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Funktionentheorie

Clear [Realteil, Imaginarteil]

Realteil [f_] = Simplify]
ComplexExpand[Re[f /. z» x+1 Y], TargetFunctions » Conjugate] ]

Imaginarteil [f_] = Simplify][
ComplexExpand[Im[f /. z > X +1Yy], TargetFunctions -» Conjugate] ]

m Ubungen und Cauchy-Riemannsche Differentialgleichungen

Realteil [23]

X3 —3xy?

Imaginarteil [z%]

3x%y-—y®

1+Z]

u = Realteil[1
-z

XCRPArE

X2 -2X+y2+1

1+Z]

V= Imaginarteil[
1-2z

2y

X2 -2x+y?+1

{D[u, X], D[V, y]}

@x=2)(+y*-1) 2 2 4y?

(x2—2x+y2+1)2 X —2x+y +1 X -2x+y +1 (x2—2x+y2+1)2
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{D[u, X], D[V, y]} // Together

2(x-2x-y*+1)  2(-x*+2x+y*-1)

{ _

(X -2x+ y2+1)2, (X -2x+ y2+1)2

D[u, x] -D[v, y] // Together

D[u, y] +D[v, X] // Together

ableitung =D[u+ iV, X]

2X 2i(2x-2)y 2x-2)(x®+y?-1)
+

X=2x+yr+l (@—2x+y2+1f  (@-2x+y?+1)

Together[ableitung]

2
X+iy-1)y7

D[1+Z, z] // Together
1-z

2
(z- 1)

u = Realteil [CoS[Z]]

cos(x) cosh(y)
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v = Imaginarteil [Cos[Z] ]

—sin(x) sinh(y)

{D[u, X], D[v, y1}

{sin(x) (—cosh(y)), sin(x) (—cosh(y))}

{D[u, y], D[v, X1}

{cos(x) sinh(y), —cos(x) sinh(y)}

ableitung =D[u+ iV, X]

sin(x) (—cosh(y)) — & cos(x) sinh(y)

TrigReduce[ableitung]

—sin(x + i y)

m Beispiel 2.5

u = Realteil [Log[z]]

1
5 log(x* + y?)

v = Imaginarteil [Log[z]]

1
5 ilog(x* + y?) —ilog(x + i y)
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V = ArcTan[%]

tan‘l(z)
X

—

X+ X2 +y?

v2 =2 ArcTan[

y

VX +Y? +x

2tan~!

{D[u, X1, D[v, y1, D[Vv2, y1} // FullSimplify

{ X ' X , X }

X2+y2 X2+y2 X2+y2

{D[u, y1l, D[v, X], D[v2, x]} // FullSimplify

{y,_y,_y}

ey ey a2

ableitung =D[u+ 1V, X]

Together[ableitung]

1

X+iy
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m Beispiel 2.6

ComplexExpand[Conjugate[X + 1 y]]

X—1Yy

u = Realteil [Conj ugate[z] = ezz]

XY (ysin(2 x y) + x cos(2 X y))

v = Imaginarteil [Conj ugate[z] * ezz]

XY (xsin(2 x y) — y cos(2 X y))

D[u, X]

2xeX Y (ysin(2 xy) + xcos(2 x y)) + XY (2 y2 cos(2 X y) — 2 X y sin(2 X y) + cos(2 x y))

D[v, y] // Together

XV (2x%+2y?—1)cos2xy)

D[u, x] -D[v, y] // Together

2V cos(2x y)

D[u, y]

XY (-2x*sin2x y) +sin2xy) + 2xycos2xy)) -2y Y (ysin2 X y) + X Cos(2 X V)

D[v, X] // Together

XY (232 +2y% + 1)sin2xy)
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D[u, y] +D[v, X] // Together

2V sin@2xy)

= Beispiel 2.7

u = Realteil [ezz]

XY cos(2 x y)

v = Imaginarteil [ezz]

Y sin2xy)

D[u, X] // Factor

27V (xcos(2x y) - ysin2xy))

D[v, y] // Factor

247 (xcos(2 X y) — ysin@2x y))

D[u, X] -D[v, y] // Together

D[u, y]

—2xe YV sin@xy)-2yeX Y cos2xy)

D[V, X]

2xeX Y sin2xy) +2ye’ Y cos2xy)
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D[u, y] +D[v, X] // Together

ableitung =D[u+ 14V, X]

2ixeX Y sin@2x y) -2y eV sin(2 x y) +2X Y cos(2 x Y)+2i ye"z‘y2 COS(2 X Y)

Together[ableitung]

2 (x+iy)(cos2xy) +isin@2xy))

u,v sind harmonisch:

Delta[u_, {X_, Yy _}] :=Together[D[u, {X, 2}] +D[u, {Yy, 2}11]

Y cos(2 x y)

Deltafu, {X, y}]

A\

XY sin(2 x y)

Delta[v, {X, y}]




