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Keywords: q-Classical orthogonal polynomials; Functions of the second kind; Associated orthogonal polynomials;
Perturbed orthogonal polynomials; Second and fourth-order q-difference equations

MSC 2000: 33D45; 33C45

INTRODUCTION

We consider polynomial families (Pn(x(s)))n of a discrete variable on a non-uniform lattice

xðsÞ ¼ qs or xðsÞ ¼ q2s that are solutions of the second-order q-difference equation of

hypergeometric type written in its equivalent form as [25,26]

s ðxðsÞÞ
D

Dx s 2 1
2

� � 7

7xðsÞ
yðxðsÞÞ þ tðxðsÞÞ

D

DxðsÞ
yðxðsÞÞ þ lnyðxðsÞÞ ¼ 0; ð1Þ

where ln is a constant. s ðxðsÞÞ ; s ðxÞ is a polynomial of degree at most 2 in the variable x

and t(x) a first degree polynomial in x. D and 7 are the forward and the backward difference

operators defined respectively by

Df ðsÞ ¼ f ðs þ 1Þ2 f ðsÞ; 7f ðsÞ ¼ f ðsÞ2 f ðs 2 1Þ:

Under the boundary condition

s ðxðsÞÞwðxðsÞÞxk s 2
1

2

� �����
s¼a;b

¼ 0; ;k;
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the polynomials (Pn(x(s)))n are orthogonal with respect to the weight function w (x(s))

[25,28]

Xb21

s¼a

PnðxðsÞÞPmðxðsÞÞwðxðsÞÞDx s 2
1

2

� �
¼ kndn;m; kn – 0; ;n;

where dn,m is the Kronecker symbol, and the weight function w(x(s)) defined on the

interval [a,b ] satisfies the q-difference equation

D

Dx s 2 1
2

� � ðs ðxðsÞÞwðxðsÞÞÞ ¼ t ðxðsÞÞwðxðsÞÞ: ð2Þ

Using the relations�
D2D1

q

�
f ðxÞ ¼ ðq 2 1Þ xDqD1

q

f ðxÞ; D1
q

Dq ¼ qDqD1
q

; ð3Þ

where Dq is the Hahn operator [16] defined by

Dq f ðxÞ ¼
f ðqxÞ2 f ðxÞ

ðq 2 1Þx
; q – 1;

one transforms easily Eqs (1) and (2) respectively into (see for example, Ref. [23])

Lnð yðxÞÞ ¼ f ðxÞDqD 1
q
yðxÞ þ cðxÞDq yðxÞ þ ln yðxÞ ¼ 0; ð4Þ

Dqðf ðxÞwðxÞÞ ¼ cðxÞwðxÞ: ð5Þ

The polynomials f and c are given by

f ðxÞ ¼ q
1
2 s ðxÞ; cðxÞ ¼ t ðxÞ

for the lattice xðsÞ ¼ qs and

f ðxÞ ¼ q
1
2s ðxÞ2 ðq 2 1Þ xtðxÞ; cðxÞ ¼ tðxÞ

for the lattice xðsÞ ¼ q2s: The constant ln reads

ln ¼ 2½n�q c0 þ ½n 2 1� 1
2

f00

2q

� �
; c0ðxÞ ¼

dcðxÞ

dx
; ½n�q ¼

qn 2 1

q 2 1
:

Orthogonal polynomials (Pn(x))n satisfying Eq. (4) or its equivalent form

ðf ðxÞ þ ðq 2 1ÞxcðxÞÞDqD 1
q

yðxÞ þ cðxÞD 1
q

yðxÞ þ lnyðxÞ ¼ 0 ð6Þ

are called q-classical [2,22,23]. In Ref. [23], q-classical orthogonal polynomials were

identified among polynomial families belonging to the so-called q-Askey scheme [20].

They are: The Big q-Jacobi, Big q-Laguerre, Little q-Jacobi, Little q-Laguerre

(Wall), q-Laguerre, Alternative q-Charlier, Al-Salam-Carlitz I, Al-Salam-Carlitz II,

Stieltjes-Wigert, Discrete q-Hermite, Discrete q 21-Hermite II, q-Hahn, q-Meixner,

Quantum q-Krawtchouk, q-Krawtchouk, Affine q-Krawtchouk, and q-Charlier polynomials.
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Notice that the q-difference equation (4) can also be written in the following equivalent

form which will be used in the next sections

DnðyðxÞÞ ¼ tðqxÞ2ðLnðyÞÞðqxÞ

¼ ðf ðqxÞ þ tðqxÞc ðqxÞÞ yðq2xÞ2 ððq þ 1Þf ðqxÞ þ tðqxÞc ðqxÞ

2 tðqxÞ2lnÞ yðqxÞ þ qf ðqxÞ yðxÞ ¼ 0; ð7Þ

with the notation tðxÞ ¼ ðq 2 1Þx:

Polynomial solutions (Pn(x))n of (4) (supposed monic: PnðxÞ ¼ xn þ lower termsÞ satisfy a

three-term recurrence equation

Pnþ1ðxÞ ¼ ðx 2 bnÞPnðxÞ2 gn Pn21ðxÞ; n $ 1; ð8Þ

with the initial conditions

P21ðxÞ ¼ 0; P0ðxÞ ¼ 1;

where bn and gn are real numbers with gn – 0; ;n [ N; and N denotes the set

N ¼ {1; 2; . . .}: Also the notation Zþ ¼ {0; 1; 2; . . .} will be used.

When (Pn)n is q-classical, the coefficients bn and gn are rational functions in qn and are

given in terms of coefficients of the polynomials f and c appearing in Eq. (4) [23,19].

Some modifications of the three-term recurrence equation (8) lead to new families of

orthogonal polynomials which satisfy a q-difference equation of order 4 instead of 2. For

example, the rth associated (Pn)n, denoted by ðPðrÞ
n Þn and obtained by shifting the coefficients

bn and gn in Eq. (8)

PðrÞ
nþ1ðxÞ ¼ ðx 2 bnþrÞP

ðrÞ
n ðxÞ2 gnþrP

ðrÞ
n21ðxÞ; n $ 1; PðrÞ

21ðxÞ ¼ 0; PðrÞ
0 ðxÞ ¼ 1; ð9Þ

satisfy a fourth-order q-difference equation [9,13] and cannot satisfy in general a second-

order q-difference equation [9,13].

The fourth-order q-difference equation satisfied by some perturbations (listed in section

“Preliminaries”) of q-classical orthogonal polynomials, were given in Refs. [10,13] for the

first and rth associated, and in Refs. [14,15] for the co-recursive and the co-recursive

associated q-classical orthogonal polynomials, respectively. Also, the factorization and the

solution of the fourth-order differential and difference equations satisfied by some

modifications of classical orthogonal polynomials of continuous and discrete variables were

obtained recently in Refs. [11,12].

Following the above mentioned works [11,12], we derive in this paper the fourth-order

q-difference equations satisfied by the above mentioned modifications of the three-term

recurrence coefficients of the q-classical orthogonal polynomials. We also factorize the

corresponding q-difference operators and find a basis of solutions for each case.

In the second section we define some types of perturbations we will deal with and recall

important known results. The third section is devoted to the derivation and factorization of

the corresponding fourth-order q-difference equations. In the fourth section we give a basis

of four linear independent solutions of these q-difference equations and we also give some

examples and applications.

The fifth section is devoted to the application of the results obtained to the q-Charlier and

the Stieltjes-Wigert cases. We use the factorization obtained in the third section to solve
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a family of second–order q-difference equations and show how to extend Theorem 2 to real

order of association.

PRELIMINARIES

We first present some examples of the perturbations we will deal with and recall known

results we need.

Given (Pn)n a family of q-classical orthogonal polynomials, we deal with perturbations of

the three-term recurrence equation which lead to a new family of orthogonal polynomials

denoted by ðPnÞn related to the initial one by

PnðxÞ ¼ AnðxÞPð1Þ
nþk21ðxÞ þ BnðxÞPnþkðxÞ; n $ k0; ð10Þ

where An and Bn are polynomials of degree uniformly bounded with respect to n, and k,

k0 [ Zþ: Pð1Þ
n is the first associated of Pn (see Eq. (9)).

Among these perturbations belong [21] (see also Refs. [11,12] for more details and

intermediate relations):

1. The rth associated orthogonal polynomials ðPðrÞ
n Þn defined by the relation (9);

2. The generalized co-recursive orthogonal polynomials, denoted by ðP½k;m�
n Þn and

defined by

P
½k;m�
nþ1 ðxÞ ¼

�
x 2 b*

n

�
P½k;m�

n ðxÞ2 gnP
½k;m�
n21 ðxÞ; n $ 1;

P
½k;m�
0 ðxÞ ¼ 1; P

½k;m�
1 ðxÞ ¼ x 2 b*

0 ;

where b*
n ¼ bn for n – k and b*

k ¼ bk þ m;

3. The generalized co-recursive associated, denoted by ðP{r;k;m}
n Þn; which is the

generalized co-recursive (at the level k) of the rth associated ðPðrÞ
n Þn;

4. The generalized co-dilated orthogonal polynomials, denoted by ðPjk;lj
n Þn and defined by

the relation

P
jk;lj
nþ1 ðxÞ ¼ ðx 2 bnÞP

jk;lj
n ðxÞ2 g*

n P
jk;lj
n21ðxÞ; n $ 1;

P
jk;lj
0 ðxÞ ¼ 1; P

jk;lj
1 ðxÞ ¼ x 2 b0;

where g*
n ¼ gn for n – k and g*

k ¼ lgk; with l – 0:

5. The generalized co-modified orthogonal polynomials, denoted by ðPjk;m;lj
n Þn and

defined by the three-term recurrence equation

P
½k;m;l�
nþ1 ðxÞ ¼ ðx 2 b*

n ÞP
½k;m;l�
n ðxÞ2 g*

n P
½k;m;l�
n21 ðxÞ; n $ 1;

P
½k;m;l�
0 ðxÞ ¼ 1; P

½k;m;l�
1 ðxÞ ¼ x 2 b*

0 ;

where b*
n ¼ bn; g

*
n ¼ gn for n – k and b*

k ¼ bk þ m; g*
k ¼ l gk; with l – 0:

6. The anti-associated orthogonal polynomials (see Ref. [27] for more details) denoted by

ðPð2rÞ
n Þn; r [ N obtained by pushing down a given Jacobi matrix and by introducing in the

empty upper left corner new coefficients b2i ði ¼ r; r 2 1; r 2 2; . . .; 0Þ on the diagonal

and new coefficients g2i ði ¼ r 2 1; r 2 1; r 2 2; . . .; 0Þ; with g2i – 0 on the lower
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subdiagonal. This family can also be defined by the three-term recurrence equations

Pð2rÞ
nþ1 ðxÞ ¼ ðx 2 b2rþnÞPð2rÞ

n ðxÞ2 g2rþn Pð2rÞ
n21 ðxÞ; n # r 2 1;

Pð2rÞ
21 ðxÞ ¼ 0; Pð2rÞ

0 ðxÞ ¼ 1;

ð11Þ

and

Pð2rÞ
nþ1 ðxÞ ¼ ðx 2 bn2rÞPð2rÞ

n ðxÞ2 gn2r Pð2rÞ
n21 ðxÞ; n . r:

The six examples of modifications listed above satisfy relation (10) and the coefficients

An(x) and Bn(x) of Eq. (10) for each case are given in Refs. [11,12,21] for the first five cases

and in Ref. [27] for the anti-associated.

Next we state the following results due to Suslov [28] (see also Refs. [3,17]).

We also give the relation due to Foupouagnigni et al. giving the link between Pn and its first

associated.

Known Results

1. The two linearly independent solutions of the difference equation (1) on the lattice

xðsÞ ¼ qs or xðsÞ ¼ q2s are the polynomials Pn(x(s)) orthogonal with respect to the

weight function w(x(s)) (see Eq. (2)) and the function of the second kind Qn defined by

Ref. [28]

QnðxðzÞÞ ¼
1

wðxðzÞÞ

Xb21

s¼a

PnðxðsÞÞw ðxðsÞÞDx s 2 1
2

� �
xðsÞ2 xðzÞ

; z � {a; a þ 1; . . .b 2 1}: ð12Þ

2. Qn is related to Pn and its first associated (associated of order r ¼ 1) by Ref. [28]

QnðxðzÞÞ ¼ PnðxðzÞÞQ0ðxðzÞÞ þ
Pð1Þ

n21ðxðzÞÞ

wðxðzÞÞ
; ð13Þ

and obeys the following asymptotic relation

QnðxðzÞÞ ¼ 2

Qn
j¼0

gj

wðxðzÞÞxnþ1ðzÞ
1 þ O

1

xðzÞ

� �� �
; xðzÞ!1; ð14Þ

with

g0 ¼
Xb21

s¼a

wðxðsÞÞDx s 2
1

2

� �
:

3. Qn(x) satisfies the three-term recurrence equation (8) with the initial conditions [28]

Q21ðxðzÞÞ ¼
21

wðxðzÞÞ
; Q0ðxðzÞÞ ¼ Q0ðxðz0ÞÞ þ C

Xz

s ¼z0þ1

7xðsÞ

s ðxðsÞÞwðxðsÞÞ
; ð15Þ

where C is a constant.

4. Foupouagnigni et al. [10] proved that for all families of q-classical orthogonal

polynomials (Pn(x))n satisfying Eq. (4), Pn and its first associated Pð1Þ
n are linked by

FACTORIZATION AND SOLUTIONS OF q-DIFFERENCE EQUATIONS 733



the relation

D*
n ðP

ð1Þ
n21ðxÞÞ ¼ a1ðxÞPnðqxÞ þ a0ðxÞPnðxÞ; ð16Þ

where D*
n is the q-difference operator given by

D*
n ðyðxÞÞ ¼

�
f ðqxÞ þ tðqxÞc ðqxÞ

�
ðf ðq2xÞ yðq2xÞ

2
�
ð1 þ qÞf ðqxÞ þ tðqxÞc ðqxÞ2 tðqxÞ2lnÞ y ðqxÞ þ q ðf ðxÞ

þ tðxÞc ðxÞÞ y ðxÞ
�
; ð17Þ

with the polynomials ai, i ¼ 0; 1 being

a1ðxÞ ¼
f00

2
2 c0

� ��
ð1 þ qÞf ðqxÞ þ tðqxÞc ðqxÞ2 tðqxÞ2ln

�
tðqxÞ;

a0ðxÞ ¼ 2
f00

2
2 c0

� ��
ð1 þ qÞf ðqxÞ þ tðqxÞcðqxÞ

�
tðqxÞ:

Notice also the important relation

f ðqxÞD*
n ðw ðxÞy ðxÞÞ ¼ w ðxÞ

�
f ðxÞþ tðxÞc ðxÞ

��
f ðqxÞþ tðqxÞc ðqxÞ

�
DðyðxÞÞ; ;y; ð18Þ

where w is the weight function satisfying Eq. (5) and Dn the q-difference operator given by

Eq. (7).

DERIVATION OF THE q-DIFFERENCE EQUATIONS AND FACTORIZATION

Given (Pn)n a q-classical orthogonal polynomial sequence, we consider in general all

transformations which lead to new families of orthogonal polynomials denoted by (Pn)n and

are related to the starting sequence by Eq. (10). We have the following:

Theorem 1 1- The orthogonal polynomials ðPnÞn$k0 satisfy a common fourth-order linear

q-difference equation

FnðyðxÞÞ ¼
�
J4ðx; nÞG4

q þ J3ðx; nÞG3
q þ J2ðx; nÞG2

q þ J1ðx; nÞGq þ J0ðx; nÞ
�

y ðxÞ ¼ 0;

where the coefficients Ji are polynomials in x, with degree not depending on n and Gq the

q-shift operator defined by

Gqf ðxÞ ¼ f ðqxÞ:

2- The operator Fn can be factored as product of two second-order linear q-difference

operators Sn and Tn:

XnFn ¼ SnTn; n $ k;

where Xn and the coefficients in Sn and Tn are polynomials in x of degree not depending on n.

Proof In the first step, we solve Eq. (10) in terms of Pð1Þ
nþk21

Pð1Þ
nþk21ðxÞ ¼

PnðxÞ2 BnðxÞPnþkðxÞ

AnðxÞ
;
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and substitute the previous relation in Eq. (16) in which n is replaced by n þ k: Then we use

Eq. (7) (for Pnþk) to eliminate the term Pnþkðq
2xÞ and get

MnþkðPnÞ ¼ b1PnþkðqxÞ þ b0PnþkðxÞ; ð19Þ

where bi are rational functions of x and Mnþk a second-order linear q-difference operator

given in terms of operator D*
nþk (see Eq. (16)) by

MnþkðyÞ ¼ AnðxÞAnðqxÞAnðq
2xÞD*

nþk

y

An

� �
: ð20Þ

Next, we shift Eq. (19) and again use Eq. (7), to eliminate Pnþkðq
2xÞ; and get

GqMnþkðPnÞ ¼ c1PnþkðqxÞ þ c0PnþkðxÞ: ð21Þ

We reiterate the same process using the previous equation and get

G2
qMnþkðPnÞ ¼ d1PnþkðqxÞ þ d0PnþkðxÞ; ð22Þ

where ci and di are again rational functions of x.

From Eqs. (19), (21) and (22), the following fourth-order q-difference equation holds,

in a similar way as in Ref. [4]:

Fn;0ðPnÞ ¼

b1 b0 MnþkðPnÞ

c1 c0 GqMnþkðPnÞ

d1 d0 G2
qMnþkðPnÞ

��������

��������
¼ 0:

After cancellation of the denominators, the previous equation can be written as

Fn;0ðPnÞ ¼ e2G2
qMnþkðPnÞ þ e1GqMnþkðPnÞ þ e0MnþkðPnÞ ¼ ½Sn;0Tn�ðPnÞ ¼ 0; ð23Þ

where the second-order q-difference operators Sn,0 and Tn are given by

Sn;0 ¼ e2G2
q þ e1Gq þ e0 I; Tn ¼ Mnþk; ð24Þ

with ei, i ¼ 0; 1; 2 being polynomials in x. We conclude the proof by noticing that after

cancelling common factors of the polynomial coefficients of the q-difference operators Fn,0

and Sn,0 appearing in Eq. (23), we obtain the factorization

XnFn ¼ SnTn; ð25Þ

where Xn is a polynomial of degree not depending on n, Fn and Sn are the q-difference

operators of order 4 and 2 (with polynomial coefficients) obtained respectively from Fn,0 and

Sn,0 by cancelling common factors and taking care that the polynomial Xn and the

polynomial coefficients of Fn as well as those of Sn have no common factor.

We would like to mention that the factorization of the fourth-order q-difference

equation satisfied by the first associated (i.e. r ¼ 1) q-classical orthogonal polynomials was

derived in Ref. [10]. The previous theorem factorizing the fourth-order q-difference

equation satisfied by orthogonal polynomials (Pn)n verifying Eq. (10) is a new result.

For example, it can be used to deduce the factorized form of the fourth-order q-difference

equation satisfied by the rth associated q-classical orthogonal polynomials for any positive

integer r. An application of this result will be given in section “Specializations and Application”.
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In what follows, we will denote respectively by FðrÞn ; F½k;m�n ; F{r;k;m}
n Fjk;ljn and F½k;m;l�n the

fourth-order q-difference operators for the rth associated, the generalized co-recursive, the

generalized co-recursive associated, the generalized co-dilated, and the generalized

co-modified orthogonal polynomials. SðrÞ
n ; TðrÞ

n and XðrÞ
n represent respectively the second-

order q-difference operators and the polynomial factor appearing in Eq. (25) for the rth

associated case.

Corollary 1 The fourth-order q-difference operator FðrÞn for the rth associated q-classical

orthogonal polynomials factorizes as

SðrÞ
n TðrÞ

n ¼ Xnðs; t;Pr21; lr21ÞF
ðrÞ
n ; ð26Þ

where Xn ; Xnðs; t;Pr21; lr21Þ is a polynomial depending on s, t, Pr21 and lr21:

The fourth-order q-difference operator FðrÞn can also be factorized as

~S
ðrÞ

n
~T
ðrÞ

n ¼ ~Xnðs; t;Qr21; lr21ÞF
ðrÞ
n ; ð27Þ

where the expression ~Xnðs; t;Qr21; lr21Þ and the operators ~S
ðrÞ

n and ~T
ðrÞ

n are obtained from

the expression Xnðs; t;Pr21; lr21Þ and operators SðrÞ
n and TðrÞ

n (see Eq. (26)) respectively by

replacing the polynomials Pr21 with the function Qr21:

For all q-classical orthogonal polynomial families, we have computed using the software

Maple 8 [24] the expression of the polynomial Xðs; t;Pr21; lr21Þ and also the coefficients

of the operators FðrÞn ; SðrÞ
n and TðrÞ

n : Since these results are too large and space consuming

we will give them only for the q-Charlier and for the Stieltjes–Wigert cases (in section

“Specializations and Application”).

SOLUTIONS OF THE FOURTH-ORDER q-DIFFERENCE EQUATIONS

In the following, we solve the fourth-order q-difference equation satisfied by the five

perturbations listed in the section “Preliminaries” and represent the new families of

orthogonal polynomials in terms of solutions of second-order q-difference equations. It shall

be noticed that the results given in the following theorem (Theorem 2) were recently

obtained by Ismail and Simeonov using a different approach [18].

Theorem 2 Let (Pn)n be a q-classical orthogonal polynomial sequence, r [ Zþ and

ðPðrÞ
n Þn the rth associated of (Pn)n. Four linearly independent solutions of the difference

equation

FðrÞn ðyÞ ¼ 0; ð28Þ

satisfied by ðPðrÞ
n Þn are

AðrÞ
n ðxÞ ¼ wðxÞPr21ðxÞPnþrðxÞ;

BðrÞ
n ðxÞ ¼ wðxÞPr21ðxÞQnþrðxÞ;

CðrÞ
n ðxÞ ¼ wðxÞQr21ðxÞPnþrðxÞ;

DðrÞ
n ðxÞ ¼ wðxÞQr21ðxÞQnþrðxÞ;

ð29Þ
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Qn denoting the function of second kind associated to (Pn)n which is defined by Eq. (12).

Moreover, PðrÞ
n is related to these solutions by

PðrÞ
n ðxÞ ¼

BðrÞ
n ðxÞ2 CðrÞ

n ðxÞ

g0Gr21

¼
wðxÞ

�
Pr21ðxÞQnþrðxÞ2 Qr21ðxÞPnþrðxÞ

�
g0Gr21

; ;n [ N; ;r [ Zþ;

where g0 given by Eq. (14) and Gk is given by

Gk ¼
Yn

i¼1

gi; G0 ; 1:

Proof In the first step, we solve the q-difference equation

TðrÞ
n ð yÞ ¼ 0:

To do this, we use Eqs. (18), (20) and (24) as well as the relation [7]

PðrÞ
n ðxÞ ¼

Pr21ðxÞ

Gr21

Pð1Þ
nþr21ðxÞ2

Pð1Þ
r22ðxÞ

Gr21

PnþrðxÞ; n $ 0; r $ 2;

to get

TðrÞ
n ðyÞ ¼ MnþrðyÞ ¼ Pr21ðxÞPr21ðqxÞPr21ðq

2xÞD*
nþr

y

Pr21

� �

¼ Pr21ðxÞPr21ðqxÞPr21ðq
2xÞw ðxÞ

�
f ðxÞ þ tðxÞcðxÞ

�
£
�
f ðqxÞ þ tðqxÞc ðqxÞ

�
DnþrðzÞ=f ðqxÞ; ð30Þ

where the functions y and z are related by yðxÞ ¼ zðxÞwðxÞPr21ðxÞ: Since the two linearly

independent solutions of DnþrðzÞ ¼ 0 are Pnþr and Qnþr (see section “Preliminaries”), the

two linearly independent solutions of TðrÞ
n ðyÞ ¼ 0; (which are also solutions of Eq. (28)

thanks to the factorization X FðrÞn ¼ SðrÞ
n TðrÞ

n are

AðrÞ
n ðxÞ ¼ wðxÞPr21ðxÞPnþrðxÞ;

BðrÞ
n ðxÞ ¼ wðxÞPr21ðxÞQnþrðxÞ:

Using Eqs. (27) and (30) and the fact that the function Qn and the weight function w satisfy

Eqs. (4) and (5) respectively, leads to

~T
ðrÞ

n ðyÞ ¼ Qr21ðxÞQr21ðqxÞQr21ðq
2xÞwðxÞ ðf ðxÞ þ tðxÞcðxÞÞ

£ ðf ðqxÞ þ tðqxÞcðqxÞÞDnþrðzÞ=f ðqxÞ; ð31Þ

where the functions y and z are related by yðxÞ ¼ zðxÞwðxÞQr21ðxÞ: Equation (27) permits us

to conclude that the two independent solutions of ~T
ðrÞ

n ðyÞ ¼ 0 (which are also solutions of
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Eq. (28) due to Eq. (26)) are given by

CðrÞ
n ðxÞ ¼ wðxÞQr21ðxÞPnþrðxÞ;

DðrÞ
n ðxÞ ¼ wðxÞQr21ðxÞQnþrðxÞ:

The four obtained solutions of Eq. (28) are linearly independent since Pn and Qn are

two linearly independent solutions of Eq. (4) and have different asymptotic behavior

(see Eq. (14)).

Next, we state the following theorems for the generalized co-recursive, co-recursive

associated, co-dilated and co-modified q-classical orthogonal polynomials. The proofs are

similar to the previous ones and are also similar to those given in Refs. [11,12] for the

continuous and discrete cases. However, one will need the following relations [11,12] linking

the modified families to the starting ones.

P½k;m�
n ðxÞ ¼ 2

mP2
kðxÞ

Gk

Pð1Þ
n21ðxÞ þ 1 þ

mPkðxÞPð1Þ
k21

Gk

 !
PnðxÞ; n $ k þ 1;

P{r;k;m}
n ðxÞ ¼

Pr21ðxÞ

Gr21

2
mPkþrðxÞPðrÞ

k ðxÞ

Grþk

 !
Pð1Þ

nþr21ðxÞ

2
Pð1Þ

r22ðxÞ

Gr21

2
mPð1Þ

kþr21ðxÞPðrÞ
k ðxÞ

Grþk

 !
PnþrðxÞ; n $ k þ 1;

Pjk;lj
n ðxÞ ¼ 1 2

ð1 2 lÞPk21ðxÞPð1Þ
k21

Gk21

 !
PnðxÞ

þ
ð1 2 lÞPk21ðxÞPkðxÞ

Gk21

Pð1Þ
n21ðxÞ; n $ k þ 1;

P½k;m;l�
n ðxÞ ¼ 1 2

ð1 2 lÞPk21ðxÞP
ð1Þ
k21

Gk21

þ
mPkðxÞP

ð1Þ
k21ðxÞ

Gk

 !
PnðxÞ

þ
ð1 2 lÞPk21ðxÞPkðxÞ

Gk21

2
mP2

kðxÞ

Gk

� �
Pð1Þ

n21ðxÞ; n $ k þ 1:

Theorem 3 Let (Pn)n be a q-classical orthogonal polynomial sequence, k [ N and

ðP½k;m�
n Þn the generalized co-recursive of (Pn)n. Four linearly independent solutions of the

q-difference equation

F½k;m�n ðyÞ ¼ 0; n $ k þ 1;

satisfied by ðP½k;m�
n Þn; are (with n $ k þ 1)

A½k;m�
n ðxÞ ¼ wðxÞP2

kðxÞPnðxÞ;

B½k;m�
n ðxÞ ¼ w ðxÞP2

kðxÞQnðxÞ;

C½k;m�
n ðxÞ ¼

�
g0Gk þ mwðxÞPkðxÞQkðxÞ

�
PnðxÞ;

D½k;m�
n ðxÞ ¼

�
g0Gk þ mwðxÞPkðxÞQkðxÞ

�
QnðxÞ;

where Qn is the function of second kind associated to (Pn)n defined by Eq. (12).
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Moreover, P½k;m�
n is related to these solutions by

P½k;m�
n ¼

�
g0Gk þ mwðxÞPkðxÞQkðxÞ

�
PnðxÞ2 mw ðxÞP2

kðxÞQnðxÞ

g0Gk

; k $ 0; n $ k þ 1:

Theorem 4 Let (Pn)n be a q-classical orthogonal polynomial sequence, k [ N and ðPjk;lj
n Þn

the generalized co-dilated of (Pn)n. Four linearly independent solutions of the difference

equation

Fjk;ljn ðyÞ ¼ 0; n $ k þ 1;

satisfied by ðPjk;lj
n Þn are (with n $ k þ 1)

Ajk;lj
n ðxÞ ¼ w ðxÞPk21ðxÞPkðxÞPnðxÞ;

Bjk;lj
n ðxÞ ¼ w ðxÞPk21ðxÞPkðxÞQnðxÞ;

Cjk;lj
n ðxÞ ¼

�
g0Gk þ ðl2 1Þgkw ðxÞPk21ðxÞQkðxÞ

�
PnðxÞ;

Djk;lj
n ðxÞ ¼

�
g0Gk þ ðl2 1Þgkw ðxÞPk21ðxÞQkðxÞ

�
QnðxÞ:

The co-dilated Pjk;lj
n is related to these solutions by

Pjk;lj
n ¼

�
g0Gk þ ðl2 1Þgkw ðxÞPk21ðxÞQkðxÞ

�
PnðxÞ2 ðl2 1Þgkw ðxÞPk21ðxÞPkðxÞQnðxÞ

g0Gk

;

n $ k þ 1:

Theorem 5 Let (Pn)n be a q-classical orthogonal polynomial sequence, k [ N; r [ Zþ

and ðP{r;k;m}
n Þn the generalized co-recursive associated of (Pn)n. Four linearly independent

solutions of the q-difference equation

F{r;k;m}
n ðyÞ ¼ 0; n $ k þ 1;

satisfied by ðP{r;k;m}
n Þn are (with n $ k þ 1)

A{r;k;m}
n ðxÞ ¼

�
g0GkþrPr21ðxÞ2 mw ðxÞPkþrðxÞ�

Pr21ðxÞQkþrðxÞ2 Qr21ðxÞPkþrðxÞ
��

w ðxÞPnþrðxÞ;

B{r;k;m}
n ðxÞ ¼

�
g0GkþrPr21ðxÞ2 mw ðxÞPkþrðxÞ�

Pr21ðxÞQkþrðxÞ2 Qr21ðxÞPkþrðxÞ
��

w ðxÞQnþrðxÞ;

C{r;k;m}
n ðxÞ ¼

�
g0GkþrQr21ðxÞ2 mw ðxÞQkþrðxÞ�

Pr21ðxÞQkþrðxÞ2 Qr21ðxÞPkþrðxÞ
��

w ðxÞPnþrðxÞ;

D{r;k;m}
n ðxÞ ¼

�
g0GkþrQr21ðxÞ2 mw ðxÞQkþrðxÞ�

Pr21ðxÞQkþrðxÞ2 Qr21ðxÞPkþrðxÞ
��

w ðxÞQnþrðxÞ:

FACTORIZATION AND SOLUTIONS OF q-DIFFERENCE EQUATIONS 739



Moreover, P{r;k;m}
n is related to these solutions by

P{r;k;m}
n ¼

Pr21ðxÞ

g0Gr21

2
mw ðxÞPkþrðxÞ

�
Pr21ðxÞQkþrðxÞ2 Qr21ðxÞPkþrðxÞ

�
g2

0Gr21Gkþr

� �
w ðxÞQnþrðxÞ

2
Qr21ðxÞ

g0Gr21

2
mw ðxÞQkþrðxÞ

�
Pr21ðxÞQkþrðxÞ2 Qr21ðxÞPkþrðxÞ

�
g2

0Gr21Gkþr

� �
w ðxÞPnþrðxÞ;

r $ 1; n $ k þ 1:

Theorem 6 Let (Pn)n be a q-classical orthogonal polynomial sequence, k [ N and

ðP½k;m;l�
n Þn the generalized co-modified of (Pn)n. Four linearly independent solutions of the

q-difference equation

F½k;m;l�n ðyÞ ¼ 0; n $ k þ 1;

satisfied by ðP½k;m;l�
n Þn are (with n $ k þ 1)

A½k;m;l�
n ðxÞ ¼

�
ðl2 1ÞgkPk21ðxÞPkðxÞ þ mP2

kðxÞ
�

w ðxÞPnðxÞ;

B½k;m;l�
n ðxÞ ¼

�
ðl2 1Þgk Pk21ðxÞPkðxÞ þ mP2

kðxÞ
�

w ðxÞQnðxÞ;

C½k;m;l�
n ðxÞ ¼

�
g0Gk þ ðl2 1Þ gk w ðxÞPk21ðxÞQkðxÞ þ mw ðxÞPkðxÞQkðxÞ

�
PnðxÞ;

D½k;m;l�
n ðxÞ ¼

�
g0Gk þ ðl2 1Þ gk w ðxÞPk21ðxÞQkðxÞ þ mw ðxÞPkðxÞQkðxÞ

�
QnðxÞ

The co-dilated P½k;m;l�
n is related to these solutions by

P½k;m;l�
n ¼ 1 þ

ðl2 1Þ gk w ðxÞPk21ðxÞQkðxÞ þ mw ðxÞPkðxÞQkðxÞ

g0Gk

� �
PnðxÞ

2
ðl2 1Þgk w ðxÞPk21ðxÞPkðxÞ þ mw ðxÞP2

kðxÞ

g0Gk

QnðxÞ; n $ k þ 1:

SPECIALIZATIONS AND APPLICATION

In this section, doing computations with Maple 8 [24], we give explicitly the fourth-order

q-difference equation (and its factorized form) satisfied by the q-Charlier and the Stieltjes–

Wigert polynomials. We also give data as well as second-order q-difference equation and the

three-term recurrence equation for the q-Charlier and the Stieltjes–Wigert orthogonal

polynomials [20]. Notice that the data on the q-Charlier polynomials defined on the lattice

xðsÞ ¼ qs are given in Ref. [1].
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The q-Charlier Polynomials

The q-Charlier polynomials are defined by

Cnðq
2s; a; qÞ ¼ ð2a21q; qÞn 1F1

q2n

2a21q

���q;2a21qnþ12s

 !
; ð32Þ

where

ða; qÞn ¼ ð1 2 aÞð1 2 qaÞ. . .ð1 2 qn21aÞ;

and

1F1

a

b

���q; x

 !
¼
X1
k¼0

ða; qÞk
ðb; qÞk

ð21Þkq
kðk21Þ

2
xk

ðq; qÞk
:

The monic q-Charlier polynomials, denoted by (Pn)n, are related to the q-Charlier

polynomials by

Cnðq
2s; a; qÞ ¼ ð2aÞ2nqn 2

PnðxÞ; x ¼ q2s;

and satisfy the following three-term recurrence equation

x PnðxÞ ¼ Pnþ1ðxÞ þ
�
1 þ q2122n{a þ qð1 2 qnÞða þ qnÞ}

�
£ PnðxÞ þ aq124nð1 2 qnÞða þ qnÞPn21ðxÞ:

Pn satisfies the second-order q-difference equation

ðqx 2 1Þ yðq2xÞ2 ðqnþ1x þ a 2 1Þ yðqxÞ þ ayðxÞ ¼ 0;

which is equivalent to Eq. (4) with

f ðxÞ ¼ ax; c ðxÞ ¼
ðx 2 1Þq 2 a

q 2 1
; ln ¼

ð1 2 qnÞq

ð1 2 qÞ2
: ð33Þ

The q-Charlier weight w (x) given by

w ðxÞ ¼
asq

sðsþ1Þ
2

ðq; qÞs
; x ¼ q2s;

satisfies the q-Pearson equation (5) with the polynomials f and c given as in Eq. (33).

The fourth-order q-difference operator FðrÞn for the rth associated q-Charlier orthogonal

polynomials is given by

FðrÞn ¼ I4ðr; n; q; xÞG4
q þ I3ðr; n; q; xÞG3

q þ I2ðr; n; q; xÞG2
q

þ I1ðr; n; q; xÞGq þ I0ðr; n; q; xÞ;
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with the notations: n ¼ qr; r ¼ qn and

I0ðr; n; q; xÞ ¼ ðx 2 1Þa qð21 þ a 2 q þ aq þ nxq2 þ q3xrnÞ;

I1ðr; n; q; xÞ ¼ 2q4n3rðqrþ 1Þx3 2 q2n2ðqrþ 2q2rþ q3r2 þ q þ rÞ ð21 þ aÞx2

2 qð21 þ aÞ
�
qna 2 aq2 þ q2rna þ aq2nþ qrna þ a þ q3rna þ na 2 qn

2 qrn2 n2 q2rn2 nq2 2 q3rn
�
x 2 ð1 þ qÞ ð21 þ aÞða2q 2 a 2 aq þ qÞ;

I2ðr; n; q; xÞ ¼ q4n3ðqrþ 1Þðq2r2 þ 1Þx 3 þ ð1 þ qÞnq2
�
2 q3r2nþ q3nr2a þ q2rna

þ q2nr2a 2 q2r2n2 q2rn2 q2ra þ qna þ qrna 2 qrn2 qn2 aq 2 n

þ na
�
x2 þ q

�
2 2a2q2 þ 2a2q3rnþ 2aq2 þ 2aq þ 2q2rna2 2 2a2q 2 3na

2 4qna þ 2a2nþ 2nq2 þ 2a2qnþ 2a2q2nþ 2nþ 2q3rn2 4q2rna

þ 2qnþ 2q2rn2 3qrna þ 2qrn2 3aq2n2 3q3rna þ 2qrna2
�
x

þ ð1 þ qÞ2ð21 þ aÞða2 þ 1 2 aÞ;

I3ðr; n; q; xÞ U 2q6n3rðqrþ 1Þx3 2 q3n2ðq2rþ 1 þ 2qrþ q2r2 þ q3rÞð21 þ aÞx2

2 qð21 þ aÞðq3rna þ aq2nþ aq3 þ qrna þ qna þ q2rna 2 aq þ na 2 qn

2 qrn2 n2 q2rn2 nq2 2 q3rnÞx 2 ð1 þ qÞð21 þ aÞða2 2 a 2 aq þ 1Þ;

I4ðr; n; q; xÞ ¼ ðq3x 2 1Þaðq2xrnþ qxn2 q þ aq 2 1 þ aÞ:

The operator FðrÞn factorizes as

XnF
ðrÞ
n ¼ SðrÞ

n TðrÞ
n ;

with

Xn ¼ ðqx 2 1Þ2ðq2x 2 1Þ2ðxn2 1 þ aÞ

£ ða2 2 a þ axnþ 1 2 xnþ qxna 2 nqx þ n2qx2 2 aqxÞP3
r21ðqxÞ2 aðq2x 2 1Þ2

£ ðqx 2 1Þ2ð2n2qx2 þ 2qxna 2 aqx 2 2nqx 2 2xnþ 2axnþ 2 þ 2a2 2 3aÞ

£ Pr21ðxÞP
2
r21ðqxÞ þ ðqx 2 1Þ2ðq2x 2 1Þ2a2ða 2 1 þ nqxÞP2

r21ðxÞPr21ðqxÞ;

TðrÞ
n ¼ aðqx 2 1ÞPr21ðqxÞPr21ðxÞG2

q 2 ða 2 1 þ qxrnÞPr21ðxÞ

£ ð2Pr21ðxÞa þ aPr21ðqxÞ2 Pr21ðqxÞ þ Pr21ðqxÞxnÞGq þ ðx 2 1ÞPr21ðqxÞ

£ ð2Pr21ðxÞa þ aPr21ðqxÞ2 Pr21ðqxÞ þ Pr21ðqxÞxnÞ:

M. FOUPOUAGNIGNI et al.742



The left operator factor SðrÞ
n is given by

SðrÞ
n ¼ J2ðr; n; q; xÞG2

q þ J1ðr; n; q; xÞGq þ J0ðr; n; q; xÞ;

where

J2ðr; n; q; xÞ ¼ Pr21ðqxÞðq2x 2 1Þðqx 2 1Þ2ðq2xrnþ qxn2 q þ aq 2 1 þ aÞ;

J1ðr; n; q; xÞ ¼ 2ðqx 2 1Þð22a2q2 2 qxa þ 2aq2 þ a 2 q 2 3a2q þ a3q2 2 xa2q3 2 q2

þ aq3x þ a3q þ a2q3xrnþ nxq4a2r2 a2 þ 3aq þ a2qx 2 2qxna 2 2aq2xn

þ a2qxnþ q3x2n2a þ a2q2xnþ nxa 2q3 þ qxnþ nxq3 2 q3x2n2 þ nxq2

2 2naq3x þ q3xrnþ nq4xrþ q2xrn2 2q4n2x2r2 q5x2r2n2 þ q5x3r2n3

2 n2x2q3rþ q4x3n3r2 q2x2rn2 þ q5x2r2n2a 2 2q2xrna 2 2nxq 4ar

þ q2xra2 2 2q3xrna þ 2n2x2q4arþ aq3x2rn2 þ q2x2rn2aÞPr21ðqxÞ

þ ðqx 2 1Þaqð21 þ a 2 q þ aq þ nxq 2 þ q3xrnÞða 2 1 þ qxrnÞPr21ðxÞ;

and

J0ðr; n; q; xÞ ¼ ð21 þ a 2 q þ aq þ nxq 2 þ q3xrnÞ

£ aqð2qxa 2 a þ a2 þ axnþ 1 2 xnþ qxna 2 qxnþ qx 2n2ÞPr21ðqxÞ

2 ð21 þ a 2 q þ aq þ nxq2 þ q3xrnÞa2qða 2 1 þ qxnÞPr21ðxÞ:

The Stieltjes–Wigert Case

The Stieltjes–Wigert orthogonal polynomials are defined by

Snðx; qÞ ¼
1

ðq; qÞn1

F1

q2n

0

����q;2qnþ1x

 !
; x ¼ qs;

and are related to the monic Stieltjes–Wigert orthogonal polynomials (Pn)n by

Snðx; qÞ ¼
ð21Þnqn 2

ðq; qÞn
PnðxÞ:

(Pn)n satisfy the three-term recurrence equation

xPnðxÞ ¼ Pnþ1ðxÞ þ q2122n
�
1 þ q 2 qnþ1

�
PnðxÞ þ q124nð1 2 qnÞPn21ðxÞ;

and the second-order q-difference equation

qxyðq2xÞ þ
�
qxð1 2 qnÞ2 ðqx þ 1Þ

�
yðqxÞ þ yðxÞ ¼ 0;

the latter equation being equivalent to Eq. (4) with

f ðxÞ ¼ x; cðxÞ ¼
qx 2 1

q 2 1
; ln ¼

ð1 2 qnÞ

ð1 2 qÞ2
: ð34Þ
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The Stieltjes–Wigert weight defined by

w ðxÞ ¼
1

ð2x; qÞ1ð2qx21; qÞ1
;

with

ða; qÞ1 ¼
Y1
k¼0

ð1 2 aqkÞ;

satisfies the q-Pearson Eq. (5) with the polynomials f and c given by Eq. (34).

The fourth-order q-difference operator FðrÞn for the rth associated Stieltjes–Wigert

orthogonal polynomials is given by

FðrÞn ¼ I4ðr; n; q; xÞG4
q þ I3ðr; n; q; xÞG3

q þ I2ðr; n; q; xÞG2
q þ I1ðr; n; q; xÞGq þ I0ðr; n; q; xÞ;

with the notations: n ¼ qr; r ¼ qn and

I0ðr; n; q; xÞ ¼ qxðq3xrnþ xnq2 þ q þ 1Þ;

I1ðr; n; q; xÞ ¼ 2q4n3rðqrþ 1Þx3 2 q2n2ðq þ q3r2 þ 2q2rþ rþ qrÞx2

2 qðnq2 þ n2 q2 þ qrnþ q3rnþ 1 þ qnþ q2rnÞx 2 qðq þ 1Þ;

I2ðr; n; q; xÞ ¼ n3q4ðqrþ 1Þðq2r2 þ 1Þx3 þ nq2ðq þ 1Þ

£ ðnq3r2 2 q2rþ nq2r2 þ q2rnþ qrnþ qn2 q þ nÞx2

þ 2qð2q2 2 q þ q2rnþ nq2 þ q3rnþ qrnþ qnþ nÞx þ ðq þ 1Þ2;

I3ðr; n; q; xÞ ¼ 2q6n3rðqrþ 1Þx3 2 q3n2ðq2rþ 2qrþ q2r2 þ q3rþ 1Þx2

2 qðqn2 q þ q2rnþ nq2 þ q3rnþ qrnþ nþ q3Þx 2 q 2 1;

I4ðr; n; q; xÞ ¼ q3xðq2xrnþ q þ qxnþ 1Þ:

The operator FðrÞn factorizes as

XnF
ðrÞ
n ¼ SðrÞ

n TðrÞ
n ;

with

Xn ¼ q5x4ð1 þ xnÞð1 þ xn2 qx þ nqx þ n2qx 2ÞPr21ðqxÞ3

2 q5x4ð2n2qx 2 þ 2nqx þ 2xn2 qx þ 2ÞPr21ðxÞPr21ðqxÞ2

þ q5x4ð1 þ nqxÞPr21ðxÞ
2Pr21ðqxÞ;

TðrÞ
n ¼ qxPr21ðxÞPr21ðqxÞG2

q 2 Pr21ðxÞð2Pr21ðxÞ

þ Pr21ðqxÞ þ Pr21ðqxÞxqrÞð1 þ qxq nqrÞGq

þ xPr21ðqxÞð2Pr21ðxÞ þ Pr21ðqxÞ þ Pr21ðqxÞxqrÞ:
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The left operator factor SðrÞ
n is given by

SðrÞ
n ¼ J2ðr; n; q; xÞG2

q þ J1ðr; n; q; xÞGq þ J0ðr; n; q; xÞ;

where

J2ðr; n; q; xÞ ¼ q3x3Pr21ðqxÞ ðq2xrnþ q þ qxnþ 1Þ;

J1ðr; n; q; xÞ ¼ qxðq3xrnþ xnq2 þ q þ 1Þ ð1 þ qxrnÞPr21ðxÞ

2 qx
�
xnq2 þ qxrnþ xnþ q 2 q2x þ q2x2n2 þ n3q3x3rþ q3xrn

þ x þ n3x3r2q4 þ 2n2q3x2rþ n2x2qrþ n2q2x2rþ n2q4x2r2

þ 1 þ qxnþ q2xrn
�

Pr21ðqxÞ;

and

J0ðr; n; q; xÞ ¼ 2ðqxnþ 1Þ ðq3xrnþ xnq2 þ q þ 1ÞPr21ðxÞ

þ ð2qx þ qxnþ 1 þ xnþ qx2n2Þ ðq3xrnþ xnq2 þ q þ 1ÞPr21ðqxÞ:

Extension of Results

1. Let n be a real number with n $ 0 and ðPðrÞ
n Þn the family of polynomials defined by

PðnÞ
nþ1ðxÞ ¼ ðx 2 bnþnÞPðnÞ

n ðxÞ2 gnþn PðnÞ
n21ðxÞ; n $ 1;

with the initial conditions

PðnÞ
0 ðxÞ ¼ 1; PðnÞ

1 ðxÞ ¼ x 2 bn;

where bnþn and gnþn are the coefficients bn and gn of Eq. (8) with n replaced by n þ n.

We assume that the starting family (Pn)n defined in Eq. (8) is q-classical. The coefficients

bn and gn are therefore rational functions in the variable q n [19,23] and the coefficients bnþn

and gnþn are well-defined. When gnþn – 0; ;n $ 1; the family ðPðrÞ
n Þn; thanks to Favard’s

theorem [6,8], is orthogonal and represents the associated of the family (Pn)n with real order

of association (see for example, Ref. [5]). Theorems 2 and 5, can be generalized to the real

order of association n (with n $ 0). The proof is similar to those given in Ref. [11,12] for the

continuous and discrete cases.

2. The factorization pointed out in Eq. (26) (see also Eq. (29)) can be used to prove the

following proposition, whose proof is similar to those given in Refs. [11,12] for orthogonal

polynomials of continuous and discrete variables.

Proposition 1 Two linearly independent solutions of the q-difference equation

SðrÞ
n ðyÞ ¼ 0;

are

EðrÞ
n ðxÞ ¼ TðrÞ

n ðCðrÞ
n ðxÞÞ; FðrÞ

n ðxÞ ¼ TðrÞ
n ðDðrÞ

n ðxÞÞ;
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where the operators SðrÞ
n and TðrÞ

n are those defined in Eq. (26) and the functions CðrÞ
n ðxÞ and

DðrÞ
n ðxÞ given by Eq. (29).

The previous proposition can also be generalized to real order of association (see Refs.

[11,12] for orthogonal polynomials of continuous and discrete variables cases).

Remark 1 Using the previous proposition one can solve a family of second-order

q-difference equations with polynomial coefficients. This proposition, given for the

associated q-classical orthogonal polynomials can be used to solve the q-difference

equation SnðyÞ ¼ 0 where Sn is the left factor of the factored form of the fourth-order q-

difference operator FnðXnFn ¼ SnTnÞ for other modifications of q-classical orthogonal

polynomials (see Section 2).

Theorem 1, valid for orthogonal polynomials ðPnÞn satisfying Eq. (10), with the initial

family ðPnÞn being q-classical can be extended as in Refs. [11,12] to more general situations.
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