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Abstract

The linearization problem is the problem of finding the coefficients Ci.(m, n) in the expansion of the product
P, (x)Qpn(x) of two polynomial systems in terms of a third sequence of polynomials Ry (x),

n+m

Pp(x)Qm(x) = ) Cr(m,n)Ri(x).
k=0

The polynomials P;,, Q;, and Ry may belong to three different polynomial families. In the case P = Q = R, we
get the (standard) linearization or Clebsch-Gordan-type problem. If Q,,(x) = 1, we are faced with the so-called
connection problem.

In this paper, we compute explicitly, in a more general setting and using an algorithmic approach, the connec-
tion and linearization coefficients of the Askey-Wilson orthogonal polynomial families.

We find our results by an application of computer algebra. The major algorithmic tool for our development is
a refined version of g-Petkovsek’s algorithm published by Horn [14, 15] and implemented in Maple by Sprenger
[26, 27] (in his package qFPS.mpl) which finds the g-hypergeometric term solutions of g-holonomic recurrence
equations).

The major ingredients which makes this application non-trivial are

¢ the use of appropriate operators D, and Sy;
* the use of an appropriate basis B, (a, x) for these operators;

* and a suitable characterization of the classical orthogonal polynomials on a non-uniform lattice which was
developed very recently [9].

Without this preprocessing the relevant recurrence equations are not accessible, and without the mentioned al-
gorithm the solutions of these recurrence equations are out of reach. Furthermore, we present an algorithm to
deduce the inversion coefficients for the basis B (a, x) in terms of the Askey-Wilson polynomials.

Our results generalize and extend known results, and they can be used to deduce the connection and lin-
earization coefficients for any family of classical orthogonal polynomial (including very classical orthogonal poly-
nomials and classical orthogonal polynomials on non-uniform lattices), using the fact that from the Askey-Wilson
polynomials, one can deduce, by specialization and/or by limiting processes, any other family of classical orthogo-
nal polynomials. As illustration, we give explicitly the connection coefficients of the continuous g-Hahn, g-Racah
and Wilson polynomials.
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1. Introduction

The connection and linearization coefficients have been computed explicitly for very classical orthogonal
polynomials:

1. for classical orthogonal polynomials of a continuous variable in [2, 3, 18, 23];
2. for classical orthogonal polynomials of a discrete variable in [12, 18];
3. for classical orthogonal polynomials of a g-discrete variable in [10].

The very classical orthogonal polynomials are known to satisfy, respectively, the following second-order holo-
nomic differential, difference or g-difference equations (see e.g. [16]):

o) Ly + 1) & y@) + A, y(x0) = 0;
TX)AVyx)+1(x)Vyx)+ A, y(x) =0;
0(x) Dy D% YyX)+7(x)Dg y(x) + /ln,q y(x) =0,

where A, V and D are, respectively, the forward, the backward and the Hahn operators defined by

Af(x)=fx+1) - f(x), Vf(x) = f(x) - f(x-1), Dgf(x) =%, q+1, x+0,

with D, f(0) = lin(l) D, f(x) = f'(0), provided that f'(0) exists.
.x/'ﬁ
The Askey-Wilson polynomials p,(x; a, b, c, d|q) are defined as ([4], [16])

pn(x;a,b,c,dlq) =

aVl

(ab,ac,ad; q), ( g ",abcdq™ ', aq*,aq™"
— 4¢3

q; 67)’ (D

ab,ac,ad

with x := x(s) = cosf = qs_'_zq—s’ g° = €', where the g-hypergeometric function ,¢s, and the Pochhammer symbol

(a1, az,...,ax; q)n, are defined by

(l) ap, -, ar
r¥'s
bl)”'rbS

) X (ar,-,ar; @k k('S il
iz|i= ) A=) —— T2 ((-D)Fgl '
q ) kg.g k ,;)(bb'“,bs;q)k( 9 ) (4 Dk

and

k-1 .
) (1-a;q?)) if k=1,2,3.---
(a1, ar; Qg = (a1; Q- (ar; @k, with ((li?q)k:{ jl;lo o .
1 if k=0

It should be noticed that:

1. thesummand A of the g-hypergeometric series is a g-hypergeometric term, i. e. AA’CZI € Q(q, g% isarational
function in the variables g and g*,

2. alinear homogeneous recurrence equation

K
> k(@G Cnir =0
k=0

is called g-holonomic if the coefficients ay(q; g™) are rational w. r. t. ¢ and polynomial functions w. r. t. the
variable g™, i. e. ar € Q(gq)[g™].

The Askey-Wilson polynomials do not belong to any family of very classical orthogonal polynomials. They belong,
instead, to the so-called classical orthogonal polynomials on a non-uniform lattice [11, 16, 21], which are known
to satisfy a divided-difference equation of the type [5, 8, 22, 28]

A N \Y%
Ax(s) Vx(s)
2

A v w(x(s)
{('b(x(s))Vxl(s) Vx(s) * 2

+/1n}Pn(x(S)) =0,n=0, )



where ¢(x) = p2x? + P71 x + g and W (x) = w1 X + 1 are polynomials of maximal degree two and one respectively,
An is a constant depending on the integer 7 and the leading coefficients ¢, and v of ¢ and v respectively, and
x(s) is anon-uniform lattice defined by [21]

aq*+cq i +c if g#1,
x(s) = 2 . _
48+ 58+ cg if g=1.

with u
Xu(8) =x(s+ E)’ W e, ..., 6€C,

where C is the set of complex numbers.
Foupouagnigni [8] showed that, by means of the companion operators D, and S, given by

flx(s+3) - flx(s—2))
x(s+3)—x(s—1)

Flx(s+3)+ flx(s—3))

Dy f(x(s) = 5 ,

, Sxf(x(s) =

Equation (2), which characterizes classical orthogonal polynomials on a non-uniform lattice [9], can be rewritten
with the same polynomial coefficients ¢ and y as

P(x()D5 Py (x(5)) + Y (x()SD Py (x(5)) + A Pp(x(s)) = 0. 3)

The Askey-Wilson orthogonal polynomial family satisfies the divided-difference equation of type (3) with [8]

Gx(s) = 2(abed+1)x*(s)— (a+b+c+d+abc+ abd+ acd + bed)x(s) + ab+ ac+ ad + be + bd + cd — abed — 1,
4(abcd - l)q%x(s) 2(a+b+c+d—-abc—abd-acd - bcd)q%
y(x(s) = + )
q-1 q-1
where s
x(s) = q +2q =cos#f.

In [2] Area et al. used the formula

a © [(-1igWzyl (0| q,a
; = _— 5 ’ ’ 4
rcbs( b, |9 yx) ];0 @, I i E L R L @
obtained from Verma’s g-extension [29] of the Fields and Wimp [7] expansion of
ar,Ct
retPstu b d, q,yw

in powers of yw as given in ([13], (3.7.9)), to derive the inversion formula of the Askey-Wilson polynomials from
which the Askey-Wilson connection formula with the same first parameter follows:

pn(x;a,bcdlgq) = i a™ g™ m=" (q,ab,ac,ad;q)(abcdq"; q)m
n\A, o, U, C, m=0 (q’ Q)n—m (qy ab, ac, ad, q)m(aﬁ'}/(‘qu*l,q)m
g™ ", aBq™, ayq™, adq™, abcdq™t" !

5¢4( q; q)pm(x; a,B,v,61q). (5)

abq™, acq™, adq™, aBydq*"

Our method, which produces a more general result, is based on an algorithmic approach using the appropriate
basis By (a, x) for the operators D, and S, combined with various properties of this basis, developed in [8, 9, 11].

The operators Dy and S, transform a polynomial of degree n in the variable x(s) into a polynomial in the
variable x(s) of degree n—1 and n, respectively (see e.g. [8], [21]). However, the monomial basis (x"(s)), is NOT
appropriate for these operators since the application of the operators D, and S, to the monomial x"(s) produces
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a linear combination (with complicated coefficients) of all monomials of degree less than or equalto n—1 and n
respectively [8]. To solve this problem, Foupouagnigni et al. [11] provided an appropriate basis (B, (a, x)) ,, namely

s s q8+ q—S
Bn(a,x)=(aq”;q)n(aq ";q)n, n=1, Bo(a,x) =1, where x=x(s) = —
which is a polynomial of degree 7 in x(s), and which fulfils the following properties [9, 11]:

’+q~°
2

Proposition 1. The q-quadratic lattice x(s) = and the corresponding polynomial basis

Bu(a,x) = (aq’;Pn(aq™*;@)n, n=1, By(a,x) =1,

fulfil the relations
DxBula,x) = nla,nB,_1(a\/q,x); (6)
SxBu(a,x) = pila,n)By-1(a/q,x)+ f2(n)Byla/q,x);
Bi(a,Y)DB,(a,x) = n(amnla/q,n—1)B,_1(a, x); @
Bi(a,X)S:DxBy(a,x) = n(a,n) (Bi(ayq,n—1)B,-1(a,x)+B2(n—1)By(a, x); 8)
XBy(a,x) = pi(a,n)By(a,x)+ uz2(a,n)Byii(a,x); 9
Bi(a,x)Bp(a,x) = wvi(a,n)By(a,x)+va(n)By1(a,x); (10)
Bi(a,x)Bp(aq,x) = Bpsi(a,x),
where
nia,n) = %’ Bi(a,n)=31-a*q*" ) (1-q™"), Pa(n) =3+ Z;n,

2 2n
plan) = ed=, pala,n) = goir, vila,m) = (1— g ") (1 - a*q"), va(m) =q™".

In this paper, we use an algorithmic approach (see e. g. [10], [18]) to derive the connection and linearization
coefficients C;,(n) and L,(m, n) for the Askey-Wilson orthogonal polynomials in a more general setting (with no
need for the first parameters to be identical), that is:

n
pu(x;a,b,c,dlq) =) Cp(mpm(x;a,pB,y.61q), (11)
m=0
n+m
pn(x; a1, by, c1, di|Q) pm(x; az, bz, ¢2,dalg) = Y Lr(m,n)p,(x;a, B,7,61q). (12)
r=0

We note that by taking suitable limits and a specialization process [16], we can obtain from the Askey-Wilson
connection and linearization formulas, the connection and linearization formulas for the orthogonal polynomi-
als of the Askey and g-Askey scheme (continuous g-Hahn, g-Racah, continuous dual g-Hahn, Wilson, Al-Salam-
Chihara, g-Meixner-Pollaczek, Continuous g-Jacobi, continuous big g-Hermite, continuous g-Laguerre, continu-
ous g-Hermite, the very classical orthogonal polynomials, etc.), which of course can also be derived directly using
the algorithm developed in this paper.

The content of this paper is organized as follows:

1. In Section 2, we use our algorithmic approach, combined with the divided-difference equation (3), to re-
cover the known coefficients of the three-term recurrence equations, as well as the known g-hypergeometric
representation of the Askey-Wilson polynomials;

2. In Section 3, we solve the inversion problem, which is then used to derive the connection formula (5) be-
tween two Askey-Wilson polynomials with identical first parameter;

3. Section 4 deals with the derivation of the connection coefficients between the bases (B, (a, x)), and (B («, X)),
as well as the derivation of the general connection formula (11) for the Askey-Wilson polynomials;

4. In Section 5, the linearization problem (12) of the Askey-Wilson polynomials is solved;

5. Section 6 illustrates the use of limiting and specialization processes to deduce the connection coefficients
of the continuous g-Hahn, g-Racah and Wilson polynomials.
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2. Three-Term Recurrence Equations and g-Hypergeometric Representation

In this section, we derive, starting from Equation (3), using the basis (B, (a, x)), as well as the properties of
the operators D, and S, (see Proposition 1), the coefficients of the three-term recurrence relation for the Askey-
Wilson polynomials p,(x; a, b, ¢, d|q), the coefficients of the three-term recurrence relation for the second divided-
derivative of the Askey-Wilson polynomials D2 p,,(x; a, b, ¢, d|q), as well as the hypergeometric representation of
the Askey-Wilson polynomials. The results obtained using our method are of course identical to the known ones
[16]; however, it was useful for consistency, to get these results using our method since these methods are needed
for the computation of the connection coefficients.

2.1. Three-Term Recurrence Equation of the Family (p,(x;a, b,c,d|q))n

Proposition 2. (Seee.g. [16], p. 417). The Askey-Wilson polynomial family satisfies a three-term recurrence equa-
tion of the form

xpn(xX;a,b,¢,d|q) = anpn1(x;a,b,¢,d|q) + Pnpn(x;a,b, ¢, d|q) + Ynpn-1(x;a,b,c,dlq), (13)
with
I N a4
ne 2aq” kn+1 ’
1 q"
Bn = 5 X
" 2 (—q2+dcba(q”)2) (—1+dcba(q”)2)
(dq2 +ba(q") qdc - qaq"bPdc—cba’q"dq + dchqa® (q")* + cbaq +badq - ¢* q"dcb
—cdaq"q? - d*cbaq" - cdaq" q+d*c*ba? (") - q"dchbq - aq" P db+ d*c*b?a(q")’ + dcbq + cdaq
+cq? + q?a+ b’ +a® (q") *bPd +(q")° qad®ch+ a(q") gdb+a® (q")* bPd*c - chaq" ¢°
—-badq"q* - cba?q"d - badq"q-bgcaq" - d*cbaq" q - dc*bqgaq" - aq”bzdc), (15)
. k., (q"dc-q)(dbq"-q)(q"bc-q)(dcbaq" - q*)q"a(baq" - q)(caq" - q) (aq™d - q) (-1+ q")
n— )

" 2kn1 q (_qz +dcha (qn)2)2 (_q3 +dcbha (q”)z) (—q +dcba (q”)z)

where ky, is the leading coefficient of the polynomial p,(x; a, b, ¢, d|q) represented in the basis (B, (a, X))
pn(x;a,b,c,dlq) = knBn(a,x)+ k,By_1(a,x) + kj Bp_2(a, x) +... (16)

bedg™;
and is given explicitly by k,, = w-
(_a)"q(z)

Proof. To prove this proposition, we mimic the method given in [18]. We will first need to compute, in terms of the
leading coefficient k,, the coefficients kj, and k|, of the expansion (16) of p,,(x; a, b, ¢, d|q) in the appropriate basis
(Bn(a, x)),. In order to compute these coefficients, first we substitute (16) in the divided-difference equation (3).
Next we multiply this equation by B; (a, x) and use relations (7), (8) and (10). To eliminate the terms x(s) Bk (a, x)
and xz(s)Bk(a, x), we use relations (9) and

x(s)Bn(a,x) = ,Lt?(a, n)By(a, x) + pz2(a, n)(u (a, n) + pi(a, n+ 1)) Bpy1(a, x) + pz(a, mpz(a, n+ 1) Byio(a, x).  (17)
Equating the coefficients of B, (a, x) gives (compare [8], p. 158, (104))

. (-1+4g") vq(abcdq" - q)
2
(a-1)"q"

A= . (18)



Equating the coefficients of B, (a, x), we deduce using (18) that
(-1+4g")(-qg+aq"d)(aq"c-q)(aq"b-q)
q(g-1) (—qz +abcd (q”)z)

By equating the coefficients of B,,_; (a, x) and using (18)-(19), one gets

k,=-

n

kp. (19)

(-1+4¢")(-q+aq"d)(aq"c-q)(aq"b-q)(-q+q")(aq"d - q°) (aq"c - 4°) (aq"b - q°)
(1 + CI) (5] - 1)2 (—673 +abcd (q")z) (—qz + abcd(q”)z) q*

To get the coefficients ay, f, and y, of Equation (13), we substitute the expression of p, given by (16) in the
recurrence equation (13) and use Equations (9), (18)-(20). By equating the coefficients of B, ;;(a, x), one gets a,,.
Equating the coefficients of B, (a, x) and using (14) yields §,,. Similarly, equating the coefficients of B,_1 (a, x) and
using (14)-(15) gives y,. O

K= kn. (20

Remark 3. The recurrence equation (13) was given in ([16], p. 417) in the form

2xPn(x) = Appn1(x) +la+ al-(A,+ Clpn(X) + Cppp-1(x), (21)
where - be.dla)
~ e a pn x;ar )C) q
Pnl0) = (ab,ac,ad: q);
and

(1-abg™ Q1 -acq™)(1—-adq™)(1—abcdq™™")
a(l—abcdg? 1) (1 - abcdq?*™)
a(l-g"(A—-bcqg" (1 -bdg" )1 -cdq™™)

(1-abcdq?"2)(1 - abcdg?"~1) '

A, =

Cn =

It can be proved by direct computation that Equation (21) is equivalent to Equation (13) with

alab,ac,ad; q), B la+a™' - (A, +Cp)l _ (ab,ac,ad;q),
"2(ab,ac,ad; @) ps’ " 2 ' Yn= "2a(ab,ac,ad;q) -1’

an =

2.2. Three-Term Recurrence Equation of the Family ([Di pn(x;a,b,c,d|q)),

Foupouagnigni et al. proved in [9] that if (p,), is an orthogonal polynomial family satisfying (3), then the fam-
ilies (D p,,), are also orthogonal, for all m € N. Consequently, they also satisfy a three-term recurrence equation.

Proposition 4. The second-order divided-difference D p,, of the Askey-Wilson orthogonal polynomials defined by
(16) satisfies the following recurrence equation

xD2pn(x;a,b,c,d|q) = aiDipni1(x;a,b,c,d|q) + BLD2p,(x;a,b,c,d|q) +y kD% pn-1(x;a,b, c,d|q), (22)
with ) " ‘
ar=—>— 974 r, 23)
2 aq™(-1+q"q) kn+1
ﬁ* — qn
n

1

2 (—qz + abcd[q”)z) (—1 +abcd [q”)z) "

(qc+ q*adc+ q*bed —aq"dc— q"bed — gaq"dc+ aq - qb*aq" cd — g°b*aq"cd — q*a*q"dch

+qb+a’c? (q")? gb*d +a® (q")* qd?b*c— a* q"dcqb - qq"bed + ac? (¢")? bd + a(q") d®be

+qd - acq"b-aq"db+ g*acb+ g’ adb+ a* (q")* dcb + a® (q")° d*c*qb + gab**d® (¢")’

—ac?q"qbd - aq"qd*bc - g*ac?q"bd - g*aq" d*bc - gacq"b - qaq"db+ b*a (q")2 cd), (24)
6



__kn (-a+q"dc)(q"bd -~ g)(q"bc~q)(abedq" ~1)q"a(-1+ ") (baq" ~ 4)(acq" - q) (~q + aq"d)
2kn-1 (—qz +abcd (q”)2)2 (—q3 +abcd (q”)z) (—q +abcd (q”)z)

Proof. We substitute the expression of p, given by (16) in the recurrence equation (22), and then multiply the
equation obtained by Bj (a, x). Next we use (7) and (9) respectively to eliminate B; (a, x)[DiBn (a, x) and x(s) By, (a, x).
By equating the coefficients of By (a, x), one gets ;. Equating the coefficients of B,,_; (a, x) and using (23) yields
B%. Similarly, equating the coefficients of B;_2(a, x) and using (23) and (24), we obtain y}. O

Yn=

2.3. q-Hypergeometric Representation

The g-hypergeometric representation of the Askey-Wilson polynomial is well known. Nevertheless we would
like to recover it, by using our method to solve equation (3).
We suppose here and throughout the document that

n
pn(x;a,b,c,dlq) =) Ax(n)Bi(a,x) (25)
k=0

denote the basic hypergeometric representation of the Askey-Wilson polynomials ([16], p. 415), while
Pn(x;a,b,c,d|q) = Bp(a,x) +kj,Bp-1(a,x) +...

are the monic Askey-Wilson polynomials represented in the basis (B, (a, x)) ,. Therefore, taking into account both
definitions, these two families are related by

(abcdq™ Y q)n

pn(x;a,b,c,d|q) = - Pn(x;a,b,c,d|q). (26)
(—a)”q(z)

We have the following:

Proposition 5. The monic Askey-Wilson orthogonal polynomial family has the following hypergeometric represen-
tation in the basis (B, (a, X)) n

1) (ab,ac,ad;q), & (g~", abcdq" " q)rq*

D (x;a)bycyd| ) = (_1 B (a)x))
Pn q (abcdq"Y;q)n (= (ab,ac,ad; q)(q: )k ¢
n (ab,ac,ad; q), q " abcdq",aq’,aq*
_ngla) 22225 20N iq|. 27
(-1)"q (abcdq™ T q), " s ab,ac,ad &9 @D

Proof. We substitute p,(x;a, b, c,d|q) given by (25) in the divided-difference equation (3). Next we multiply the
equation obtained by Bj (a, x). This gives using (7), (8) and (10) the following equation

n
$(x(9) Y. Ax(m)n(a, k)n(a /G, k—1)Bi_1(a, x)
k=0

n
+y(x(s) Y Ac(mn(a, k) (B1(a /4, k—1)Bi_1(a,x) + B2(k— 1)Bi(a, x))
k=0

n
+An Y Ax(n) (vi(a, k)Bi(a, x) +v2(k) B (a, x)) = 0.
k=0

Using (9) and (17), we eliminate all the terms of the form x(s) By (a, x) and x?(s) Bx(a, x). Then, we collect all the
coefficients of By, (a, x), Br(a, x), Br-1(a, x), respectively. By an appropriate shift of index, we write the obtained
equation in the form

n+l
Y (BeAin 00+ CeAr(n) + G A1 () Bi(a, 0 =0,
k=0

7



with A_1(n) = A,41(n) = A2 (n) =0, where

By = n(ak+ l)(n(a\/_,k) (1 (a,k))2¢2+/51 (avq, k) (a, k)1 +n(aq, k) (a, k)
+yopi (av/d k) +n(ava k) go)

Cr = n(a,k)n(a\/_,k—l)uz(a,k—l)(,ul(a,k—1)+u1(a,k))¢z+(n(a,k)ﬁ1(a\/_,k—l)uz(a,k—l)

+n(a, k) 2 (k—1) (a,k))% +1n(a,k)n(ayvq k—1)p (a k-1 ¢1+n(a,k) fa (k—1)po
+A,v1(a, k),

and
Gr=nak-Dn(avqg k-2 us(ak-2)uz(a, k-1 d2+n(a,k—1) P2 (k—2) 2 (@, k— Dy +va (k=1 Ap).

Since the family (By(a, x))i is linearly independent, the coefficients of the hypergeometric representation (25)
satisfy the second-order recurrence equation

BiAg+1(n) + CrAr(n) + G Ag-1(n) = 0.

To solve this recurrence equation, we use the refined version of g-Petkov$ek’s algorithm published by Horn [14, 15]
and implemented in Maple by Sprenger [26] (in his package qFPS.mpl by the command gHypergeomsolveRE
(see also [27]) which finds the g-hypergeometric term solutions of g-holonomic recurrence equations) (see also
[1, 6, 24]). This algorithm yields A (n) up to a multiplicative constant factor (we note that all the coefficients are
given in terms of the dominant coefficient A, (n)). We obtain the solution for the monic family p,(x; a, b, c,d|q)
by taking A,(n) = 1. We deduce the representation of p,(x;a,b,c,d|q) by using (27) and (26) to get (1) which
coincides with the definition given in the book of Koekoek, Lesky, Swarttouw ([16], p. 415). O

3. Inversion Formula and Connection coefficients (Part I)

3.1. Inversion Formula

In the preceding section, we expanded p,(x;a, b, c,d|q) in the basis (B, (a, x)),,. Here, we solve the inverse
problem.

Since the family (p(x; a, b, ¢, d|q)) k=¢..n is a basis of polynomials of degree less than or equal to 7, and since
By (a, x) is a polynomial of degree n in x(s), it follows that

n
Bp(a,x) = Y, Dp(n)pm(x;a,b,c,dlq), (28)
m=0

which is called the inversion formula for the family (p, (x; a, b, ¢, d|q)) , represented in the basis (B, (a, x)),. Using
an algorithmic approach, we determine the inversion coefficients D,,(n), following the work done for g-classical
orthogonal polynomials by Foupouagnigni et al. [10]:

Proposition 6. The inversion formula of the Askey-Wilson orthogonal polynomial family is given by

n

n mm-1 (—a)™(abq™, acq™,adq™; q)n-m
Bu(a,x) = 2 (x;a,b,¢,dlq), (29)
" mZ::0 m), (abcdq™ 5 @) m(abedd?™; @ pm ' " 7
where | "' | denotes the q-binomial coefficient and is defined by
q
n ::M, m:0,1,2,...,n.
ml, (GDm(GDn-m

8



The proof of this proposition uses the following lemma:

Lemma 7. The second derivative of the basis (By(a, X)), satisfies the recurrence relation

n(a,nn(a/q,n-1)
n(a,n+1)n(a/q,n)

x(8)D2By(a, x) = p1(a, n— DBy (a, x) + pa(a,n—1) D2Bp+1(a, x), (30)

with the coefficients given in Proposition 1.

Proof. (of thelemma). From (7) we obtain Bj,(a, x) in terms of IDiBnH (a, x). If we substitute this in the recurrence
equation (9), the result follows. O

Proof. (of Proposition 6). We substitute By, (a, x) given by (28) in the recurrence equation (9) and replace x(s) p, (x; a, b, ¢, d|q)
by the expression given by (13). This yields the equation

n+l

w1 (a,n) Z D (M) pm(x;a,b,c,dlq) + pa(a,n) Y. Dp(n+1)pm(x;a,b,c,dlq) =

m=0 m=0

n
> Dm(n)(ampm+1(x; a,b,c,d|q) + Bmpm(x;a,b,¢,d|q) +YmPm-1(x;a, b, c, dlq)).
m=0

By an appropriate shift of index, and equating the coefficients of p,,(x; a, b, ¢, d|q), we get the first cross-rule
p1(a,n) Dy (n) + pz(a, n) Dy (n+1) = @pm-1Dm-1(0) + B Dy (1) + Y a1 D1 (1), (31

Similarly, we substitute B, (a, x) given by (28) in (30) and replace x(s)D2 p,(x; a, b, ¢, d|q) by the expression given
by (22). By an appropriate shift of index, and equating the coefficients of p,,(x;a, b, c,d|q), we get the second
cross-rule

n(a,nn(a/q,n-1)
n(a,n+1)n(a/q,n)

We substitute Dy, (n + 1) obtained from the first cross-rule (31) in the second one (32) and get a second-order
recurrence equation in the variable m

pi(a,n—=1)D;,(n) + pz(a,n—1)

Dp(n+1)= a;n_le—l(n) + ﬁ:(an(n) +Y;n+1Dm+1(n)- (32)

q(q@" - g™ - abcdq*™**)(abcdq*™; §)4Dm(n) + g™ (1- g™ q) (abcd g*™; q)g(a q"+ (q’”)2 qgatdc+
(4™ qa*db+a* (q™) g*dc+a (q™) q°be+a? (q™) g*db— a*q™ g+ (q™)’ a*q" qd*be + g - g™ gad -
q™qab+ (qm)2 qga*ch-q° (c]’")2 abcd + g*abed (c]’")2 - (qm)2 a®q"dcb-q"a’q" gbc— q™a?q" qbd -
qmazq”ch — (g™ @ ¢Pbed +(q™)* ¢ 2 b?Pd? - (q™) ¢*a®Pbd — (q™)° ¢ dbPcd - (™) g > dPbe +
) q"qdch+ (q’")2 a*q"gb*cd + (q’”)2 a*q"qc*bd - g™ aq" bedq + a* (q’”)4 G*q"b*ctd? - g™ qac+
qm) q q azdzbc_(qm)3a3bqnq2d262_(qm)3a3b2dqnq262_ (qm)3a3b2qnq2dzc+(qm)Zquna2b26d+
9™’ 4*q" a*c*bd - (q™)° qzq"azbzczdz)DmH(n)+(qm)2 qa* (@™ ;)2 (g™ gdc—1) (g™ gdb—1) x
q"gbc-1)(q"qad-1)(q"qac—1)(q™ qab-1) (abcd(q’”)2 - 1) (-1+g™aq"bcdq) Dps2(n) =0

(4
(
(
(

To solve this recurrence equation, we use Horn’s variant of the g-PetkovSek algorithm [14, 15] using Sprenger’s
Maple implementation [26, 27]. With this algorithm, we get up to a multiplicative constant the solution of this
recurrence equation. Equating the coefficients of B, (a, x) in (28) gives the constant and (29) follows. O

Remark 8. The inversion formula (29) was already obtained in [2], but using (4) by Area et al..



3.2. Connection Coefficients between (p, (x;a,b,c,d|q)), and (pm(x; a, B,Y,019)) m
Using an algorithmic approach, we determine the coefficients C;,(n) (called connection coefficients) of the
expansion

n
Pn(x;ayb,c;dm): Z Cm(n)pm(xrayﬁyy,(ﬂq) (33)

m=0

These connection coefficients are given by

Proposition 9. The Askey-Wilson orthogonal polynomial family satisfies the following connection formula [2, 4]

noa"™ g™ " (q,ab, ac, ad, bedq™!;
pn;abcdlq = Y a4q (q,ab, ac, ad; q) ,(abcdq 71q)m
m=0 (@ @Dn-m (q,ab,ac,ad; q)m(afydq™ ' q)m
q" " apq™, ayq™ adq", abcdg™* "}

594 abq™, acq™, adq™, aBydq*™

q; q)pm(x; a, B,7,619). (34)
Proof. From (26) and (27), we have
n
pn(x;a,b,c,dlq) =) Aj(n)Bj(a,x);
j=0
and it follows from (29) that

Jj
Bj(a,x)= ) Dn(j)pm(x;a,B,y,619).

m=0

Combining the last two relations, one gets (33) with

n-m n—-m
Cn(n)= ) Ajsm(m)Dm(j+m)= Y Ej.
j=0 j=0
We apply the sum2qhyper command of the g-version of Algorithm 2.1 of [17] to obtain the g-hypergeometric
-m
representation of Z E;. This gives (34). O
Jj=0

4. Connection Coefficients (Part II)

We remark that in the connection formula (34), the parameter a is kept identical on both sides of the formula.
We would like now to get a similar formula for different a. For this purpose, we need the following connection
formula for B, (a, x).

4.1. Connection Formula between (By(a, x)),, and (B, (a, X))
We expand By, (a, x) in terms of B, («, x)

n
Bp(a,x)= ) Fpn(n)By(a,x), (35)
m=0
and obtain:

Theorem 10. The connection between the basis (B, (a, x)), and (B, (&, X)), is given by

n _ -n. a -n. m
3 ) gy (=) O DG oG DTy
m=0

B »
@ (@ Dm(aq™—aq™) (aa, ™" Q)m

=

(f)m(aaqm'q)n_m(f-q)n_mBm(a ). (36)
a ’ a, ’

m=0

10



To get the coefficients F;,(n) of the expansion (35), we need the following intermediate result which gives the
second-order divided-difference equation for B, (a, x).

Proposition 11. The polynomial family (B, (a, x)),, satisfies the second order divided-difference equation

(a2q2n2 )(67—1)231(a,x)|D§Bn(a,x)—4a\/ﬁq”’l(q—l)Bl(a,x)§x[DxBn(a,x)
+4a* /G (1+q" ") (1-g")Bn(a,x) =0, 37)

Proof. (of Proposition 11) We substitute the expression of B,,_;(a, x) obtained from (7) in Equation (8) and the
result follows. O

Proof. (of Theorem 10) We substitute B (a, x) by the sum in (35) in the divided-difference equation (37) and mul-
tiply the obtained equation by Bj (a, x) for the purpose to use Equations (7), (8) and (10) (with a replaced by a).
Next, we substitute Bj (a, x) by its representation in terms of x(s), thatis By (a, x) = 1+ a®-2ax(s), and use Equation
(9) with a = a. Finally we collect the coefficients of By, (a, x), By,-1(@, X), By+1(a, x) and by an appropriate shift of
index, we rewrite all the summands in terms of B, (a, x). Since the family (B, (a, x)),, is linearly independent, it
follows after simplification that F,,(n) satisfies the following second-order recurrence equation

m+1) m+1 2( m+1)2

q")’ +a (g™ (q") + > ag™"!

2
a*—qaq™ (q")* +qa(q™") (q") o* - ag*q" - aq"a* (q

_qza(q _aqzqn

—aqq n g2 (qu) +aq2qnqm+1 +aqq" (qm+1) i aqzqnqmﬂaz +aqq (qm+1)2 az)Fmﬂ(ﬂ)
+a2q(—qm+1 +qnq) (qnqm+1 Z)F (n)

+(qm+l _1) (_a+aqm+1] (aqm+l )(qm+1q_1) (aqn_aqm+lq) (aqm+1aqn+q)Fm+2(n) =0

a(qm+1 )(aqsqmﬂ an(q —aqq

m+1) m+l)3

Using again Horn’s variant of the g-Petkovsek algorithm, we solve this recurrence equation and the result follows
using the formulas

@q ™) n=a"gGau-a)"qg @, azo,

( ;Q)n
(a ) , k=0,1,2,...,n,
67 s A n—k = (a ,Cl)k
- (@ @n k (5)-nk
( ﬂ; ) :—(_1) 2 ,kZO,].,...,n, (38)
q 59k @ Dot q
given respectively by Equations (1.8.12), (1.8.14), (1.8.18) of ([16], p. 12-13). O

Remark 12. We remark that taking the limit when a tends to a in (36), we obtain F,,(n) =0, m=0,...,n—1 and
F,(n)=1.

4.2. Connection Coefficients between (p,(x;a,b,c,d|q)), and (pm(x;a, B,7,619) m

We will now use the connection formula between Bj,(a, x) and B, (a, x) to derive the representation of the
Askey-Wilson polynomials in the basis (B («, x)) . From

n n
pn(x;a,b,c,dlq) =) Aj(n)Bj(a,x) and Bj(a,x) = ) Fp(j)Bm(a,x),

j=0 m=0
we get
n
pn(x;a,b,c,dlq) = ), Gm(n)Bpy(a,x),
m=0
with e
Gm(m) =} Ajim(m)Fn(j+m).
j=0

Proceeding similarly as in Proposition 9, one gets the following hypergeometric representation.

11



Proposition 13. The element p,(x; a, b, c,d|q) of the Askey-Wilson orthogonal polynomial family has the following
hypergeometric representation in the basis (B, (a, X)),

m(m-2n+1)

(_g)m q__2 _ (q.abacad;q)u(abedq" i qm
a™(q; PDn-m (g,ab,ac,ad; q)m

a
( qm—n,aaqm’abcdqmﬁ-n—l a

n
pn(x;a;b;(?,(/ﬂQ) = Z

m=0

a

4¢3

abq™,acq™,adq™ 7 q)Bm(a,x),

Remark 14. Taking the limit when « tends to a in the preceding representation, we get representations (1) thanks
to the equality (1;4); =0, j= 1.

From the two previous formulas, we have

n J
pn(x;a,b,c,dlq) =) Gj(n)Bj(a,x) and Bj(a,x) = ) Dp(j)pm(x;a, B,7,81q),
j=0 m=0

from which we get

n
pnlx;a,b,c,dlq) = Y Cu(m)pm(x;a,B,y,619),
m=0
with
n-m
Cm(n) = Z Gj+m (M) Dy (j +m).
j=0

Proceeding similarly as in Proposition 9, one gets the following

Theorem 15. The following connection formula is satisfied by the Askey-Wilson polynomial family

n
pnx;a,b,c,dlq) = ) Cu(mpm(x;a,B,y,619), (39)

m=0
with
(ag™™ "(q; q)n(ab,ac,ad; q)p y
(G Dm (G Dn-m@PYSG™ ;@) m

”i’"(g)k @™ " eq® (@Bg™ ayq™, adq™; ) rabedq" @ iim
qr: (ab, ac, ad; q) i+m (@ PyYSG*™; q)k

67;67)-

Remark 16. By taking the limit when «a tends to a in the preceding relation, we obtain the connection formula of
Proposition 9.

Cm(n)

k=0 @
k+m—n k+m

q ,aaeq~™" abcdq

m+n+k-1 a
‘a
k+m

4903(

abqk+m,ach+m,adq

5. Linearization Formulas

We want to determine the linearization coefficients L (m, n) of the formula

n+m
pn(X;a, by, c1,d11q) pm(x;a, by, C2,da|q) = Y Li(m, n)pi(x; a, bo, ¢z, da| g).
k=0

For this purpose we need to derive the linearization relation for the basis (B, (a, x)) .

12



Proposition 17. The basis (B, (a, X)), of the Askey-Wilson orthogonal polynomial family satisfies the following lin-
earization formula

m
Bu(a,X)By(a1,x) = )" Huik(m, n)Byii(a,x), myneN, (40)
k=0

with

m] _e(an\k( a
H,Hk(m,n):[k]qq nk(;l) (aqln;q)m_k(““1‘7n+k“7)m7k’k:O’l""’m'

Proof. We recall that

n-1

Bu(a,x) = By(a,x(9) = [ 0 -2aq’ x(s) + a*q*)).
j=0
For )
1+a’q%
x()=¢jla) = ———
2aq)
we get
Bn(a,ej(a) =0, n=1, j=0,1,...,n-1 41)
and for j =n,
B, (a,en(a)) #0. (42)

In the first step, we expand By, (a, x) By, (a1, X), n = 1 in the basis (By(a, X))k
n+m
Bp(a,x)Bp(ay,x) = ) Hi(m,n)Bi(a,x), (43)
k=0

and use Relation (41) to get Hy(m, n) = B, (a,e9(a)) By (a1, e9(a)) =0, n=1.
Considering (43) for x(s) = €1 (a) and observing that Hy(m, n) = 0, we get using again (41) that

Hy(m, n)Bi(a,e1(a)) = By(a,e1(a)) Bp(ay,e1(a)) =0, n=2.

Therefore, H; (m, n) = 0 thanks to (42). Progressively, we obtain in a similar way for a fixed integer j using (41), (42)
and (43) that
Ho(m,n)=Hi(m,n)=---=H;j(m,n)=0, j<n-1.

In the second step, we rewrite Relation (43) accordingly with the previous result
m
By (a,x)By(ay,x) = Z H, x(m,n)B,ik(a, x). (44)
k=0

Using the relation
Bn+k(ar x) = Bn(a) X)Bk(aqn» x)y

derived from the definition in Proposition 1,

n-1 ) .
Bu(a,x)=[[(0-aq’q) YA -aq°q’),
j=0

we get from (44) that

m Byir(a,x) I .
Bp(a1,x) = ) Hpi(m,n)——————= %" Hp r(m,n)Blaq", x). (45)
k=0 Bnla,x) 2

For x(s) = gg(aq™), Equation (45) gives H,(m, n) = By, (a1,€0(aq™)).

13



Iterating Relation (6), we have for fixed /

-1

I1 n(aq%,n—j)Bn_l(aq%,x), I<lsn.
j=0

IDiBn(a, X) =

Applying the operator D). to Relation (45), we gets

-1 - -
Hn(alq%,m—j)Bm_l(alq%,x) ZHn+k(m n)]_[n(aq 5 k- /)Bi_i(aq™* %), 1<l<m.
j=0 j=0

For k = [ and for x(s) = g9(aq™* 2), the preceding relation gives, taking into account (41)
I-
77(611 q 5,m- N

Jj=0
Hn+l(m; n) -1

m—l(alq%:fo(aqm—%))» l= ].,2,"'

T:l

17(a67”+2 )

Wereplacen(alq’”z -7, n(a1q2 m j) and By, - l(a1q2 eolag™t

g )) by their values obtained from Proposition
1 and from the definition B, (a, x) =

H (1-2aq’ x(s) + a®q?)). This yields
j=0

ap\k -m. a
Hn+k(M,n)=(;1) q(m_"_k)k—(q q)k( :

n+k.
@ % g \ag™ q) K (Ml 1 q)m—k°
The result follows by using the transformation (38)

O
Remark 18. 1. Substituting a, = a in Relation (40) yields
- [m —nk -n 2 n+k
By(a,x)Bp(a,x) =} | @ " Dm-@q""; @) - Busi(a, X). (46)
k=0 q

2. When we take m =1 in (46), we recover Relation (10). We also remark that for n = 0, (40) is the connection
formula (36) witha=a, anda = a

Having derived the linearization relation for B, (a, x), we now state and prove

Theorem 19. The Askey-Wilson orthogonal polynomial family satisfies the linearization formulas

n+m
pn(x;a, by, cr,di|q) pm(x;a,ba, ca,dolq) = ) Lr(m,n)p,(x;a,B,7,61q), (47)
r=0
with
a"""m g "+ (aby, acy, ady; q),, (aba, acs, ads; q)
L,(m,n) =

(@ q)r (aBydq 1;q),
mim=r gl (aBy5q'?, aBq’, ayq’, adq"; q), (
l;) (aByd4®’; q),,
min(n, 1+1) qj(jflfr)(qfn; 67)]. (abicrdig"!

at e,
X

;C]) (dbzczdzﬁi q)l+r ](qu.q)

I+r—j
j=0 (q q) (q q)l+r ](abl,acl,adl,q)j(abg,acz,adg;q)l+r_j
i (g™ q7 """, a*q),abacadrg™ Y5 ) g*
k=ltr-j (aby, acy, ady, g7 171775 q)
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Proof. We have

n m
pn(x;a,by,c1,dilq) =) Aj(n)Bj(a,x) and pp(x; a, by, ¢2,daq) = Y Ar(m)B(a, x).
=0

j k=0
Thus
n m
pn(x;a,by,c1,dilq)pm(x;a,ba,ca,dolq) = Y. Y Aj(n)Ap(m)Bj(a, x)Bi(a,x)
j=0k=0
46) n m k .
= Y > AjmAm) (Y Hjwi(k, j)Bjii(a,x)
j=0k=0 1=0
n m
= Z(Z > Aj(n)Ak(m)Hl(k,j))Bl(ﬂ,x)
1=0 \j=0k=I—j
n+m n m
+ ( > Aj(n)Ak(m)Hz(k,j))Bz(a,X),
I=n+1\j=0k=I-j
n+m
= Y Ii(m,n)B(a,x),
1=0
with
min(n,l) m
Lmnm= ) Y AjmAmH/k,).
j=0  k=I-j
Since l
Bi(a,x) =Y D;(Dpr(x;a,B,7,61q),
r=0
we get
n+m
pn(x;a,by,c1,di @) pm(x;a, by, c2,dolg) = Y Lr(m,n)p,(x;a,B,y.61q),
r=0
with
n+m-r
Lim,n)= ) Inp(mn)De(l+7).
=0

O

Remark 20. Using relation (36), we get the preceding linearization formulas with all the parameters different as
follows.

Theorem 21. The Askey-Wilson orthogonal polynomial family satisfies the linearization formulas

n+m
pn(x; ay, by, c1,di|q) pm(x, a2, ba, ¢z, d21q) = Y Lo (m, n)p,(x;, B,7,619), (48)
r=0
with
r(r+l) ,r b di b do
Lmn) = q ¢/ (al 1,a1C1, a1 1,67)”(612 2, A2 Co, A2 Z,q)m
r i) -

ayay' ;) (aPydq’;q),
[P qi(r+1) (aﬁ,},aqi#—Zr'aﬁqry ayqr'aﬁqr; 67) .(q—i—r; q)
Z i

r

()" i q'G Divivr (€1 ™7, %5 q),

X
= (@BYSq®"; )2i(q; @)isr = CHOT
iGi—l-r—i) (a I+i+r=j . _ .
min(n,l+r+i) g/ U177 (a—f) (7" arbicrdig" ™5 q); (7™ azbacadoq™ '5q)
X
=0 (arby, arcr, ardy, g; 9) j(az bz, az 2, A2 da, G5 @) 147 +i-

m (lem,Z—fq*lfrfi,alaij,azbzczdzqul;CI)qu

>

k=l+r+i—j (a2ba, azca, azdy, qI+1-1775 q)
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Proof. Following the same procedure as in the preceding proof, we get

n+m-rn+m—i—rmin(n,l+i+r) m
Limm= 3 ) > S Ajm A Hygiir Uk, DFrir (L1 +1)Dp (4 1),
i=0 =0 j=0 k=l+i+r—j

6. Connection Coefficients of the Continuous g-Hahn, g-Racah and Wilson Polynomials

In this section, by taking suitable limits and a specialization process [16], we obtain from the connection for-
mula for the Askey-Wilson polynomials the connection formula for the orthogonal polynomials of the Askey and
g-Askey scheme [16]. As illustration, we give the connection formula of the Continuous g-Hahn, the g-Racah and
the Wilson polynomials.

6.1. Connection Coefficients of the Continuous q-Hahn polynomials

The Continuous g-Hahn polynomials given by ([16], p. 433)

e abe.dia) = (abt?,ac, ad; q), q”",abcdq" " at*q%,aq™* |
PniX 0,6, & q) = (an)" 4 abt?,ac, ad 74
where b s )
At - A
x:x(s):cos(9+9)=q2——:q,with t=el,

can be obtained from the Askey-Wilson polynomials by the substitutions [16]
0—06 +é, a— aeié, b— beié, c— ceiié, and d — deiié :

pn(cos® +0);a,b,c,d; q) = pr(cos@ +0); aeié, beié, ce‘ié, de_iélq).
Doing the previous substitutions in (34) and (39), and taking into account the previous relation, we get:

Proposition 22. The Continuous q-Hahn orthogonal polynomial family satisfies the following connection formulas

pnx;a,bc,d;q) = i (an™m=ng™m=n (q,abt? ac,ad; q),(abcdq™ ;) m
e m=0 (G Dn-m (g,abt?, ac,ad; q) ;m(aBydq™1; q) m
( g™ ", apt?*q™, ayq™, adq™, abcd g™ !

594 abt*q™, acq™,adq™, aBysqg*™

q; q)pm(x; a,B,v,0;q),

i (atg™ ™ "(q; q)n(abt?, ac,ad; q), 5
=0 (@G D@ Dn-m(@Bydg™ 1 q)m
"""(g)k @ " eq” (@Br*q™ ayq™, abq"; @) rlabedq" " @ iem
(@ Dk (abt?, ac, ad; @)+ m(@PYSG*™; @)k
qk+m‘”,aatzqk’rm,abcdqm”’rk‘l a

Ta
abtzqk+m’ach+m’aqu+m

pn(x;a,b,c,d;q) =

k=0 &

4¢>3( c/;q)pm(x;a.ﬁ,y,ﬁ;q).
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6.2. Connection Coefficients of the q-Racah polynomials
The g-Racah polynomials given by ([16], p. 422)

n+1 s+1

qa " aBfq",q70v6q

Rp(x(s); 0, B,7,61q) = 4¢3 aq,p6q,vq

CIWI)» n=0,1,2,...,N,

are related to the Askey-Wilson polynomials in the following way. If we substitute [16]

aZ — Y(qu b2 — azy—l(s—lq’ 02 — ﬁz,y—l6q’ dZ — Y(s—lq and eZiG — Y6q25+1

in the definition of the Askey-Wilson polynomials we find

(yq)2"

1 1 1 -1 -1 1 -1 1 1 1 -1 1
R,(x(8);a,B,7,01g) = ————— pn(v(s);7202g2,ay2 02 g2,By2 d2q2,y202 g2|q),
n B,v,61q @a. g g " y262q2,ay q2, Py qz,y q2lq
where

v(s):%y%55q5+?+ )/257167 2,
For the g-Racah polynomial family, one has:

Proposition 23. The g-Racah orthogonal polynomial family satisfies the following connection formula

BEG™(B6) ™%, B ) u (g™, aBq" !, b g, abg; ) m(abg®; ¢°)
Ru(hia By Sl = 3. ol PO TCs i dnta T 2ba O o Ry (x(s), @, b, B14).

m=0 (B6q,abq® q)n(q, %, ﬁqn,abq"” D m(abg; g*) m

Proof. In the Askey-Wilson connection formula (34), we make the following substitutions

fin

a= 7/2526]2 b= ﬁ ayzézqz C—,By252q2 d=6= 7/252q2 Y= b)/ 52q%

y8q)% (aq, b8q,yq; @) m
6@ % (aq, BSG, YT n

and multiply the obtained coefficient C,(n) by . This yields
qm(m—n)(q. q)n (b6q,aﬁq”“-
Z 0 (@ Dm(q Dn-m (BSq, abg™+; q)m
m n’aﬁqm+n+1’b6qm+l
ﬁ6qm+l,abq2m+2

Rn(x(s);a,ﬁ;%(sm) =

Rin(x(s),a,b,7,61q).

3¢2(

Using the gsumrecursion command of the g-version of Zeilberger’s algorithm [17], we simplify the previous ex-
pression. =

6.3. Connection Coefficients of the Wilson Polynomials
To find the Wilson polynomials given by ([16], p. 185)

5 -n,n+a+b+c+d-1,a+ix,a-ix
Wyn(x%a,b,c,d) = (a+b)p(a+c)p(a+d), 4F3

)

a+b,a+c,a+d

from the Askey-Wilson polynomials, we set [16]
a_}qa’ b—»qb, c_}qc’ d—>qd, and eiH:qix
and take the limit g — 1:

Pn (@™ +q7);9% g% 4% q Iq)

=g (49)

W, (xz; a,b,c,d) = lirn1
qa
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We recall here that the hypergeometric function , Fy, as well as the Pochhammer symbol (4, a, ..., ai)», are de-
fined as

a,...,a (0] a,...’a k
qu 1 p 2 :Z( 1 p)kZ_,
by, by & by, bk k!
where
it h if k=1,2,3
. a; + if k=1,2,3.---
(a1, ap)k:= (@) (ap)g, with (ai)k={ jl;lo( i+) .
1 if k=0

In the case of the Wilson polynomials, we have:

Proposition 24. The connection formulas of the Wilson polynomials are given by

n —
W, abed = Z n\(n+a+b+c+d l)m(m+u+b)n_m(m+a+c)n_m(m—i-a+d)n_m)< 50)
m=0\"M (m+a+p+y+6—-1)y

( m-nm+n+a+b+c+d-1,m+a+pf,m+a+y,m+a+d
5k

1| Wy (5% a, B,7,6),
2m+a+f+y+8,m+a+bm+a+c,m+a+d ) " by

(51)

Wn(xz;a,b,c,d) _ i (n)(n+a+b+c+d—l)m(m+a+b,m+a+c,m+a+d)n_m y
m=0

m (m+a+p+y+6-1p,

”im (m-nim+a+pm+a+ym+a+d)y(im+n+a+b+c+d—-1) y
=0 kiim+a+bm+a+c,m+a+d)iCm+a+pf+y+06)

( k+m-nk+m+a+am+n+k+a+b+c+d-1,a-a
4F3

1| Win(x%a, B,7,6).
m+k+a+bm+k+a+c,m+k+a+d ) m(x%;a, B,y,0)

Proof. Inthe Askey-Wilson connection formulas (34) , we perform the previous substitutions and limiting process
and use (49). It follows that

. Pu(3 (@™ + 4 ;9% ", 4 q°1g)

P3G +a™;9%9", 9% 9% ) - .
m ——2 =) Ch(n) }]1_1311

g1 (1- q)3n o 1-g)3m
i.e. "
Wy(x%a,b,c,d)= Y, Ch,(DWp(x*a,B,7,6),
m=0
with

Cn(n)
1 T m
Cm () = !71311 (1 - g)3-m"

We just have to calculate C}, (n). For this purpose, we multiply and divide C,, (1) by (1 — )™ and use the formulas

% Dm

q1£111 =g = (@) m,

. n| _ n (@) _
o [ mL - (m) and o, U Dnm

to get (50).

For the connection formula (51), we proceed similarly after using (39) and the relation (x; ) k+m = (X; @) m (xg™; @ k.
O
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Remark 25. @ Connection formula (50) has been given by Jorge Sdnchez-Ruiz and Jestis S. Dehesa in [25] using
this formula derived by Fields and Wimp [7] (see also [20], p. 7)

_ny[ap]ylcr] n n (aly--walj)k(al)'“yal)k Zk
p+r+1Fq+s = Z x
[bq]y[ds] k=0 k (b17~--!b!])k(ﬁly---rﬁlt)k (k+A)k
F k—n,lk+apl, [k+a;] F —k,k+A,[cr], [Bul
p+t+1g+u+1 2k+/1+1,[k+bq],[k+ﬁu] Zlr+u+2fis+t CARCR wl,
where [ay] denotes the set{ay, az, -+, ap} of complex parameters.

@ The connection and linearisation formulas for the Wilson polynomials have also been obtained by Foupoua-
gnigni, Koepf and Njionou Sadjang [19] using similar algorithmic approach, combined with the characteri-
zation of the Wilson polynomials, by means of an appropriate basis, specific to the Wilson polynomials.

® Connection formula (51) generalizes (50).

Conclusion and Perspectives

In this work, we have used an algorithmic method to compute the connection and the linearization coefficients
for the standard Askey-Wilson orthogonal polynomial families. From these results, one can deduce easily, using
Relation (26), the connection and the linearization coefficients for the monic Askey-Wilson family (monic with
respect to the basis B, (a, x)) defined by Relation (27).

As perspectives, it would be interesting:

¢ to find conditions on the parameters to simplify formulas (47)and (48) appearing in triple and quadruple
summations,

* to use the same approach to compute explicitly the duplication coefficients C,(n) for the relation

n
pn(ax;a,b,c,dlq)= Y Cu(m)pn(x;a,b,c,dlg),

m=0

of the Askey-Wilson polynomial families.

Acknowledgements

This work has been realized with the support of a STIBET fellowship of DAAD for Daniel D. Tcheutia, the
Institute of Mathematics of the University of Kassel (Germany) and a Research-Group Linkage Programme 2009-
2012 between the University of Kassel (Germany) and the University of Yaounde I (Cameroon) sponsored by the
Alexander von Humboldt Foundation. All these institutions receive our sincere thanks. Additionally we would like
to thank three anonymous reviewers for their very helpful remarks.

[1] S.A.Abramov, P. Paule, M. Petkovsek: q-Hypergeometric solutions of q-difference equations. Discrete Math., 180 (1998), 3-22.

[2] 1. Area, E. Godoy, A. Ronveaux and A. Zarzo: Solving connection and linearization problems within the Askey scheme and its q-analogue
via inversion formulas. J. Comput. Appl. Math. 136 (2001), 152-162.

[3] P L.Artes, J. S. Dehesa, A. Martinez-Finkelshtein and J. Sdnchez-Ruiz: Linearization and connection coeffcients for hypergeometric-type
polynomials. J. Comput. Appl. Math. 99 (1998), 15-26.

[4] R. Askey and J. Wilson: Some basic hypergeometric orthogonal polynomials that generalize Jacobi polynomials. Mem. Amer. Math. Soc.
319 (1985).

[5] N.M. Atakishiyev, M. Rahman and S. K. Suslov: On classical orthogonal polynomials. Constr. Approx. 11 (1995), 181-226.

[6] H.Boing and W. Koepf: Algorithms for q-hypergeometric summation in computer algebra.J. Symbolic Comput. 11 (1999), 1-23.

[7] J.L.Fields and J. Wimp: Expansions of hypergeometric functions in hypergeometric functions. Math. Comp. 15 (1961), 390-395.

[8] M. Foupouagnigni: On difference equations for orthogonal polynomials on non-uniform lattices. J. Difference Equ. Appl. 14 (2008), 127-
174.

[9] M. Foupouagnigni, M. Kenfack-Nangho and S. Mboutngam: Characterization theorem of classical orthogonal polynomials on non-
uniform lattices: The functional approach. Integral Transforms Spec. Funct. 22 (2011), 739-758.

[10] M. Foupouagnigni, W. Koepf, D. D. Tcheutia and P. Njionou Sadjang: Representations of q-orthogonal polynomials. ]J. Symbolic Comput.

47 (2012), 1347-1371.

19



[11]

[12]
[13]

(14]
[15]

(16]
(17]

(18]
[19]
[20]
[21]

[22]
(23]

[24]
(25]

[26]
[27]

(28]
[29]

M. Foupouagnigni, W. Koepf, M. Kenfack-Nangho and S. Mboutngam: On Solutions of holonomic divided-difference equations
on non-uniform lattices, submitted. Accessible at: https://kobra.bibliothek.uni-kassel.de/handle/urn:nbn:de:hebis:
34-2010082534270.

G. Gasper: Projection formulas for orthogonal polynomials of a discrete variable. ]. Math. Anal. Appl. 45 (1974) 176-198.

G. Gasper and M. Rahman: Basic hypergeometric series. Encyclopedia of Mathematics and its Applications 35, Cambridge University
Press, Cambridge, 1990.

P. Horn: Faktorisierung in Schief-Polynomringen. PhD Dissertation, Universitat Kassel, 2008.

P. Horn, W. Koepf and T. Sprenger: m-fold hypergeometric solutions of linear recurrence equations revisited. Math. Comput. Sci. 6 (2012),
61-77.

R. Koekoek, P. A. Lesky and R. E Swarttouw: Hypergeometric Orthogonal Polynomials and Their q-Analogues. Springer, Berlin, 2010.

W. Koepf: Hypergeometric Summation — An algorithmic approach to summation and special function identities. Vieweg, Braun-
schweig/Wiesbaden, 1998.

W. Koepf and D. Schmersau: Representations of orthogonal polynomials. J. Comput. Appl. Math. 90 (1998), 57-94.

W. Koepf, M. Foupouagnigni and P. Njionou Sadjang: On structure formulas for Wilson Polynomials, in progress.

Y. L. Luke: The special functions and their approximations. Academic Press, New York, 1969.

A. P Magnus: Special nonuniform lattice (snul) orthogonal polynomials on discrete dense sets of points. J. Comput. Appl. Math. 65 (1995),
253-265.

A. E Nikiforov and V. B. Uvarov: Special Functions of Mathematical Physics. Birkhéduser, Boston, 1984.

S. B. Park and J. H. Kim: Integral evaluation of the linearization coefficients of the product of two Legendre polynomials. J. Appl. Math.
Comput. 20 (2006), 623-635.

M. Petkovsek: Hypergeometric solutions of linear recurrences with polynomial coefficients. J. Symbolic Comput. 14 (1992), 243-264.

J. Sdnchez-Ruiz and J. S. Dehesa: Some connection and linearization problems for the polynomials in and beyond the Askey scheme. J.
Comput. Appl. Math. 133 (2001), 579-591.

T. Sprenger: Algorithmen fiir q-holonome Funktionen und q-hypergeometrische Reihen. PhD Dissertation, Universitédt Kassel, 2009.

T. Sprenger and Koepf, W.: Algorithmic determination of q-power series for q-holonomic functions. J. Symbolic Comput. 47 (2012), 519-
535.

S. K. Suslov. The theory of difference analogues of special functions of hypergeometric type. Russian Math. Surveys 44 (1989), 227-278.

A. Verma. Certain expansions of the basic hypergeometric functions. Math. Comp. 20 (1966) 151-157.

20



