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Abstract

> .

Let f*(z) = ) aj 2’ be a convergent series in which {a}}52, are known real numbers. In this
j=

paper, by referring to Osler’s lemma [8], we obtain explicit forms of the two bivariate series

S ahsimr cos(a+ )0 and S @iy sin(a+ 5)6,

j=0 =0

where 7,6 are real variables, o € R, n € N and m € {0,1,...,n — 1}. With some illustrative
examples, we also show how to obtain the explicit form of a trigonometric series when f*(z) is
explicitly given. Three new integral formulae are derived in this direction.
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convergence radius.
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i)=Y a5, (1)
j=0
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be a series convergent in a specific region, say |z| < A* and {a}}$2, are known real
numbers. According to Abel’s theorem [2, p. 7], the convergence of two bivariate series
[6]

Colf*;7,0,m,n) = ah i1 cos(a + 5)6, (2)
j=0
and
Sa(f*5r,0,m,n) =Y a1/ sin(a + )6, (3)
j=0

in which r, 6 are real variables, « € R, n € Nand m € {0,1,...,n — 1}, directly depends

*

o0 .
on the convergence of the reduced series > af j4+m T’ , because after applying the ratio

7=0
test for the series (2) and (3), the values

. cos(a+j5+1)0 . sin(a+j+1)0
lim —————— and lim ———————
j—oo  cos(a+ 5)0 j—oo  sin(a+ )0

o0
are not generally known. Moreover, if r € [-1,1] and ) |a7*w-+m| is bounded, then
§=0

|C’a(f*;r,9,m,n)|SZ’aZjJFm‘ and \Sa(f*;r,ﬁ,m,nﬂgz

Jj=0 Jj=0

.
0 o]

For the series (1), Osler proved the following lemma [8].

oo .
Lemma. Letn € N, m € {0,1,n — 1} and f*(2) = }_ a} 2’ be a convergent series in

=0
|z| < A*. Then we have
o) 1 n—1
* n +m o _ 2mmi k rx 27mi k
E U jpm 27 *55 e” T Ffr (e Pr), (4)
=0 k=0
which can be rewritten as
(e’ 1 n—1
. m 2mmi 27i 1
* J — 7 — =k px ko
E :anj—&-mz - ’I’LZ € f (6 z )
=0 k=0

In order to compute the two series (2) and (3) via Osler’s lemma, suppose in (1) that

z=x4iy=re? (i=+v-1),



is a complex variable so that
r=+z24+19y2, 0= arctan 2 and z,y € Ry > 0.
x

It can be directly concluded from (1) that

A f(z) = 2 (z
Im (2 f(2) + 2 f(2) = (LB ZF G g v, (5)

7

In other words, z* f*(2)+2* f*(2) and (2 f*(2) —2* f*(2)) /i are always two real functions
if (1) holds. Now by applying this result to Osler’s identity and doing some computations,
we can obtain explicit forms of two real bivariate series of types (2) and (3) as

n=1 . T46) i ) T—0)i (6)
= ﬁrf% > (ef%(zkfwe)lf*(fr%e(zk T )Jre*%(%ﬂ*@)%f*(rie‘(%ne) )) ,
k=0

and

x .
So(f*;r,ﬂ,m, n) = Z a:j-&-m rJ sinj0

Jj=0 :
1 m =l m . 1 (2k7w406)i " . L (2kn—0)i ()
= %’r_7 Z (6_7(2]“'4'9)2]‘"*(7“;67) _ 8_7(%”_9)7*(7@6?)) -
k=0

For example, substituting n = 2,3 in relations (6) and (7), respectively, yields
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675 Co(f737,0,1,8) = e 81 f*(r¥edl) 4 e8if~(rhe8) 4 em T (rde )
+€9 Qﬂif*(’r%e_e_szwi) + e_9+47r1f*<r%66-247r1> + 69

w



6irs So(f*;r,0,1,3) = e"’f (r%egz) — eslf*(rse—gi) + 6—9432”]0*(7«%@9*32”)
21r 044w O0+4m 0—4m - 0—4m (9)

6 2044w 1 6427 .
3

675 Co(f*:7,0,2,3) = e Fif*(riesl) 4 e¥if*(rie ) 4 e- ‘f*(r3eTs )

- wif*(Téeie 327{1)+672 t Zf*(?”%eeghi) +629;8Wif*(7”%679734wi),

6irs So(f*;7,0,2,3) = eiflf*(r%egz) - e¥if*(rée 5i Hteo 2opan Zf*(réeegzwi)
0—2m . L 29+8 Otan . 20— 87r 1 0747%)

ifr(rie 3 ) —e m ifr(rieT 3

—62934%]”*(?“%67

On the other hand, since
Co(f*;r,0,m,n) =cosald Co(f*;r,0,m,n) —sinad So(f*;r,0,m,n), (10)
and
Sa(f*57r,0,m,n) =sinald Co(f*;r,0,m,n) + cosab So(f*;r,0,m,n), (11)
one can extend the results (6) and (7) as follows
S} .
Calf*57,0,m,m) = 32 @2 1119 cos(a + )0
net, T | L (12)
=Ly (e(aa—%@kn-‘r@))if*(r%ei(%trg“) + e—(a9+%(2kﬂ—9))if*<r%67<2k"n*e“)) 7
k=0
and
0 .
Sa(f55r,0,m,n) = > a}, ., v’ sin(a+5)0
=0
m =l - . 1 (2kn46) i m ) 1 (2kn—6)i (13)
= LlpE Y (e(ae—g(zkwre))zf*(r;eﬁ) _ e—(a0+7(2kﬂ'—9))zf*(r;e?)) _
k=0

It is clear that the extensions (12) and (13) are valid only in the convergence region of
r for any o € R and 6 € [, 71]. Moreover, the initial condition lim ay, ;77 = 0 must
j—o0

be always satisfied in order to automatically have

jhﬁr{)lo ay it cos(a+4)0 =0  and jlggo ay jmr sin(a+5)0 = 0.

Relations (10) and (11) show that for computing
(o) ) oo
Z ay, jym T cOS(a +5)0 and Z y, jm T sin(a + 5)0,
j=0 =0

we should just compute Cy(f;r,0,m,n) and So(f;r, 6, m,n).



Example 1. Assume that f*(z) = —ln(l%z) => £ ]+1 Hence ay,;,, = m and
=0
the two bivariate series
In(1 -2z > rd .
C’a(,g;r,ﬂ,m, n) = jz:(:) m cos(a + 7)0,
and
In(l—=z > / .
Sa(_g;r,ﬁ,m,n Jzz:o nj+m+151n(a+j)9,

can be explicitly computed via the expansion of the given function. For instance, to
compute

>

j=0

r3i+2 In(1 - z)

5 COS (35 +2)0 = r? Coy3(— ;1°,30,1,3),

we first have from (10), (8) and (9) that

Coys(f*573,30,1,3) = cos 20 Co(f*;7%,30,1,3) — sin 20 So(f*;7%,36,1,3),

in which
67 Co(f*57%,30,1,3) = e~ 0 f*(re?) 4 e f*(re= %) + e~ O+ 5 f(re0+5)1)
+eO= 5 fr(re=(O=3)0) 4 o= O+ f(reO+)) - (14)
e @) fx (pe= (0= )0y |
and

6ir So(f*;7r3,30,1,3) = e~ f* (ref) — e f* (re=0) 4 e~ (O+F)i = (e(0450)10)
—eO= )i fr (pe=(0=3)1) o= (51 (e (045)0) (15)
— )i fr (e (=51 |

By noting the identity

In(l —z—dy) . ,
T ary @)
T 2 2 y y y 2 2 (16)
—Z1In ((l—a:) +y ) +yarctan {£7  warctan $¥7 + §1n ((l—x) +y )
= +Z 5
$2+y2 x2+y2



the aforesaid series can be finally computed as

0 35+2
3j+2)0 =
> 373 cos(3j + 2)
= 2 (17)
1 ! (1+ 7% — 2rcosf) V3 " V3 (r? +27rcosf)
—— I — —— arctan
12 4r2c0s?0 4 2r(r2 + 1)cosf+r*—r2+1 6 —r2+2rcosf+2°

which is valid for any |r| <1 and 0 € [—m, 7).

Here the important question is whether one can directly obtain the result (17) without
using the relations (14) and (15)? In other words, how to compute the explicit form of

a trigonometric series when f*(z) is given? We explain the solution of this problem by
some particular examples.

Example 2. To directly compute the two series

o0

ri — 7
- cos(a + 7)60 and - sin(a + 7)0,
SF LT QT >t
7=0 7=0
by using identity (16) and the fact that Z = 02 we have

J+1 z

Co(—20=2)11 9. 0,1) = Z " cos(a+ 5)f

j=0"

= %COS af ZO (Tem)j»%g) _ % sin o ZO ,,-679)-7];_(;‘ —79)7

7= ) = ‘ ‘ 8
= —1 cos o) In(1 - Tele) + In(1 — re‘“’) — sinaf _ln(l - 7"619) + In(1 — Te_le) (18)
-3 retd re—19 T 9 T vt

1 _ 1 9 . 9 9
- (L) - S 1 o)
as well as

Sa(_ll‘l(lz_z);’]"7070,1) = E %Sln(a—&-‘])e
:781110‘0 Z (et e ) 1) + 5 cosa9 ZM

7=0 ”1 JH o

ln 1-— 7’6 1 (1 — re_lg) 1 ln(l o T@ie) 11’1(1 . Te_ig)
=—fsma9 - + —cosaf | — i + _
619 re—’Le 2Z 7‘610 T6_19
_ 9 9 . " 1o

e R L

Example 3. To directly compute the two series

o0 71 J )
Z 2( )17"23 cos jo and
=0 * J=0

(oo}

27 sin j6),




o0 277
by using equality > (;j:ij = aetanz and the fact that
=0

arctan(z + iy) 1 Yy 24+ 1+ y) 2x
- = 5 5 ln72+xarctanﬁ
T+ iy 2(z2+y?) \ 2 24+ (1-vy) 1—22—y
1 1 2
i L Elnw,yamtm% ’
2(2? + y?) 22+ (1—y)? l—2%—y

we have

o0
Co(et222:7,0,0,1) = 3 GEr® cos jo
j=0

B li T619/2 2)] 4 (7(7“677;6/2)2)] B 1 arctan(rewﬂ) N arctan(re*ie/Q)
= 2 =0 2] + 1 - 2 Tei9/2 Te_ig/Q
1$Mﬂ L L4r® o+ 2rsin(60/2) 21 cos(6/2)
~ 9 0/2) arctan ———>\"/%)
2r < B s z) T s@/Parctan 0= )
as well as

r% sin j6

So(arctzanz;r’ao’l) Z

1 > (—(reie/Q)Q)J — (—(re_ig/2)2)J 1 arctan(re'?/?) B arctan(re="0/2)
2 = 2j+1 2 reif/2 re—i0/2
1 0/2 1 2+ 2rsin(9/2 2 0/2
_ L (cosl0/2) y Lrr £ 20sin(0/2) g o) arctan 22C0/2)
2 1472 —2rsin(6/2) 1—r2

2r

Example 4. Obtain the series (17) directly. For this purpose, one should first apply

Osler’s lemma (4) to obtain the explicit form of Z i +2 via the equality —In(1 — z) =

> ‘37_:11 and then apply the technique used in examples 2 and 3. In other words, first via
§=0

Osler’s lemma we obtain

i 230+2 1ln 1-2° V3 V32

— —— arctan

224241 3 z+2’ 2 <1. (20)

:O

Then, by applying the explained computational technique to (20), we have

oo r3-7+2 . S d]+2+ re*w 3j+2
Zo 5T cos(3j +2)0 = % Z 3]_5_2 )
j= =0
1 (1- re“’) V3 V3ret 1 (1- re*ie)2
=——Ih————-—— — ——arctan ———— — —1In . :
127 r2e%0 +ret +1 6 ret +2 12 r2e20 f e +1 6
1 ) (1+ 72— 2rcosf)’ V3 . V3 (r? +2rcosf)
=——In — — arctan
12 4r2cos?0 +2r(r2 +1)cosf+r*—r24+1 6 —r2 4 2rcosf + 2’

— —— arctan



which is an extension of the series (20) for # = 0 and r = z , because

V3 (22 +22) V3z

—arctan ——— = = arctan .
—22 42242 z+2

Note that the extended series (21) converges for any |r| < 1 and 0 € [—7, 7.

Remark. All series given in examples 1 to 4 can be also represented by the generalized

hypergeometric series [1,7]

ai, ag, ..., a > k
JF, 1, 2 Pl :Z (a1)g(a2)y, -~ (ap),, i"
by, bo, ..., bq k=0 (bl)k(bQ)k"'(bq)k k!
k=1
in which (r)g = [] (r+j) and z may be a complex variable. For instance, series (20)
§=0
can be represented as
3542 2/3, 1
Z *Z 2F1 / 2’3
- 5/3

2. Three new integral formulae derived by relations (12) and (13)

It is well known that {cos(a+7)0} 32, and {sin(a+j)0} 32, constitute two biorthogonal
sequences [5] for &« =0 and a = 1/2 on [—, 7] so that we have

s s

: : 0 (#k),

cosjOcoskfdd =2 [ cosjbcoskfdd =md; = (22)
“r ™ (] = k)v
ST sinjOsink0df =2 [ sinj0sin kO do = 7 d;,
[T _sinjfcoskfdd =0, VjkeZ,

and

ST cos(j+ 3)0cos(k+ 3)0d0 =2 [ cos(j + 3)0 cos(k + )0 df = 7,
[T sin(j + 3)0sin(k + 1)0d0 = 2 [ sin(j + )0sin(k + )0 d0 = 75,4, (23)

[T _sin(j + 3)0cos(k+ 3)0d0 =0, VjkeZ,



where [—m, 7] can be changed to any other arbitrary interval of length 27 by a simple

linear transform. By referring to the relations (12) and (13), now define the finite sequence

cos(a+ 7)0

l
_ * j
—-Eiianj+nlr ) . ’
=0

sin(a + )0

and assume that there exists a real function ¢(6) (independent of [) such that |T;(0)| <
t(0). Since Co (f*; 7,0, m,n) and S, (f*;r, 8, m,n) are respectively even and odd functions
in 6, by using the dominated convergence theorem [1,7] and applying biorthogonality

relations (22) and (23) we can respectively find the following formulae

/ Colf*;7,6,m,n) coskf df = / > agymr? cos(a+ 5)0 | cosko do

-7 Za \J=0

= Z a2j+mrj / cos(a+ j)fcoskOdf | = map, (o) 4m rk=e (k—a e NU{0}),
=0 e

s

/Co(f*;r,e,m n / Zam+mr cosjf | df = Zaerm /cosj0d9 =rma),
0 0

0

and

Jj=0

/Sa(f*;r,ﬁ,m,n) sinkadez/ > ah ! sin(a+5)0 | sinko do

—T
s

= Z a2j+mrj / sin(a + j)0sink0df | = may, _a)m rk=e (k- a e NU{0}).
=0

— T

Similarly, corresponding to relations (23) we have

s

[ 1 = : 1
/ Cy2(f;7,0,m,n) cos(k + 5)96&9 = / Z ay, jym?’ cos(j + 5)9 cos(k + )9d9
— Zx \J=0

Z an pm™ /cos(g—i— =)0 cos(k + )9d9 =71al et (k€ NU{0}),

7=0

— T



and

K

[ o o o1 VIS (VR I
/ S1/2(f*5r,0,m,n) sin(k + 5)9 df = / Z g, T SIN(j + 5)9 sin(k + 5)9(19

Jj=0

—r —7
T

. , 1 1
= Z ap jpm?’ / sin(j + 5)95111(1@ + 5)9d0 =71a i (K€NU{0}).
3=0

— T

Corollary. If k € NU{0} and j € Z U {1/2} except the case k = j = 0, then three
following formulae are valid in the convergence region of r:

/Cj(f*;r,é’,m,n) cos(k + 7)0do = ga;,ﬁm "
0

/C()(f*;r,ﬁ,m,n) do = may,

0

/Sj(f*;r,&m,n) sin(k + 5)0 df = ga;k+m k.
0

Example 5. By noting the results (18) and (19), replacing them in the above corollary
yields

s

in(j —1)0 in ¢ i —1)0 i
/ <SIH(JT) arctan(l iS;I;OSQ) N cos(]zr ) In(1+7%— 2rcos9)) cos(k +5)0d = fg k::— T
0
in 6 in 0 0
[ (5 aan e = e ) =
0
and
r cos(j —1)0 7sin @ sin(j —1)0 9 ) _ T ok
cosy — )Y - In (1472 —2rcosf) ) s _T
/( . arcmn(l—rcosﬁ) 5 n(l+r rcosd) | sin(k + 5)0 df STl

0

which are valid for any |r| < 1,0 € [0,7], k € NU{0} and j € ZU {1/2} except the case
k=j=0.

Remark. Many other series in mathematics can be extended via the approach presented
in this paper. For instance, we can extend to trigonometric expressions

i) generalized hypergeometric series as in [6];

ii) all classical orthogonal polynomial expansions [in preparation];

iii) Laurent series and classical generating functions of polynomial families [in prepara-
tion].

10



3. Conclusion

o0 .
We showed in this paper that if f* in the series f*(z) = aj 2’ is known, then two
j=0
power trigonometric series

(oo} (oo}
Z ay jtm 7 cos(a + 7)0 and Z aflﬁm 7 sin(a 4 5)6,
=0 =0

can be explicitly computed in which r, 6 are real variables, « € R, n € N and m €
{0,1,...,n—1}.

4. Appendix

The algorithms covered in this paper can be directly implemented in Maple. As an
example, in this section we show how Example 4 can be derived.
We use the following two short programs implementing Osler’s lemma (4) and the real
part of it.
> nfold:=(f,z,n,shift)->1/n*add (exp(-2*Pi*I*shift/n*k)*
subs (z=exp (k*I*2xPi/n)*z,f) ,k=0..n-1):
computeu:=proc(f,z,r,theta)
local fpolar;
fpolar:=subs(z=r*exp(I*theta),f);
simplify(Re(evalc(fpolar))) assuming r>0,theta::real;
> end proc:

We start with the function
> f:=-log(1l-z);

vV VVV V

fi=-In(1-=2)
The FPS algorithm (see [3]) gives the representation
> convert (f,FormalPowerSeries) ;
o (k+1)
Pt k+1
We compute the m-fold part for m = 3 and shift = 2, and get first the complex form
> res:=nfold(f,z,3,2);

res := — ln(lfz)fl(f%Jr%I\/g)ln(lf(f%Jr%I\/?j)z)
1

3
1,1 11
—5 (5 =3 IV~ (—5 5 1V3)2)

which we bring in real form

Wl

> res:=Re(evalc(res)) assuming z>0,z<1;

zV/3
2(1+§)

The following computation using the FPS algorithm shows that this result is correct.

1 1 2 1
res 1= -3 In(1-2)+ 8 In((1+ g)z + 372) ~3 V3 arctan

11



> simplify(convert(res,FormalPowerSeries));

< (3k+2)
— 3k +2
To obtain (17), we must just compute the real part:
> resl:=computeu(res,z,r,theta);

1
resl .= ——
6
. B s
V/3arctan (r + 2COS(9))7 727"81“(9) V3 —4drcos(d) —r* —4
r2+4rcos )+4 12 + drcos(0) + 4
_rV3(r+2cos(d) 2rsin(f) v3+4rcos(d) +r* +4
V/3arctan ’
r2 4+ 4rcos(f) + 4 %1

- 6111 (1+72—2rcos(h))

1
+ 5 In(472 cos(0)? + 273 cos(0) + r* + 27 cos() —r? + 1)
Here is our term (17):

> terml7:=-1/12%1log((1+r"2-2*r*cos(theta)) "2/ (4*r"2*xcos(theta) "2+
>  2xr*(r~2+1)*cos(theta)+r 4-r°2+1))-

> sqrt(3)/6*arctan(sqrt(3)*(r~2+2*r*cos(theta))/(-r~2+2*r*cos(theta)+2));

terml17 =

—1
12 . (4r2 cos(0)2+2r(r2+1)cos(d) +r+ —r2+1
2
B 1 3 arctan \/3(7" +2rcos(h))
6 —r2+2rcos() + 2

Unfortunately it is not easy to prove that the two terms agree.
>

(1+7r%—27rcos(f))? >

simplify(resl-terml7) assuming r>0,r<1,theta::real;

3arctan(r /3 (r + 2cos(0)), —2rsin(0) V3 +4rcos(d) +r? +4) + ~
V3arctan(—r /3 (r 4 2cos(0)), 2rsin(0) V3 + 47 cos(0) + r2 + 4)
1
~ % In(1 + 72 — 27 cos(f))

1
+ E In(4 7% cos(0)? + 273 cos(0) + r* +2rcos(d) —r? + 1)
+ E In((27cos(f) —r? —1)?)

1 1
—1
+ 12 n<4T2COS(9)2+2T3COS(9)+T4+2’I"COS(9)—’r2+1>

Jré\/garctan( V37 (r+2cos(0)) )

—r2+2rcos(f) + 2




However, computing the derivative w. r. t. r of the difference of the two terms, we
easily get a proof:

> simplify(diff (resl-terml7,r));
0
Computing an initial value finished the proof:
> simplify(eval(resl-terml7,r=0));
0
This is also recognized by the FPS algorithm.

> convert(resl-terml7,FormalPowerSeries,r);
0
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