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Exercise sheet 7

Exercise 7.1: For u = u(x,y) consider the PDE

4(y—zx)> 8(y—z)(x 4 z)?2 .
mum + %Ul@ + %Uyy + Uy + 3uy =0 1in R2\{(0, 0)} .

Analyze the type of the PDE, transform the main part into its canonical form and deter-

mine the transformation to use.

Exercise 7.2 Polygons: Consider the Dirichlet problem
Au=finQCR?* u=gon oS (1)

with f € C(Q) and g € C(9Q).

a) Let Q C R? be a polygon with the k& corner points yi,. ..,y Let a; denote the
interior angle enclosed by the two edges meeting in y;, j € {1,...,k}. For u € C*(Q)
verify the following representation formula

o(w)u(z) = / Koy —) Auy) dy — / (Kaly—a)32 — () 252=) dn, - (20
1 if x € Q,
with o(z) =< 1/2 if v € 00\{v1,...,ux} (2b)
Oéj/(27'l') 1f$€{y1,,yk}

and K,(x) = 5= In |z|. Hint: To check for y;, start from 2nd Green’s formula (Formula
(4.2) in the lecture) on Q. = Q\S.(y;) with S:(y;) being the segment of the ball of
radius € around y;.

b) Show that, for a polygon with a reentrant corner, there does not always exist a
solution v € C?(Q) of (1). Hint: You may consider the open polygon Q C R? with
the corner points {(—1,—1), (0,—1),(0,0),(1,0),(1,1),(—1,1)} and u of the form
u(r, @) = r*sin(ap); then f and g have to be determined suitably.

Exercise 7.3 Poisson’s formula for a disc: Let = Bz(0) C R?, g € C(99) and
u(z) = /| | P(x,y)g(y) da, with P(z,y) = goptts (3)
y|=R
a) Show that (3) defines a function v € C?(2) satisfying Au = 0 in Q.

b) Show that u € C(€2) and u = g on 9Q. Hint: Verify [, P(x,y)da, =1 for all z € Q.

(please turn)



Exercise 7.4 (written) Step 6 in the proof of the Cauchy Kovalevskaya Theo-

rem: Let p = (po,p1,...,pq) be an analytical solution of the first order system
pa(x) 0
0 Oz, Pd
Oy, p(z) = : + : ;
0 Ory_\Dd
—% _m Zi,j;éd Aij(x, p(x))0y,p;(x)

p(ﬂfl, 0) = (g()(x/)v 8:!21907 c .- 7830[1_190’ gl(x/))—r 5 ZU/ S Rd_l'

Show that u(z) = po(z) is a solution of the second order Cauchy problem

Aga(®,u, Du)d2 u+ Z Aij(z,u, Du)0y,0p,u + b(x,u, Du) =0 in RA\C,
i j#d

u=gg onC, %:gl on C.

Exercise 7.5 (written) Maximum principle for functions with mean value pro-
perty: Let Q C R? be an open, bounded domain. Let u € C(2) such that for all z € €,
for all r > 0 with B, (z) C Q:

1
u(wo) = o1 /BBT(aco) u(z) da, (4)

where wy = f 9B1(0) 1da and B,(xy) denotes the open ball of radius r around the point
xo € Q. Moreover, let M = sup{u(x), x € Q}.

a) Assume that u(zg) = M for a particular zy € Q. Conclude that u(y) = M for every
y € B.(zg) C Q.

b) Conclude that w is constant in € if u attains its maximum in some z, € 2. Hint:
argue by contradiction. For this, you may use a continuous path that connects z
with a point z; €  with u(z;) < M.

¢) Let u be non-constant. Conclude that u attains its maximum and minimum on 0.

d) Let u € C?(2) N C(Q) such that
Au = finQ, (5)
u = 0onoN. (6)
Conclude from the maximum principle that this Dirichlet problem admits at most

one solution. B
e) Let u € C?(2) N C(Q) solve (5) with f = 0 together with the boundary condition

%+hu:00n o1, (7)

where n is the outer unit normal vector to €. Assume that h € C(0f2) satisfies
h > x>0 on 0f2. Conclude that u = 0.

Ex. 7.4 and 7.5 are to be delivered in written form by teams of two persons each
in the exercise lesson on 04/06/2012. They will be discussed in the subsequent
week.



