete g-Hermite II 1 ﬁ

Table 1: Families in the g-Hahn class

Since one demands that P, (x) has exactly degree n, we substitute P, (x) in the g-differential equation (2) and
by equating the coefficients of x", one gets

/1n=—[n]%[n—l]qa—[n]qd “)
where the abbreviation
g = =1

denotes the so-called g-brackets. Note that lin% [n]lg=n.
q—»



Equating the coefficients of x”~! and x"~2 gives k},, and k!, respectively, as rational multiples w.r.t. N = g" of k;,:

(-1+N)(eqgN—eN+bN-bqg)q
(g-1)(aq?-dN2q+dN? —aN?) ™"
ki = —kn(qz(—1+N)(—N+q)(—quNb+qg‘bz—cqga+cqzalN2+ezqu2

K, =

-b*¢*N+qg*ca-2cqdN* +2eqN*b -2 e* gN*
+cqaN® — gb*N + qeNb + b*N? + e N* —2eN*b + cd N* - caN?) )/

((1+q) (4-1)* (aq® - AN*q + AN? - aN?) (ag? - AN+ AN? - aN?) ).

Here and throughout the paper?, we will use the notations N = g” and M = g".
It can be shown (see e.g. [8], [11], [12]) that any solution of (2) satisfies a recurrence equation

Pyi1(x) = (Apx + Bp)Py(x) — CpPp—1(x) (neNxg, P-1 =0)

or equivalently
XPy(x) = anPn+1+ bpPp(x) + cnPp-1(x)
with
1 By Cn
anp=— =——, Cp=—.
n An n An n An

(5)

(6)

(7)

®)

)

An important point is that the coefficients A,,, B,, and C,, appearing in this formula (7) can be computed directly
in terms of the coefficients of the polynomials o(x) and 7(x), which completely characterize the second order

g-differential equation (2). Their expressions are (see e.g. [8], [11], [12])

ky
A,=1,
kn+1 "
k blnl, +eq" bln—-1],+eqg™ !

1 Bn = [n+l]q 1 qzn _[n]q 1 qz( _1))
kns1 al2nly+dq al2(n-1)]4+dqg="
ks
le, = ((N—1)(—Nd+Na+qu—aq2)
kn+1

x(—a?cN* = N*d*c+ N3beqd — abeNg® — 2adcN* ¢°
+2aN?g*be— aN3beq + beN° q°d - 2beN®q*d
+2dcN?q®a—2beN*q*a—2dcN*qa+beNg'a
+beN3aq® - b* q*dN? — a*cq* + N°b*q*°d — N3b*qd
+aNg*b? —=2ab’>N?q* — ae*N?q* + aN®b*q + 2aN*dc
+2a’cq*N? +2d*cN*q - d*cN* ¢* + P’ N3 ¢*d
+2¢8N*qPa— e2N2q4a)Nq)/((dN2q —aq+aN?—dN?)

x(dN2q - dN? + aN? — ag?*(dN>q — dN* + aN?* - aqS)).

(10

(11

(12

In fact, substitute P, (x) in the proposed equation (7) and equate the three highest coefficients. This yields A,,

By,and Cyintermsof a, b, ¢, d, e, q, q", kn-1, kn, kn+1, kj,_, kyy Ky Ky,

n—1’
Substituting the values of k,_,, k,, k), |, k,'_;,

n+1

n

k', k", by linear algebra.
kj, and k), | given by (5) and (6) yields the above formulas.

g-orthogonal polynomials satisfy further structure equations. One of those is given by the g-derivative rule

(seee.g. [11])
U(X)D%Pn(x) =apPpi1(x) +,Bnpn(x) +YnPn-1(x),

2The use of N = g" should not be confused with the parameter N of the g-Hahn polynomials

3

(13)



where the coefficients a,, 8, and y, are given by the explicit formulas

a, = alnl Fn
n - l/q kn+1)
Bn = ((—1+N)(aN+ dNq-aq)(eNag® - bdN*q+ Nqbgq
—-bga+bdN?* - baN? + bNa - eNa)q)/
((—szq +dN? +aq?® — aN®)(q - 1)(dN*q - a+aN>®— dNZ)),
Yn = ((—1+N)(aN+ dNg-dN - ag)(aq® —dNg+dN - aN)

@b°N?aq?® + g*ca® + V> ¢°dN? — b *dN? + e N* aq®

+cq?N* + cN*a® - 2cq®adN? + eNbaq® — 2eN*baq®
—eq*Nba—eq*N®ba+2eq? N bd +2bg° N*ea

—eq®N3bd + eN®baq +2cqaN*d + e* q* N*a-2¢* G N*a
gh*N3d - >’ Na—- qb*N3a - b*¢* N3d - 2cqd* N*
—2¢°N?ca® -2dN*ca+cq*d*N* +2¢*dcaN? - eN3bdq)Nq)/
((—aq +dN?q+aN? - dN*)(-dN*q + dN? + aq® — aN?)

k
x(~dN?q +dN*+ aq® - aN»)?(q - 1))—".
kn—l

Now, we develop further structural identities.
Proposition 1 (See e.g. [13]). Ifa function y(x) is solution of (2), then Y (x) = D4y(x) satisfies

01(X)DgD1Y (X) +T1(x)Dg Y (X) + 15,41 Y (x) =0 (14)
q

witho1(x) =0 (x), T1(x) = g(Dgo(x) + 1(qx)) and Ay,q1 = G(DgT(X) + Apq).
Proof. We recall the following identities
DiDg = qD4Dy (15)
Dy(f(x)g(x)) f(@x)Dgg(x) +g(x)Dy f (x). (16)

Applying identity (16) with g(x) = o(x) and f(x) = D4D1 y(x), we obtain
q

D, (a(x)DqD%y(x)) =o(x)D, (DqD%y(x)) +Dgo (0 DD y(qx).

Using
(x) = y(gx) (gx) —y(x)
Déy(qX)zy(l 1Jiq =y?q—1)yx =Day®,
q

we obtain
D, (a(x)DqD% ()= 0(x)D, (DqD% V() + Dgo () Dy (Dgy().

Now, using identity (15) for the first term of the right hand side of the previous relation, we get
1
D, (cr(x)DqD%y(x)) = 004D (Dgy(0) + Dgor(x)Dy (Dgy().

Identity (16) with g(x) = D4 y(x) and f(x) = 7(x) yields

Dyt (x)Dgy(x)) = 1(qx)Dg (Dgqy(x)) + DgT(x)Dgy(x).
4



Finally,
@ = D, (a(x)DqD%Pn(x) +T()DgPu(X) + AngPu()) = 0
= %a(x)DqD% (Dgy(x)) + Dgo(x)Dg (Dgy(x))
+7(qx)Dg (Dgqy(x)) + DgT(X)Dgy(x) + ApgDgy(x) =0
= 0(0)DgDy (Dgy(0)+ q(Dgo(x) +1(gx)) Dg(Dgy(x)
+q (DgT(X) + Anq) Dgy(x) =0,
which proves the assertion. O
A computation shows that
o) =dx*+bx+c, 11(x0)=dx+c, Ang1 = qAn,q+d) 17
where
ad=ab=bcd=c d=(a+dqg+a)q, ¢=Db+eq. (18)
From this, we deduce that the equation
xDgPy(x) = ayDgPpi1(x) + B DgPn(x) + 7Y, DgPp1(x) (19)
namely a recurrence equation for the family D, Py (x), is valid, and from (18) it follows that
ay=an(a,b,c((a+d)g+a)q,(b+eq), B,=bnlab.c ((a+d)qg+a)q,(b+eq),

and
¥n=cnla,bc,((a+d)q+a)q,(b+e)q)

where a,(a, b,c,d,e), by(a,b,c,d,e) and c,(a, b, c,d,e), are given by (9) and the explicit formulas for A,, B, and
Ch.

Proposition 2 (see e.g. [2], [11], Th.6). Assume P, (x) is a solution family of (2). Then a structure formula of the type
Pu(x) = @nDgPps1(x) + byDgPn(x) + 8D g P (%) (20)
is valid for Py (x).

In order to obtain those coefficients d,, i)n and ¢,, we use the same algorithm described in the determination
of A, B, and C,, where (7) is substituted now by (20). This gives the following

Theorem 3. Assume P, (x) is a monic solution family of (2), then the coefficients a,, fan, and &, of (20) are given by:

T n+lly

by = (N@@-1D(-bdNg*+eaq’ +edN*q*+eN*qa+bdN*q—2edN*q
—IoNqa+bqa—eaq—eaNZ—bdN2+baN2+bNd+edN2—bNa))/
((~a+dN?q-dN*+aN?)(-aq® + dN*q - dN* + aN?) )

én = ((q—1)(2dN2q2ac+equSa—equ4a+2dN4qac+ebN3qa—ebN3q2a

+2bedN®g* — bedN®q° — bedN®q - 2ebN*q*a-2dN*q*ac+2ebN*qa

+eqta® + N*a*c+ Ntcd® - *dN?*q* + b*dN?q® + d*N*q*c - 2d*N*qc
-V’N3ga-2N*acd-VdN3q* + V*dN3q-2a*N?q*c -2 N*q*a+ 2> N* g% a
+e?q*N?a+e*N*q*a-b*Nq*a) (a+dq—d) N*q (N - 1))/

((aN2 +dN?q—dN? - ag®) (-aq® + dN?q— AN? + aN?)’ (aN? + AN%q — dN? - aq)).

5



Note that, applying the operator Dy to the equation (8), we obtain the following
Dg(xPy(x)) = anDgPn+1(x) + by DgPr(X) + cnDgPp—1(x). 21
Using (16) for the left hand side of (21), we get
XDgPp(x) = anDgPpi1(x) + anan (x) + cnDgPp-1(x) — Pp(x). (22)
Now, we use the structure relation (19) to get the following

Proposition 4. The coefficients a3, B3 andy};, of the relation (19) are linked to the coefficients ay, b, and c,, of the
three-term recurrence relation (8) and the coefficients ay, by, and ¢, of (20) by the following formulas:

» _ Gn—dn * bn_Bn x _ Cn—=Cn
= , =, =—, (23)
n p B p Yn 7

and are given explicitly in the monic case by:

y - LN
" 1-gN
By = —N(—eNq2a+Zbszq—Zeszq—Zqua—eaN2+eNa+2baN2—2bNa
+edN? —eaq+2bqga+eaq? —2bdN? - bdNg* + ed N*q* + eN*qa + bNd)/
(~a+dN*q—dN?+ aN?) (-aq* + dN*q— dN* + aN?)
Yy = —(2dN2q2a6+ ebNg*a—ebNg*a+2dN*qac+ebN°qa

—ebN3g?a+2bedN>q* — bedN°q® — bedN°q —2ebN*q*a—

2dN*qPac+2ebN*q®a+cq*a® + N'a*c+ N'cd? - Y dN? ¢ + V*dN? ¢°

+d?’N*q?c-2d*N*qc - b*N3qa-2N*acd - b*dN3q? + *dN®q -2 a> N? ¢*c

-2 N?gPa+2’N*q*a+e*q* N?a+ e N> g% a - szq3a)

xNq(N-1)(-dN-aq+aN + qu)/

(aN?+dN? g - dN? - aq®) (—aq® + AN? g — AN* + aN?)” (aN? + AN?q — AN? - aq).
Proposition 5. Assume a family P, (x) is a solution of (2). Then a structure formula of the type

(@(X) + (g = Dx1(X))DgPp(x) = SpPpi1(x) + Ty Pp(X) + Ry Pp—1(x), (24)

is valid for P, (x) where

Sn=an+1-q)anAy, Tn=Pn+1=qbpAn, Ry=7n+ 1 -q)cydy,



and are in the monic case given explicitly by

(a+dq-d)(q"-1)

Sn .

T, = (—(equzd—qZNbd+eaq2—2eN2qd—anb+N2qbd+eaN2q—eqa
+bga-bdN? - bNa-eN?a+eN%d + bdN + baN®) (N —1) (aN + gNd - dN - aq) )/
((a-1)(-a+N?qd+aN? - AN?) (-aq® + N*qd + aN* - aN?)

R, = ((—anN4d—2N4qdzc—262aN2q3+2aq2N2b2+ezaq2N2+N2q3b2d—2a2q2Nzc

—aN3gb? + N3qb?d + > N*d*c — N3 q*b*d + e*aN* q* — > N*b*d — aNg*b* + ca® N*
+cd’N*+ cq*a® + eaNg®b— eN3qbd +2eN°q*bd + 2aN*qdc - 2eaq® N*b
—2aN*q*dc+2eaN*¢®b+2aq? N*dc—eN°q*bd — eaN*q*b + eaN° gb — eaN g* b)
(N-1)(aN - aq? - dN + gNd) (aN + gNd - dN - aq) q)/
((a-1)(~aq+ N*qd + aN* - AN?) (-aq® + N*qd + aN? - dN?)
(~aq?+ N*qd+aN? - dN?)*).

Proof. The g-differential operator obeys the identity

Dgf(x)—Dyqf(x)

DgDhyqf (%) = G—Dx

so that the g-differential equation (2) can be rewritten in the form

(0(x) +(g—1D)x7(x))DgPp(x)(x) =0 (x)D1/4Ppn(x) + (g — 1)1 xPp(x) = 0.
Next, use the three-term recurrence relation (8) to get rid of the xP,,(x) term and the structure formula (13) to get
rid of the o (x) D14 Py (x) term. The structure formula (24) is obtained by simplification. O
2. q-Hypergeometric Representations

Of course, for all polynomials of the g-Hahn tableau, g-hypergeometric representations are well-known. Nev-
ertheless we would like to recompute these with the methods of this paper algorithmically.

Definition 6. The basic hypergeometric or q-hypergeometric function s is defined by the series

ay, -, ar x (&) (al,...,ar;q)k k (k) 1+s—r z
1z = Ar = —_— (-1 2 ,
,¢s( bi, b |7 ) ,;) ¢ ,;)(bl,---,bs;q)k( 1 ) (T D

k

where .
—1 .
, 1-a;q’) ifk=1,23,---
(a1, ar)k = (ai; @k~ (ar; @), with (ai;q)k={ jl;lo i f .
1 ifk=0
The summand Ay of the q-hypergeometric series is a q-hypergeometric term, i. e. AA"—;‘ € Q(q,q") is a rational
function.

A recurrence equation is called q-holonomic if it is linear and if the coefficients ci.(q"; q™; q) are q-hypergeometric
termsw. 1. t. q" and q™, i. e. the ratios

Ck(qn+1;qm; q) Ck(qn;qmﬂ;éﬁ
(@ 9™ q) (g™ q™;q)

€Qq", 9" q

are rational functions.



For the polynomial systems of the g-Hahn tableau we get

Theorem 7. Let P, (x) be a polynomial system given by the q-differential equation (2) with o(x) = ax* + bx +c, and
7(x) = dx + e. Then, the power series coefficients C,,(n) given by

Pp(x)= ) Cp(m)x™ (25)

m=0

satisfy the recurrence equation
(a[m]% [m—1lg+dlmlg—An)Cp(n) + (blm+1] 1 [mlg +elm+1]7)Crni1(n)
+e[m+2]L[m+1]4Cpqi2(n) =0, (26)
q

with Cy(n) = 1,Cpy1(n) = 0. In particular, if c = 0, then the recurrence equation
(almly glm=1lg+dlmlg —An)Cpm(n) + (blm + 1]1/4lml g + elm + 1] 4) Cpp1 (1), 27)

is valid, and therefore P,,(x) has the following q-hypergeometric representation up to a constant K;,:

_n a-d+dq p—1
» a
Py(x) = Knpa2d 1 b7;+eqq q;—fx)y ab #0, (28)
b
q" dil-q)q"
Pa) = Kn1$1| pereq q;%x) a=0,b#0, 29)
b
qg" dq"
Pa®) = Kingo| _ |@i-=Fx|. a=b=0. (30)

Proof. Substituting the power series (25) into the g-differential equation (2), and equating the coefficients yields
the recurrence equation (26).

For ¢ = 0 this recurrence equation degenerates to a two-term recurrence equation, and hence establishes the g-
hypergeometric representations (28)-(30), using the initial value
Cn(n)=1, Cys1(n) =0. O

We would like to mention that the recurrence equation (26) carries complete information about the g-hypergeometric
representations given in the theorem.

Theorem 8. Let P, (x) be a polynomial system given by the q-differential equation (2) with o(x) = ax®> + bx +c, and
7(x) = dx + e. Then, the power series coefficients C,,(n) given by

n
Pp(x)= ). Cu()(X; @) m 31)
m=0

satisfy the recurrence equation

qn (qm+2_1) (qm+1_1) (a+qm+lb+cq2m+2)cm+2(n)_(qm+1 _1) q(_anrla_aqn

+qn+2m+lb_qm+l+nb+‘72m+2+ne_qn+2m+le+q a+qm+2n+ld_qm+2nd

+qm+1a)Cm+1(n) _ (_qm + qn) (qn+ma+ qm+1+nd_ qn+md_ aq) qzcm(n) =0, (32)

m+2n

wherem =-2,-1,0,---,n and C,,(n) = 0 outside the set of (n, m) such that0 < m < n,with C,(n) =1,Cp41(n) =0.



Proof. We first remark the following relations:

[mlq
Dq(x; Dm=-— 1 x‘(x; q)m Or Dq(x; Dm = _[m]q(qx; Dm-1,
Dé(x;q)m =—[mlg (6 @I m-1,
XG5 Pn=q"" G5 D" Gx; @ ns1-

From these relations, we obtain

Pm = A=-g7""@G5Dm-1+9 " (g% @ m,
@5 Pm-1 = 4GS Dm—q "G Dm,
x(G%; q) m—2 a7 "N Gx; Pm-2— "G @1,
PG5 Pm—2 = GGG D2~ (@ "+ g G D1 + G Do
g dm = %

Next, we substitute P, (x) in the g-differential equation (2) and obtain (using the preceding relations and simplifi-
cation)

-2m+1

Y. Con(M)(%; @) e (almlglm—1l4q +dmlgq " +Ang™")

m=0
n—1

+ ) Cm+1(n)(x;q>m+1(—a[m+11q[m]q(q‘2m+q‘2m‘1)—b[m+1lq[mqu‘
m=-1

m

n-2
—dlm+1],q7 " —elm+1l4+ 1,1 - q""—l)) + Y Copa2()(X; q) a1 *

m=-2

-2m-2 -m-1

(alm+2140m+114g72™ 2+ blim+ 21 lm +115q™™ " + clm +2lglm+1]4) =0.

Since (x; q) , is a linearly independent family, equating the coefficient of (x; q), yields the constant
Ap= —a[n]é (n-1l4-dlnlg,.

Equating the coefficients of (x; q),+1, yields the desired recurrence equation satisfied by the coefficients C,,(n).
O

The above computations show that in the general case, we get a g-holonomic three-term recurrence equa-
tion for C,;(n). In order to find solutions which are g-hypergeometric terms—hence satisfying a first-order g-
holonomic recurrence—in some specific situations, we can use a g-version of Petkovsek’s algorithm (see e. g. [9],
[15]) which was given by Abramov, Paule and Petkovs$ek [1] and by Boing and Koepf [5]. This algorithm can be used
utilizing the qrecsolve command of the gsum package in Maple [5].

The g-Petkovsek algorithm can be successfully used for several instances in this paper. However, this algorithm
is rather inefficient and therefore not at all suitable for many of our complicated questions posed. Fortunately
Horn [6] published a refined version which is much more efficient. Sprenger [16] presented a Maple implemen-
tation of this refined version gHypergeomSolveRE in his package qFPS which finds easily the g-hypergeometric
term solutions of all g-recurrence equations of this paper. It is due to this algorithm that we can state all our
results, especially in § 5.

In particular, we can solve the recurrence equations of Theorems 7 and 8 for all particular systems and there-
fore obtain the g-hypergeometric representations up to a constant K,,. Here, we consider the monic cases such
that by equating the highest coefficients of (25) and (31), we can recover the constant K;,. This method yields



Corollary 9. The following representations of monic orthogonal polynomials of the q-Hahn class are valid:

_ : : N n+1, X
Pox,a,B,y;q) = %3%( q a:;’/q q; q) for the Big g-Jacobi family
» n ’
- @q; Pnlg;q) a"apqg", x _
On(x,a,p,N,q) = sz;nfl.q)q nob ( jgas q;q| for the g-Hahn family
’ n ’

< q7",0,x . .
Py(x,a,6,9) = (aq;q9)n(Bq; q)ng(pg( q; q) for the Big g-Laguerre family

aq,pq

n(n-1) _ 1
_ -1"q 7 (aq;q)n g ", afq" . .
(xa,plg) = ;qx|, forthe Little g-Jacobi
Pn Blaq @S 21 aq q:q9x|, f q
n(n-1) —
. GO q" —aq" .
K,(x,a,q9) = ——um—— ;gx| for Alternative g-Charlier
" 1 —aq";qn 1( 0 aax| f 1

—-n
n(n-1)

Pnlx,alg) = (-D"q 2 (aq;q)nztlh(

’ q, qx) for Little q-Laguerre/Wall

B ) q—n’ x qn+1
Mu(x,8,7;9) = 0"q" (BG; Qn2¢1 B4 q;- for the q-Meixner family
~ 2 q_n, X qu+l
Chlx,a,q) = (—a)"q™" 2¢>1( 0 ;= ) for the g-Charlier family
: (-D"(q*"': q) a"
L9 q = #ﬂpl s q;—-xq* " | for g-Laguerre

—-n

Sn(x;q) = (—1)"6/"21(/)1( 9 q;—xq””) for Stieltjes-Wigert

_ n(n- x n
V,(l“)(x,q) = (—a)"q” = 1))24)0( 9 ~ q;%) for the Al Salam-Carlitz II family

Hy(x, q)

_ nn-1 qfn,x
qa % 2o

q,— q") for the Discrete q-Hermite II family.

Here and throughout the paper, the discrete q-Hermite II polynomials H,(x;q) = hn(—ix;q) are evaluated in x
instead of i x.

3. Power and g-Pochhammer Representation

Whereas in the last section we considered the specific connection problems for Q,,(x) = x™ and Q,(x) =
(x; @) m, in this section the opposite problems, having P, (x) = x"* and P, (x) = (x; q) 5, is studied.

In many applications, one wants to develop a given polynomial in terms of a given orthogonal polynomial
system. In this case, handy formulas for the powers x" or/and (x; q) , are very welcome.

3.1. Structure Formulas of the Bases x™ and (x; q) -

We need the following three relations in order to solve the inversion problem.

XPp(x) = apPps1(x)+bpPy(x)+cyPp_1(x) (33)
U(X)D%Pn (x) = apPpa1(0)+PrPr(x)+v,yPu1(x) (34)
xDgPp(x) = apDgPpi1(x)+ By DgPu(x)+y;DgPn-1(x). 35)

10



3.1.1. The case x"
Proposition 10. The polynomial x" satisfies (33), (34) and (35) with

(@ an,=1,by,=c,=0;

’

() a,=alnli, fn=Dblnl andy, = ¢(n
q q

1
q
n_1
© af =5 pr =15 =0.
3.1.2. The case (x; q)p,
Proposition 11. The polynomial (x; q),, satisfies (33), (34) and (35) with
(@) an=—q_", bn=67_”, ¢, =0;

B a,= —aln]ganan-1, Bn=-lnlg (danfl(bn +bp-1) + Ban—l) and
Yn=—Inlg(ab?_, + bby_1 +¢);

© a}= %;ﬁ; =g " andy} =0.
Proof. (a) Since (x; @) n+1 = (x;q) (1 — g"x), we have
X n=q" (%P~ q " (5P n+1,
from which we deduce the coefficients a;,, b, and c;.
(b) First we remark that D L (x; @) = —[nl4(x; ) n-1. Next we multiply both members of this equality by ¢ (x) to get
GD 1 (% G)n = ~nlg (@x*(x; @) n—1 + bx(X; @) n—1 + E(X; @) p—1) -
We use the three-term recurrence relation (33) to get
X(6 @ n-1= an-106 ) pn + bp-1(% G p-1.
We repeat the process to obtain
X2 (X6 @) p—1 = Ann—-1( @ ns1 + -1 by + bp_1) (6 @) p + bo_; (6 @) n—1-

The coefficients a,, 3, and vy, are obtained by simplification.
(c) Using the fact that Dy (x; ), = —[nl4(qX; q) n-1, we obtain

xDg(x;q)n = —[nlgx(gx;q)n-1
= —[nlg{qg " qx, n-1—q7"(Gx; @) n}
_ nig
= —[nlyq " (qx;qn-1- [n+1]q[n+1]q(qx;q)n
_ [nlg _

= q "Dy(x;q)n- [n+1]qq "Dg(X; @) ns1,
and the result follows. O
Remark 12. The following structure formula

Pu(x) = @y DgPps1(x) + byDgPn(x) + &, D g Pp1(x) (36)

can be also important. The polynomial basis 7;,(x) = x" satisfies (36) with
1 N

n = ’ =0, Cn =05
=, " e
and the polynomial basis 7, (x) = (x; q) , satisfies (36) with
—-n n -n _ 1
&Vl == q ’ bn = q ’ é}’l =0
[n+1]q4 [nlq



3.2. Power and q-Pochhammer Representation

Theorem 13. Let Q,,(x) be monic polynomial system given by the q-differential equation (2) with o (x) = ax>+bx+

¢, andT(x) = dx + é. Then, the coefficients C,,(n) of the power representation

n
m

=0

satisfy the recurrence equation

Mq(g-1D)(M~-1)(Mg-1) (—quz +M2qd- M2d + aMZ)

x ( -M3q¢?deb- aM®qeb— agMeb+2cagM*d +2 M3 gdeb+2 aM?qeb -2 caM? gd + ¢a° + 2 aM? b?
—M2dD? + ed® M* + M3 Ab? + ca® M* — aMBb? - 2¢a® M? — aMD? + aM?é® — M3deb + aM3eb + M? qdb?
+aM?q*&® + cq® M*d? — M3 qdb® + 2caM?d —2aM?eb—2caM*d —2éqM*d® —2aM? qgé® + aMél‘a)

x (=@+MaN + MANq - dAMN) Cpps1(n) + (g —1) (—a+ M2qd-M%d + [zMZJ (M- l)Mq(Bc'zMZ +M2qdb
—bdM? —aMgb-bMa+bqa—éaq*M+éMa+ gNM?aé— NM?ae+ g° NM?>dée—2 gNM?dé + NM?de
—aqNé+q*Nae+ NM?ab+gNM?db— NM?>db— NMgab— NMab - g> NMdb+ NMdb + quB)

x (—aq+M2qd'—M2d'+ [zMz) (—a+ a*M2d - M2 qd + aqgM?) Co (n) - (4 1) (—aq+M2qd— M2d+ aMZ)

_ - - - - - 2
(szZd —M%qd+aqM? - a) [qud ~M2d+aM? - dqz) [qud ~M2d +aaM? - aa]
(M=¢gN)Cp-1(n).

87

(38)

n
Proof. For P,(x) = x", we substitute xPy(x) and xQ,,(x) in xP,(x) = Y. C;,(n)xQn(x) using the three-term re-
m=0

currence equations

xXPy(x) anPpi1(X)+ by Pp(x) + cpPp—1(x),
xQm(x) = @mQm+1(X) + by Qu(X) + Em Q1 (x),

and after an index shift, we obtain
anCn(n+1)+b,Cpri(n)+c,Cpn(n—1) = @m-1Cp—1(n) + Bmcm(n) + Cm+1Cma1(n).

Using both recurrence equations for the g-derivatives yields by the same process

@ Cn(n+ 1)+ B;Crn(n) + Y5 Cr(n—1)=a},_;Cin-1(n) + B, Cn(0) + 7 111 Cns1 ().

In a similar way, we also get

apCp(n+1)+ ,Bncm(n) +YnCmn—1)=ayp-1Cp-1(n) + Bmcm(n) +¥Ym+1Cm+1(n),

(39

(40)

(41)

To obtain a pure recurrence equation with respect to m, from (39),(40) and (41), we eliminate the variables

Cn(n+1) and Cy,(n—1) by linear algebra and substitute the coefficients of Proposition 10 to get the result.

O

Theorem 14. Let Q,,(x) be monic polynomial system given by the q-differential equation (2) with o(x) = ax*+bx+

¢, and1(x) = dx+ é. Then, the coefficients Cp,(n) of the power representation

X Pn= ), Cn(M)Qm(x)
m=0

12

(42)



satisfy the recurrence equation
Mq(q-1)(M-1)(-1+Mq) (—aq2+M2qd—M2d'+ aMz](—M3q2dé13—aM3qé15—aqMé15
+2caqgM*d +2 M3 qdeb+2aM? geb-2caM?qd + éa® + 2 aM?b® — M?db® + cd* M* + M3 db? + ¢a® M*
—aM3b? -2¢a® M? — aMb® + aM?&® - M2 déb + aM3eb+ M? gdb® + aM? ¢* & + cq* M* d? — M2 qdb?
+2¢aM?d-2aM?eb-2caM*d -2cqM*d? -2aM?qé® + aMél'o) (~a+MaN +MdNqg—dMN) ¢y (1)
+q(g-1)M-1) (—a+M2qd—M2d+ sz)(—d+ G*M2d - M qd + quz)(—aq+M2qd—M2d+ dMZ)
x(dM2é+[qul_J—l_J[zM2+l_7q”€1Mq—l_)q”[qu2+éq"quz—Bq”q2M2J+ bq"M3qd -éq"aMq
+eq"M3g?d+eq"MPga—2eq" M3 qd + a* q* - M? g* @ + M* ¢* d? + aM*d -2 M*qd® -2 M*da— M3bd
+M3ba-bqg"aM? + bq"M?d - aM?qb - aM? qd + aq* M?d — ag® M?d + M2 bqd - M?éaq® — éq" aM®
+eq"M3d + Bq”aMS—Bq”M3d'+2M4qd'a—a2M2+M4d2+a2M4)cm(n)
~(q-1)(-aq+ MPqd- MPd+ aMz](—m P*MPd - M?qd + aqgM? ) (-aq? + MPqd - M*d + [zMZ)
( 25 a2 7 2|
—a+M%qd-M2d + aM ) (M=gN)cpm_1(n). 43)
Proof. Here we use the structure formulas of Proposition 11 and proceed as in Theorem 13. O

If we use one of the variants of g-Petkovsek’s algorithm we can again solve the recurrences of Theorems 13 and
14 leading to

Corollary 15. (Compare [2], Table 3) The inversion coefficients of each monic polynomial systems of the q-Hahn
class are given by Table 2.

4. Connection Coefficients Using the Inversion Formulas

If

n j
Py(x)=) Ajm7¥j(x) and ¥j(x) = Y_ B (j)Qm(x)
j=0 m=0

where 7j(x) = xJ or V;(x) = (x;q) j then

n

J
Pa(x) =) Ajm)( ¥ Bu(HQn®),
0

j: m=0
and by rearranging the order of summation gives

n

Pp)= Y. Cu(mQu(x), with Cpp(m) = 3. Aj(W)Bu() = Y. Ajem(n)Bu(j+m).
=0

m=0 j=m J

We can also use the relations

m(m+1)

(_l)m - % m(m—
+(X;Q)m, and (x;q), = Z -1)"g (m-1) [ n
q q Py "

n
m

n
=)
m=0

q

to obtain a connection between two families which are not represented in the same basis. In fact, we suppose that

Pp(x)=) Aj(m)7¥j(x), Qu(x) =) di(m)fi(x), (44)
=0

j k=0

13



Family Basis Cm(n)

i i . n m(m=1) (dqm+1,)/qm+l;q) _
Big g-Jacobi {5 P ntn (-nm™ m 2 WW
-Hahn {(x; @) n] _cv7g™% " @g™ " Vi
4 »@nin mj, (@Ba*™;q) i (@ s @) - (@BG" 25 m

i m ,mm=D | 1 m+1 m+1
Big g-Laguerre {6 P ntn (-1)"g 2 (aq ,Bq 5D nem
q
. n m@m+1) _ _
g-Meixner (G Pntn D" m q n(m+1)Yn m(ﬁq”‘“;q)n—m
q
n (Bm+1)
q-Charlier He (=) g™ m] q%—n(mﬂ)
q
n (n-1)
Al-Salam-Carlitz II {6 @ ntn (_1)naﬂ—m[m] qm(m—n)+%
q
n (-1
Discrete g-Hermite II ~ {(x; q)n}n (=™ o qm(m—n)+%
q
. . n n (aqm+l;q)n—m
Little g-Jacobi {x"}n m q—(aﬁqz"”“’;q)n_m
Alternative g-Charlier {x™ ] [ S
" m q(_aqzr’”l;mn—m
n
Little g-Laguerre Wall {x"}, [ m (aqm+1; D n-m
q
n| m-meer3min+)
g-Laguerre {x"}, m 2 @™ @) pem
q
n| mne )
Stieltjes-Wigert {x", m S
q

Table 2: Inversion coefficients for each monic family inside the g-Hahn tableau
where the expanding bases 7;(x) and 6 (x) can be any of the polynomials x7 (x 9,

J k
V(%)= Y Bi(j)0k(x),and 0x(x) = Y Dp(k)Qpu(x). (45)
k=0 m=0

14



From these three expansions, we obtain the representation as multiple sum

n n-m J
Pp(x)= )Y Cn(mQmx) with Cru(n) = Y > Ajem()Bism(j+ m)Dp(k+ m).
m=0 Jj=0 k=0

5. Connection Coefficients for o(x) = (x)

Koepf and Schmersau [10] solved the problem to determine the connection coefficients between different
polynomial systems (continuous case and discrete case) by an algorithmic approach. In this section, following the
same algorithmic method, we consider the same problem for the g-case.

Here, we assume that P, (x) = k,x" + --- denotes a family of polynomials of degree exactly n and Q,;, (x) = kp, x™ + - --
denotes a family of polynomials of degree exactly m. We want to determine the connection coefficients C,,(n), (n €
N,m=0,---,n), between the systems P, (x) and Q,, (x),

Py = Y Co(m)Qu(x). 46)

m=0

We assume that C,,(n) = 0 outside the above n x m region. We will denote all coefficients connected with Q,,(x)
by dashes.

n
We substitute xP; (x) and xQ,;,(x) in xP,(x) = Y. Cp(n)xQ,(x) using the three-term recurrence equations
m=0

XPp(x) = apPps1(x)+bpPn(x)+cpPp-1(x),

xQpm (%) amQm+1(X) + by Qp (X) + Em Q1 (X),

and after an index shift, we obtain
nCr(n+1)+ b, Cp(n) + cyCpy(n = 1) = Gyy—1 Cry—1 (1) + by Cpy (1) + Ep1 Cop1 (7). 47
Using both recurrence equations for the g-differentials yields by the same process
@y Cn(n+1)+B5Crn(n) +Y;Cp(n—1)=a}_;Cm1(n) + B5,Cin (1) + ¥ 51 Crne1 (R). (48)
In a similar way, we also get
anCon(n+1) + by Cr (1) + 84 Cn(n=1) = &1 Con1 (1) + Byn Con (1) + Em 1 Cons1 (). 49)
In the specific case o(x) = d(x) one can use the same procedure to obtain
a,Criin+ 1)+ ,Cr(M) +y,Crnin—1) =ayp-1Cp—1(n) + BmCm(n) + ¥V m+1Cm+1(1). (50)

To obtain a pure recurrence equation with respect to m, from (47), (48) and (50), we eliminate the variables
Cn(n+1) and Cy,(n—1), by linear algebra. Using this approach, we get the following recurrence equation.

Theorem 16. Let P, (x) be a monic polynomial system given by the q-differential equation (2) with o(x) = _ax2 +
bx+c, andt(x) = dx+ e and Q,,(x) be a monic polynomial system given by (2) with & (x) = o(x), and 1(x) = dx+é.
Then the relation (46) is valid, Cp,(n) satisfying the second order recurrence equation with respect to m

15



(Mg-1)(cM*a® + cM*d@? —2cM? a® - P M3 a+ W M3d + 2 b aM? - b2 d M? - W Ma+ & aM? + ca®
+2cM*adg-2cM?ad g—ebM3qa—ebM3q*d+2ebM3d g +2ébagM? —ébMag —2cM*ad
+eMA@Pd? —2eM*qd® +2cM?ad - VP MPd g+ b*d M? g - 282 agM? + & M? aq® + e bM° a— e bM>d
~2ébaM? + ébMa)( - aq® + AN*q + aN? — dN?)(- a+dN? g+ aN* - dN?)(- aq + dN* g+ aN* — AN?)( - aq®
+dN?q+aN? - dN?)*(M - gN)(MaN + MANq - MdN - a)Cp (1+ n) + (Mg —1)(cM*a?® + cM*d? -2 cM? a®
—b*M3a+b*M3d+2b*aM? - b*d M? - b*Ma+ & aM? + ca® +2cM*ad g —2cM?ad q
—ebM3qa-ébM3q?d+2ebM3d g +2ebagM? —ébMaq —2cM*ad + cM* ¢* d* — 2 cM* gd?
+2cM?ad-b*M3d g+ b*d M? q-2& agM? + & M? aq® + ébM3a—ébM3d —2ébaM? + ébMa)N(qN - 1)
x(-aq+dN?q+aN? - dN?)(- ag® + dN* g + aN? — AN?)(- aq® + dN? g + aN? - dN?)(- MéN*d? ¢3
~MbN*d?¢? + bN?adq-2eN3adq® + eN®ad g+ d MeN? aq® — d MeN? aq — 2 MbN* ad g + MbN® ad ¢*
+MbN3adq + Mszaclq3 —2MéN4adq2 +4MéN4adq + MéNzadq4 + M2(3N3’cqu2 —ZMZeNsadq
+M?bN3adg+bd M?N3aq+bd M®*N3dg? —2bd M?>N3dq + bd MN® ag® - bd MN3aq + bd MN3 d ¢°
+bd MN3dq-2bd MN3dq? - bd MN? aq® + bd MN? ag + d M?eN3aq? —2d M?eN3aq
+dM?eN3dq® -3dM?eN3dq? +3d M?eN3dg — MeN?adq® + MeN?adg® + MeN?adq + MbN>d? + Mé N*a®
+MéN*a® - MeN?a® - M?eN3a? + M®bN3d? - szqaZ - bN2a2q2 + eN3a2q2 - eNgqa2
—MbN*a? - MbN*d? + MbN®a? — e Ma® q> N> + dbM?aN? — dbM? N*d + bNM? qa®
+bNa?q* M + bNMa? g - bN> M? ga® + bN> M?ad -2 bN* Ma? g + eM? Na? > — eNM? ga® + e N> Ma® q
—dMeN?q*a+eN3adq® + dMeN?aq® + bN® ga® - bN?ad q® + bN® ad g® - bN®ad g + MeN? a?
—MéN*qa® -2MbN3d? g+ MéN?ad + M?eN® ga® + M?>eN® ad - bN>M?aq?d - bNMagq*d
—bNM?ad g+bNMaq®d +bNM?aq®d +eM?Nag®d —2eNM? aq?d + eNM?ad q
—dbM?N?aq? - dbM?N? ¢®d + dbM? N ¢*d + dbM?N?*d g + dbMN? aq - 2dbMN? ag® + dbMNag®?
—dbMaNq-2dé MN?aq® +2de MN? aq® —2de MN? aqg — M°bN3ad - bd M*N3a + bd M>*N3d
+dM?eN3a—dM?eN3d - MeN?g®a®> — MeN?a? g* + MeN?ga® — MeN?ad -3 MéeN*d?q + Me N? ¢° a°
+3 MéN4dzq2 + MbNe‘dzq2 —2MéN*ad - ba2q2M+ bNazq2 —-bN?’M?d® + eNq3a2 - eNa2q2 + éuzsz
—-&éMq®a® -2 MbN® ad + MbN® ga® + 2 MbN*d? g+ 2 MbN* ad)Cpy (n) + (Mq —1)(cM*a® + cM* d?
—2eM?a® -V M3a+ b M3d+ 22 aM? - b dM? - b Ma+ é®aM? + ca® +2cM*ad g—2cM?ad q
—ebM3ga-ebM3g?d+2ebM3d g+2ébagM? —ébMaq -2 cM*ad + cM*¢?d? —2cM* qd® + 2 cM?ad
~-PM3dq+bPdM*q-2&aqM? + & M?aq® +ebM3a—ebM3d —2ébaM? + ébMa) N>
x(N-1)(gN-1)(-a+dN?q+aN? - dN?)(MaN - ag® + dMqN - dMN)(Maq + Mq*d — Md q— aN
~dgN +dN)(-bdeq® N® - beaq® N® + beaq® N — bdeN® g + beaN® g — beaq* N +2 bdeq® N*
+2 ucqu4 + 2beaN2q3 —2uch2q3 +2acdqu2 -2 beaquz + cq4a2 —2caN*d —20a2q2N2
+2b%ag®N? -26%aN? ¢ - 2cd?> qN* = b ag® N + db* N3 g — db? g* N? + cd? g* N* — ab® ¢> N3
+e2aq* N*> - b*aN3 g+ 2 aq® N* + db?> N*¢° + ca> N* + cd® N*)Cpy(n—1) = 0.

To solve this recurrence equation, we use Horn’s variant of g-Petkovsek’s algorithm [6] using Sprenger’s Maple

implementation [16]. Otherwise we could not solve these recurrence equations and obtain their closed form so-
lutions. With the aid of this algorithm, we obtain the following connection coefficients.

Corollary 17. The following connection relations between the classical monic orthogonal polynomials are valid:

m+1
(aﬁq"+l)n_m(aqm+l;7qm+l; ﬁlﬁLIqH Dnem

n
~ n -
Pu(x,a,B,7;9) = Pp(x, @, b1,7; 9);
n(% @ By @) mX::O ml, (afy g2 m+D; qfgntmil. gy, m(x, @, f1,7;4)
m+1
~ ( N )_ i n (aﬁqn+l)n_m(aqm+qum_N1 ﬁlﬁqqn ’q)l’l—m ~ ( N )
Qn x’a’ﬁ’ )= m=0 m ” (aﬁqu(m+l)’aﬁqn+m+l;q)nim Qm x’a’ﬁl’ 14q);
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(ac/”)”‘m(ﬁqm“,mn 5@ n-m

pn(x’a’ﬁ; q) = —= m . (alﬁqz(m+l),aﬁqn+m+l,q)n,m pm(x!alrﬁ; q)r
ﬁlqm+l
L n+m+1 n (aqurl’ “Ba 5P n-m
> . — _ n-m = . .
pn(x’a’ﬁ’ q) _mZ:()( aﬁq ) m q(aﬁlqz(m+l),aﬁ6]n+m+l;LI)n_m pm(x,a»ﬁl»‘n,
(O D em
~ n aq 4 ~
Ky (x, a; S ynm Kin(x, 015 q);
n(%, @5 q) = Z (aq ) m q(—qum“, aq’”’”:ﬁ)n—m m(%, @13 9)

m+1

arq
( n
q a4
where P, (x,a, B,7;q), Qn(x,a, B, N;q), pn(x,a, B;q), Kn(x,a;q), pn(x,a;q) stand for the monic Big q-Jacobi, the
q-Hahn, the Little q-Jacobi, the Alternative q-Charlier and the Little q-Laguerre/Wall polynomials respectively.

pur ;=Y (agm" | "

m=0 m

s PDn-mPm(x, ar;q).

The connection coefficient between p, (x, @, B; q) and p,,(x, a1, B1; q) is obtained by combining the two cases:
(a, B) — (a1, B) — (a1, B1). In fact, we have

(g™ (Bgl ™, Ll g)

Prwafia) =3, T aﬁqmj’:l’q)n “pjnanpia
and _ .
~ e q(—alﬁqs’*zm Dt B
PiteanBid)= ) g a pgr gy P id,

from which we get

n
ﬁn(x) a!ﬁr Q) = Z Cm(n)ﬁm(x;al»ﬁl;Q);

m=0
where
. . +m+1
C,(n) = i j+m (aqn)nijfm(ﬁqﬁnHlyL,CI)n j-m y
m\n = 2 ]+m ’ m (061,5672(j+m+1),aﬁqn+1+m+l,Q)n—]—m

+4m
(—arfg 7 )f(alqmﬂ,’;lq",m,q),

(051,51(/72(””1), alﬁq]+2m+l’ q)]

Calling the coefficient of this sum a;, a decision algorithm to detect the rationality of a;.1/a; ([9], Algorithm 2.1
(simpcomb)) and the use of equation (1.8.22) of [8], these coefficients can be written in the form

n-m (— 1)] () qm" n’é,alqm+1’a1ﬁq2m+l’aﬁqm+n+1,q)](alﬁq2m+3 )
Cm(n) = Z

=0 (9, Bq™, 0610[116;';+1 a1 Brg? 2, alﬁqm+n+2; q)j(alﬂq2m+l; qZ)j

alﬁlqm+2 ] (aqn)ﬂ—M(ﬁqﬂH‘l’ alaqqn ,Q)n—m

a (alﬁqZ(m+1)vaﬁqn+m+ly CI)n—m m q
qm_n,%,alqu,alﬁq2m+1,aﬁqm+”+1, /_alﬁqqmﬂ,_ /_alﬁqqmﬂ 061,315/m+2
= 7¢7 ml , —————
pq™t, S a1 1aP ™, a1 fg™ 2, /a1 faq™, - \/arBaq™,0 a

(@g™" " (g™, ”’n S n-m
X (alﬁqZ(m+l)'a‘3qn+m+1’q)nim

n
m

g
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Applying Zeilberger’s algorithm [9] implemented in the gsum package®, we obtain

Wl)

m
(g™ aBq";q),, (alﬁlqg,a1ﬁ1q4;Q)zm(_m) g3

Cm(m) = a1p1g?
(q)qzyalqziﬂlqzyalﬁlqn+3r aﬁq” )q)m
(eq.aa, 25 Ba.4:q) (-araprg?) q*?
X .
(aBa, aBa? q),, (@116 n
We already have

n
Pr(x,a) =Y Cp(n,a,a1)pm(x, ay),

m=0

so that if we multiply this equality by the leading coefficient k,(a) of p,, we obtain

n (I
pn(x, @) = ki pn(x) = ZO o Cm(n, @, 1) pm(x, a1).
m

This means that the connection coefficients D,,(n, @, @;) of the non-monic families are related to the monic ones
by the relation

lX

Dp(n,a,a1) = e —=Cm(n,a,ai).

(a; Pn

a;m

From this and the relation = (aq™; q) n-m, we obtain

Corollary 18. The following connection relations between the orthogonal polynomial systems of the q-Hahn class
are valid:

n

(@Bq™ )M (@ g g (B ,q)n m
Ppx,a,,7;4)= Y. Bq

Pm(x,a,B1,7: q);

m=o L g (aﬁ1q2(m+”,q)n—m(aﬁmm“,q)m
Ot N S @B ) aPa s (B ,q)nme B Ni)
xYa) y ; = xYa) ) ; ;
! 9 m=0 mq (@B1g*"™ ;@) n-m(@Br1g™; @) m " b

1 [n] ( n—r2n+1)n_m (alq:aﬁqnﬂ;q)m(ﬁquralaqqn s @ n-m
a

Palt 0. 0id) = Z’ (@1B8g*"™*V; @) y—m (@1 Bg™; @) m(aq; q)npm(x,al,ﬁ; »;
Pn(x, @, f; q) = mXi:O " q(aﬁq”“)””" @ /;a;fl;;”cs)":(i (a;l’qq,iifq)m pm(x,a, Br; q);
Kn(x,a;q) = mio(—aq”)”‘m :,l ’ (—;:Zj’:ii);i?{;;j”:r;)m Ko (x, a1; 9);
P, @ ) = mizo(_aanznﬂ)n_m il (a1 q)r(nofq, q)nn ,Q)n m P 13 )

3gsumrecursion (summand,q, j,C(m) ,rec2ghyper=true)
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6. Parameter Derivatives

For some applications, it is important to know the rate of change in the direction of the parameters of the
g-orthogonal systems, given in terms of the system itself. By a limiting process, these parameter derivatives rep-
resentations can be obtained from the results of Corollaries 17 and 18.

Corollary 19. The following representations for the parameter derivatives of the classical g-orthogonal polynomials
arevalid:

0 n-l _aqn+m+1
%Pn()(fya»ﬁr'y;q) = Y;O(an(x,a,ﬁy'y;q)
n (a{ﬁanrl)n*m(aﬁanrl;q)m(qunJrl;q)n_m_l ‘
m ﬁ(aﬁqZ(m+l).q) (aBqg™1;q) Pu(x,a,B,7;:9) |,
q yd)n-m s D m

) n—-1 —a n+m+1
2 Qnxa,fNig) = ( q (x, @, B,N; )

ap o 1—afgn+m+l Qn

n
m

(aﬁqn+1)n—m(aﬁqn+1; q)m(qm—n+l; Q)n—m—l
g BaBg? ™ V; q)p_m(afg™ ;g m

Qmx, a, B, N; q)),

0 n-1 qm+l ﬁqn+m+l n nem+l
—pnx,a,B;q) = ( - pn(x,a, B q) + (—ag 2z )"
da’ = (1_aqm+1 l_aﬁqn+m+1) n "
X(aq,dﬁqn+l$q)m(ﬁanl;Q)n—m(qnierl;mn—m—lp wabiql;
m y W )
a(@fg? ™D ) n-m(@Bqg™ Y @) m(aq; n
) n-1 _aqn+m+1
%pn(x,a,ﬁ;q) = EO(WPMX’%,B:Q)
N n] @pgrtiy-m B D@ ey o
m q ﬁ(aﬁqz(m+1)iQ)n—m(aﬁqm+li4)m
o n-1 qn+m
aKn(x.a,q) = mzo(mKn(%%q)
Fcaghtm nl (—ag;Pm@" " @ n-ma Kmx, aq)|;
ml, a(-ag?™ L u-m-aq pm )
K] n-1 qm+1
apn(x,a,q) = m_o(mpn(ﬁmfﬂ
nem . m—-n+1. o
+(~aq Zﬂ)n—m n| (@qg;q@)m(q ;D n—m lpm(x,a;q) .
ml, al@q; Pn

For the monic cases, we have

0 - n—1 n (aﬁqn+1)n—m(aqm+l; qm+1;q) _ (qm—n+1;q) —me1 =
6—Pn(x,a,ﬁ,)f:q)= Y m 2(m+71/). n+fn+T. N2 B (%, @, B, Y )
B m=0 g BlaBq ;aBq ;D n-m
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o . n-1 n (aﬁqn+l)n—m(aqm+lqu—N;q)nim(qm—nﬂ;q)n_m_l B
v a, B,N; q) = x,a,B,N;q);
ap nt0 @ PN mZ:O ml BlaBq?m*+D, a g "M+ q)p—m Um0, PN )
i,a (mﬁ.q):"i n (aq”)"*'"(ﬁqm“;q)n_m(q’"*”“:q)n_m_lﬁ o1, )
da” T m=0 LMl a(@fq® D, afg™ M q) o, mem e
3n+m+1
iij (x,a ﬁq)= ni"l n (_aﬁq 2 )n_m(aqm+1;q)n—m(qm_n+l;5/)n—m—1ﬁ (x, ,367)
opT" T e lm, BaBg?mD, afgmt Ml q), e
0 . n-1 3ntm-1 (qm—l’H—l.q)n_m_l 5
—Kn(x,a;9) = 2 )m : Kin(x, a; q);
oa n(x « q) n;() m q(aq ) a’(—aqzm+1y_aqn+m;q)n_m m(x a q)

n

0
—pnx,aq) =Y

3 (@g™" ™ (@™ ™Y @) -1 P (%, @ ).
a m=0

q

Proof. 1f
B 2 b1
Pn(x) = Z Cm(n)ﬁ)ﬁl)Pm (x))
m=0

then .

0 B . Cn(n,ﬁ,ﬁl)_l B = . Cm(nrﬁ)ﬁl) B

—P,(x)= lim —————P, (x) + lim ——————P,, (x).

o " b B-Pu " mzzoﬁwﬁ p-p "
We know that

d I n U n
L = 3 2] g,
X m=1

m=1 fm(x) m=1

from which we get
n+m+1

2 @pig =Y 2 (g™
6,61 ! ’ n m=0 1_a/,31qn+m+1 »Y)n-
Using de 'Hospital’s rule, we obtain
im (aﬁqn+1;q)n_(aﬂ1qn+l;q)n B n-1 _aqn+m+1
pr1—p (@Brg™ ;)0 (B - B1) = 1—afgrrml

We also have
(,3167"”1, )
. Bg" ’67 n-m 1
lim ————=—(q

p—p PP B

From all the preceeding, the result follows.

m—-n+1,
s D n—m-1.

7. Linearization Coefficients

We can always suppose

n . m . k
Pu(0) =Y. Aimx', Qu(x) =Y. Bj(m)x/, and x* = Y D;(k)R;(x)
i=0 j=0 =0

where P, (x), Q(x), R;(x) are three families of classical g-orthogonal polynomials.
We then obtain the Cauchy product

n+m k
Pp(x)Qm(x) = Y. Cr(m,n)x*, where Cx(m,n) = Y A, (n)By_(m).
k=0 r=0
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Using the inversion formula, this can be rewritten as

n+m
Pp(x)Qm(x)= ) E;(m,n)R;(x)
=0
with
n+m-1 n+m—1k+1
Ef(m,n)= Y Cry(mmDyk+D= Y 3 A(n)Bgyi— (m)Dy(k+1D).
k=0 k=0 r=0

We considered here the standard linearization problem of Clebsch-Gordan-type where P, (x), Q;,(x), R;(x) belong
to the same g-orthogonal family. With the data of Table 3, we apply the g-version of Algorithm 2.1 from [9]* to

k+1
obtain the g-hypergeometric representation of Y. A,(n)Byy;—(m), then we multiply by D;(k + ) and sum w. r. t.

r=0
k.
Monic family Ar(n) Di(k+1)
k+1 o1
) I (@qg™ ")k
; . ; _\n4(0)+r @S @q™t g n-r Ly
Little g-Jacobi (=17 (@D r @B @) -y (@Bq® ),
ive g-Charlier (~1)"g(®)+r @@ kell 1
Alternative g-Charlier (-1)"g'2 GO —aa™ s i ; Caqd? Lgr
. -n. r+l. k+1
Little g-Laguerre/Wall (—1)”6/@”W I (@g™; q)k
q
.
(_1)71q(2)+r(a+n+1) GG ) e k+1 %)
g-Laguerre P r(q;q)r = 1 k(2a+k+4l+li)
q4 2
e AT ] (r)_n2+r(n+1) qq), k+1 _ k@ltk+1)
Stieltjes-Wigert (-D)g'2 @ K 2
q

Table 3: Coefficients needed for computation

Using this algorithm, we obtain the following linearization coefficients.

Theorem 20. The following linearization relations between the orthogonal polynomials systems of the q-Hahn class
arevalid:

(1) Little q-Jacobi
n+m
Pn(x, @, ;) pm(x, a1, fr; @) = ) E1(m, m)py(x, @z, fa; @)
=0
with
- k+1
q
E (m, }'l) =
l I;) @BG™ Y ) n (G D ier1(@1 Prg™ Y @) i1 (@2 P27 @)k
k=l g=n n+1 g %!
X(_l)n+mq(g)+(?)+k+l o q g "t aBqg", o q
e —k-1+1 g 9 :
aq,q™ Cap B1
4sum2ghyper (term,q,r)
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(2) Alternative q-Charlier

n+m
Kn(x, 0 ) K (x,a1;9) = Y Ej(m,n)K;(x, az; q)
1=0
with
n, (m _ k+1
. (_1)n+Mq(2)+(z)+k+l(q m;CI)k+l[ ] !
E;(m,n) =
: ,;) (—aq™ @ nlq P11 g™ @) fem 1 (a2 g2 )k
k-1 ,—n _ n
3¢3 ql—m—k—’lq ma q;—%).
_4q o ,qm—k—l-%-l’o arq +
(3) Little q-Laguerre/Wall
n+m
Pn(X, & @) Pm(x, a1;9) = Y Ej(m, n)py(x, az; q), with
1=0
n+m—1 (3)+(3)+k+1 I
Emn) = Y q—[ @@ D@ "™ D sl @) ok
k=0 (q) 57)k+l l q
k-1 ,-n 4!
_q\ntm I+1. q q ,0 . m+k+1+1
x(=1) (a2q ,Q)k4¢2( aq,qukf(lxil 'q’alq )
(4) q-Laguerre
_ - n+m ~
Ly Ly, (x;:9) = IZO Ey(m, n)L}* (x; q), with
mm-l (_1)n+m a+1 ay+k+1+1 az+1+1
Ey(m,n) = —— @ 5 Pn@™ s D m—k-1(q7 5 Pk
=0 (@ D+
) k+1 gkl g, gkl
. N . 2
(" Di+19 [ I q3¢3( qaﬂ,qm,k,m,o q;q* "t
where N =-n(n+a)+ k+l +k+D(m+a;+1)—m(m+a; —’—‘(2a2+k+4l+1). (5) Stieltjes-Wigert
2 2
~ _ n+m ~
Sn(5; ) Sm(x;q) = Y Ei(m,n)S;(x; q) with
=0
(—1ymm k+1
n+m-1 1 2
q q°(1+q) -n—-m N
E;(m,n) = i Dk+1(q s D19
kgO (44:q)k+l(%;q)k+l q"+qm T '

where N = (k+ D) (m+n+7) —m? - n? +3(5 1) - K @1+ k+1).

In the particular cases where Py, Py, and Py have the same parameters, these relations can be reduced to:
(1) Alternative q-Charlier

Kn(x, ;) K (x, @ q) = L2 " Ej(m, m K (x, @; ) with
_pynem+l 7+ (D) + (B -m-n _ ,, ,M—N _ , n—m a(q+1)q"+’”+2 2 _n+m.
=1 q (2) (2)(‘7 —aq —aq 'qn+m(aqm+aqn+q+q2)_qn_qm‘a q q .
El(m; I’l) = . N 4 a(q+1)qn+m+1 x
Caq™Pm-aq ;q)”(q 'q"*’"(aq’”+aq"+q+q2)—q”—q’”;q)l
+1 l-m-n .2 m+n+l _,, m+l-n _  l+n-m alg+lg™mie
([) q ’q & q 4 aq ’ aq ’qn+m(aqm+aqn+q+q2)_qn_qm L 7
6¥5 44 a 241 a(q+1)qn+m+l+1 0.0 q,—q |-
q ’ q 4 qn+m(aqm+aqn+q+42)_qn_qm’ ’
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(2) Little q-Laguerre-Wall

n+m

Pn(x, a; @) pm(x, a5 q) = X2 " Ej(m, n) pj(x, a; q) with

1 B+ (+71( -m- a*q"+q™ . . .

(e g(2)+(2)+7 (q " n'qﬂ+m+1‘(11+a+q+ztl)—qn—qm,q)l(tl.q}n(arq)m(l—aqm)(l_“qn)
Ej(m,n) = (a 5 a B g™ - )(17a)2 x
q°.9% q-aq 'q”+m+1(1+a+q+aq)—q"—qm q !
1+4 . n m

I-m-n _l+1 , . 1+1 g (q"+q"™)

q 'q 'aq ? an+m+l l+a+qg+ —_gh— m’O’O 7
65 q (I+a+g+aq)—-q"—q -9 |.

143 ,n m
I+4 , 1+3 2 I+4 . _I+4 aq ™ (q"+q™)
q ,(Xq » & q ,(Iq 4 qn+m+1(1+a+q+aq),qn,qm

(3) qg-Laguerre

n+m
LD L9 (x;9) = Y El(m,n)igm (x; q) with
=0

o 2(g@tnt2 L gatm+2_ e+l _ga_ g
i (qa+l+l;q)k(q m-n _ a4 q qnmmq q°—q );q)
Emn) = )
( a+n+2 4 ga+m+2 _ga+l_ga_ -1
k=0 (q4,qa+3,qa+4,q2a+4,_q q q q"+q'Z q°—q iq

k+1

)k+l
l (qa+m_1)(qa+n_l)qw

q
(g% -1)?

(q“; q)n(qa;q)m

k+1

wherew = (k+ D)(n+m+4a+7)+3(; ") - 1 k@a+k+4l+1) - m? - n? - ma - na
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