>restart;

Auf was kommt es bei einem Computeralgebrasystem an?

>40"!;
815915283247897734345611269596115894272000000000

>binomial (123,45);
8966473191018617158916954970192684

>40!'/binomial (123, 45) ;
25958350187266238740370433245184000000000

285268404472916876134028573

>evalf (Pi,100) ;
3.1415926535897932384626433832795028841971693993751058209749445923078 \

16406286208998628034825342117068
>p:=(x+y) *10- (x-y) ~10;
p=(x+y)=(x-»"°

> expand (p) ;
20x°y +240x7 y* +504 x° y° +240 x° y7 +20 x »°

> factor (p) ;
4xy (5" +10x2 )y +xH) (0 +10x%2y? +5x%)

>solve ({x*2+y*2/2=1,-x"2+y*2+1=0},{x,y}) ;
{y:O,x:l}’ {y=0,x=-1}

>plots[implicitplot] ({x*2+y*2/2=1,-x"2+y*2+1=0} ,x=-3..3,y=-
3..3);
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>plot3d (x*2-y*2,x=-1..1,y=-1..1);




>

Berechnung der Rekursionskoeffizienten
Wir betrachten die drei hochsten Koeffozienten des orthogonalen Polynoms:
>p:=k[n] *x*n+kstrich[n] *x* (n-1) +kstrichstrich[n] *x* (n-2) ;

. (n=1 . . (n-2)
p =k x"+kstrich x "V s kstrichstrich x""
n n n

Wir erkldren die Polynome 0 und T mit beliebigen Koeffizienten a,b,c,d,e:
> sigma:=a*x*2+b*x+c;
tau:=d*x+e;

O=ax’+bx+c

T:=dx+e



Das Polynom erfiillt die Differentialgleichung DE=0 mit:
>DE:=sigma*diff (p,x$2)+tau*diff (p,x)+lambda[n] *p;
E]{n x" n? k x"n kstrich A (n-1)*
DE =(ax*+bx +c)9 T~ +
X

x? x?

-1 -2
kstrich x(n : (n=1) kstrichstrich x(” : (n=2)*
- -+
x? x?

kstrichstrich Y (n=2) é

x2

kstrich”x(n_l) (n—1) kstrichstrichnx(n_2) (n—2) E
+

X X

E(f”x”n
+(dx+e)F . +

-1 -2
+A (k x"+kstrich, " s kstrichstrich . 2 ))

Wir sortieren nach Potenzen von x:
>de:=collect(simplify (DE/x" (n-4)) ,x);
de = (ak, n* + dk n +)\” k —ak n) x*+(a kstrich, n* - d kstrich, —bk n

+A kstrich +bk n* -3a kstrich n +ek n +d kstrich n + akstrich ) x4 (

)\n kstrichstrich Lt 2b kstrich” +d kstrichstrich L ta kstrichstrich , n’

+6 a kstrichstrich =5 a kstrichstrich n+ck, n*-c k n+bkstrich n*
=3 bkstrich n +e kstrich n =2 d kstrichstrich e kstrich) ¥ +(2c kstrich

+c kstrichn n’ -3¢ kstrichn n +e kstrichstrich Nz +6 b kstrichstrich ,

+b kstrichstrich | n* =5 b kstrichstrich , 1 —2 e kstrichstrich ) x

+ 6 ¢ kstrichstrich LT 5 ¢ kstrichstrich L te kstrichstrich , n’

Koeffizientenvergleich beim hochsten Koeffizienten liefert die bereits erwéhnte
Gleichung fuir A :
>rulel:=lambda[n]=solve (coeff(de,x,4) ,lambda[n]) ;

rulel .=\ =-n(an+d-a)

Wir setzen dies ein:
> de:=expand (subs (rulel, de)) ;
de :=x’e kn n+x’h kstrichn n? =4 x* a kstrichstrich ST x2e kn nw+2x3a kstrichn

+6 x° a kstrichstrich ., +2x%h kstrichn +6 x b kstrichstrich ., +2xc kstrichn

+ 6 ¢ kstrichstrich ., -x>d kstrichn -2 x2 d kstrichstrich . -x*e kstrichn
—2 x e kstrichstrich LT 2x%a kstrichn n+xb kn n-x>h kn n-3x2h kstrichn n

+x b kstrichstrich . n® =5 x b kstrichstrich N -x%c kn n +xc kstrichn n’

-3xc kstrichn n +c kstrichstrich . n? =5 ¢ kstrichstrich o +?’e kstrichn n



+x e kstrichstrich N

und machen Koeffizientenvergleich beim zweith6chsten Koeffizienten. Dies liefert

k'[n] als rationales Vielfaches von k[n]:
>rule2:=kstrich[n]=solve (coeff(de,x,3) ,kstrich[n]) ;
k n(e=b+bn)

2an+d-2a

rule? = kstrichn =

Koeffizientenvergleich beim zweithéchsten Koeffizienten gibt k"[n] ebenfalls als

rationales Vielfaches von k|[n]:
>

rule3:=kstrichstrich[n]=solve (coeff (subs (rule2,de) , x,2) ,kstrichst
rich[n]);

1
rule3 :=kstrichstrichn:Eknn(—4can—cd +2ca *2cn’a vend Bbe 257

+5b°n—-e* =5ebn —4b*n* Rbn*e H°n ¥*n)((2an+d-2a)
(-3a+d+2an))

Wir betrachten den monischen Fall

>k[n]:=1;
kn =1
so dass gilt:
>rule2;
) _n(e—-b+bn)
ksmc}z”_2an+d—2a
>rule3;

kstrichstrichn:n(—4can—cd+2ca+2cn2a+cnd+3be—2b2+5 b>n-e?
—Sebn-4b*n* ¥2bn*e +b*n’ +*n)(2(2Qan+d-2a)(-3a+d +2an))

Wir wollen nun die Koeffizienten B (n) und Y (n) in der Rekursionsgleichung

RE=0 bestimmen:

>RE:=P(n+l) - (x-beta[n]) *P (n) +gamma [n] *P (n-1) ;
RE:=P(n+1)=(x-B)P(n)+y P(n-1)

>RE:=subs ({P(n)=p,P(n+l)=subs (n=n+l1,p) ,P(n-1)=subs (n=n-
1,p)},RE);

(n+1) . . .
RE =x + kstrich x" +kstrichstrich X
n+1 n+1

(n=1)

o . - L (n-D)
(x =B,) (x" +kstrich x +kstrichstrich  x )

n- n-2 n-3
+y, (x( Dy kstrich _, 72 wkstrichstrich o1 X ))
Wie substitutieren die berechneten Formeln:
>RE:=subs ({rule2,subs (n=n+1,rule2) ,subs (n=n-
1,rule2) ,rule3,subs(n=n+l,rule3) ,h subs(n=n-1,rule3)}, RE);



(n+1)+(n+l)(e—b+b(n+1))x”
2a(n+1)+d-2a
+2c(n+1)Ya+c(n+1)d+3be 20> 5b°(n+1) <> Seb(n+1)

_4b2(n+1)2 +2b(n+1)2e +b2(n+1)3 +62(n+1))x(n_1)/(2

RE =x

+(n+1)(-d4ca(n+l)—-cd+2ca

(2a(n+1)+d-2a)(3a+d+2a(n+1)))-(x-B) %”

+n(e—b +bn)x(n_l)
2an+d-2a
+5b°n—-e*> -5ebn —4b*n* Rbn*e #*n’ -tezn)x(n_2)/(2(2an+d—2a)
(n=-2)

e

~4ca(n-1)—cd+2ca 2c(n-1Y%a +«(n-1)d Bbe 2b°
+5b°(n—1)-e*-5eb(n—-1)-4b*(n-1)*+2b(n-1)Ye+b*(n-1)°

+n(-4can-cd+2ca +2cn*a +cnd Bbe 25b*

+2(n-1x" "2 Qan-1)+d -2a) (-3 a+d +2a(n—l)))E
>re:=simplify (numer (normal (RE)) /x* (n-3)) ;
re:=—336x3ea4dn3+2192x3Bna6n2—96x2nzebd3a+80x2n6b2a3d
=504x>n’ b*a’d —2084y b>n’a’ +2644y b*n'a’ +770xy bd’ a® n’
-336x*n*b*d*a* =560 x* n*eba’d +392 x [3nn30015 +236 x B”n3 e’da’
—396)c2n3ebaza’2+1162xzn4b2a3a’+22yneza’2ar2—480\/ncn4a3a’2
+548 x> n* bea* +740 x* v’ b* a* +2396xynba3 n® d* +24x2ynd5an
—464xBnnscda4 —240x2[3nnzba5 +972xBnn4cda4 —416x2[3nnsea5
+92Oynebn5a4—40x2nb2da3+584x[3nn5ca5+2248x2[3nn4ba4d
+xPB n'b*d +320x7y @’ P d® +80xy en’d’ a® +2192x’y a’nd
+1O6ynezda3n—l88x3eazd3n +128x3[3na6n6 -1168 x> b n* d a*
+856x3ea5n+656x2n4ca5—1064x2n4b2a4—2400x3Bna5n4d
+2x[3nn3bed4 —416xynbn3d3a2 +96x?n’ ca*d —496yﬂbnseafa3
+4x*n’ b* d* +160xynen4a’2a3 +23y b*n* d* +548 x> ead +1096 x° b n* o’
—704x[3nn4cas+89x[3nn262d202+120x3Bnd4a2n2+10x[3nn3cd4a
+70yﬂcaza’3 —614xyned2a3n +1360x* b n*a® 30x*ed*a
-396 x° b n* d° a* -265 ynca’3 a*n +124 Y, e*a*n® +486x*n*b*a’ d



+96x2n4ebar2afz+2x3[.’snafé+2x3ea’5—240x3ea5+2x2ynaf6
—82xynbn2d4a—176ynb2n7a4 +20x2[3nnzed4a +2x2[3”ned5
+24x[3nn462a’2a2 +x[3nnzezd4 +64xynen6a5 +160xynbn6a4d
+389xBnn4b2d2a2+944x2[5nn4ea5—450x3ea3d2—554ynbeda3n
+569ynbed2a2n -186x*n* c d&* a* +12yﬂb2d4 +680 x> n* b e a*

+1124x*n’ eba’d —560 yncn5 ad —2700x2yna4d2n 960 x* Bna6 n’
—240x2nscas—936x[3nnsb2a4+8x[3nnsbzd3a—1148x[3nn4b2a’ar3
=332xB n*b’da’ +4xy bd +224x’ bn'd® @’ 2700x° B d*a*n
+32xBnn7bea4+1540ynca4n4d +l60xynen5a4d +48 x> e n* d° a?
+19y ebnd' +384x7y a’n’d+1008xy ea’ n* +3492xy ba'n’d
—325x[3nnzbea’2ar2 +40x’ P ebad® -1184x*w’ b* a’* d +16xBnn4bed3a
+548x7y a'd® +384x°B a’n’d =362y b*n*d’a -8y b’ n’ d*
—64x3easn4+64x3bn6as—158x2nbea’2az—1800x2[3nn4bar5

- 288 x? B, n’ b d® a* +240 x* B, n*ea’ =922 x* B, nba’d* 224 x B, nca’
—2272x*B nPbatd —102x*n* & d® a® —24y e*a'n 24y b’ n®d a’
+80yﬂcnéa4a’+696yﬂbza3na’+355yncd3aznz+20x[3nnezafa3
—1360y, ca’n* +2896 xy ba’n® =3600x°y a®n’ 208 x> B n’ed’ a’
+32x[3nn7cal5 —740ynb2d2a2n +58x*nb* d* a® —44xynbd4a
+80yncnsa3a’2+96x2nseba3af—152x[3nn4ezaha3+2yne2d4

+1096x* B n*ba’ =960x>y a®n’ =168y e’ n*a’d +1020xy ed’ a’ n’
+24ynezn4aza’2 =272 ynbn66a4 +1448 ynebn3 a* +80xynbn4a’3 a*
+64ynbn6ea3d+128x3bn3d3az+1096x3ea4dn2—1372x3ea4nd
+36x  bn’d' a-2228xba'n’d +784x’ ea’ d>n R24xX°B d’an

—-408 x* e a® d* n* —480 x* B, a®n =3600 x* B, a®n® +l6x’ed*an
~56x’band +1492x* ba’ n” d® +668x’ ba' nd —664 x> ba’ nd’
+288x°ba’nd +64x’en’ d*a® +32x  en*da* +192 x° b’ d a*
+2512x° bn*da* -1032x° b’ d*a® +4x* bnd® -240x° ba’ n
—-1800x° bn'a® —944x* ea’ n* +170x° ea’ d® -480x* bn’ a® 16 x° ea’ n’
=300x°B d*a’n +2192x°B @’ nd +170x° B d*a* 30x’aB, o’



+548x° B d*a' =240x°B a’d-450x° B d’ o’ +2720x° B a® n’*

+5x|3nn2 b* d* +96ynca5n -1200 x* B,,d3 a’ n* +1360 x° B,,d3 a’n

+5440 x° B a’n’ d =2400 x° B a’ n’ d®> =5400x° B a’ n’>d +4080 x’ B_a' n*
+480x3Bna4n4d2+320x3[3na3n3d3—480x2[3nn6ba5+ynb2n4d4
+548 x* n® b* d* a* —668Vn€bn2a4 -372x B”nzca’za3 -120 x B”nzbea4
—80x[3nnzcar5 —992x2[.’>nnsba’ar4 +40x[3nn4caf3a2 +60ynbed3a
-886x’n’bea’d-30x"y d°a+170x°y d'a’ +80xB n’cd a’
—228ynb2n5d2a2 —22xa[3nn2cd4 —3yncna’5 +120x’ncd a*

=328y b*n’a’d -120x*n’ e’ a’d -20x*nb*d’a ¥2x*nb* d*
+10xa[3nnezaf3—3160xynl)0151f14—100\/nca3a’2—4636261[:’)”112baf4
+20xa[3nnbzaf3 +32ynbn7ea4 +1356ynbznsa3a’—42xar[3nn4bza’3

+2y bn'ed' =110y bed a* +40y cn*a*d® 200y cn’ d’ o’

~1156xy ba*nd+80xaB n’b*d’ =282y e*n’da’ -864xy ea*n'd
+1350xy ba’nd® =1588y b>n’a*d® +50y cd*an +3460y, b°n’a’d
+16ynb2nga4 -848x*n*ca*d +44x*nbed a R14x*nbead’ d
+80x*n’*b?d>a -26x*ncd a -4x*nbed -120x*nbea* H60x*ncda’
—232x*ncd*a®-240x*n’eba* +32x*n®eba +112x* n* cd* o’
+6x’nPebd -302x*n* B> a® +644x* P cd*ad 492 x*nd c d* &’
+24x*nd e’ d* a® +72x* n® b2 d* a® +100 x> n e d* a* +266 x* n* e’ d a®
+12x* el dPa+18x*nPcdta 24x*ne* da +64x*n’ c & a*
-900x*n’bea*-88x*n’ b*d’> a-1768 x* n* ca® +320x* n* c a® — 6 x* n? b* d*
—200x*n* b*a* +32x*nca’ -174x* ne*da® +120x* ne*a* Rx*ned’
—-228 x*n? e’ a* 248 x* n® b* a* +32x* n’ b2 a* +740 x* 0’ b* a* 24 x* n* e* a*
+2x*ne?dt +132x* n® & a* +1416x2[3nn3ea4d—6xynbnd5
+78x[3nncafza3—49x[.’anncaﬁarz+582x[3nn3ca’2ar3+145x[3nnzca’3ar2
—136x[3ylnzezafa3 —2936[3’111626172012 —856x2[3nnzea4d +352x[3”n2ca4d
—2xyneaf5 +480x*n*bed* a® +16x*n*e*a*d +1136x*n’ ca'd
+28x2n4b2d3a+12x[3nnccl4a—900x[3”}13061’a4—362336[3”}146‘61’2613
—136x[3nn3cd3az—156x[3nnsb2a?2a2 —248x[3nn6b2dar3

~118x*B nba’d® =120x’ B nba'd +214x*B nba’ d® +156xB n’ b*da’



+976x2[3nnzbar4af+265x[3}411213261’2619+900x[3nn3192a’ar3
+708xz|3nnzeafza3 —214x2[3ﬂneafza3 +118x2[3ﬂneaf3a2 —6Ox[3nl’lb€da3
—58xBnnb2d2a2+120x2[3nnea4d—240xBnn6bea4 —40xBnnca4d
+548xBnn3bea4+2720x2yna6n4—784x2Bnn4bd2a3—900x[3nn4bea4
+ 680 x Bnnseba4 - 832 x? Bnn4eda4 +196 x B”n4e2a4 +516 x Bnn6 b* a*

- 144 x Bnn7 b*a* -96 x BnnS e’ a* +40 x B, n*e? a* -856 x? Bnn3eaS
+80xBnnzbza4+900x[3nn4b2a4—156xBnn3eza4+x[3nnzcd5

+1360 x? [?)nnsba5 -x Bnnezd4 +32 x Bnn7b2da3 —84x[3nn3 e d* a?
+24x[3nn6b2d2a2 —18xBnnzezd3a +80x[3nn60da4 —432x[3nn3b2a4
—66xBnn2b2d3a—2xB”nb2d4—4x[3nn3b2d4+1332x2|3nn3ba3d2
+326x2[3nnzbazaf3 +26x2[3nnbad4 —464x[3nn3bza’2a2
—624x2[3nn3edza3 —26x2[3nned4a +l60x2[3nn56da4 +160x2[3nn4ea’2a3
+64x2[3nn6eas+80x2[3nn3ea’3ar2—2x2[3nnba’5+160x2[3nnsbdza3

+80 x2 Bnn4bd3 a* +20 x? Bnn3bd4a +160 x* [3nnéba’ar4 +128x2ync:6n6
—60xa[3nr13bed3 —llynbnzed4 +l6x[3nngbza4 +l6x[3nn662a4
—30xa[3nnbeaf3+74xa[3nnzebaf3—240362\/,1615af+87x[.’)nnbedza2
+928xBnn4eba3d—400xBnn5bea3d +448xBnn2bea3d
—980x[3nn3bea3af+430x[3nn3€bd2a2 —24036[3nlf14becz’2012

+40xB nb*da’ +864y b’ n*a' =1916y b>n’a' +608xy ea’ n’
—1144xynea5 n =3 Y, e’ nd* -544 ynca5 n* +1208 ynca5 n’

—1200x%y d’ @’ n* +4080x7y a*d’n* =2100y ca*n’d -105y &’ d*a’ n
+167y e’ d a*n> =2910y b’ n*a’d + 1464y ca*n’d-300x"y d*a’n
+32y en’a’d +851y b’ n*d* a® +1360x7y da’n =10y b*n'*d’ a
—1160y ca’ n*d* =598 xy bd’ a’n +120x°y d*a* n* 2400 x*y d* a* n’
+ynezn2d4+3416xynba4n4d+264ynb2d3an+34yne2d3an

~42xy edan+106xy bd' an =472y ca*nd -1184xy bn’a*d
—4848xy ba*n’d +2y cd® -450x7y d’ @’ +2192x’y a®n® 480x7y a®n
—SxBnnzebd4+32xBnnseza3d+64xBnn6b6a3d+8x[3nn3ezd3a
+3x|3nnbeaf4 +48x|3nnsbea’2a2 +2x2[3nnzbaf5 +64xz[3nn7b015
—xBnncdS—IOOann3ed3a +160xynbnsa’2a3 +48ynbnsea’2a2



—2234ynb2n2a3d—1472xynea4n2d+548xynea4nd+1688xynea4n3d
—194y bed’ an+232y b*n’d’a =72y b*da’ +132y b’ d* o’
-12y e’da’ -60xy ea'd -244xy ba’d®> +164xy ba’d® +120xy ba'd
-82xy ea’d =10y bed =72y b*d’a-2400x"y a’n*d-12y e’ d’a
—20y cd'a =5400x’y a’n*d +22xYy ed'a +5440x°y a’n’d
+64xynbn7a5 +824yncasn5 +16ynezn6a4 +48ynca4d —28ynb2nd4
+122xy ea’ d* +218y bn’ed a+796y b>n’a’ —1045y bn’ed o’
—2654xynba3nzaf2 —688xyneafza3n3 +8ynb2n5d3a +20xynen2d4a
—2184y bn’eda’ +874y bn’ed a® +1488y bn'eda’ Wy e’ n’d’a
+20xynbn3af4ar—40\/ncn2d4a+10\/’1(2113af4al+60ynbea’ar3
+1549y b*d*a’ n® +324y e’ n’da’ —18Yy e’ n’d’ a® 256xy ed’ a’ n’
+1090ynca’za3 n’ +570yncd2a3n +258xynea’3 a*n —30ynezn2d3a
+1622y beda’ n* =96y e’ n’a* -568x*n*ca*d+2xy end
~1336xy ba’n’ +1840xy ba’n’ =544xy bn®a® -416xYy ea’ n’
—120xynea5n +480xzyna4n4d2 +2)cyn/)}12d5 —256yncnéa5 +32yncn7ar5
+y cn’d —144y b*a*n =240y e’ a'n’ +220y e’ a*n* +240xy ba’n
+32y b*n’a’d —1580y ebn*a’ +120y bea'n 336y bn'ed da’
~1008xy bn*d*a’ +16y bn'*ed a

Koeffizientenvergleich beim hochsten Koeffizienten liefert:

>ruled:=beta[n]=factor(solve (coeff (re,x,3) ,beta[n]));

_2abn2—2abn—2ae+2bnd+ed
(2an+td-2a)(d+2an)

ruled =3 =

und beim zweithochsten Koeffizienten erhalten wir:

>

rule5:=gamma[n]=factor (subs (rule4,solve (coeff (re,x,2) ,gammaln])))

rule5 :=yn=—(an—2a+d)(4a2n2c—8a2nc+4azc—ab2n2+2ab2n
+d4acnd+ae’ —ab® “dacd mb’d bed td H d)n/(
(-3a+d+2an)(d—a+2an)(2an+d-2a)*)

>

Orthogonale Polynom-Losungen von Rekursionsgleichungen

>read "hsum6.mpl";
Package "Hypergeometric Summation", Maple V - Maple 8



Copyright 2002, Wolfram Koepf, University of Kassel

>read "retode.mpl";
Package "REtoDE", Maple V - Maple 8

Copyright 2002, Wolfram Koepf, University of Kassel

Erstes Beispiel
>RE:=P(n+2) - (x-n-1) *P (n+1) +alpha* (n+1) *2*P(n)=0;
RE =P(n+2)-(x-n-1)P(n+1)+a(n+1)*P(n)=0

> REtoDE (RE,P(n) ,x) ;
1

Warning: parameters have the values , {e =0,a=0,b=2c,a = ik

%(uﬂ)%P(n,x)é—zx%P(n,x)%nnp(n,x):o,
X
1 aonk,.
R

>REtodiscreteDE (RE,P(n) ,x) ;

=c,d=-4c}

1 1
Warning: parameters have the values , {a =0, b = =) fd =5 d,e=-gd,

2

c=pgdftygd =y fd vy =fd=da=""  g=g)
(f+2fx —1)A(Nabla(P(n,fx +g),x),x) 2xA(P(n,fx+g),x)
f f+1

+2nP(n,fx+g) _
f+0f

b(x) = +x g —5,0(x) +1(x) =~

-1 ke 1
p(x) - %%a kn _fg
Zweites Beispiel
>RE:=P(n+2) -x*P(n+1) +alpha*g®n* (g* (n+1) -1) *P(n)=0;

RE:=P(n+2)-P(n+1)x+aq"(¢" " =1)P(n)=0

0,

(F-D(-1+2g-f-2x)
2(f+1)

> REtogDE (RE, P (n) ,q,X) ;
Warning: parameters have the values ,

{a=-dg+d,c=-0qd+ad,b=0,e=0,d=d}



%xz +0) Dqé)qg(n, x), 611, x%q, x%— a Dq(P;n_’)lc)’ 4.%) 4 (_(lq+_q:;2P;f’ *) _ 0,

p(qx): a kn+1 -1
p(x)  *x*+a’ k,



