This Maple worksheet accompanies the paper

Wolfram Koepf, Dieter Schmersau: Positivity and Monotony Properties of the de Branges
Functions (2003)

and contains the Maple computations for some of the theorems in the paper. Details on the
algorithms used can be found in the book

Wolfram Koepf: Hypergeometric Summation. Vieweg, Braunschwei g/Wiesbaden, 1998.
>restart;

>w t h(sunt ool s);

[ Hypersum, Sumtohyper, extended _gosper , gosper, hyperrecursion, hypersum,

hyperterm, simpcomb, sumrecursion, sumtohyper |
>taut erm =y~k*bi nom al (n+k+1, 2*k+1) *hypertern([ k+1/ 2, n+tk+2, k, k-
n], [ k+1, 2*k+1, k+3/2],y,j);

tauterm := y" binomial(n+k +1, 2k + 1) pochhammer% +%, j %

pochhammer(n + k +2, j) pochhammer(k, j) pochhammer(k —n, ) yj / E
pochhammer(k + 1, j) pochhammer(2k + 1, j) pochhammerE(+§,j Ej! E
> Lanbdat er m =y~k*bi nom al ( n+k+1, 2*k+1) *hypertern([ k+1/ 2, n+tk+2, k-
n],[2*k+1, k+3/2],y,j);

Lambdaterm := y" binomial(n+k +1,2k + 1) pochhammer% +%, j %

pochhammer(n +k +2, j) pochhammer(k - n,j) y / %ochhammer(z k+1,j)

pochhammerE( + g j E‘ ! E

The next computations use Zeilberger’s a gorithm to deduce the recurrence equations presented in
Theorem 6.
>RE1: =sunrecursion(tautermj,tau(n));
RE1:=(2n-1)(n+k-2)(n-k-2)1(n-4)
+2(4yn®-4n*+15n2 -12yn? +¥11yn -17n 6 «*> 3y)1(n-23)
-4(n-1)(4yn?-3n>-8yn +6n k* 2 By)1(n-2)

+2(4yn*-4n*-12yn® +9n®> 5n #lyn 8y «* 4)t(n-1)
+(-3+2n)(n-k)(n+k)t(n)

># very tinme and nenory consum ng!
TIME: =time():

RE2: =sunr ecursion(tautermj,tau(k));
time()-TI M



RE2 =y (k-1)(2k-3)(n+k-2)(n-k+4)t(k-4)-2(k-1)
(4k3-4yk®+29yk? -28k?* -67yk 463k #6yn 8yn? Bly 45)1(k-23)
+2(k-3)

(4yk3-4K>-19yk® +20k? +27yk 81k #yn 8yn®> 9y 15)t(k-1)
+y(2k=-5)(k=-3)(n+k)(n-k+2)1(k) -2 (2yk®*n?>-8ykn?+3yn?
+4yk’n-16ykn +6yn +6yk* 8k* 48yk® 64k® #37yk® 482k?
-164yk +216 k +66y -90) 1(k-2)
44180.710
> RE3: =sunr ecur si on( Lanbdat erm j , Lanbda(n) ) ;
RE3:=—(n+k-1)(n-k-1)nA(n-23)
-(-3n’+4yn®>-2yn +2n K*)A(n-2)(n-1)
+n(-3n’+4n+4yn®> -6yn 2y -1 «*)A(n-1)
+(n—-k)(n+Kk) (n-1) A(n)
>TIME: =tinme():
RE4: =sunt ecur si on( Lanbdat erm j, Lanbda(k)) ;

time()-TI Mg
RE4 =-y(k-1)(n+k-1)(n+3-k) A(k-3)

-(k-2)(3yk*-4k?®-8yk +10k +yn? 2yn 6y 6)A(k-2)
+(k-1) (3yk*-4k?®-10yk +14k +yn? 9y 42 ®yn)A(k-1)
+y(k=2)(n+Kk)(n=-k +2) A(K)
28.552
The following yields the hypergeometric representations that are used in the proof of Theorem 8,
i.e. Eq. (22).
>df : =sunt ohyper (taut erm subs(n=n-1,tauterm,j);
df ;= y* (binomial(n +k + 1, 2k + 1) — binomial(n +k, 2k + 1))
hypergeom([k, k= n,n+k +1],[2k+1, k+1],y)

>prefactor: =eval (df, hypergeon¥l);
prefactor := y* (binomial(n +k+1, 2k + 1) —binomial(n +k, 2k + 1))

> si nmpconb(y~k*bi nom al (n+k, n-k)/ prefactor);
1
Theorem 9:

>s: =sunt ohyper (t aut er mtLanbdatermj);
s:=2y*binomia(n+k +1,2k + 1)

hypergeom%g k+%, K-n,n+k +2§§<+1, k+§, ZkEyE

>d: =sunt ohyper (t aut er m Lanbdatermj);



(k+1)

d:=(n-Kk)(n+k +2)binomia(n+k +1,2k+1)y
hypergeom%ﬁk+3,k+l,k+g,k—n +1%%<+2,k+2,2k+2§y§((2k+3)
(k +1))

>si nmpconb(si nplify(subs(k=k+1,s)/d));
1

>



