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Bitte lassen Sie geniigend Platz zwischen den Aufgaben
und beschreiben Sie nur die Vorderseite der Blatter!

Zum Bestehen der Klausur sollten 10 Punkte erreicht wer-
den.
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Punkte: Note:




1. Find the general solutions of the following £rst order equations:

Qu,du_ 1w du_
Yor oy ' z 0z Y oy
(6P)
2. The following problem describes a vibrating string:
Pu 0%
oz = 70
ou
u(0,t) =u(l,t) =0, wu(z,0)= f(z), E(x,O) =g(z).

Give the solution of the problem in terms of Fourier series if g(z) = 0 and
h g 0<zx<gq
— q ) — — 7
f@) { (=2, ¢<z<l,
(8P)
3. Let u(z,t) solve the equation

0%u ou , 0%
@_Fkazc 52 ¢,k = const.
and set
u(.@’ t) = e¢(z’t) U(.Z', t) .

Determine ¢ such that v satisEes an equation of the form

0? 0?
a—t;]—i-Kv:cQa—xZ, ¢, K = const..
(4P)
4. Show that for any £xed ¢ the function
1 (@=8)?
u(z,t) = e 4cZe
(z,1) 2cvmt

satis£es the heat equation

(4P)



Solutions

1.) The characteristic curves of the equation

du_ Ou
Y ox Oy
are given as solutions of the system:

de _dy _
de 0 de T
Through elimination of the parameter ¢ we obtain

dy 1

dr vy

whose solutions are obtained by separation of variables

1
/ydy:/d:v = §y2=.’v+c.

Solving for ¢ gives the following £rst integral to the characteristic equations:

1

clz,y) =5y —w.

The general solution reads as

u(z,y) = f(c(z,y)) -
The characteristic curves of the equation
1ou  q0u_
z Ox dy
are given as solutions of the system:

de 1 dy 3
— YN

0

de z de
Through elimination of the parameter ¢ we obtain

dzx

3



whose solutions are obtained by separation of variables

1 11 1,

Solving for ¢ gives the following £rst integral to the characteristic equations:

cla,y) = — <x2+ %) .

Y

The general solution reads as

u(z,y) = flc(z,y)).

Obviously, the given equation has to be considered either in the domain z > 0 or
x < 0. Furthermore, y = 0 is a characteristic curve, where it is not possible to
prescribe any initial condition.

2.) The solution can be described in the following form:

o0

(@, t) =Y (Cr cos(Ant) + Dy sin(Aq t)) sin (”l—“x) ,

n=1

where
nm

A, =c
“7

The coeffcients C,,, D,, are determined according to the Fourier-sine expansions
of odd functions:

n=1
C, = %/lf(x) sin (T:v) dx ,
0
_y nm
g(x) ;Dn An sm( x) )




Since g(z) = 0 we obtain

D,=0, n>1.

The coefEcients C',, assume the following form:

q l
C, = % %xsin(?:}:) dx+%/%(l—:r) sin(?m) dx
0 q
oh |
= Z;/msm(—x) dx
0
> h hoof
. (NT . (nT
_I—l—q /:L" s1n(7x) dx—i—?—l_q /sm(Tx) dz
l l
2h 1\ . /nn
=i () = (7).
3.) Let us calculate £rst the derivatives:
o _ gt
ot ot ot
Pu _ P 000
o2 o ot ot ot2’
Pu PO
a2 912 " 0r Oz 0x?’
Inserting into the given equation yields:
Per 00
ot? ot ot
0%v de? ov
oidiing il i
+e BT +k (8t v+e 8t)
0%e? de? Ov 0%
=¢? 2= —4+ef ).
¢ (8x2v+ oz 0z © 8:62)



If ¢ depends solely upon ¢ we obtain
Pet o0 0w
oz " "ot ot

0%v Oe? ov
o7 7 et [ I
+e +k (8t v+e 81&)

The coefEcient of the £rst derivative of v with respect to ¢ disappears if

de? ¢
2 = —ke? — = —k.
5 ke — 5 k
Choosing
k
o(t) = 5t
we obtain the following equation for v:
v 0% k?
— 4+ Kv=cd—, K=——.
oz VT g 1

4.) Through differentiating we obtain:

ou 1 11 _ (@=8)?
—((]j,t) = -5 3 e 4c2¢

ot 2¢cy/m 2 ¢
L1 e -8
20\/7'r_t 4¢2¢2 7
Oirt) = — L _ oS <_1 (f”_@) ,
0 2cy/mt 2 2t
0*u 1 @-8)° (z — &)\’
S

The assertion follows immediately.



