[ > restart;

= What is a Computer Algebra System about?
[ > 40! ;

815915283247897734345611269596115894272000000000
> binomial (123,45) ;

8966473191018617158916954970192684
> 40!'/binomial (123,45) ;

25958350187266238740370433245184000000000
285268404472916876134028573

> evalf (Pi,100);
3.14159265358979323846264338327950288419716939937510582097494459230781640\
| 6286208998628034825342117068
[ > p:=(x+y) *10- (x-y) *10;
i p=0x+y)’=(x-»"
| > expand(p) ;
207 y+240x" y* +504 x°y° +240x° y' +20 x )’
> factor(p) ;
4xy(5y"+10x° " +x) P +10x° Y  +5xY)
> solve ({x"2+y*2/2=1,-x*2+y*2+1=0},{x,v}) ;
L {y=0,x=l},{y=0,x=-1}
[ > plots[implicitplot] ({x*2+y*2/2=1,-x*2+y*2+1=0},x=-3..3,y=-3..
3);







>

=] Computing the Recurrence Coefficients

| We define the forward and backward difference operators:

| > Delta:=(f,x)->subs (x=x+1,£f)-£;

i A=(f,x) - subs(x=x+1,/)—-f

[ > nabla:=(f,x)->f-subs (x=x-1,f) ;

i nabla == (f,x) - f—subs(x =x — 1, f)

| We consider the three highest coefficients of the orthogonal polynomial:
| > p:=k[n] *x*n+kprime[n] *x* (n-1) +kprimeprime [n] *x* (n-2) ;
(n-2)

(n=1)
o— n . . .
p =k, x"+kprime x + kprimeprime , x

| We define the polynomials o and t with arbitrary coefficients a,b,c,d,e:
> sigma:=a*x”*2+b*x+c;
tau:=d*x+e;




o=ax’+bx+c
T:=dx+te
| The polynomial satisfies the difference equation DE=0 with:
| > DE:=sigma*Delta (nabla(p,x),hx)+tau*Delta(p,x)+lambda[n]*p;

n—1 n=2
DE :=(ax2+bx+c)(kn (x+1)"+ kprime, (x+1)( )+kprimeprimen (x+1)( )

n—1 n n—1
-2k x" =2 kprime, PR kprimeprime, P k (x—1)"+kprime (x-1 )( :

+ kprimeprime, (x — 1)(n_2)) +(dx+e)(k (x+1) +kprime (x+ l)(n_l)

. . (n—-2) n . (n—=1) . . (n=2)
+ kprimeprime (x + 1) —k x"— kprime, x — kprimeprime, x )

. . (n=1) . . (n—-2)
+ A (k x"+ kprime x + kprimeprime  x )

| We replace the powers (x+1)"n and (x-1)"n by the binomial theorem:

[ > DE:=subs ({ (x+1) *n=x*n+n*x”" (n-1) +n* (n-1) /2*x* (n-2) , (x+1) ~ (n-1)
=subs (n=n-1,x*n+n*x” (n-1) +n* (n-1) /2*x* (n-2) ), (x+1) ~ (n-2) =subs
(n=n-2,x*n+n*x”* (n-1) +n* (n-1) /2*x* (n-2) ), (x-1) *n=x*n-n*x”" (n-1)
+n* (n-1) /2*x* (n-2) , (x-1) * (n-1)=subs (n=n-1,x*n-n*x”* (n-1) +n* (n-
1) /2*x* (n-2)), (x-1) * (n-2)=subs (n=n-2,x*n-n*x”* (n-1) +n* (n-1) /2*
x*(n-2))},DE) ;

n(n l)x(n_Z)
n—1 -
DE:=(ax2+bx+c)EknEr"+nx( n 5 E

(n=3)
) (n-1) n-2y (m=1)(n—-2)x
+ kprime, +(n—1)x + 5

(n=4)
. . (n-2) -3 (m=2)(n—-3)x i
+ kprimeprime, +(n—-2)x + 5 -2k, x

(n=2)
) (n-1) ) ] (n-2) ; n-1) n(n-1)x
-2 kprime, x — 2 kprimeprime, x +k, -nx + 5

(n=3)
n-2y (m—1)(n—-2)x H
* 2

(n—4)
n-2 n-3 n—2 n—3)x
+ kprimeprime, Er( )—(n —2)x( " ( )( ) ﬁ+(dx +6)H

2
(n-2)
; n-1y n(n—-1)x
k, +nx + 5

(n=3)
. (n=1) n-2) (n=1)(n-2)x
+ kprime,, +(n—1)x + 5

n—1
+ kprime, EK( )—(n— 1)x

(n—4)
n-3) (mn=2)(n-3)x H .
+ -k, x

(n-2)
+ kprimeprime, Er +(n—2)x 5




. (n=1) . . (n=2)
— kprime, x — kprimeprime, x

) ) (n=1) ] ) (n-2)
+A, (k, X" + kprime, x + kprimeprime,, x )

| and collect coefficients:
[ > de:=collect(simplify (DE/x” (n-4)) ,x);

1
de = (7\”kn+aknn2 —aknn+dknn)x4+ E’dkprimen—bknn+akprimenn2 _Edkn”
. . 2 . . 1 2 3
+d kprime _n —3 a kprime _n+bk_ n"+2 akprime +\, kprtmen+5dknn tek n
3
+ B-5 a kprimeprime, n — 5 d kprime, n + d kprime, — 2 d kprimeprime,, + 2 b kprime,
— e kprime, + b kprime, n”+a kprimeprime, n +c k, n-c k,n+ 5 ek, "
— 3 b kprime, n + e kprime, n + 6 a kprimeprime, + N\ kprimeprime, + d kprimeprime n
1 , 1 5 5 1 5
+ 5 d kprime, n” — 5 ek, n + Ed kprimeprime, n + 2 c kprime, + 5 e kprime, n
+ 5 d kprimeprime, n”+e kprime, + 3 d kprimeprime, — 5 b kprimeprime, n
+6 b kprimeprime, + c kprime, nw-2e kprimeprime, + b kprimeprime, n
3 5
- E e kprime, n =3 c kprime, n + e kprimeprime, n Fx — 5 e kprimeprime, n
+ 6 c kprimeprime, + 3 e kprimeprime, + c kprimeprime, nw-5c¢ kprimeprime, n

1

+ E e kprimeprime, "

| Equating the highest coefficient gives the already mentioned identity for A:
[ > rulel:=lambda[n]=solve (coeff (de,x,4),lambda[n]) ;

rulel =\ =-n(an—-a+d)

| This can be substituted:
| > de:=expand (subs (rulel,de)) ;

de = E x e kprime, " +6¢ kprimeprime, — 4 x*a kprimeprime, n + xe k, n
- Exz d kprime, n +2 X a kprime + 6 x*a kprimeprime, + 2 x* b kprime,

+ 6 x b kprimeprime  +2 x ¢ kprime  + X e k n-— 5 x e kprime, n — xd kprime,,

+x*d kprime, — 2 xd kprimeprime, + 3 x d kprimeprime, — x’e kprime, + x e kprime,




— 2 x e kprimeprime, + 3 e kprimeprime, — 2 a kprime n + b k, n”=xb k, n
+x* b kprime, n”=-3xb kprime, n + x b kprimeprime, nw-5xb kprimeprime, n

-x’c k,n+x c kprime, n”-3xc kprime, n + c kprimeprime, nw=5c kprimeprime, n
3 2 3 1, . 2 . . 2
+5x dk, n —Ex dk, n +5x d kprime, n +5x d kprimeprime, n

5 1
- Ex d kprimeprime n + E e k, n - Exz ek,n+ e kprime, n + x e kprimeprime, n

1 5
+ 5 e kprimeprime, n - E e kprimeprime, n

| Equating the second highest coefficient gives k'[n] as rational multiple of k[n]:
| > rule2:=kprime[n]=solve (coeff (de,x,3) ,kprime[n]) ;
1k,n(2bn=2b-d+2e+dn)

rule? := kprime = —
| "2 d-2a+2an

| Equating the third highest coefficient gives k"[n] as rational multiple of k[n]:
| > rule3:=kprimeprime[n]=solve (coeff (subs (rule2,de) ,x,2)  kprimep
rime[n]) ;

1
rule3 :karimeprimen:gknn(—20ebn+20 PPn+4b*n’ +20bdn—-16dn*b

-8dne-l16can+8cn*a+dcnd-8ean+4bn’d+8bne+den*a—-8 b
-8bd+12be+5dF n—-4dn*-2d+4de—-4cd+8ca+dea—-4e*—16b*n

| +dnw+4en+ddnie)l((d-2a+2an)(2an-3a+d))
| We consider the monic case, hence
[ > k[n]:=1;

and therefore
> rule2;

1

n(2bn-2b-d+2e+dn)
2(d-2a+2an)

kprime, =
> rule3;
kprimeprimen:n(—ZOebn+20b2n+4b2n3+20bdn—16dn2b—8dne—16can
+8cnfatdcnd-8ean+4bn’d+8bnfe+den’a—-8b"-8bd+12be
+5dn—-4dn-2d+4de-4cd+8ca+tdea-4e- 16" +dn+4en
| +4dn*e)l (8(d-2a+2an)(2an-3a+d))
We would like to find the coefficients B(n) and y(n) in the recurrence equation
| RE=0:
| > RE:=P(n+l) - (x-beta[n]) *P (n) +gamma [n] *P (n-1) ;
| RE =P(n+1)-(x-B,)P(n)+y P(n-1)
( > RE:=subs ({P(n)=p,P(n+l)=subs (n=n+l1,p),P(n-1)=subs(n=n-1,p)},R




E);
(n+1) (n—-1)

RE =x + kprime, , | X" + kprimeprime, , | x
n kori (n=1) kori X (n=2)
= (x=B,) (x" + kprime, x + kprimeprime, x )
(n-1) . (n-2) . . (n-3)
+y, (x + kprime, _, x + kprimeprime, _ | x )

| We substitute the known formulas:

[ > RE:=subs ({rule2, subs (n=n+l,rule2) ,hsubs(n=n-1,rule2),rule3, sub
s (n=n+1,rule3) ,subs (n=n-1,rule3)} ,RE) ;

n+ty (m+1)Rb(n+1)=-2b-d+2e+d(n+1))x"
* 2(d-2a+2a(n+1))

200 (n+1)-8b*-8bd+12be-2d+4de-4cd+8ca+tdea-4¢

-20eb(n+1)+20bd(n+1)-16d(n+1)Yb-8d(n+1)e-16ca(n+1)

+8c(n+1)Yatdc(n+tl)d-8ea(n+1)+4b(n+1Yd+8b(n+1) e

+de(n+1)Ya+ddn+1)Ye+db’ (n+1yY+5d (n+1)-4d (n+1)

RE =x

+(n+1)(

16 (n+ 1P +En+1)Y +4 (n+1))x 1(8(d-2a+2a(n+1))

n(2bn-2b-d+2e+dn)x

2(d-2a+2an)
20ebn+20b*n+4b* i +20bdn-16dn*b-8dne—-16can+8cn’a+4dcnd
—-8ean+4bnPd+8bnte+denta-8b>-8bd+12be+5dn-4dn-24d

n—2
+4de—4cd+80a+4ea—4ez—16b2n2+d2n3+4e2n+4dn2e)x( )/(8

+n(

(2a(n+1)—3a+d))—(x—[3n)Er"+

(d—2a+2an)(2an—3a+a’))H+ynEr(n_l)

+(n—l)(2b(n—1)—2b—d+2e+d(n—1))x(n_2)

2(d-2a+2a(n-1))
+20bd(n—-1)-16d(n=1Yb+20b* (n—1)-8b*-8bd+12be—-2d +4de
—4cd+8catdea-4e-8d(n-1)e-16ca(n—-1)+8c(n—1)a
+4c(n-1)d-8ea(n-1)+4b(n-1Y d+8b(n-1Ye+4e(n-1)»>a
+4d(n—1Ye+4b*(n-1Y+5F(n-1)-4F (n-1Y -16b*(n-1)>

+(n=1)(=20eb(n-1)

+d2(n—1)3+4ez(n—1))x(n_3)/(8(d—2a+2a(n—1))(2a(n—1)—3a+d))E
i > re:=simplify (numer (normal (RE)) /x* (n-3));
re ==40x"nd @ +472 x* [3nnd3eaz—196x[3nnca’3612—20)6[3nnzebd4
—16xB, b d —4xB ne’d +3496y,a°nw’ bed - 1800x°y, d a’
- 240 x° Bnnd2a4—160x[3nnca4d—2816xa5n4Bnc+740x2n5dza4
+1162° n*d @ =992 xa’ n°B b d—120xB nbed a+12y, d +160x" a’ n* B, d'




280y, an*b’d -384xa ' n B, e +900xa n* B, & +640x"a* ' B ed
+11584xyna5n3b+9584xyna3n3bd2+1536x ynasnsa’+640xyna3n4ed2

- 1088y a’n*e+528y bd a +76y,ebnd +240y beda’ +48y bd

+23y &’ +256xy, an’ b+32y an’ e d - 1800x° B & @’ —1472xa n* B, c &
+4496 x> a* n* B, + 6984 xy, a' " & =976 xy, ba’ & +128xa’ n’ B, e’ d
+80xB nbd a-232xB nbd ad+48y b’ d' +384x° & n’a* +128x° dn’ &’
—8x2Bnnba’s—796x[3nn3ea361’2—480x3asna’+3424x3easn—3776x3easn2
—1344en’ a*d+128x en*a*d-120x° B, d a—-10800x°y a* nd
-800y, @’ n’cd +1556xa’ n* B, b*d +6160y,a* n* cd-3072x"n’ cd’
—4x[3nn3d6+5x[3nn2d6+4x Bnn2d6—4736x W ad+320x° n® b’ d
+32xan3[3}162613+2576xznzcdza3+256xzn30d3az+16xzn317201?4—2xBnna?6
+x B, n'd+8768x°y, a*n* —9088x° B n ba'd+232 X’ nb’ da’ +24x" nebd
-632x°nbed a-2188y,an’ & e- 11640y, a n' bd —9600x’ @’ n* d,
+512x3a6n6[3 +40x[3nna’3a3—2496962613173 ed+36x*nd ea

+768x  bn’a*d+4384 x> ea' n* d—14400x° a® i’ B, — 7200 x* @’ n* B, b
—4640y, A’ n"cd +488x Yy, ea’ d +588xa’ B, & e— 1380y I n’ed
-19392xy, a*' i’ bd+640x’ @’ B, bd +20x B n’ b* d +680x° B, d*a’
+2192x° B, a*d —4032xy, @’ n*bd +13840y, &’ b +428x’ B nd @
-360x[3, }12613ec12+480xzneza4—912)6211262614—2392xynbd361217—80ynea3a’2
+192x° n*ed® & +4496 x° w’ eba® d 2960y, &> nb> d + 64y, a*n' de
+320xy, @’ n*bd -2368xy,a'nd -3328x"a' n* B, ed-1328xa’ ' B, bd
+8x*nb’d -92x"an Bnd5+4xBnn Pd'-480x*n’ ea +88xynd4€a
—96x2ne2d3a+80x2n6d3a3+8x3a’se+8xynd6+8x2ynd6—960x3ea5+8x3d6n
+8x3[3,761?6+576x3d4azn—792x3c¢?4612112—112)6361’5an+2x2n0l6+4x2n3d6
—6xX’ - 184x an’ B, bd —1984 x> a* W’ B, d" +8xan’ B, d -672y, & n*a’ d
+2432xy a’n’e+232X° nbd @’ —12640xy,a’ n* b+ 580xB n*ca’ d
—228yna2n5d4+192xa2n58 bed2—576x2a2n3[3 d=-20x"nd a
+1592y a*n* ed+3080xy,a° n”*bd +680x°y, d a® —1920x> @’ n° B, b
+1312x° ntea® =3392x* n*ca' d+ 856 x* nbea’ d—472 x* Bnnba &
+32yna3ned2—8xyndse—856x2Bnnea3d2+36x[3nnea3d2—88x2n3d5a
+480 x>’ n* B, d' = 9600 x’ a* n’ B, d" + 10880 x* o’ n* B, +400x* n e’ & @’



—l6xznbeaf4+160x2n3ebad3+1556)6[371114ba’3az+1568)c[3nn3ca5

+2664 x> a’ i’ [3na’3—1844x2a3nz[3na’3—1152xzazn3 Bnbd3—104x2Bnnd4€a
—432xa4n3B d2—1916y a4n5d2+668y eznzdzaz—%y e2a4n+40xy nwd a
+y dn'-88xy da+16xy bd -4544x"a* ' B, d" —264xan’ B b d
120 P ea-4x Bnnd6+l60xa n* ncd3—2672xyna n d+3456yna wbd
+4yna’5n3.e+640x2nca’a4+l76xznbed3a+796yna4n6a’2+924yna3nzea’2
+656xy,ba’d —112y B> nd -3968x* B, n’ ba'd-2336x° & a* n*

2064’ d @ W+ 192y, @ W bed —1920x°y,a° n—-288y bd @ —288y, b’ da’
+8ynbn3ed4+32xans[.'Bnbzd3+80xznea4d+1408xa4n2 Lcd

-3424x* a* ned—4x2ndse—1024yna5n6c+128yna5n7c—1856x[3nn50a4d
+464xa4n2[3ned—1328xa3n2[3nb2d+16x2n3d5b+5792yna4n3be

- 6320y, a*n*be+21760x°y a’ n’ d—-9600x*y,a’ n*d—-8936y, a’ n* b d"
+132y, d a*-3840x°y, a’n’ =896 xa’ n° B, c— 1856 xa’ n’ B, bd +8x* nbd
—3600x|3nn3ca4a’+4xynnzal6—232x[3nnb2a'2az—336)cc12n3 ne2d2
—200x2n2d2a4—832x2Bnnzeazaﬁ+2832x2[3nnzea3d2—l6yndse

-240xB nbeda +256x°a n’ B, b- 1064 x* n*a*d =992 x> n° ba* d
+128x°n' ba'd-2240x"n*eba d+480xy,ba'd-576y,bda*n
+1536° @’ dB,—3840x° a® i’ B, +2960 x>’ b* a* + 128 x* ' b* a*

+486 " ' d @’ - 1184 X" W’ & @’ +480y, bea ' n—-20y d n’e-164xy n’d a
+16320x°y i’ d" a* +480 X’y " ' a* 44y br’ed +448 x* n' c & &’
-1968x*’ cd o’ +384x*n*ebd d2+4ynbn d5+640xynn ea'd

- 11640y b’ n* @ d+5424y b’ i’ @ d - 28y, d n— 1368 x* n* & b a’

+320° n°ba’ d +384x° n” eba’ d—1088Y,a* n’be—-704y,a* n' bd
+104x2[3nnbd4a+20x[3 ndsa—320x[3 nzca5—480x[3 nbed
+384x°n catd-48y & d a+320x"a* n® B & +280y, ca’d +1952x B, n” & a*
+128y,a'n"be-696x"ne’ad-7664y a'wbd+128y,a n"d e-80x"nbd a
-21600x" @’ n* d B, +21760 x* &’ n’ d B, + 8768 x a® > B, + 2276y, ebnd a
+3136 X e P n+5968x° bn*a’ &* —5488x° ea* nd - 4672 bn' a* d
+2672x bnad+16320x° a* i’ B, & +1280x° &’ ' B, & —4800x" @’ n* B, d’
+96x3an[3nd5+1920x3a4n4[3nd2—1584x br*ad*d =752 d ed’n

+112° bnd P-4 b’ F+512° P’ ba® +896x° bt &



+256x enr @ d -1632x e dF+192 X en” * P+ 144 d' n* ba
+10048X° b’ a*d—-8912x’ bn'a* d+64xX’ d ean+5440xX° @’ n B, d
-10800x ' n B, d —1200x’ @’ n B, d' +8768x’ dB, a’ n—-2656x’ bna’ d
~224x°bd' na-960x"B,a’d=1920x° B, a’n+2192x° &’ i’ d+256 X’ d' n’ &
+ 2 a+2720X° A’ n' d-3600x @’ ' d+5024x° o'’ & + 1336 X & a* n
- 138X @ n-4456 > & a' n +2984X° & @’ n* =960 x’ @’ d + 5440 X’ b n* &
7200’ b’ @ = 1920’ b’ @ +4384 X’ b’ @ +256 ¥’ bn' @ +448 X’ &' n* &
+1664x° e’ n’ =256 x" en' a® =960 bna’ +16x° bd n—1800x° e’ &’
+680x3ea2d3+2192x3ea4d+48xBnncd4a+4xBnnzcd5+2720xa4n5Bneb
+2960x2n3ba4d+l36yneznd3a—88xan2Bncd4—80x2nb2d3a
+5440xzasnsBHb—576ynbza4n+32ynansba"‘—5344xynasnzb+740x2n3d2a4
+192x2n5ea3d2+24xa2n6Bnd4+3296yna5n5c—1664x2a5n5Bne
-776y,anbed —1920y &’ n*cd +4360y, a n’ c d +2960 x* n’ b* a*
-960x"B n*ba’ +2416y, @’ e—-342x" n' d' a* +3680y, a*n’ be-T72Y,d a
—72yna’3a3+320xznzl)zcc’3cz+944)cc13113 nezd+756xa3n5Bnd3+l28x2a5n7[3nd
—3424)c2asn3[3ne+152xa3nzBnea?z—4180ynaznzbedz—36x2nea3a’2
—76x2neaza’3—1600xa3nsBneba’+3680)cyna’nSas—960)c21150a5

+1420y an*cd 4592 xa’ n* B bd -3744xd* n’ B B +851y a*n' d'
+8768x2yna5nd+1920x2n2bedza2—104x2ncd4a+192ynea5n
—2234yna3n2d3+160x[3nnbd2a3+256yna3n6bed+296x[3nnzebd3a
+64xasn7[3ne+96OxZBnnzeaS+3712xa3n4[3neba’+288x2n:—’a’3ba2

- 1588y &'’ a® —4576 xy,m ed’ +96 X’ ' & a’ & =960 x*y, @ d+ 1056y, anb’ d
—160x2nI)2a’c13+64x2n6ec15+12x2nza’5e—248x2n(’a’2a4—420ync12ne2d2
-236x"B nd a® - 120Xy, & a+512x°y, a® n® + 10880y, a®n* =12 xy, n d’
+8y cd —14400x°y o’ +328 xy, d' &> +80xy an’ bd —488xy d a

+8y & d+240xy, da' -8y, dn’ +2192x’y a*d =160’ nb d" o
—480x2Bnnba4d+389xa2n4ﬁnd4+80x2an3Bnbd4+32xan5[5nbd4
+80x|3nnza’2a4+16Ox[3nnzeza4—248xa3n6|3na’3—1148)6613174[3”61’3
+32xa3n7[3nd3+320x[3nnzbda4—16096[3,11126615+2336xasn5 e
+480x2[3nnea4d+160x[3nnb2da3—80xBnnea4d—480x2[3nn2da5
+652x2aznzBnd4+256xa3146Bnbea’+76x[5nneaza’3+312x[5nnca3d2
+12x[3nnbeaf4—1568x2a3n4[3na’3+356xaznzBneza’2+640x2a3n4Bnea’2



—624xa B bd +1060xa* n’ B, bd +320x° @’ n’ B, & +1120xa’ n* B, e d
—640xa3ns[3nedz+40x2an3Bna’s—400xazn4[3ned3+265xaznz[3na’4
+1720xazn3Bneba’z—464xazn3[3nd4+80xan3Bnds—42xan4[5na’5
+900xa3n3Bnd3—66xanzBna’5—448xasn6 ne—328xynea2d3+264ynand5
=336 P L PR L P+ P L a+28 nt L a+640x* P ed

+ R -1536x" ed 504 P +32x*n dat =24 b d

+8x ncd +8x*netd —-96x*n* e’ a* - 4256 x* n* b* a* - 992 x* n® b* a*

+2624 X’ n* cd + 1280 P ca + 128X nlcd’ +528x* P e at 24X WP P I
-800x° b at-T44 X e d AF+480 X ned & 1344 X P b P +80x* W d ea
+64x*ned d+ 112 ' dba-4736 x> ba &+ 1944 x> i’ ba’ d

+4648x* ' ba® I -2016 X’ ba’ d —896x* n'ed’ & +1264x* n’ e’
664’ ed d =352 dba-600x"n"ea' d—-4256x’ n*ba'd
+2960x2n5ba4d—80yncad4+472x2n3ea4d+224x2n4ea4d—288xzn5ea4d
—156° " dea+320° P bd a+ 2 P cd a+48x* Pt & & a-408 x* n’ & & &
+1064x* P da =352’ P d a+2192x* i’ bea' —3600x*n’ b e d*

+2720x° n*bea*-960x*n’ eba' +128 x> n® e b a* - 1368 x* n* b* a* &

+212X° P B +288 X B P - 3544 x> P bedd —480x* nbea’
—08xnedd - 1344 WP P P +64x*n' fa’ d+4648x* n* bra’ d

—2016 X’ b* P d+4544x* P ca*d-2212 " n' ca* d-480x* P * d’ d
+l944xznzbza3d+112xzn4bza’3a+l60xynazn4d4+58x2nd4a2

-2016xYy,a n*d -7664y,a" n’ b*+1356y @’ n’ & =328y, a n°d

+3184y a* n® B> +6832xy,d n*a* +864y, a' n*d -2084y a*'n’ & +496y a*n’ &
—2176xyna5n6b+8x|3nn3bed4—1344ynbn4ed2a2+64ynbn4ed3a

+40y an’ cd +13664xy a*n* bd-432y a*n’ e & - 8400y, a* n’ cd
+8xy,mbd — 112y, bd n—-1024xy i’ & ea” +6196y, bd n*a* -24xy,nbd
+8xy nde+dy n’d +92y b’ n’d -21600xy, @’ n*d+92Yy, d n° b
-9696xy, a‘'n’ & +32y d ne+80xy an’d e—-1664xy a’n’bd -288y bd' a
+88y & da—288y b’ d a+384y can-48y e da +480xy,da’ n

+640 x> B, n°ba*d—176xy,bd a-440y, bed a*+ 16y, a' n*d +24y a’ n°d*
+3888x B, n'ca'd+2784y > nb*d-2960y, a*nbd +2784y,a nbd

- 180y, an’d e+3456y b’ n’a* +3184y a* n°bd+128xy,a’n' d

+128y, @ n' bd =2672y,a' n”*be+2016y, an'de+80xB nb d a



+96y, a’n°bd -8336y, a'n’ bd-2176Y,da’ n* c =176y, a* n' & + 64y, a* n® b’
+32y an & +4832y &’ ' c+5792xy, a’ n’ d+ 5424y, @’ d b

+10576y, a*n* bd-832y, a’n’ & e-272xy,a’ n’ed +640xy a’ n’ b d
+432x|3nnsea4d+144x|3nn4ea4d—320xBnn6ea4d+8992x2Bnn4ba4d
-4800x°y n* d a® - 9600 x*y, m’ d" a* +1280x°y n’ & o’ + 528y b* d" &
+80y d'ea+1920x"y,n*a*d -36xB, nd ea-10616xy,a n*bd
+13968xy, a'n’ bd+3024xa’ w’ B, b’ d— 144 xa* n' B, d +2064 xa* n° B, b’
—608xa3rz“[inezd+3600xa3n3Bnba’2+64xa4ng[3nbz+3600xa4n4Bnb2
—1728xa4n3[3,1172—576xa4n7Bnl)2—544xa3n2[5,1‘9261'—936)”14115Bnd2
—384)(2112bea’3a+8ynansa’5—4592xa3n4[3}41)261’+5664x2a4n3 ed
+784xa4n4[3 ez+16xa4n8[3 d2—624xa4n3[3 ez+516xa4n6[3 &
+64xa4n6B e +3904 x* o 2[3 bd+320xa4n6B cd-1584x*n’ bed d*
+2720x° @’ B, d+128xa’ n' B, b d+128xa’ n' B, c+3600xa’ n’ d P, b’
—576xa4n7Bnbd+64xa4n8B bd+2064xa*n Bbd+784xan e
960 x"a’ n° B, d+ 1060 x &’ n* B, b* & —3600x° a’ n* B, d+96xa*n’ B & e
+128xa3n6Bndze—704xa4n3dBne+3776x2a5n4Bne+256x2a n6[3ne
+2192x° @’ B, d-3744xa* B, bd+3600xa* n' B bd+128xa*n' B, be
—1728xa4n3Bnbd+2192xa4n3Bnbe+64xa4n7Bnde—960xa4n6[3neb
—3600xa4n4[3neb+320xan3Bnb2d3+320x[3nn2b2a4+l792xa3n2Bnbed
—624)6612}15[3}117261'2—960xazn4 nebdz+80x[3nneza’a3—156)6612115[3na’4
-800x* " ba*d-484x* P ed d +2192 ¥ w ba* d +588x* n* & e d’
+96x*y, and —120y,an* & d +3460y, &’ & =70y, an*d - 704y a*n’ b
912y, @b’ d +880y,a* n' e +232y an’ & +320xy, @ n’ & -384y a*n’ &
+1549y > n* &' + 5400 xy, b @’ n— 4624 xy, ba*dn+872y bned a
—-2216y, ebndd +32ynan d4€+4ynb2n4d4—240xynea d+608ynea & n
+6196y B’ n*a’d —1196xy, d' a’n-2312xy,d a* n+2700xy,d @’ n
-80y, edd +96y, ea" d+2644y d" n*a* -960y a*n’ e’ =832 xy a’n’d
+1168xa’ n’ e—72xanBed3—168xan[3b2d3+80x aan4€
+320xan Bnbd4—100xan Bnd4€—l68xan Bnd4b+40xan B,,Cd4
—264xanz[3nbcf‘+32xan4[3’1014.e+104xanz[3na’4e—240xan3[3neba’3
—992)ca3146Bnbd2+320xa3n5Bncd2+96xazn6[3nbza’2—544xazn3Bncd3



+96xanBed2+128xan[3bdz+96xa Bba’3+320x2 : 4[3 bd
-3688x° @’ i’ B, bd +5328x @’ B, bd +1304x"a’ > B, b d
+2328xa3n3Bncdz—3136x2a3n4Bnbd2+64xan [3nbea’3—1300xaznzﬁnbea’2
+8sznn2bd5+4x|3nn4bd5+4x[3nn2ezd4—8x[3nnb2d4+52x2Bnndsa
—l§§56)c[3n}13bzdzaz—116xBﬂnezdzaz+40xBﬂnezaﬁa+320x2[3nn3eazd3
—3920x[3nn3ebda3—SSxBnnd4a2—332xBnn2d3a3—1408x[3nn4ea5
+4384x28nn3ba5—8x[3 nbd5+4xB ndse+4x[3 n3d5e+2192xy a‘ned
+1540xy, a*n" d' - 8736y, @ n”’ bed+96Y, a*n* e’ d - 5888 xy,a' n*ed
+6752xy,a'n’ed-6352y,a° b d -328xy,an’ bd +928Yy an’ b d’
+7360xynaSnSb—512ynasnée+1648ynasnse—12yncna’5+348x[3nnbedza2
+96ynaznsa’3e—2720ynaS1146—592ynazn4d3e—912ynaznsbd3
-6320xy,a’n*d-480xy,ea n+64y a’n e—5440y o’ n*c+6488y a’n’ebd
+3024xBnn5bd2a3—4x[3nncd5+8x2|3nnd5e—16xBnn3d5b+20xBnn2bd5
—8x|3nn2dse—13O4yna4n3ed+1032xyna2ned3—704yna4ned
+4080xyna3nzedz+5856yna4nzcd—1060ynazncd3+856xz[3nnba3d2
+212xynana’5—5308xyna3nza’3+64yna4146ez+4792)cyna3n3d3

+10576 y, a* n* b* — 8336y, a* ' b’ —2456 xy, @’ ned +2280y, a’ ncd

- 1888y a*ncd-1488xB n'ca d +320y,a n’ cd —2240y,a" n’ cd
-168xy, and4€+320y a4n60d+256xy asn(’e+l60ynazn40d3
+320xy, @’ d e—1448Yy an’ bd - 6352y &’ bd +3404y o’ n' d b
+96y an’b’d +1348y '’ & e+ 928y, an’ d' b +320xy,a* n’ &

- 1088xYy, a’ n°d+696y @’ nd +5952y @’ n*bed+356y,an’d e
+4032xy ane+32y an’ b’ d - 1664xy,a’ n’ e+5440X°y, @’ nd
-2910y, @’ n*d - 1984y @’ W’ bed-400y,an’ bed +64y,a* n*bd
-1312y, & n’bd +720y,a* n’ ed-80y, a* n*ed+128y,a’ n b d

-384y a'n®ed-160y cn’d a-280y bn'd a-32y bn’d +192y,ca'd
400y, ca’ & +3404y b’ n*d a* -40y bed - 12y, & nd =32y B’ d
+200y, cand —1200x°y, d'a>n—-740y, d a’ n-144y, d a* n+4y cn*d
+960xy,ba n+1056y, bd na-288y d nea-8936y,b°nad

+424xy nbd a-3456xy,n ea*d-362y d na+240y bed a

- 1312y, B’ n° > d+ 128y, &’ a’ d+424y &’ nd-4736 xy, bn’a* d



+640xy bn®a*d- 1128y & n*a d+1296y &’ n’a’ d+ 13840y, b’ a’ d
- 1448y b’ n* d a
| Equating the highest coefficient gives
[ > ruled:=beta[n]=factor (solve (coeff (re,x,3) ,beta[n]));
dnfa+2bn*a-dan-2bna-2ea+2bdn+d n+de
ruled == =-
| " (d=2a+2an)(d+2an)

| and equating the second highest coefficient yields
| > rule5:=gamma[n]=factor (subs (rule4,solve (coeff (re,x,2) ,gammaln

1))
rule5 =y, =—(2a+an+d)(-dn-4bnd -dbed-4b nd+2adn-ad

—-nad+16acnd-4ab>+4ae—4ab’n*+16a°c-32anc+8ab’n—4abd
-16acd-8ade—4adn*b+16a*cn*—16a*ne+8adne+8abdn+d
+8ea2+8en2a2+4cdz+4bd2+4b2d)n/(4(2an—3a+d)(d—a+2an)
(d=2a+2an))

>

=] Orthogonal Polynomial Solutions of Recurrence Equations

| > read "hsumé6.mpl";
Package "Hypergeometric Summation", Maple V - Maple 8

i Copyright 2002, Wolfram Koepf, University of Kassel
| > read "retode.mpl";

Package "REtoDE", Maple V - Maple 8
Copyright 2002, Wolfram Koepf, University of Kassel

| First example
[ > RE:=P(n+2) - (x-n-1) *P (n+1) +alpha* (n+1) *2*P (n)=0;

| RE:=P(n+2)—(x-n-1)P(n+1)+a(n+1)*P(n)=0
[ > REtoDE (RE,P(n),x);

Warning: parameters have the values, {a=0,e=0,b=2c,0=—",c=c,d=-4c}

%(2“ 1)%%P(n,x)%—2x%%P(n,x)%+2nP(n,x)=0,
3=B oo =2 R

[ > REtodiscreteDE (RE,P (n) ,x);

1 1
Warning: parameters have the values, {g=g, b = —5 fd- 5 d,

1d lfzd 1 d 1 d 0 d,d=d —_1+f
=—J—-— +— +— La=0,e=— ,d=d, f=f,a=
c=yd= fd+ gdf+ gda=0e=g fEra=T




% (f+2fx—1)(Nabla(P(n, fx +[+g),x+ 1) - Nabla(P(n, fx +g), x))

f
L 2x(P(nfx+f+g) +P(n/x+g)) 2nPlnfx+g)
L+f (1+nHf
L1 __U=D(c1+2g-f-2x) -1
%r(x)—fx 5 7% 0(x) +T(x) = 2145 %p(x)— 1+f%’
kn+1_l%
k, f

[ > strict:=true;

strict .= true

> REtodiscreteDE (RE,P(n),x);

Error, (in REtodiscreteDE) this recurrence equation has no classical
discrete orthogonal polynomial solutions

| Second example
| > RE:=P(n+2)-x*P (n+1) +alpha*g”"n* (g” (n+1) -1) *P (n)=0;

n+l1
i RE:=P(n+2)-P(n+)x+a g (¢ -1)P(n)=0
| > REtogDE (RE,P(n) ,q,x) ;
Warning: parameters have the values, {a=-dq+d,c=-0dq+ad, b=0,e=0,d=d}

Exz +a)Dq%§q§3(n,x), l,x%q,xﬁ— x D4(P(n, x), g, x) +2 (z1*q )ZP(n’x) =0,
1 g1 (g-1)¢"

p(qx)_ a an_lE
pP(x) q2x2+a, kn



