Explizite Differentialgleichungen erster Ordnung

Differentialgleichung, welche durch direkte Integration gelost
werden kann

1

In[1:= DE = y' [x] ==
1+ x?

1

outtl= Y'(x) =
2 +1

= Wir zeichnen das Richtungsfeld

n2i= DirectionField[DE ,y [x ], {x_,a ,b_}, {y_, c_, d_}, options ] := Module[{g},

g=DE[[2]] /. y[x] » ¥/
VectorPlot[{1l, g}, {x, a, b}, {y, c, d}, options]
]

in3:= plotl = DirectionField[DE, y[x], {x, -5, 5}, {y, -3, 5}, Frame -» True]
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= Wir I6sen die Differentialgleichung bzw. das zugehoérige Anfangswertproblem

1
In[4]:= j dx
1+ x?

out[4]= tan‘l(x)

5= DSolve[DE, y [x], x]

Out[s]= {{y(x) -+ tan"l(x)}}

x 1
In@Bl:= 1 +J dt
0 1+t?

oue= tan~'(x) + 1
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In7l= losung = DSolve[{DE, y[0] =1}, y [x], x]

out[7}= {{y(x) - tan"l(x) + 1}}
ingl:= plot2 = Plot[y[x] /. l6sung, {x, -5, 5}, PlotStyle » {Thickness[0.01], RGBColor[l, 0, 0]}]

2.0

out[8]=

in9:= Show[plot2, plotl, PlotRange -» {-2, 3}]
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out[9]=

’>~+/>/r/r//_
n10}- sol = NDSolve[{DE, y[0] = 0}, y [x], {x, -1000000, 1000000}]
ou10= {{y(x) - InterpolatingFunction[( —1.x10° 1.x10° ), <>](x)}}

nft1= N[y[x] /. sol[[1]] /. x> 1000000]

outf11]= 1.5708
7

In[12]:= N[—]
2

outr12)= 1.5708



(3= plot3 = Plot[y[x] /.

Out[13]=
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in[14= Show[plot3, plot2, plotl, PlotRange » {-3, 5}]
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sol, {x, -5, 5}, PlotStyle » {Thickness[0.01], RGBColor[0, 1, 0]}]

Die Differentialgleichung des unbegrenzten Wachstums

5= DE = y ' [x ] = y[x]

ouf1sl= ¥ (x) = y(x)
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= Wir zeichnen das Richtungsfeld
= plotl = DirectionField[DE, y[x], {x, -5, 5}, {y, -1, 5}, Frame -» True]
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= Wir I6sen die Differentialgleichung bzw. das zugehorige Anfangswertproblem

in[17]= DSolve[DE, y [x], x]

ou7)= {{y(x) = c1 €'}}

in[18:= lésung = DSolve[{DE, y[0] == 1}, y [x], %]

outrrel= {{y(x) > €'}
= plot2 = Plot[y[x] /. l6sung, {x, -5, 5}, PlotStyle » {Thickness[0.01], RGBColor[1l, 0, 0]}]

out[19]=

-4 -2
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Show[plot2, plotl, PlotRange » {-1, 5}]
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1
n24- plot2 = Plot[Evaluate[y[x] /. DSolve[{DE, y[0] == 1}, y[x], x][[11] /. {a 51,85 —}] ,
5

{x, 0, 10}, PlotStyle » {Thickness[0.01], RGBColor[0, 1, 1] }]

Solve::ifun : Inverse functions are being used by Solve, so
some solutions may not be found; use Reduce for complete solution information. >

out[24]= 3
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In25:= Show[plotl, plot2]
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Out[25]=

In[26]:=

out[26]=

In[27]:=

out[27]=
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y[x] /. DSolve[{DE, y[0] = P}, y[x], x][[1]]

Solve::ifun : Inverse functions are being used by Solve, so

some solutions may not be found; use Reduce for complete solution information. >

aPe”
@—BP+BPe*
Schrittweise Léosung
DE

Y (x) = a yx) - Byx)



MathelII01-.nb |7

1
In28:= Gleichung = j— dy == jl dx
ay-By?

log(y) log(@ - By)
out[28]= - =Xx

a a
In29:= Solwve[Gleichung, y]

a E,(}’)C

o {2

1
In[30]:= Apart [—, Y]
ay-By?
1 B
Out[30]z — — ——
oy aBy-a

= Zugehoriges Anfangswertproblem

Y 1 >
In[31]= Gleichung = J —ds == J 1dt
P as-fps? 0

out31]= $Aborted
1

X

, {s, P, y}, GenerateConditions -» False] == j 1dt

In[32]= Gleichung = Integrate[
0

as-ps?

log(a — B P) — log(P) — log(a — B y) + log(y)
Out[32]= =X
a

In33:= Solwve[Gleichung, y]
aPe®™

out[33]=

b= e aren!

= Wo ist der Wendepunkt? Wir leiten die Differentialgleichung ab und erhalten

In[34)= D[DE, x]

ouaal= V' (x) =@y (x) =2 B y(x) y'(x)
In[35]= zweiteableitung = D[DE, x] /. {Apply[Rule, DE]}

ousi () = a (@ y(x) — By(x)?) = 2 By(x) (@ y(x) - B y(x)’)

In[36]= Map[Factor, zweiteableitung]

ouzel= ¥ (x) = y(x) (@ = 2 B y(x)) (@ — B y(x))
In37:= sol = Solve[zweiteableitung[[2]] =0, y[x]]

(1

out[37]= {{y(x) - 0}, {y(x) - %} {y(X) - E}}

= Beispiel 1.4

1
In3gl= DE = y ' [X] == ———
1+y[x]?

1
outzgl= Y (x) = ———
y(x)* + 1
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In39:= DSolve[DE, y[x], x]

IV (81 ¢s + 8102 +2916 +81¢; +81x T
Out[39]= {{y(x)—> - - },
3V2
|\ (8ley + 817 +2916 + 81y +81x
3(1”-\/?) (1—i\/3_)\/\/(8101+81x)2+2916 +81¢ +81x
{re0 - - : b
6vV2

225 /(81 ¢, +81x2 +2916 +81 ¢, +81x

3(1_i\/3_) (1+ﬂ\/3_)\%\/(8161+81x)2+2916 +8lc; +81x

{ye - - i}

6v2
223 g \/(81c1 +81x)%+2916 +8lc; +81x

Typen expliziter Differentialgleichungen erster Ordnung

= rechte Seite hangt nur von x ab:
n40:= DSolvely'[x] = g[x], y[x], x]

utf40]= K[1]) dK][1
outao {{y(x)efg( (DK +e )}
n41- DSolve[{y'[x] = g[x], y[x0] =y0}, y[x], x]
% 0
outarre {{y0) - fl K1) dK[1] - f gKI1)dK[1]+y0}}
1

= rechte Seite hdngt nur von y ab:
n42;= DSolve[y'[x] = h[y[x]], y[x], x]

outf42]= {{y(x) - InverseFunction[f‘11 dKJ[1] &][cl + x]}}
1

h(K[1])
n@si= DSolve[{y'[x] = h[y[x]], y[x0] = y0}, y[x], x]

Out[43]= {{y(x) - lnverseFunction[jl~1Il h(Kl[l]) dK[1] &][fo h(Kl[l]) dK[1]+x - XO]}}

= Separable Differentialgleichung

nia1= DSolvely ' [x] = g[x] h[y[x]], y[x], x]
1
h(K[1])

X

dK[1] &][[ g(K[2)d K[2] + ""]}}

1
Out[44]= {{y(x) - InverseFunction[ f
1
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