Differentialgleichungssysteme

m Hausaufgabe 1: Beispiel 3.9
nzi= DSolve[{yl ™ [X] = 3y1[X] - X, y2"[X] = y1[X] -y2[X], y1[0] =2, y2[0] = 1},
{ylIx1, y2[x1}, X]
outar= {{y100 > E(3 X+ 17 ¢%* + 1), y2(x) - R (126" x - 8" + 17 + 27)}}
9 36
inE2l= Simplify[%]
outaz)= {{yl(x) - E(3 X+ 17 %% + 1), y2(x) - * (12x+27e™*+ 176> - 8)}}
9 36

m Schrittweise: Die erste Differentialgleichung I6st man mit dem Ansatzverfahren
nz3= sol = DSolve[{yl"[X] = 3yl[X] - X, y1[0] = 2}, y1[X], X]

w3 {{yl(x) > 3(3 X+17e3% + 1)}}

m Einsetzen vony
4= Y2 " [X] = y1[X] -y2[X] /- sol[[1]]

1
oual= Y2'(X) = 5 (Bx+17€** +1) - y2(x)

m ergibt wieder eine inhomogene Differentialgleichung, die mit dem Ansatzverfahren gelést werden kann
inEsi= Simplify[DSolve[{y2 " [X] == Y1[X] -y2[X] /. sol[[1]], y2[0] == 1}, y2[X], X]]

outzst= {{y200 - % (12x+ 27 + 17 - )|}

m Hausaufgabe 2: Ldse y'=A X

7 -1 6
n77= A= -10 4 -12 ]
-2 1 -1

7 -1 6
out[77}= [—10 4 —12]
-2 1 -1
n7el= CharacteristicPolynomial[A, 2]
ourel: =A%+ 1022 - 312+ 30
o= Eigenvalues[A]
ou79)= {5, 3, 2}

nsoj= system = Eigensystem[A]

(s 3 1)
out[80]= {_3’ 6, 2} {_1’ 2, 1} {—1, 1, 1}

ne1= Transpose[system[[2]]]

-3 -1 -1
out[81]= [ 6 2 1 ]

2 1 1
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= Somit ist die allgemeine Lésung des homogenen Systems gegeben durch

ine2)= homogeneldsung = MapThread[Rule,
{{y1[x], Y2[X], Y3[X]}, Transpose[system[[2]]1]- ({K, L, M} * Map[Exp, system[[1]] *X]) }]

out[82]= {yl(x) -5 -3Ke —Le¥*—Me?*, y2(x) > 6K e +2L e + M X, y3(x) » 2K e®* + Le** + M er}
= Probe durch Einsetzen:

nesl= {{Y17[XI}, {Y27[X1}, {y3"[X1}}-A.{{yl[x1}, {Y2[x1}, {y3[X]1}} /.
Flatten[ {homogeneldsung, Map[D[#, X] &, homogenelésung]}] // Simplify

0
out[83]= [ 0 ]
0

ing4)= mathematicaldsung =
DSolve[{yl"[X] = 7Yy1l[X] -Yy2[X] +6Y3[X], Y2"[X] == -10y1[X] +4y2[x] -12y3[X],
Y37 [X] = -2y1l[X] +Y2[X] -y3[X]1}, {Y1[X], Y2[x]1, y3[X]}, X]
out[84]= {{yl(x) N (—4 e +3e*+ 2) —cpe?* (@ - 1)+ 3c3e3* (ezx - 1),
y2(x) > —2¢p e (-4 e + 3>  + 1) + Cr e (2€* — 1) - 6c3e®* (&%* - 1),
y3(X) » —2¢C; ezx(—ZeX +e + 1) +Ce?* (@ - 1) —cz et (Zezx - 3)}}
m ebenfalls Probe durch Einsetzen:

nesk= {{Y17[X]}, {y27[x1}, {y3"[X]1}}-A.{{yl[x1}, {Y2[x1}, {y3[X]1}} /.
Flatten[{mathematical6sung, Map[D[#, X] &, mathematicaldsung]}] // Simplify

0
out[85]= [ 0 ]
0

= Mathematica verwendet die Matrix-Exponentialfunktion

in[g6l:= A

7 -1 6
ouge= | =10 4 =12 ]
-2 1 -1

7= MatrixExXp[A X]

X2 -4e*+3e%)  —e?X(=1+e¥) 3e3*(-1+ e
ous7= | —2€2* (1 —4e*+3e%%) e2*¥(=1+2¢") —6e3* (=1 + ¢2%)
2% (1 -2+ %)  e2X(-1+e¥) —e€3*(=3+2¢2%)

» Wronskimatrix

ngor= W = Transpose[system[[2]] » Exp[system[[1]] * X]]

—3E5X _€3x _€2><
out[89]= [ 6% 2e%% €2 ]

2 «35 X 63 X €2 X
ineo:= Det [W]
outgoj=  —e*0*

m Formeln aus der Vorlesung und inhomogenes Problem: Lése y’'=A x+b mit
noe= b= {{2-7%X}, {10x -4}, {2x-1}}

2-7x
out[91]= [1OX—4]

2x-1
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= Variation der Konstanten

inez)= ansatz = MapThread[Rule, {{y1l[X], Y2[X], Y3[X]1},
Transpose[system[[2]1]1]- ({K[X], L[X], M[X]} » Map[Exp, system[[1]] *X]) }]

outez= {y1(x) - -3 X K[X] — €** L(x) — €®* M(x),
y2(x) > 6 &> X K[x] + 2** L(x) + €** M(x), y3(X) - 2 > * K[x] + €** L(x) + £** M(x)}
m Einsetzen in die inhomogene Differentialgleichung liefert:

nes= dgl = {y17[X], y27[X], y3"[X]1} -A.{y1l[X], y2[X], y3[X]}-{2-7X%, 10x-4, 2x-1} /.
Flatten[{ansatz, Map[D[#, X] &, ansatz]}] // Simplify
ougeal= {-3e**K/(X) = e** L'(x) - ®* M'(X) + TX - 2,
6° K/ (X) + 2> L'(x) + € M'(x) = 10X + 4, 2e°* K'(x) + ¥ L'(X) + e** M’(x) = 2 + 1}

4= DSolve[Map[# == 0 &, dgl], {K[X], L[X], M[X]}, X]
x 1

out[94]= {{K[x] Se—e X, L) > C + e 3 (dx + 1), M(X) > C3 +4e’2x[—— - —]}}
2 4

m Losung mit der Losungsformel aus der Vorlesung. Das Fundamentalsystem (L6sung des homogenen
Systems) ist gegeben durch

nEsi= W = Transpose[system[[2]] » Exp[system[[1]] * X]]
-3 €5x _€3x _€2x
oures= | 6% 2e3* 2%
2 eSx eBx QZX
ingel= Inverse[W]
_e—Sx 0 _e—5x
ourgsl= | 4e3* 3% 33X
—2e72% _p2X 0

ne7:= Inverse[W /. X » 0]

-1 0 -1
out[o7]= [ 4 1 3 ]

-2 -1 0
nog= Inverse[W].b // Expand
5e 2% x — g 5
out[98]= [ e 3X—12¢73%x J
4e2%x
ineel= Iésungl =

X
W, (Inverse[W /. X 0].{{y10}, {y20}., {y30}} +J (Inverse[W].b /. x » t) dlt] /7 Simplify
0

X+ e2*(2y10 + y20 — 1) + 3e°% (y10 + y30) — 3% (4 y10 + y20 + 3y30 — 1)

outegj= | —€?*(2y10 +y20 — 1) — 6 5% (y10 + y30) + 23X (4y10 +y20 + 3y30 — 1) + 1
—e%*(2y10 + y20 + 2 e3* (y10 + y30) — e* (4y10 + y20 + 3y30 — 1) - 1)
= Vergleich mit DSolve:
o)== 1@dsung2 = DSolve [{yl"[X] == 7y1[X] -Y2[X] +6Yy3[X] +2 -7 X, Y2" [X] ==
-10y1[x] +4y2[Xx] -12y3[X] +10x -4, y3"[X] == -2y1[X] +Y2[X] -Yy3[X] +2Xx-1,
y1[0] == y10, y2[0] == y20, y3[0] == y30}, {y1[x], y2[X1, y3[x1}, x] // Simplify

ougrool= {{y1(x) > —e** (4y10 + y20 + 3y30 — 1) + ?* (2y10 + y20 — 1) + 3€°* (y10 + y30) + X,

y2(x) » 2 ¢ (4y10 + y20 + 3y30 — 1) — ¢®*(2y10 + y20 — 1) — 6 £°* (y10 + y30) + 1,

y3(x) > —e?* (—€* (4y10 + y20 + 3y30 — 1) + 2 ** (y10 + y30) + 2y10 + y20 — 1)}
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m Einsetzen in die inhomogene Differentialgleichung liefert:

inpo1= {y1®[X], Y2"[X], Y3 [X]} -A_-{yl[X], Y2[X], Y3[X]}-{2-7X%,10x-4,2x-1} /.
Flatten[{l6sung2, Map[D[#, X] &, 16sung2]1}] // Simplify

ouro1= {0, 0, 0}
m Dasselbe gilt fur unsere gefundene Ldsung:
mpozl= Boésungl - ({{y1[x1}, {Y2[x]1}, {y3[X1}} /- 16sung2[[1]]) // Simplify

0
out[102]= [ 0 ]
0

X
mnosp= Boésungl = W. (Inverse[W /- X=01.{{1}, {0}, {2}} +j (Inverse[W].b /. x> t) dlt) // Simplify
0

X+ e?* — 9% + 9 ¢5*
ou103)= | 1 — €?* + 18 3% — 18 £5%

X (-1 +9¢*—6¢%%)



