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1. Introduction

1.1 Univalent functions
We consider functions that are analytic in the unit disk
D:={z€ (| |z|] <1}.

A function is called univalent (or schlicht) if it is one-to-one. The Riemann
mapping theorem guarantees the existence of a univalent map f: ID — G for
each simply connected domain G G €. Moreover f is uniquely determined
except of the composition with rotations z — e**z of D.

If (G,) is a sequence of simply connected domains with a € G,,n € IN,
then the largest domain G containing a and having the property that each
compact subset of G lies in all but a finite number of the domains G, is
called the kernel of (G,). If no such domain exists then the kernel is {a}. A
sequence (G5,) is said to converge to G, if each subsequence has the kernel G.
We write G, — G. The Carathéodory kernel theorem states that a sequence
(f») of univalent functions with f£,(0) = a and f,(0) > 0 converges locally
uniformly to f, if and only if f,(ID) converges to f(ID).

If we speak about convergence of a sequence (f,,) of analytic functions,
we mean locally uniform convergence and write f, — f. The family A of
analytic functions of ID together with this topology is a Fréchet space, i.e.
a locally convex complete metrizable linear space.

A sequence of univalent functions not converging locally uniformly to
oo is normal, and there is a convergent subsequence. The limit function is
univalent or constant. When considering sequences of univalent functions,
we often assume without loss of generality that they converge instead of
choosing a subsequence.

The family S of univalent functions that are normalized by f(0) = 0,
f(0)=1,i.e.

f(z2) =z+ay22 +as2® +---, (1.1)



is a compact subset of A.
A function f € A is called m-fold symmetric if it has the special form
(m € N)
F(2)=z+ amp1 2™ + agpp1 2™ 4o (1.2)

which is equivalent to the fact that the Riemann image surface F is m-fold
symmetric with respect to the origin, ie. for all w € F, k= 1,...,m also
the points e2™*/my ¢ F,

(References: [13], [17], [49].)

1.2 Functions with positive real part

Let P denote the subset of 4 of functions p with positive real part that are
normalized by p(0) = 1.
A function of the form

W)= [ Tdu(a), (1.3)
oD

where p denotes a Borel probability measure on 8D, clearly has positive
real part, because the kernel functions have this property. The famous Her-
glotz representation theorem states that the converse is also true. This is
equivalent to the fact that the extreme points of P (i.e. the points which
have no proper convex representation within the convex set P) are the ker-
nel functions of representation (1.3), which map ID univalently onto the
right halfplane {w € € | Rew > 0} (see e.g. [53], [20]); we write E(P) =
{}2| z € 8D}. By the Krein-Milman theorem their closed convez hull
©6 (E P) is all of P and so their convezr hull co (E P) lies dense in P with
respect to the topology of locally uniform convergence (which makes P com-
pact), so that each function p € P can be locally uniformly approximated
by functions p, of the form

i 14 22
Pa(2) = Z”kl—Zkz

k=1

y |2kl =1, ;e >0 (k=1,...,n),

=1, neN. (1.4)
k=1

The functions of the form (1.4) give the so-called Carathéodory boundary of
P.



A function f is called subordinate to g, if f = g o w for some function
w € A with w(0) = 0 and w(ID) C ID; we write f < g. The subordination
principle states that if g is univalent then f < g if and only if f(0) = g(0)
and f(ID) C g(ID), and so p € P iff p < 1£2. If f < g then by Schwarz’s
Lemma f(ID,) C g(ID,) for all » € ]0,1[ where D, :={z € C | |2] < r}.

By B we denote the family of functions w € A with w(0) = 0 and
w(ID) C D, and by Sub F the family of functions which are subordinate to
some f € F.

A compact family which is similar to P is the class P of functions p
normalized by p(0) = 1 for which there is some a € R such that the real
part of e'*p is positive. One sees that p € p iff p < ll‘-}':%, where y = e~ 2@,
A slight modification of Herglotz’s theorem gives that each function p € P
can be approximated by functions of the form

i 14 yziz
pn(2) = Zykl—-——, lyl| = lzxl=1, g >0 (k=1,...,n),
k=1 - Tk
n
dm=1 neN, (1.5)
k=1

in other words
Lemma 1.1 The functions of the form (1.5) form a dense subset of b.

(For details see e.g. [20], chapter 3, and [24].)

Lemma 1.2 FEach function of the form (1.5) has a representation

n

pa(2) = [T it /22 (1.6)

o] 1—-22

-

where
l2el = lwel =1 (k=1,...,n) (1.7)

and
arge; <argy; <argzy<argy;<---< argz, <argy, <argz;+2r. (1.8)

Proof: The function p, given by (1.5) is rational in € of degree n with
exactly n poles at the points Zx, and p,(0) = 1, so that (1.6) holds. As a

convex combination of functions subordinate to l—{":yf also p, < ll—t%z—, and
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0 pn(ID) lies in some halfplane H whose boundary contains the origin, and
in particular p, is nonvanishing in ID. From this it follows that |yx| £ 1
(k=1,...,n). On the other hand

bl
f==F
g

n
Pr(00) =~y Y pr=-y=
k=1

so that ﬁ lyx| = 1, which leads to (1.7). From (1.6) it follows with the aid
k=1
of the identity

1
arg(l+2) = 73182, lz| =1, z # -1, (1.9)

that for e # z5, 9% (k=1,...,n)
i 1 -
a.rg(pn(e 0)) = arg (H @_) (mod ), (1.10)
k=1 Tk

so that the curve {p,(e'’)} lies on a line £ through the origin, and p,(ID) C H
then implies that p,(ID) = H where H denotes the halfplane with £ = 6H
and 1 € H. In particular, p,(e*’) does not contain a turning point 8y where
ph(e'%) = 0. Suppose now that (1.8) does not hold. Then there exist
two zeros of p,(e®?), 6, and ;, say, without pole between them (on 3ID),
so that p,(e") must change its direction on £ for some 8 € 16, 8;[. Here
p,(e'%) = 0, and we have a contradiction. O

On the other hand, functions of the form (1.6) - (1.8) are elements of P as
the following lemma shows.

Lemma 1.3 The functions of the form (1.6) - (1.8) form a dense subset of
P.

Proof: By Lemma 1.1 the functions of form (1.5) are dense in P, and by
Lemma 1.2 they have a representation of the form (1.6) - (1.8). Now we
show that functions of the form (1.6) - (1.8) lie in P, which gives the result.

As above we get (1.10), and the curve {p,(e®®)} lies on a line £ through
the origin. Next we shall show that p/,(2) # 0 for z € 8D, and from this it
follows that p,(ID) must lie on one side of £, because p,(€*®) does not change
its direction by moving on £ while # varies from 0 to 2. Hence p € P.



The zeros i and the poles Zf of p, are pairwise different by (1.8), so
that they have order one and p},(%%), P, (¥x) # 0 (k=1,...,n). It remains
to show that

/
zf’—"(z) £0forz€dD, z#%5T (k=1,...,n).
n

From representation (1.6) it follows for z € D that

z”:( 11 )
l-9xz 1-%xz/°

k=1

o,
Z2—\Z) =
pn()

The real part of this sum equals zero because the same is true for each
summand. On the other hand we get for z = €%

P\ 1 ( or— 0 ¢k—e>
Im (zpn(z)> = 22 cot 3 cot 5 ,

k=1

if we write
P 1= argTy ; Y = arg Yy .

Now let 6 € [0,2x] be given. Then rearrange the values of ¢ and ¥ modulo
27, such that

0<Py<Uy <Pri1<Vnyr < o <Pn<Pp<p, <P, <+ - <y <¥y_ <0+27w
(1.11)
or

O<Py<Pn<Pu <Py < <Pn<en<¥h, <, <---<tPy_ <@y, <0+27
(1.12)

holds which is possible by (1.8) if 8 # ¢k, ¥r (k=1,...,n). Write
=0,

pr— 0
aj := cot 2 ;

2 ’

Lk 1= cot

then

Pr 1<
Im (z2=2(z) ) = = Z (b — ak) .
Pn 2 k=1
Suppose now, (1.11) holds, then by — ax > 0 (k=1,...,n), because the
function cot is strictly decreasing in ]0,x[. Thus Im (zp)/p.(2)) > 0. If
(1.12) holds, Im (2p},/pn) < 0 follows similarly. This finishes the proof that
zpl, /pr. has no zero on dID. O



1.3 Polygons and Schwarz-Christoffel mappings

Let f € A be continuous in ID and have a Riemann surface F as image
domain whose boundary consists of a finite number of linear arcs, such that
the boundary correspondence §ID — JF is one-to-one. Then F is called
a polygon. Let F have m vertices of inner angles axx (k=1,...,n). We
do not suppose f to be univalent, so that ar > 2 is possible, whereas for

univalent polygons
ar L2 (k=1,...,n). (1.13)

If we have a bounded vertex then
ap,>0. (1.14)

If a vertex lies at infinity we measure the angle on the Riemann sphere and

have
ar 20, (1.15)

where aj = 0 is a zero angle which corresponds to two parallel rays of 6F.
Let now zj be the prevertices, i.e. the preimages under f of the vertices
Sf(2r). Then the Schwarz-Christoffel formula is the representation

1" n
Hi
—(z)=-2 1.1
f, (Z) kX—__:l z— zk , ( 6)
where
) Q—a)m if f(xx) is bounded
2pem = { (1+ ag)r  if f(2x) is unbounded (1.17)

denote the outer angles. The formula
=1 (1.18)

corresponds in the bounded (univalent) case both to the rule for the sum
of angles in an n-gon and to the fact that the increment of the tangent
direction is exactly 2x when surrounding the polygon on OF one time.
On the other hand, if f fulfills (1.16) and (1.18) with = € 0D for
k=1,...,n, then the Riemann image surface f(ID) is a polygon.
If f(zx) is bounded then relation (1.14) yields
1

ME<3, (1.19)



whereas for unbounded f(zy) relations (1.15) and (1.17) give

1
3

v

Hk (1.20)

If f is univalent, then (1.13) leads to
1
pkg—i (k=1,...,n). (1.21)

(References: [31], [55].)

1.4 Convex and starlike functions

A function f € A is called convezr if it maps ID univalently onto a convex
domain, and it is called starlike if it maps ID univalently onto a domain
which is starlike with respect to f(0) = 0.

Clearly a polygon is convex if ax < 1 (k=1,...,n) or equivalently if
pr >0 (k=1,...,n). So by (1.16) it follows that

o 147
1+zf,(2)—g=:lukl_ﬁz, (1.22)
if one uses (1.18). Thus
"
1+z% €P. (1.23)

On the other hand, if (1.23) holds, then by (1.4) f can be approximated by
convex Schwarz-Christoffel mappings, and the Carathéodory kernel theorem
shows that f(ID) is convex. So (1.23) is a necessary and sufficient condition
for f to be convex.
Let K denote the family of convex functions that are normalized by
(1.1).
It is well-known that a function f is starlike if and only if
!
z-'f- eEP (1.24)
f
(see e.g. [49]).
By (1.4) and Lemmas 1.1 and 1.2 the function zf'/f can be approxi-
mated by functions of the form

7 - 14 2k2 “l—yz
zalalz) = AR E Hk — I I
fn( )= Pn(2) pust 1—2r2z Pl 1—axz’

9



n
|2k} = |yl =1, e >0 (E=1,...,n), Zpkzl, nelN,
k=1

with the property (1.8), so that

() uL —
I z bl 2 z— Tk
from which we can see that f, is a Schwarz-Christoffel mapping with » finite
vertices of inner angle 27, and alternating n vertices at co. This is a special
case of linearly accessibility which will be considered later.
Let St denote the family of starlike functions that are normalized by

(1.1).

1 - / I, — -
£=M+%(Z)=_2§:_l_/2_2§:ﬂk+l_/2’
n k=1

1.5 Functions of bounded boundary rotation

The boundary rotation of a polygon F is the total change of the tangent
direction when surrounding the boundary of the polygon one time and can
be calculated as the sum of the absolute value of the outer angles

br (F) = Zn: 2| gkl (1.25)
k=1

The boundary rotation of the corresponding Schwarz-Christoffel mapping
is defined to be the boundary rotation of its image polygon. A function f
has boundary rotation K, if it can be approximated by Schwarz-Christoffel
mappings with respect to locally uniform convergence, i.e. if

1" B dp_(a:)
) = —2/ . (1.26)
8D

where p is a signed measure on 81D with the properties
/ du(z) = 1 (1.27)
E))

and
br (f) = 21/ |du(z)| = K . (1.28)
D

Representation (1.26) is called the Paatero representation of f. By the
Herglotz formula (1.3) and the representation of u as the difference of two

10



positive measures the Paatero representation (1.26) is equivalent to the ex-
istence of two functions p;, p2 € P such that

1+z%(z)=(§+%)-m—(§—%)~pg. (1.29)

Let V(K) denote the family of functions of bounded boundary rotation at
most K that are normalized by (1.1). So V(K) is the locally uniform clo-
sure of the corresponding family of normalized Schwarz-Christoffel mappings
of bounded boundary rotation at most K.

Generalized polygons with an infinite number of vertices wy (k € IN) of
outer angle 2u;® with § |ux| < oo are examples of functions of bounded

k=1
boundary rotation.

(References: [43], [55], [21], see also chapter 2.)

1.6 Linearly accessible domains and close-to-convex func-
tions

A domain F is called (angularly) accessible of order B (B € [0,1]), if it is the
complement of the union of rays that are pairwise disjoint except that the
origin of one ray may lie on another one of the rays, such that every ray is
the bisector of a sector of angle (1— 8)x which wholly lies in the complement
of F. If B = 1 then F is called (strictly) linearly accessible (see [5], [54],
[48]). A function f is called close-to-convez of order B (8 € [0,1]), (for
reasons which shall be seen later) if f(ID) is accessible of order 8. We shall
give an analytical characterization for f to be close-to-convex of order 3,
which is for 8 = 1 originally due to Lewandowski [37] - [38] and for 8 < 1 to
Pommerenke [48] (who did not give a proof for his statement) and has been
the original definition of close-to-convexity given by Kaplan [22]. Therefore
we use Lemma 1.3.

Theorem 1.1 Let f be univalent and f(ID) accessible of order 8. Then
there exist a conver function g and a function p € P such that the represen-
tation

ff=¢-9 (1.30)
holds.

Proof: Suppose firstly, 8 = 1. Then by the geometrical definition we have
f(ID) = €\ U 7:, where 7; are rays that are pairwise disjoint except that
teT

11



the origin of one ray may lie on another one of the rays, and T is a suitably

chosen parameter set, which is separable (e.g. T C R®). Choose a dense
subset {t, € T |n € IN} of T and define f, by

fn(D):=C\ LnJ Yty arg fn(0) := arg £(0) . (1.31)

k=1

There is no loss of generality to assume that (v,) (k € IN) are pairwise
disjoint, because if some of the chosen rays has its origin lying on another
ray, we shorten it by 1/n and get the same conclusion. Obviously f, — f,
because f,(ID) — f(ID) in the sense of Carathéodory kernel convergence.
This shows that it suffices to show the conclusion for functions f, satisfying
(1.31), because {f,.} is a normal family and the functions f with represen-
tation (1.30) form a closed subset of A.

Observe that f, is a certain Schwarz-Christoffel mapping with n finite
vertices at the points wx =: f,(J%), say. The inner angle at each of those
hairpin vertices is 2w. The other n vertices alternate with wy and lie at
oo =: fn(Tk), say. The inner angles axm at those vertices satisfy ap > 0,
and their sum fulfills i ax® = 2w, because f, is univalent (in other words:

k=1
the rays are traversed at oo systematically with increasing argument when

surrounding the polygon), so that by (1.16) and (1.17)

Fo=-2y 2 E(”“"W

z - T

zn:( 1_ z—zk)_QZ 22 : (1.32)

k=1 \% T Yk zZ—-7T

The choice (1.6) gives a function p, € P as Lemma 1.3 shows because (1.7)
and (1.8) are fulfilled, and

G0=2 Y 2 00)= 0

gives a convex polygon. Then from (1.32) it follows that

1 / n
n Pn 9n
T o + = ol £(0) = g,,(0)

which is equivalent to f, = g/ - p, .

12



Now suppose 0 < B8 < 1. Then for each v, (¢t € T), the sector §; of
angle (1 — B)7 which is symmetric with respect to v; lies in C\ f(ID). Define
here "

fo(D) :=C\ | S, arg fo(0) := arg £(0) . (1.33)
k=1
for a certain dense subset {t, € T |n € N} of T. Then f, — f, and it
suffices to show the conclusion for functions f, satisfying (1.33).

Observe that f,(ID) is a polygon with 2n vertices, n of them of inner
angle (1 + B)x at the origins of Sy, (k=1,...,n). Let the sectors §;, be
ordered in the same way as their origins — which are vertices of f,(ID) — when
traversing 8ID in positive sense. Now the polygon f,(ID) has a finite vertex
between the origins Sy, and S;,,, when surrounding f,(ID) if they intersect,
and has a vertex at oo if they do not. Let apw be the angle between the
directions of v;, and 7¢,,,. Then in either case the outer angle is seen to be
2urm = (ax + B)7, so that

gy (L _ 1 ) _gv /2

z— Tk — z — Tk

k3
Because ) aym = 2, this gives the result as above. mi
k=1

It is decisive that the converse is also true. For this reason the functions are

called close-to-convex.

Theorem 1.2 Let 8 € ]0,1] and let f have a representation of the form
(1.30) for some convex function g and some p € P. Then f is univalent and
f(ID) is accessible of order B.

Proof: The function h = fog™1is defined in the convex domain g(ID) and
fulfills for 21, z2 € g(ID)

2 1
h(zg) - h(z) = / R (2)dz = (23— 21) / R(tzs + (1 — )z1)dt £ 0,
21 0

since Re (¢’®h’) = Re (e!*f'/g’) > 0 for some a € R, so that k and therefore
f is univalent.

We prove the rest of the result also by an approximation argument.
Therefore we need to know that the family of domains that are accessible

13



of order B is closed with respect to Carathéodory kernel convergence, i.e. a
convergent sequence of domains which are accessible of order 8 that does
not converge to a singleton converges to a domain accessible of order 8.
Suppose G, are accessible of order 8 and G,, — G. Each boundary point
w € 8@ is the limit point of a sequence w, of boundary points of G,,. Each
w,, is the vertex of a sector S, which lies in C\G,. Let v, denote the bisector
of §,. Then one chooses a subsequence such that there is a limit direction
of the directions of 4, and thus a limit ray 4. Let S be the corresponding
symmetric sector of angle (1 — 8)x. Carathéodory kernel convergence shows
that § C €\ G. Furthermore a simple argument also shows that the rays
which correspond to different boundary points of G are pairwise disjoint.
For the details see [5], Lemma 3.
Suppose now, f has a representation (1.30). Then
f/l pl gll
F ﬂ + p (1.34)
Each function of this form can be approximated by functions f,, of the same
form where g is a convex Schwarz-Christoffel mapping and p has a repre-
sentation (1.6) - (1.8) as Lemma 1.3 shows. So we get for the approximants

Bo=ay Mo o5 R oy e

ke 1Z—yk

where the numbers a:k, yx alternate with each other on 8D, pi > 0, |wi| =1
(k=1,...,m), Z ur = 1, and n,m € IN. Without loss of generality we

can assume that g is bounded (i.e. pr < 1/2 (k= 1,...,m)) because oth-
erwise we approximate g by bounded convex polygons. On similar reasons
we suppose that the numbers wy are pairwise different from Tz and Ff.

From (1.35) one sees that f,(ID) is a polygon, and because it has the
form (1.34) it is a priori close-to-convex and hence univalent.

Now suppose first, 3 = 1. Then there are n vertices at oo of angle zero,
and alternately n finite hairpin vertices of angle 2x. Furthermore there are
m finite convex vertices.

At first we prove that the complement E of F := f,(ID) contains the n
rays ¢ (k=1,...,n), which come from the hairpin vertices Oj. Clearly a
segment o of 4, containing Oy lies in E. Suppose now that there is a point
@ € i which lies in F. Then there is a curve T' which connects Oy with
@ within F because Oy is an accessible boundary point. The segment of 7%

14



from Oy to Q and T encloses a bounded region. It contains in its interior
some point P of 3F as from Q € F it follows that there is a convex vertex
before and after Ok. That part of 8F from Oy to the next or last vertex at
infinity which contains P is called §. Now because § is unbounded it must
cross 7x between o and Q. But this contradicts the fact that all vertices of
§ are convex. Thus v, C E.

The rays 9% (k = 1,...,n) are pairwise disjoint because of the univalence.
Let them be ordered in the same way as their origins O when traversing
8D in positive sense.

When traversing from Oy to Ok4q along OF there is exactly one vertex
at oo (of angle zero) between Oy and Og41, because the numbers zx, yx are
alternating on 8DD. So the rays 4 are separated by half parallel strips and

lie in components G}, of E which are pairwise disjoint.
n

Furthermore E = |J G, because in a neighborhood of infinity E has
k=1
exactly n components (f has exactly n poles on dID), so that an additional

component would be bounded contradicting the simply connectivity of F.

So, for to fill E with rays that are pairwise disjoint, it is enough to do
this for the components Gg. But this is easily done.

Take the parallels of 4% from O to the next vertex P; with origins on
8F. Because all vertices before the next vertex at oo are convex, we may
choose from P; on as direction of a new family of parallel rays the boundary
direction of F before Py, and fill the remaining sector arbitrarily. Note that
in this case the origin of some ray lies on another one of the rays. Continue
the procedure from P; to the next vertex P, and so on until P; = co. Finally
apply the same process from Oy to the last vertex at oo before Oy. This gives
a suitable representation of G as union of rays that are pairwise disjoint
and finishes the proof for 8 = 1.

Now suppose, 0 < B < 1. Because pr < 1/2 (k= 1,...,m), fis
bounded, i.e. all vertices are finite. There are exactly n vertices of angle
(1 — @)=, alternately n vertices of angle (1 + 8)=, and finally m convex
vertices. The vertices Oy (k=1,...,n), of inner angle (1 + B)r define
sectors Sx (k=1,...,n), of angle (1 — B)x which lie in E := C\ f(ID).
Let 7% denote the bisector of S; (k= 1,...,n). Because all other n + m
vertices are bounded and convex, E can be filled with rays v; (¢ € T) that
are pairwise disjoint such that for each 4; the symmetric sector S; of angle
(1 — B)x lies in E, if we choose 7; to be parallel to v, in a neighborhood of
Oy (k=1,...,n) and proceed as above. O

15



As usual, we call a function close-to-convex of order g if it has a rep-
resentation (1.30) also if 8 > 1. Of course those functions must not be
univalent. For 8 2 0 let C(f) denote the family of close-to-convex functions
of order 8 that are normalized by (1.1).

By the analytic definitions of convex and starlike functions (1.23) and
(1.24), the convex auxiliary function g can be replaced by some starlike
auxiliary function h such that there is a representation

fi(z) = @ -’ (1.36)

for f € C(B).
(Reference: [30].)

1.7 Invariants under similarities and the Nehari criterion

If fe€ §,i.e. fisa univalent function that is normalized by (1.1), then the
renormalized composition g of f with a univalent automorphismw : ID — ID
of the unit disk

aeD, |z|=1, (1.37)

given by

g= fow— fow(0)

T (fow)(0) 7
lies in §. Pommerenke [46] - [47] called families with this property linearly
invariant, and showed that many results about univalent functions are ef-
fected by this property. The function g is called Koebe transform of f, it has
(in the univalent case) a range G which is similar to the range F of f, i.e.
G =aF 4+ b (a,be C), and all normalized functions with a similar domain
have this form. The second coefficient of g has for z = 1 absolute value

(1.38)

"

(fi0) = laa(o)| = |3+ 31~ e 5@ (1.39)

We call » the Koebe expression of f.
For a locally univalent function f we define the order of f by

ord (f) := sup »(f;a) .
a€D
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It represents the order of the linearly invariant family Lin(f) generated by
f, and it is bounded if and only if Lin(f) is normal (see [46], Folgerung 1.1).
For an analytical expression to have a geometrical meaning the expres-
sion must have a certain invariance property with respect to the composition
with automorphisms of ID, because the range is invariant under this compo-
sition.
We have for the Koebe expression

Lemma 1.4 If f € A is locally univalent and w is defined by (1.37), then
for g = fow holds

#(g;2) = #(f;w(2)) (z€D). (1.40)

Proof: The relations

g fl w/

e (1= |#%)(1 = [al?)

_ 2 _z+a E-{-E_ 1—-|z 1—Ja

L@ =l - T = (1+az)(1+ az)
imply

2
T N VIR, N SN Lol . W AP

”(g,Z) - Z+2(1 lz‘ )( (1+az)2 fl( ) 1+az

43 1(1- o)1 - laP) £
(_1+Ez+2 (1+az)? 7 ))
z+a 11—z~ |a?) _7f"
.<_1+a2+2 (14 az)? ( ()))
- o HASR0l) (243 TITEN sva
= [l 2 (1+@z)(1 + az) <1+az (f’( ))+ ( ))

11— |2*)*(1 — |af®)? | £ — W
T v ey @) = eer

t (W)

O

Moreover, x as a function of f does only depend on f”/f’, so that it is
also invariant under similarities of the range. From this it follows that (for
univalent f) the expressions

ord (f) and ;g]{) #(f;a)
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as well as

limsup »(f;a) and liminf»(f;a)
a—9D a—9ID

represent geometric properties which are invariant under similarities.
The same is true for the expression &, which is defined with the aid of
the Schwarzian derivative S of f, i.e.

() 3(5)

o(f;a):= (1 —|a|*>)?|Ss(a)] . (1.42)

Lemma 1.5 If f € A is locally univalent and w is defined by (1.37), then
for g = fow holds

namely (a € D)

o(9;2) = o(f;w(z)) (z€D). (1.43)
Proof: The well-known invariance property of the Schwarzian derivative
Sy = §1(w)- ()?
implies the result similarly as in the above ca;se. ]

We call & the Nehari ezpression of f, because Nehari has shown that
o(f;z) £ 2 implies univalence, and on the other hand univalent functions
satisfy o(f;z) £ 6. Moreover, convex functions fulfill o(f;z) < 2 (see [41],
[42] and [32)]).

1.8 Logarithmic derivative and the Becker criterion

Another important univalence criterion involves the logarithmic derivative
and is due to Becker. We call (a € D)

Afia)i= (- 1) S ta) (1.44)

the Becker expression of f. Beckers criterion states that A(f; z) £ 1 implies
the univalence of f. On the other hand univalent functions satisfy A(f; 2) £ 6

(see [3]).
Let us note the following correspondence between the Nehari and Becker
conditions.
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Lemma 1.6 Let f € A be locally univalent. Then

(a): supA(f;2)S£X = supo(f;z)S4r+ 12,
z€DD zeD

(b): supo(fi;z)So = supA(f;2)22(1+ %)1/24—2 .
z€elD z€D

Proof: Statement (a) is proved in [14]. (A sharper version of it is given in

[57]). For to prove (b) observe that the functions f satisfying o(f;2) < o

(z € D) form a linearly invariant family of order (1 + o/2)!/2 (see [46],

Folgerung 2.3). Therefore »(f;z) £ (1 + 0/2)'/? (see [46], Lemma 1.2)

which implies the result. |
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2. Geometrical interpretation of the Koebe,
Nehari and Becker expressions

2.1 Polygons

Let F = f(ID) be a polygon with inner angles oy (k=1,...,n), so that
f has a Schwarz-Christoffel representation

1! n . n
k
Ly=—2 - jayl=1 (k=1,...,n), Sm=1, (1)
f z—z
k=1 k k=1

where 2ux7 (k= 1,...,n) are the outer angles (1.17) and zx (k=1,...,n)
are the prevertices.
We write z = re'? and define

(2.2)

Obviously |bg| =1 (k=1,...,n) for all z€ ID. We get then for the Koebe,
Becker and Nehari expressions

Wfiz) = |24 (1—|z|)f"<z)
_ e CE)
k=1
A2 =01 L] =20 40 im0
k=1

and, since for the Schwarzian derivative one has

_ " owm )
5¢(z) = 22 :ck)2 (gz_zk)
= Z ik ( lzJ - . ) ’ (2.5)

k=1 zZ— Tk
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finally
o(fiz) = (1-121%)?%S4(2)|

i ( 1-7r )21% _ (Z": z1__;k”k)z

k=1 ‘%~ %k k=1

itk (b5(2) = ba(2))”

= 2(1+r)?

. (2.6)

n
Jk=1
The following lemma will be used to examine the boundary behaviour of

these expressions.

Lemma 2.1 Let |zx| = 1, then

. 1—r | -7 if0=arge
lim - { 0 otherwise

Proof: We have

1—7 _ 1
:—:ck(l—r)l

ret — z; — retfzy

If now e # =z, then the last fraction is bounded, so that the right hand
side tends to zero, while for e = z; we have (1 —r)/(1 - reZr) = 1. O

Therefore we get from (2.3) - (2.6):

Lemma 2.2 If f is a Schwarz-Christoffel mapping (2.1), then

. oy _ ) Il =2pg| =ar  if 0 = argzy
() }I—IE w(fire”) = { 1 otherwise ’

. ; 4|,uk| if @ = arg ey
. 9y
(b) }l—»ni A(fire”) = { 0 otherwise ’

. ; 8lur(l — pr)| = 2|1 — a2  if § = argzy,
e mptl) — k
(c) il—rni o(fire”) = { 0 otherwise

Now it follows
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Theorem 2.1 If f is a Schwarz-Christoffel mapping (2.1), then

(al) hﬁ’, sup *(fi2) = Olélggnll = 2| = 22X ks

(22) liminfx(f;2) = min 1= 2m| = min o,
(b) lig;%p Af;2) = 4121,35” L]

; o) = _ - 2
(¢) hmsupa(f,z)—Slréll?é(nlpk(l ue)| 211§l?§n|1 ail,

2Z—

where po := 0 and ap := 1.

We remark that (a) can be interpreted in the following way: the limsup of
the Koebe expression measures the largest inner angle divided by =, where
we have to take into consideration the angle = of each smooth boundary
point, whereas the liminf of the Koebe expression measures the smallest
inner angle divided by x. It is a special property of polygons that every
boundary point is either smooth or a vertex. We shall see later that these
considerations can be generalized to a larger class of functions whose images
have this property, namely to functions with bounded boundary rotation.

On the other hand, by reason of (1.19) - (1.20) the limsup of the Becker
expression measures whether the polygon is bounded:

Corollary 2.1 If f is a Schwarz-Christoffel mapping (2.1), and if o) £ 2
(k=1,...,n) (in particular, if f is univalent), then

limsupA(f;2) 22 <= fis unbounded.
z—8DD

2.2 Domains with the angle property

Let F be a simply connected plain domain or Riemann surface. Then we
say that F has the angle property, if each boundary point is either smooth,
i.e. there is a tangent there, or it is a vertex, i.e. there exist two halftangents
corresponding to the left and right derivatives of some parametric repre-
sentation of the boundary curve. An analytic function f : ID — F which
extends continuously to the boundary of ID has the angle property if its
Riemann image surface F has it.

If F has the angle property, then at each boundary point we define the
inner angle to be the angle between the halftangents measured from the
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interior of F. The inner angle always exists and equals = at each smooth
boundary point. With apay® and auin® we denote the supremum and the
infimum of the inner angles of F and we speak about the largest and the
smallest inner angle of F.

The definitions also apply if F is unbounded considering tangents and
halftangents on the Riemann sphere. An unbounded F with the angle prop-
erty must have an inner angle also at each point on 8F which is unbounded.

The outer angle at some vertex is defined as in the case of polygons by
(1.17), and its absolute value measures the change of the tangent direction
at the vertex discarding the direction of the change. The outer angle at some
smooth boundary point equals zero. By 2pmax® and 2pmin® we denote the
supremum and the infimum of the absolute value of the outer angles of
F. Remark that in the unbounded case the outer angle has not the same
geometrical meaning as in the bounded case, in particular if oo is a smooth
boundary point, then the corresponding outer angle 2u;7 does not equal
zero but equals 27.

2.3 Functions of bounded boundary rotation

In this section we generalize some of the results for Schwarz-Christoffel map-
pings to functions of bounded boundary rotation. It is a result essentially
due to Paatero that functions of bounded boundary rotation have the angle
property (see [43]), so that there exist the largest and the smallest inner and
outer angles amax™, Omin®, 2max® and 2pminm. This result is contained in
the following

Theorem 2.2 Let f € V(K) have boundary rotation Kx. Then f has the
Paatero representation

;—,,I(z) = —Q/iL_("’;), [au@ =1, [lu@i=5 @
aD oD D

for some signed measure p on 0D, and it has a spherically continuous ex-
tension f : 1D — C. Each boundary point f(z) (z = €*) has either

(a)  a local tangent of direction
T(8) = lim arg (ewf'(rew)) + 1, (2.8)
r—1 2
which corresponds to the fact that p({z}) =0,
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or

(b)  two local halftangents, so that f(z) is a vertez of 0f(ID) of an outer
angle 2u({z})x, which corresponds to the fact that u({z}) # 0.

In particular: f has the angle property.
Moreover the images of the radial rays fo(r) := f(re®®) (r € [0,1]) divide
the inner angle of 8f(ID) at f(2) in two equal parts.

Proof: Let f have boundary rotation Kx. Then there is a Paatero repre-
sentation (2.7). In this context it is more convenient to write (2.7) as a Stielt-
jes integral representation with the distribution function m : [0,27] — R of
p defined by

m(t) := 5 ([0, €D + ([0, 6%)) + €, (2.9)
where C' € R is such that

7(m(t) - %) dt=0. (2.10)

The Paatero representation (2.7) then reads

" 2r m 2 2r
%(z) =l d_(:,.)t, [am) =1, [ lam(o)] = % (2.11)
0 0 0

z

Therefore it follows by integration (using the normalization f/(0) = 1) that

Inf'(z) = /le,/(C)dC = —27dm(t) (/z ¢ (_iceit)
) 0 0

t

_ _27111 (1 _ e—itz) d (m(t) _ 5) , (2.12)
0

as
27

/ln(l-—e_itz)dtzo (zeD).

0
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Observe that m(t) —t/(2x) is periodic with period 27 by (2.11), so that an
integration by parts gives with the aid of (2.10) that

2 .
—1t
Inf'(z) = 2i/1—f—8—_%-z- (m(t - 2%) dt
0
27r1 + ety t
0

—il 5

from which it follows that

arg f'(z) = Re /1+e—1t ( m(t —%)dt

1—e itz
2w
1—r2 t
- [ (m(t)—%) dt. (214

By the definition (2.9) of m it follows (see e.g. [17], p. 336) that (z = re'?)
I '(2) = 2x (m(8) — =
lim arg £(2) = 2x (m(0) - =) ,
so that '
lim arg z2f'(z) = 2m(O)x . (2.15)

This implies that
N(9) := lim arg zf'(2) (2.16)

exists for each 6 € [0,2x] and is a function of bounded variation with
N(8) = 2m(0)r / |dN(8)| = br (f) = K. (2.17)
0

To get (a) and (b) we now use Paatero’s result that f has a continuous
extension to ID, and that at each finite boundary point f(e*) there is either
a tangent to Jf(ID) of direction T'(6) if m is continuous at 8, or two half-
tangents of direction T'(# — 0) and T'(6 + 0) such that 8f(ID) has a vertex
at f(e'®) whose outer angle equals the total jump of m at 8 (see [43], §7).
An inspection of Paatero’s proof shows that the same conclusion follows if
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f(z) = oo, replacing the euclidean by the spherical distance and measuring
angles and directions spherically.

Finally observe that argzf’'(z) gives the normal direction of the level
curve f.(6) := f(re’®) (6 € [0,27]) at the point z = re?, so that arg 2 f/(2)+
w /2 is the direction of the tangent. On the other hand the image of the radial
ray fs cuts f, perpendicularly for all » € ]0,1[ as f is locally conformal. By
(a) this remains true for » = 1, if at f(z) there exists a tangent, implying
that fs divides the inner angle (namely ) in two equal parts. If f(z) is a
vertex of f(ID), then by (2.9) the same conclusion follows. a

Each signed measure g on 81D has a Lebesgue decomposition as the sum of
some discrete, some continuously singular and some absolutely continuous
part with respect to Lebesgue measure Ay, i.e.

P = Hdisc T Hsing + HPabs »
(see e.g. [52], p. 240) where

o0
Hdisc = E ﬂkaxk (218)
k=1
(6; is the Dirac measure at z). We write fcont := Msing + Mabs fOr the

continuous part of .
The theorem has the consequence that

Corollary 2.2 Let f € V(K) such that the corresponding signed measure
i has a decomposition p = paisc + pcont- Then 8f(ID) is smooth up to a
countable number of vertices f(zx) (k € IN) of outer angles 2u=, say, and
there is a one-to-one correspondence between those boundary points and paisc
such that (2.18) holds.

For the largest and the smallest inner and outer angles Omax ™y Qmin™ s 2max™
and 2pmin™ it follows

(al) ®max = Ifg%’g |1 - 2I‘kl ’
2)  Qgin = min |1 —2

(a2) « foin 11— 2pl

(b1) 2pmax = 2&%%! ,

(b2)  2ptmin =0,
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where ag := 1.

Proof: We have only to prove that the desired maxima and minima exist.
But this follows easily as (a): ux — 0 for k — o0, and so 0 is the only cluster
point of {ur | k € N}, and (b): {ux| k € N} is bounded. o

Part (b2) of the corollary is obviously equivalent to the existence of some
smooth boundary point. The existence of the maxima and minima con-
sidered shows that amax™, Qmin®, 2fmax® and 2pmin7 in fact represent the
maximum and minimum of the inner and outer angles.

Now we are ready to generalize Theorem 2.1 to functions of bounded
boundary rotation. Therefore we deduce the following formulas for the
Koebe, Becker and Nehari expressions for functions of bounded boundary
rotation with a representation (2.7) similar to (2.3) - (2.6): let

b(z;2):= 1z__7: , (2.19)
then
W(fi2) =2+ (Wt n) [ T du(a)| = /b(z;z>du<z), (2.20)
E) o) oD
Afiz)=2(1+r) (2.21)
5D
and, since
S(z) = 2/(:{;1(2))2 ( Z”_(zz))
E)»)
2
= [ wedt) (;75-55) s e
(oD)2
we get

- e 500
aDb 8D

| du@du) (bzi2) - bz w) | (2.23)

(91D)?
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Theorem 2.3 Let f € V(K) such that the corresponding signed measure p
has discrete part paisc of form (2.18). Then

Zz—

(al) 1im sup x(f; Z) = Omax »
D
(a2) 121381111131. x(f; Z) = Qmin »
(b)  limsup A(f; 2) = 4ptmax »
z—38ID

(¢) limsupo(f;z)=8max|uc(l — px)| .
2—90D kelN

Proof: Let f € V(K) with corresponding signed measure p. As usual we
write g = pdisc + Peont Such that (2.18) holds. Then ) |ux| £ K/2. Let
k=1

€ > 0 be given. Now choose n € N large enough that

oo
S ml<e (2.24)
k=n+1
and that the maximal value Iknea%ilpk\ = |pk, | is attained for kp < n.

Let us first consider (b). The integral on the right hand side of (2.21)
can be decomposed in three terms (z = re'?)

1) = [ tdu(e)

zZ—2
aD
i 1—7r = 1—7r 1-7
= + + / dp. T
kz::l“kz_zk kzzn;_lﬂkz-zk A 2 -z l‘ont( )
= Il(z) + Iz(Z) -+ Ig(z) . (225)

For I; we get by Lemma 2.1

. ion ) —meTy ifO=argzy (k=1,...,n)
}1_{1% L(re®) = { 0 otherwise

so that

lim sup Ih(2)] = max |p| = max|p] = pmax

by the choice of n and by Corollary 2.2. Thus it remains to show that I
and I3 tend to zero as r tends to 1. This follows for I from (2.24) and for
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I3 from the continuity of peont (see e.g. [18]), which finishes the proof for

(b).

(a): As above we have a decomposition (see (2.20))

1-Zz
#(f;z) = / po— du(z)
D
i 1—z2 > 1-Z2 1—%z
= Z#k £ + Z Hk 5 + / dll'cont(z)
k=1 B T S zZ— 2 5D z—z
= L) + Kz o+ K& |,
for which we conclude
. oy _ ) Te(1—2p) HO=arger (k=1,...,n)
}I—'Hi L(re”) = { 1 otherwise ’

and lini I(re'?) = lirri I3(re®) = 0, as |b(z; zx)| is bounded by 1 for z € D

and z € dD.

(¢): The same procedure shows that for lirri a(f;re’?) also the discrete part
r—

of p is decisive. a
As consequence we have

Corollary 2.3 Let f € V(K). Then

limsupA(f;z) =0 <= f is bounded and 3f(ID) is smooth .
2—0ID

Proof: By Theorem 2.3 the left hand side is equivalent to pgmax = 0, and
this obviously is equivalent to the fact that pgisc = 0, which by Corollary
2.2 is equivalent to the smoothness and boundedness of 8 f(ID). a

Moreover

Corollary 2.4 Let f € V(K) such that the corresponding signed measure
p has discrete part pgisc of form (2.18). If further pur 2 —1/2 (k € N) (in
particular, if f is univalent), then

f is bounded
f is unbounded
F(ID) has a vertex of inner angle zero

Vv A
I CICIINC
l

lim sup A(f; 2)
D

z—9
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Proof: By Theorem 2.3 the expression hm sup A(f; z) equals 4pmax. Let
—3ID

now first this term be less or greater than 2 Then by Theorem 2.2 f(ID) has
vertices of outer angles 2u;w (k € IN), and so is bounded and unbounded
respectively by the definition of a vertex at co. On the other hand, if it
equals 2, then necessarily there is a vertex which corresponds to pmax = 1/2
of outer angle w, which gives the result. a

Becker ([4], p. 414) conjectured that for f € § with Jordan domain f(ID)
the condition

limsup A(f;2) < 2 (2.26)
2—9D

implies that f has a quasiconformal extension to €. This conjecture is true
for functions of bounded boundary rotation.

Corollary 2.5 Let f € § have bounded boundary rotation. Then (2.26)
implies that f has a quasiconformal extension to C.

Proof: Suppose f € V(K). As f is univalent, by Corollary 2.4 condition
(2.26) implies that f is bounded. By Theorem 2.3 it follows moreover that
Pmax =: 2(1 — €) for some ¢ > 0. So for all vertices the relation |1 — az| <
2pmax = 1 — € holds, and therefore ¢ £ ax £ 2 —¢ (k € IN), so that
there is a vertex of smallest angle amin® = er and a vertex of largest angle
Omax™ S (2 —¢€)w. Because pur — 0 as k — oo there are only a finite number
of vertices with an outer angle near £x (i.e. an inner angle oy ~ 0 or
arm™ & 27), so that the local characterization of quasicircles due to Ahlfors
(2], see [34], chapter II, §8) shows that 8f(ID) is a quasicircle. O

Corollary 2.2 gives a one-to-one correspondence between the discrete part of
the signed measure p associated with f and the vertices of f(ID). Therefore
it is of some interest to decide what kinds of boundary smoothness are
typical for the parts of p absolutely continuous and continuously singular
with respect to Lebesgue measure. Here we get a partial result.

Lemma 2.3 Let f € V(K) with f(ID) = F and z = e'% such that f(zo)
is a point where the boundary curve f(e®) is analytic. Then the function m
associated with f by (2.11) is a C™-function in a neighborhood of 8.

Proof: As OF is analytic at f(20) the Schwarz reflection principle shows
that f has an analytic extension at zp. So in particular f is analytic in a
certain neighborhood U of 2y on the boundary of ID, and so is f/. We deduce
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that moreover f/(z) # 0 for z; = ¢ € U. Suppose the contrary, then f
has an expansion (a; # 0)

f(2)=ai(z—2)fF + az(z = ) + ...
for some k € IN, which leads to
k

zZ— 2

(4
?(z) = + H(2) (2.27)
with H analytic in U. By the identity theorem for analytic functions (2.27)
holds also in ID so that by Theorem 2.2 8f(ID) has a vertex at f(z;) (of
outer angle —kw), in contrast to the analycity. Therefore f/(2;) # 0, and so
k = 0in (2.27), i.e. f'/f is analytic at z;, and so is In(f'). In particular
arg f'(e'?) is in C* at 6; and so in U. By (2.15) the conclusion follows. O

From this we get

Theorem 2.4 Let f € V(K) with f(ID) = F such that OF is analytic except
at a countable number of points where OF has a tangent. Then the signed

measure p associated with f by (2.7) is absolutely continuous with respect to
AL :

Proof: If 8F is analytic everywhere, then by the Lemma m is in C*°([0, 27])
and dm = m/(0)d, where m’ in particular is integrable and its integral gives
m, so m and thus g is absolutely continuous. If there is at most a countable
number of points of nonanalycity on §f(ID), then — as there is no vertex
— m is the sum of the above constructed absolutely continuous part and
some continuously singular part meng With mg,, = 0 a.e.. Moreover my;,,,
is continuous in [0, 27] except of some countable set 2 by the Lemma. So it
has a unique continuous extension to [0, 2]\ @ which vanishes. Finally peing

must vanish as it is continuous in [0, 27] and its support  is countable. O

Similarly one gets if there are vertices

Theorem 2.5 Let f € V(K) with f(ID) = F such that OF is analytic
ezcept of at most a countable number of points where OF has a tangent and
a countable number of vertices wy = f(zr) of outer angle 2prm (k € IN).
Then the signed measure p associated with f fulfills g = paisc + Habs such
that (2.18) holds.

31



2.4 Convex functions

The results of the last section apply to convex functions. In this section we
shall show that in the special case of convex functions also corresponding

results for the terms sup x(z), inf »(z) and sup o(z) are available. On
zeD z€D 2€D
the other hand our results give analytic representations for amax, Qmin and

2ftmax. We remark that Pommerenke gave the following representation for
the maximal outer angle

In (Irrﬁx If’(z)|>

Qurnax B 11‘1_}2 ].Il 1—1-1'

(see [44], Theorem 1).

Theorem 2.8 Let f € K, then
(al) sup "(f; z) = Qmax =1,
z€D
in fact, (al) is equivalent to the convezity of f.
. SN _ ) 2(1 - amin) if f is bounded
(b) 1?3211]131) A(fi2) = dpmax = { 2(14+ amin)  if f is unbounded °’
(c1)  limsupo(f; 2) = Bpmax(l — tmax) = 2(1 —aZ;) .
2z—9ID
If furthermore f is unbounded, then

(a2)  inf «(f;2) = emin

(c2) supo(fiz)=2(1-a2;),
zelD

and amin 18 the angle of 8f(ID) at co.

Proof: (al): That this is equivalent to the convexity of f follows from
the fact that the universal linearly invariant family of order 1 is the family
of convex functions (see [46], Folgerung 1.1 and Folgerung 2.4). On the
other hand by Theorem 2.3 this is equivalent to the geometrical fact that all
nonsmooth boundary points of 8 f(ID) have interior angles less than = and
the existence of some smooth boundary point.
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(b): For convex functions and all k € IN we have p;, € ]0, 1], so that because
of the relation ay = |1 ~ 2u| the value ag, = omin is attained if the distance
of pr, and 1/2 is minimal. If f is unbounded, then pmax > 1/2, and this
value is easily seen to minimize the distance to 1/2. Otherwise also the
largest value pmax < 1/2 minimizes this distance, so that finally

Omin = |1 — 2fmax]| » (2.28)

which leads to the result by Theorem 2.3.
(c1): By Theorem 2.3 it follows that

hﬂ;%p o(fi2) = 8max|pue(l ~ pe)l - (2.29)

As pr > 0 (k € IN) and because that value of {ux} nearest 1/2 is pmax
we see that this value maximizes the right hand side of (2.29) implying the
result.
(a2): If f is unbounded, then 8 f(ID) has a vertex at co of angle ay 7 = amin™
with corresponding outer angle 2™ = 2pmax™.

Because f(ID) can be approximated by unbounded convex polygonal
domains with fixed angle a; 7 at oo, it is sufficient to consider those Schwarz-

Christoffel mappings with py = 1428 and ) pr = 152, Therefore we get
k=2
with (2.3) as |bx| =1 (k=1,...,n)

n n
#(fiz) = Z#kbk = #1+Z#kbkbl
k=1 k=2
i 1+a l-a
2 - ) M= 21“ 21-“:0‘1-
k=2

Theorem 2.3 shows that lim ai]Ill)f x(f; z) = a1, which gives the result.
Z—

(¢2): Without loss of generality consider the same unbounded convex poly-
gons with fixed angle ajr at co. Then by (2.6) and (2.3) we get

< }E‘_, #j#k[bj(z)—bk(Z)’2

5k=1

i Wi 1k (bj(z) - bk(z)) i

Jik=1

o(f;z) =

§2(1—

n

> pibi(2)

k=1

2) =2(1-x(f;2)?) S2(1- o) - (2.30)
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On the other hand by (c1) limsupo(f;z) = 2(1 — aZ; ), which finishes the
z—8D
proof. i

We remark that (c2) for unbounded convex functions is much stronger than
the result given in [27], Theorem 3, where the question was solved, which
convex functions attain the maximal value 2 for the supremum of the Nehari
expression.

We conjecture that the statement (c2) remains true if f is bounded,
because it seems to be true numerically. Moreover we conjecture that for
bounded convex functions 1é1nf) *(f;2)=0.

z

The statement (al) shows in particular that for the Koebe expression
the sup and the limsup coincide. We shall show in the sequel that for
convex functions the Koebe expression satisfies moreover a certain maximum
principle. Therefore we need the

Lemma 2.4 Let f(z) = z+ a22z? + azz3 + - - - be locally univalent. If the
Koebe expression »(f; z) has a local mazimum at zo = 0, then

1 a% 2
== 1+2
0 =gro(1+20af),

in particular

|3as — 203 = 1. (2.31)
Proof: Let ) .

F(r,0) :=re ™ — 5(1 - rz)F(reie)

and

G(’I’, 0) = F(r, 0) : F(’I‘, 0) = "(f; rei9)2 ’
then for a local maximum of x( f; 2) at the origin obviously

0G

| =0 (2.32)

r=0

holds for all 8 € IR. From

a_G—_:Q.Re (B_FF>

ar 8r
and ,
oF _ g 1o o i9<f_”) i0 i
o (r,0)=e 2(1 r*)e 7 (re )+rf,(re )
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we get therefore for all # € R the relation

Re {(e-“’ -~ %e“’ (;—7)’(0)) (%(0))} =0. (2.33)

This implies either a; = 0 — which leads to a local minimum of x(f;z) at
the origin — or, using the notations (p > 0)

2a; = (%(0)) =: pe'®

and

we get for all 6 € R
Re {(c050 —isinf — (cos @ + isinf)(z + iy))p(coscp + isingp)} =

p'Re{((l—z)cos0+ysin0—i((1+:c)sin0+ycosO))(cosgo+isin<p)} =

P (cos&[(l - m)cos<p+ysin<p] +sin0[ycos<p+ (1+ z)simp]) =0,

so that the coefficients of the terms cos # and sin # must vanish. This implies
the relations
(1—2)cosep = —ysingp, (2.34)

(14 2)sinp = —ycosep, (2.35)
from which we deduce by multiplication that
|b|2=zz+y2 =1,

and so (2.31). Now we substitute b = 2 + iy =: €'’ into (2.34) and (2.35)
and a short calculation gives the two equations

cos(¢ + ) = cose , (2.36)

sin(p + B) = —sin g, (2.37)
which finally lead to the unique solution 8 = —2¢ implying the result. O

The next lemma shows that only very special convex functions satisfy (2.31).
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Lemma 2.5 Let f € K. Then relation (2.31) implies that

t —t
__21
zZ—z z4+ 2

Tl,,(z) = - (2.38)

for some t € [0,1] and some z € 8D, in particular: f(ID) is either a half-
plane, a sector or a parallel strip.
Proof: X f(z) = z+ a2> + azz®> +--- € K, then p(z) = 1 + z-f&,'(z) =
1+ piz+pz?+-.-€P. So

|p2| = |6a3 - 4‘13' 2

with equality if and only if

p(z)—t<i+zz) (1 _t)(1+zz)

for some t € [0, 1] and some z € D (see e.g. [49], Corollary 2.3). This gives
the result. a

Now we have

Theorem 2.7 Let f € K. Then the Koebe expression x(f;z) satisfies a

mazimum principle, i.e. it takes its mazimum over each domain D which is

properly contained in D (such that its closure lies in D, too) at the boundary
of D. In particular: the function

1 "

K(r):=sup |-Z+ 5(1 — |2| )f

|z|=r

(2)

is monatonically increasing for r € [0, 1[.

Proof: We shall prove that for f € K a local maximum of the expression
#(f; z) can only occur at a point zo € ID if f(ID) is either a halfplane or a
sector, and in those cases the extremal value is attained at a curve joining zg
with the boundary, namely at a Steiner circle, i.e. the image of the segment
] — 1,1 under an automorphism of ID, which gives the result.

Suppose first that »( f; 2) has a local maximum at 0. Then by Lemma 2.4
(2.31) holds and by Lemma 2.5 f is of form (2.38). From this representation
one deduces that

r2

(e + )+ (1-0)(z-2)),

z——(l—rz) (z)—z+
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and especially for z :=rz (r €] — 1,1[) it follows that

1"

zZ- %(1 - rz)}-,-(z) =(1-2t)z.

So x(f; z) is constant on some diameter of ID, which was to prove. In the
case of a parallel strip (t = 1/2) the extremal value of x( f; z) obviously is a
minimum, so that this case must not be considered.

On the other hand, if »(f;2) has a local maximum at a point zo # 0,
then by Lemma 1.4 the information which we deduced at the origin can
be transformed by an automorphism w of ID, as the family K of convex
functions is linearly invariant. This gives the result. ad

2.5 Convex functions with vanishing second coefficient
Suppose, f,, has the special form (m € IN)
Fu(2) =24 amy12™ fapmpo2z™t2 4.0, (2.39)

then f,, — z as m — oco. Hence f,,(ID) tends to a disk in the sense of
Carathéodory kernel convergence (if f, are univalent). So it seems to be
plausible that the geometry of f,,(ID) will be restricted in some sense in
connection with the restriction of some analytic properties.

The next theorem gives a sharp version of these considerations in the
case of convex functions. Therefore we need the

Lemma 2.6 Let f < g and r € ]0,1]. Then
sup (1 - |2|*) |F(2)| £ sup (1 - |2*) |¢'(2)]
z€D, z€D,.

(see e.g. [49], p. 35, formula (4)).

Theorem 2.8 (see [23]) Let m € N and f,, € K of form (2.39). Then
AX(fmiz) £ ;‘:L-, and this result is sharp for the function G,, with

1

Gn(z) = A=y’

G(0)=0. (2.40)

By Theorem 2.6 this has the geometric consequence that for f,,(ID) hold

(a)  2pmaxt < %27&' s
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for m = 2 moreover

(b)  aminT 2 (1 - ;'21-) T,
and form 23

(¢)  fm is bounded.

Proof:  For a convex function of the given form it is well-known that

1
= —— 2.41
fm < (1 _ 2)2/m ( )
(see e.g. [16]). This statement is equivalent to In f, < In k' := —Z In(1-2),
so that by the lemma we only have to observe that
h" 2 1 4
sup(1 — |2|*)|—(2)| = sup =(1 — |2|? = —
sup(1 [#f")[37(2)| = sup =1~ <) 7=

For the function G,,, defined by (2.40), one gets, choosing z = r > 0, that

G" 2.pm-1 2.pm-1 (—1) 4

_|s12y [ Zm — _p2 - 3 =
(1 lzl) G;,n(Z) _(1 r)l_rm (1+r)1+7'+---+1‘m_1 ’
which establishes the statement about equality. |

We remark that the statements (b) and (c) are obvious geometrical facts for
m-fold symmetric convex functions, and the theorem generalizes these facts.
For convex functions with vanishing second coefficient we have as a

Corollary 2.6 Let f € K with as(f) = 0. Then either f is bounded or f
is unbounded and has a zero angle at oco.

Proof: Applying the theorem for m = 2 we get pmax £ 1/2. By the
geometrical interpretation as outer angle the result follows. ]

Finally we have the

Corollary 2.7 (see [23]) Let f(2) = z+ a22® + a32®> + --- € K with a3 =
az = ay = 0. Then f fulfills the Becker univalence criterion.
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2.6 Convex functions with angle ar at oo

In Corollary 2.6 geometrical conditions had been given for f € K with
as(f) = 0: either f is bounded or f is unbounded and f(ID) has a zero
angle at oco.

In this section we consider unbounded convex functions with given angle
at co and get results in the opposite direction.

For a € [0,1]let K(a) C K denote the family of unbounded convex func-
tions with inner angle ax at co. Obviously K(1) consists only of halfplane
mappings, so

z
1—22’

K(l):{feK‘f(z)z zGB]D}.

The family K(a) is a linearly invariant family of order 1.

The compactness of K shows that if & — 1 then f, € K(a) implies that
fo — f € K(1), and so |ap(fy)| — 1 for all n € IN. The following theorem
gives more detailed information for the second and third coefficients.

Theorem 2.9 Let a € [0,1] and f € K(a). Then

(@) loalf)|2 inf #(f ) = a,
(b) limsupA(f;z)=2(1+a),
z~+8ID
(¢} las(f) — ad(f)| S sup o(f;2) = 2(1 - a?) .
zeD

If 7(f;a) := |a3 (%%,’;—Jﬁ’a@)], w(z) = Tz—q_—tﬁgi and p = 42, then for
a > (V13 ~ 3) = 0.3027... furthermore

(@) laa()] 2 inf (£32) 2 3(u + 24 =3) = §(a + 3~ 1).

For all f € K holds

(€)  liminfr(f;2) = 3(3 - Sptmax + 8pfuax)

in particular for f € K(a)

(1) liminfr(f;z) = 33— 8u +8u%) = 3(1 + 207) .
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Proof:  The statements (a), (b) and (c) are obvious consequences of Theo-
rem 2.6. Let us now consider the absolute value 7(f; a) of the third coefficient

of the Koebe transform h := f—z']‘,'o;u;f)—‘,’:’—o()gl . If fis a polygonal function with an

angle ar at oo then without loss of generality y; = p and so f: pr=1—p.
k=2
By (2.2) - (2.6), and as |bg(a)| £ 1 (k= 1,...,n), we have

e~ Q)

6
1 '(1—1012)3f”’(a) - 63(1—|a|?)?f"(a) + 68°(1—|a|?) f'(a)
6 (1 - lal?*)f(a)

= ‘%(1 - |a|?)?S(a) + (—E+ %(1 - Ial?)%(a))

n 2
21; > ek (bi(a) - bk(ﬂl))2 + (Z l‘k”k(d))

7.k=1 k=1

Q| =

n n 2
> prbi(a)? +2 (Z #kbk(a))
k=1 k=1

n n n 2
pt S bl +2 (u2 +2p ) prbiby + (Z mJnE) )

k=2 k=2 k=2

(426 = (1 - ) - 4p(1 — ) - 2(1 - p)?)

(4u2+2#—3)=%(02+3a—1),

ot GO s QO]

3
which gives the result by approximation.

(e),(f): This is proved in a way similar to the proof of Theorem 2.3. O

We remark that the right hand side of inequality (d) tends to 1 as & — 1,
and so gives a rather sharp estimate for values of a near 1. The statement
(a) shows that K(a) is an example of a linearly invariant family for which

inf is bounded from below.
felIIé(a)lag(fﬂ is bounded from below

2.7 Close-to-convex functions

By K, Stp, Cin(B) and V,,(K) we denote the families of m-fold symmet-
ric convex, starlike, close-to-convex functions of order 8 and functions of
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bounded boundary rotation at most K=, respectively. It is easy to see -
either geometrically with the aid of the content of the introduction or ana-
lytically using the original developments (see [43] and [22]) - that in all cases
the corresponding functions from P and P are of the special form

p(z)=14cn2™ + C2mz2m +eoe (2.42)

Now we consider m-fold symmetric close-to-convex functions of order S.
Therefore we need the following

A2
Lemma 2.7 Letz € 8D, A ¢ R* and A’ < (1—1'*'_“’—;) / . Then A(h;2) £ A.

Proof: As we have lnh' < %ln 2z Temma 2.6 implies that

1-2z
R 1+ 2]
1-|z2)?) |— < —A,
s (1-1) [ (] 55
and so the result follows. . a

Now we have

Theorem 2.10 (see [23]) Let m € N, 8 > 0 and f(z) = z + amp1 2™ +
a2m+122 ! + ... an m-fold symmetric close-to-convez function of order .
Then M(f;2z) £ £ + 28, and this is sharp for the function F,, given by

(1+2m)P

/ e — ——
Fm(z) - (1 _ Zm)ﬁ+2/m 9

f(0)=0. (2.43)
Proof: Let f have the properties considered. Then there is an m-fold
symmetric convex function g, a complex number z € 8D and a function
p < Ll"'_&zz such that f' = g’ p®. Thus we have by Theorem 2.8 and Lemma
2.7 with p:= A/

A

2
7 (%)

g'/
?(Z)

Z(z)

sup(1 — |2|?) sup (1 — |2|*) + B sup(1 — |2]?)
ze€DD z€lD z€D

s L4,
m
For the function F,,, defined by (2.43), one gets, choosing z = » > 0, that

2.pm1

1—pm

2m - Tm—l (r—1) 4

— (1 _pnEmer 7 (1) 2
=(1-7?) +B(1- )T —~+28,

(1-12?

F7,
F‘(Z)
m
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which establishes the statement about equality. a

We remark that for m = 1 the statement is an immediate consequence of
the linearly invariance of C(8) because for f € C(B) one has »(f;2) <1+ 8
(see e.g. [46], Lemma 1.2), implying that

(112"
The theorem gives

Corollary 2.8 (see [23]) Let 8 < 1/2, m 2 4/(1 — 2B) and f € Cn(B).
Then f fulfills the Becker univalence criterion.

<2 ]—z+ - 1z12)?','(z) F2lSa+28.

}’,‘(Z)

For each close-to-convex function f we define the order of close-to-converity
ctc (f) to be the smallest number 8 such that f is close-to-convex of order

B, i.e.
cte(f) = inf{BeR* [feC(B)}

1 . Vi o " 6
= -= inf /Re (1 + re’ -f—,('re’ )) de
R &

(see e.g. [48]). If the order of close-to-convexity is not greater than 1, then
it has the geometrical meaning that the image domain is the complement
E of rays that are pairwise disjoint and whose symmetric sectors of angle
(1 —ctc(f))x liein E, and that such a representation does not exist for any
smaller number 8.

The next theorem gives a result on the Nehari expression depending on
the order of close-to-convexity.

Theorem 2.11 (see [26]) Let B€[0,1] and f€C(B). Then o(f;2z)<2+48
with equality if f has the form

() = Atz _
f(z)—ajz?)—ﬂ:‘f, F(0)=0.

Proof: We apply our result about the functional |ag—a3| (see [26], Theorem
3): for B £1and f € C(B) one has

6|as — af| = o(£;0) S 2+ 48.
As C(p) is linearly invariant this gives the result. o

The same procedure gives
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Theorem 2.12 (see [26]) Let 3 2 1 and f € C(B). Theno(f;z) £ 26%+48B
with equality if f has the form

)= 35 (Gfi)ﬂl” 1) |

Proof: Here we apply our result about the functional a3 — a%| (see [26],
Theorem 3) for 8 2 1. O

As here the sharp functions are of bounded boundary rotation (—- - 1) ™
we get furthermore by (3.28)

Corollary 2.9 Let K > 4 and f € V(K). Then o(f;2) £ 2(K? - 4) with
equality if f has the form

1 14 2\ K72
= = -1].
f2) = (( =)
Remark that this corollary had been proved by Lehto and Tammi [33], The-
orem 2, where also a corresponding result for K € [2,4] is given.
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3. Coeflicient results and extreme points

3.1 Successive coefficients of close-to-convex functions

Robertson conjectured in [51], that for f € C(1) with a representation (1.1)
and for all n,7 € Ny

[nlan] = jlajl | £ |n? - 3| = Indn - 545 ,

where A, are the coefficients of the Koebe function z/(1 — z)?, which would
make the result sharp. Leung [36] verified this conjecture.
In another paper [35], Leung proved that

|1an] — lan—a| | £ 1

holds for normalized starlike functions f € S5¢. Because a function f is
convex, if and only if zf’ is starlike (see (1.23) and (1.24)), this implies

|nlaal = (n = 1)lana] [ £ 1

for normalized convex functions f € K = C(0), and it follows by induction
that
|nlan] = jlasl |  In = j1 = Indn - j4;)

for n,7 € INg, where here A,, denote the coefficients of the convex function
z/(1 — z). Now we consider a similar problem for close-to-convex functions
of order 8.

Therefore we use the following lemma which is an essential result of
Brannan, Clunie and Kirwan [8], Aharonov and Friedland [1] and Brannan
[7] (see e.g. [563], Theorem 2.21). Furthermore we add the answer to the
question when equality occurs in their equations. This will be of some
interest in our further considerations. .

If f,g € A, then by f << g we denote coefficient domination, i.e.

lan(£)] £ lan(g)] (n € No).
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Lemma 3.1 aLet pe P, a>21and p*(2) = 1+ prz+paz? + -+ aThen
¥ << (ﬁ) . Equality holds for given n € N, i.e. |p,| = a, ((I—J'i) ), if

1—z 1-2

and only if
() p(2)=(H£)" (yeoD)

fora>1 and
k(3 }
(b): p(2)= kZ_Tl Mk (i%‘,ﬁ%) ) k; pe =1,

zkzy-e27rik/n, yea]D, l‘kzo (k:l,...,n). (31)
for a=1.

Proof: Let pe€ P and @ = 1. Then p < %‘_’7’ for some z € 8D and by
Brannan, Clunie and Kirwan’s modification of Herglotz’s theorem ([8], see
e.g. [53], Theorem 2.20) p® has a representation

r@) = [ (T22)

1-yz
D

with some Borel probability measure g on JID. Using the notation
14 zz\*
rier=o ((322))

Prn=an(p%) = / P, (z)y"du(y) ,
8D

we get

and so

lpn| =

/ P, (z)y"du(y)
oD

A

[ 1Pu(@)ldu(@) = |Pa(a)
te10]

ran= ((122))

Here the second inequality was proven by Aharonov and Friedland [1] who
showed furthermore that equality occurs for some n € IN only if 2 = 1. On

AN
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the other hand in the first inequality we have equality only if g is such that
the mtegrand has constant argument on the support of u. This implies that

b= Z bz, zx € 0D, pr 20, Z tr = 1, and so (3.1) follows.

For a = 1 it is easily seen that all those functions in fact give equality
implying (b). Let now @ > 1. Then by a result of Hallenbeck and MacGregor
[19], Theorem 8, it follows that nontrivial finite convex combinations of the
type (3.1) do not lie in P* which gives (a). 0

The next lemma is the main tool to solve the case of equality in the following
theorem.

Lemma 3.2 Let n € N, B > 0, p € P (k=1,...,n), let further
= ﬁ pf" and a:= Y P > 1. Then p € P,
k=1 k=1

14 2\¢
r<< (-l—_z) s (3.2)

and equality holds for some m € N, i.e. |an(p)| = am ((F_%)a), if and only
ifforallk=1,...,n

Pr(s) = 7

Proof: Consider N := {f€ A | f(0)=12and 0¢ f(ID)} as a real linear
space with the nonstandard addition and scalar multiplication (f,g € N,
AeR)

f®g:=f-g and AQ f:=f.

The functional L with L(f) = ai(f) is linear with respect to this linear
structure, and continuous with respect to locally uniform convergence. The
function py = E—z is the only solution of the extremal problem Re L(pg) =
max Re L(f) so that pp is an extreme point of P with respect to this non-

feP
standard structure.

Suppose now n € IN, B8 > 0, px € P (k=1,...,m), p= ]I pg" and
k=1

a = i Bx > 1. Clearly p'/* € P, and by Lemma 3.1 we get (3.2). Let
k=1

now |an,(p)| = am ((1—'1'-—) ) hold for some m € IN. Then again by Lemma

1-z
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3.1 we get that p(z) = po(zz), # € 8D as a@ > 1. On the other hand the
definition of p

po(2) = p(Fz) = f1 O P1(T2) B - - - D Bn O Pu(T2)

gives a convex representation of the extreme point py of P. So this convex
representation must be trivial giving the conclusion. O

Theorem 3.1 Let 8 >0, f(2) = z+ a2z + a323 +--- € C(B) and

2\ B+1 o
F(z) = 2(ﬂ1+ 0 (GJ_FZ) - 1) = ;Anzn. (3.3)

Then for all n,j € Ny for which n — j is even holds

[nlan] - jlajl | < Indn — 545 .
Equality holds for given n,j € INg if and only if f(z) = F(zz) for some
z € 0D.

Proof:  First observe that the result is sharp, because F € C(f). The proof
is on the lines of Robertson [51], Theorem 3. Let f be close-to-convex of
order B. By (1.36) there are h € St and p € P such that

Fla)= M2 g,

Because of an easy compactness argument we may assume that both f and
h are analytic in the closed disk. The function & is starlike, so that it is in
particular starlike in the direction of its diametral line (see [51]). Thus it
has a representation of the form

ONR®
z 1—¢22

for some ¢ € 0D and some g € P. From this we get
(1-¢22)f'(2) = o(2) - P(2) - (3.4)

Observe that (g p‘S)ﬁ € P. By Lemma 3.1 we get

2\ 148
27 << (EZ)H =(1-)F(2), (3:5)

47



and therefore
(1-¢P)f'(2) << (1 - 22)F'(2),

which is equivalent to the statement
|(n+ Dangs — {(n— Dan1| S (n+ )4y —(n—1)4n1 (r€N).

Finally we have

[(n+1)ant1—{(n—1)an|

|(n+1) lanal—(n =D lan-a] | S
< (n+1)App1—-(n—1)An_1 (neNN).

The general case follows from this by induction.

Now suppose that for given n,j € INg equality holds. Observe that the
family of functions f for which there is a representation (3.4) with some
(€D, pe P and ¢ € P is compact. So such a representation holds
for all f € C(B), and not only if A and p are analytic in the closed disk.
Therefore equality in (3.5) implies that the functions p and ¢ corresponding
to f coincide and are a certain rotation of %iif by Lemma 3.2. This gives
the conclusion. a

We want to remark that by induction this gives also a new proof for the
coefficient result (3.23) in C(8).

Whereas for 8 = 1 the fact that n — j is even is not essential as Leung’s
result shows, for small 8 it is. To prove this, suppose f is normalized by
(1.1),t € [0,1] and

1 1 1422)”
f,(z):(1_z)2.(t1tz+(1—t)1f;) .

Then obviously f € C(8) and

3az —2a; = 14+28+ 26t +28(8 — 1)t* =: H(t).

A simple calculation shows, that H takes its maximum value at an interior
point ¢ € ]0, 1[ if 8 € ]0,1/2[. For those values of 3 the theorem cannot be
generalized to odd differences n—j. On the other hand, we get for g = 1/2:

Theorem 3.2 Let 8 > 1/2, f(z) = z+ az2? + a32® +--- € C(B) and A, be
defined by (3.3). Then

[3las| - 20asl| < 345 - 24, = 1+ 28 +26” .
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Proof: Let f € C(f), then there are functions A(z)=z+c22%+¢323+- - - € St,
p(z) =14 prz+ p22% + .- € P, and a real number a such that

fl(z)= ll% et (cos a(p(z))ﬁ + isin a) . (3.6)

Since h is starlike zh'/h € P, and the second coefficient of zh'/h is bounded
in modulus by 2 (see e.g. [49]) implying

1
C3 — '2-63

<1. (3.7)

Comparing coefficients in (3.6) gives

2a; = ecx+e *“cosa(Bp),
. -1
3a3 = c3t+e Y cosa (ﬂp1€2 + Bp2 + ﬂ(ﬂ—2")'1’%) ) (3.8)
so that
2 . -1
3az — coaz = (c3 — 522) + e " cosa (ﬂ__p2162 + Bp2 + ﬂ____(ﬂ2 )p§> .
With the aid of (3.7) and |eg| £ 2 we get
p% G2 2
|3az — c2as] £ 1+ B|p1l+8|p2 - 5|t 7|P1|
2 2
S 1+8ml+8 (2— E)l—l-) +8 lp)?

2 2
where we used Lemma 5.1 from Chapter 5. It is easily verified, that if
B 2 1/2 then the right hand term has no maximum for |p,| € ]0,2[ so that
the maximal value is attained at |p;| = 2, and it follows again using |co| < 2
that

3las| — 2|ay| = S1+28+26°.

c
3a3 bt '32 . 20.2
On the other hand, if 8 > 1 then, using |az] £ 1 + 8 (see (3.23)), we have
2|az| - 3las| < 2lag] £2(1 4+ 8) <1428 +26%,
and if 8 € [%, 1], then the functions are univalent so that

lag| — |aa] £ 1
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(see e.g. [13], Theorem 3.11), implying
2|az| — 3as| < 2(|aa| — |as]) S 2 < 1+ 26 + 267,

which finishes the proof. m|

Whereas by the above result the functional |3|a3| —2|a2|‘ is maximized by the
function F defined by (3.3) for all 8 2 1/2, the same fails for the successive
coefficient functional ||a3| - |a2||. Here the odd function G defined by

22)8 ad
(O = CHECEES S N 9)
n=1

gives the functional a larger value if 8 € ]0, 1[. For § 2 1 we show now that
the successive coefficient functional is maximized by F which is stronger
than Theorem 3.2. For 8 = 1 this result contrasts that one in §:

I?Gagclla;:,[ - |a2|l =1.029... .

G is shown to give the maximum for |as| — |az] if B < 8/9.

Theorem 3.3 (see [26)) Let f(z) = z+azz?+azz®+--- € C(B) and A,, B,
defined by (3.3) and (3.9). Then

(a) forBz21
ool — la| < 45 - 4, = 514 28), (3.10)
(b)  and for B €[0,8/9]
|a3| - |a2| £B;s-B; = %(1 + 2ﬂ) . (311)

Proof: (a): At first we show
1
|as| - las] < 3(28° + ) - (3.12)

We use our results about the Fekete-Szegd functional |az — Aa3| (X € €)
(see [26], Corollary 1, Theorem 1 and Theorem 3): for 8 2> 1 and f € C(B)

hold

1
az — 5(1%

<32 +2), (3.13)
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0~ 2af| < 2(1+26), (3.14)
and 1
|as — a3| < 5(6% +26) . (3.15)
Equation (3.13) yields
1 1
las| — laa] £ |as — 43| + zlasl” — |a]
3 3
1 1 .
< §(ﬂ2 +26+2)+ glazl2 — |az| =: U(|az]) -

Because U defines a convex parabola, it takes its maximum value at the
boundary of its interval of definition. Furthermore the relation

Ullaal) = 5(26° + )
implies that |as| = 2 — B or |ag| = 1+ B, so that
Ullea) S 5267 +6)  for  laal€2-B 148, (3.16)

From this equation (3.12) follows if 8 2 2, because |az| £ 148 in C(B). Let
now A € [1,2[. Then with the aid of (3.14) we have furthermore that

2 2
las| — |az] < |as — Za3| + Zlaz|? - lag|
3 3
1 2
< 3(1+28)+ laal® —laz| = V(lag) . (3.17)

The same procedure as above shows that

V(ahs3@8+8)  for  laleli-p1/2+44],

which, together with (3.16), gives (3.12).
Now we shall show that

a2l — las] < 5(267 + )

which is trivially true if |ap| € [0,(282 + B)/3). This gives the result for
B 2 (V7+1)/2. For B < (VT4 1)/2 let now |ay| lie in the remaining
interval [(26% + B)/3,1 + B]. Then (3.15) gives

il

laz| — |as| |las|? — |ag| — |az|? + |az] S ‘a% - 03| ~ |aa|* + |ag|

IIA

S8+ 26) ~ laaf? + las| = W(laal) .
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W takes its global maximum at |az| = 1/2 which does not lie in the interval
considered. Thus, for |az| € [(28% + 8)/3,1 + B], W is decreasing, and it
remains to show that

W (287 + 8)/3) < 5287+ )

i.e. 362 + 68 £ (262 + B)?, which obviously holds for 8 > 1.
(b): We shall use the relations p := |p1| £ 2,¢ := |e2] £ 2, Lemma 5.1 and

the relation 3 1
3 — ch <1- Z|02|2 , (3.18)

which holds for starlike functions (see e.g. [25], Lemma). With notation
(3.6) and (3.8) we get

3
3(las|—lag]) < 3a3—§c2a2

— 3 2 —icx 1 1 2 :32 2
= (Cs—zcz) +e cosa(zﬂplcz + ﬂ(Pz—'2'P1) + 5 P

B,
+2p

2 1 14 B,
1—z+zﬂpc+ﬂ(2_§l’)+7p

1 1
+ 78pc+ B \Pz - Epf

3
Cc3 — ch

A

IA

2
c
1428 - —
+28 -
We shall show that H takes its maximum value for (p,¢) € [0,2]? =: @ at
the point (0,0) if 8 € [0,8/9] which gives the result.
Suppose there is a local maximum of H at (po, co) € ]0,2[%. Then

1 8 _
+ 7Bpc = S(1 - B)p* =: H(p,c).

0H

457 (Po, c0) = —2¢0 + fpo = 0 (3.19)
and 4 BH
5 p Porc0) = o= 4(1-Blpo=0. (320)

These both equations lead to

o1~
S

8
= - d -
B8 3 an <o
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so that H(po,co) = 1+ 28 = H(0,0). For this number § = 8/9 the line
¢ = $pin [0,2]? is a saddle line of H, and for other values of 8 a local
maximum of H does not exist.

Now we explore H on the sides of @. It is easily seen that on {p = 0}
and {c = 0} the value H(p,c) is not greater that H(0,0). Let now ¢ = 2.
Here

B

H(p,2)=28+35p~ g(l - B)p,
and for a local maximum pg € )0, 2[ it follows that po = T(TIZBT’ and so

Hio,2) = 28+ gl <1426,

where the last inequality follows because 8 £ 8/9. On the other hand,

¢t 1
H(2,¢)=1+28% - = + =fe.
4 2
For a local maximum ¢ it follows that ¢g = 3, and so
H(2,c0) = 1+ 267 S 148

for B £ 8/9 which finishes the proof. a

We are not able to show that |ay4| — Jaz| £ A4 — A3 for 8 2 1, but give a
weaker result in this direction.

Theorem 3.4 (see [25]) Let B 2 1, f(2) = z 4+ a22? + a32® + --- € C(P).
Then

loa] — laal| < s — 2, = L2252 4 9

Proof: First we use Lemma 3.3 implying that with f(z) = z + az2% +
azz® + ... € C(B) the function h(z) = z + b32z® + bsz® + .-, defined by
R'(z) = (f'(22))'/2, h(0) = 0, is an odd close-to-convex function of order
B/2. Now, because 8 > 1, we can use the coefficient domination theorem
for such functions (Theorem 3.5) and get

1 3 a3 (A+8), 22
- = _2 22l TP . .
|b7| = 2a4 20.2(13 + 2 | = 17 (,B + 28 + 6) (3 21)
For b5 we have ,
3 1, B°+268+2
—_ . K _
|b5| 10 as 3(12 > 10 . (322)




Now we get with the aid of (3.21) and (3.22) that

3
lag| — |az] = |ag— %a2a3+243 +%|02| as — %a% — |ag|
2
< %—ﬂ—)(ﬂ2+2ﬂ+6)+%lazlwfj—2)-—lazl
< W0 1op16)+ 2 105 0).

Because (8% + 28 — 2) 2 0 it follows now from |as| £ 1+ 8 that
1+
jadl ~ ool < T2 g2 1 25

On the other hand, for § 2 1

jan) —laa) < Joaf s $2B) 5. EEB) (2 4 o)

is trivially true. ]

3.2 Coefficients of symmetric close-to-convex functions

Brannan, Clunie and Kirwan had used their crucial result (3.1) on functions
in P to solve the coefficient problem for functions f € C(8), namely

oo (142
f << m (3.23)
(see [8], [7], [1] and [53], Theorem 2.29).

Here we generalize this result to m-fold symmetric functions. A first step
in this direction was done by Pommerenke [45] whose asymptotic results
give support to the conjecture that if 8 > 1 — 2/m, then the coefficients
of a function f € C,,(B) given by (1.2) are dominated in modulus by the

corresponding coefficients of the function F,, for which

(1+2m)8

(1 — zm)B+2/m’ Fo(2) =) 4a7". (3.24)

n=1

F (2) =

For m = 1 this is Brannan, Clunie and Kirwan’s result and for 8 = 1 it
had been proved by Pommerenke ([45], Theorem 3). The latter statement
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includes the truth of the Littlewood-Paley conjecture (see e.g. [13], section
3.8) for odd close-to-convex functions (of order one).

We shall now prove the above statement for § > 1 — 1/m, whereas for
0 < B < 1—1/m the statement is false as examples show, so that the
number 1 — 1/m is sharp. However, for 8 = 0, i.e. for convex functions, the
statement is again true, as was shown by Robertson ([50], p. 380).

Theorem 3.5 (see [29]) Let m € N, 21— 1/m and f € Cr(B). Then

(14 2m)#

, ——————————pp—
f < (1 _zm)ﬁ+2/m :

Proof: Let f be an m-fold symmetric close-to-convex function of order 8.
Then there exist b € St,,, and p € P such that

£y = 22 pp(amy

(see (1.36)). For h there is a representation of the form
z
h(z) = / —_——d .
(&)= [ G (3.25)
oD

(see [9], Theorem 3), where p is a Borel probability measure on the unit
circle. Thus we have

/ _ d.”'(z) m
() = / e P
_ du(z) 14 zzm\1/m m
- ./ (1 — 22z2m)1/m ) (1 - mzm) pﬂ(z )
8D
For fixed z € D the function

((1+:czm)1/m pﬁ(zm)) BTiTm e

1—z2m

is of the form (2.42) and lies in P. Therefore by the Brannan-Clunie-Kirwan
lemma (3.1) it follows that

1 m\ B+1/m
+2 ) , (3.26)

p+1
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because 8 + 1/m 2 1. Thus we get

d
10 = [ ok e 21)
oD
— = j—141/m mj j /m.m
- ST (aé 2 )dn(z))

X i /1 + zm\ BHL/m 14 z2m)8
<< (AT rrum e (LR QL

= 3 1—2m (1 — zm)B+2/m
i—14+1/m

J
ative. =]

because u has total mass one and all numbers ( ) are nonneg-

As the method used to prove Theorem 3.4 shows, this result is somewhat
stronger than the original domination theorem (3.23), especially the state-

ment that
1 nf2+1/2 nf2—1/2 e
InF1 (( n/2 ) + ( nf2—1 )) if n is even

9 n/2 e
m( n/2—1/2) if nis odd

holds for f € C5(1/2) and improves |a,| £n (n € IN) for f € C.

Because for all & € INg the numbers A; are nonnegative, it follows from
Theorem 3.5 that the functional | f(")(z)‘ is maximized over C,,(8) by F,,
forallne Ngand zeDif21~1/m.

Now we show that the result cannot be generalized to the case when
0 < B < 1—1/m, not even for the third nonvanishing coefficient. Therefore,
suppose f is normalized by (2.42), t € [0, 1] and

|aznt1| £

, 1 14 2™ 14 z2m A
fz) = (1= zm)2/m (tl—zm +(1_t)1—z2m) ’
then f € Cp(8) and
(2m+ 1)a2m+1 =28 (1+ (,3 - 1)t2) + 4—'5; + % (1 + —:—l) =: H(t) .

It is easily seen that H has a local maximum at the point ¢, = m,

which lies in the interval ]0,1[ if 0 < 8 < 1/m and is greater than the
corresponding coefficient of F,.
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On the other hand we shall show now that for m = 2 a certain linear
combination of the coefficients is dominated by F,, for all 8 > 0.

Theorem 3.6 Let 320, f(z) = z+ a3z® + as2® + .- € Co(B) and F,, be
given by (3.24) with m = 2. Then for alln € IN

(2n + Dlagnial + (2n — 1)]age—1] £ (2n + 1)Azn41 + (20 — 1) A2, -

Proof: Because f is odd a~nd close-to-convex of order 3, there is an odd
starlike function h and p € P with

h(z
Fla) =22 g2y
Because h is odd — and so h(ID) is symmetric with respect to the origin —

and starlike, it follows that for every { € 8ID there is a function g, € P such
that ’
h(2)

r4

(1-¢2)(1 + (2)—= = g¢(2%)

(see e.g. [13], p. 248, Lemma 1, and its proof). Thus we get

1+ 22
1— 22

1+
(1-¢*22)f'(2) = ¢ (2%) - (2°) << ( ) = (1+ 2 F,(2),

where the assertion about domination follows in the usual way with the
Brannan-Clunie-Kirwan lemma. This leads to

|(2n + 1agny1 — ¢3(2n - 1)a2n-1| S(2n+1)Asn41 +(2n - 1)agn_1 ,
which holds for all { € 8D and n € IN implying the conclusion. a
Also for all 8 = 0 a distortion theorem holds:

Theorem 3.7 (see [28]) Let 820, m € N and f € C,,(B). Then

(14 |z™)?
(1= [zlm)P+rm

|F'(2) £ Fr(l2]) =

and

1£(2)] £ Fin(lz]) -

57



Proof: Let f € Cp,(B). Then the function g defined by f'(z)= (g'(zm))l/m
is close-to-convex of order mf3 (Lemma 3.3 (b)). Therefore

1/m Zmym 1/m
@I |(gEm)"| s ((f_;l"%-}n—ﬁé—) = FL(12))

where we used the domination theorem for close-to-convex functions (3.23).
An integration gives moreover
|=|
</
0

|=|

1f(2)] = F(re®)| dr < / F' (r)dr .
0

[ rou
0

3.3 Coefficients of symmetric functions of bounded bound-
ary rotation

Here we extend the inclusion relation between functions of bounded bound-
ary rotation and close-to-convex functions

V(K)Cc C(K/2-1), K22. (3.28)

(see [53], Theorem 2.26) to m-fold symmetric functions. Using the corre-
sponding result for close-to-convex functions of the last section this leads to
sharp coefficient bounds for m-fold symmetric functions of bounded bound-
ary rotation at most K7 when K 2 2m. Moreover it shows that an m-fold
symmetric function of bounded boundary rotation at most (2m + 2)x is
close-to-convex and thus univalent.

Lemma 3.3 (see [29]) Let m € N, f(z) = z + a22% + a32®> + -+ and
h(z) = 2 + bypy12™F + by 122™ ! + -+« have the property
m 1/m
(z) = (Fz™) .
Then
(a): feVi(K) < heVy,(K)

and

(b): feCi(f) += heCn(B/m).
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Proof: (a): Let f € Vi(K). As

mfll(zm) _ 1 zhll(z)

fizm) K(z)’
we get h € V,,(K). The converse follows in the same way because for an
m-fold symmetric function of bounded boundary rotation the corresponding

functions with positive real part can be chosen to l)e of form (2.42).
(b): If f € C1(B), then there are g € K and p € P such that

fl(2)=g'(2)-P(2).

142 +

Now
W) = (FE)"" = ()" 2P = n(2) - pPm ).

The function g,, represents an m-fold symmetric convex function, because
of (a) — remember that K = V(2) — so that h € Crr(8/m). Here also the
converse follows from the fact that for an m-fold close-to-convex function
the corresponding function in P can be chosen to be of form (2.42). w

An application of the lemma together with (3.28) gives
Theorem 3.8 (see [29]) Let m € IN and K 2 2. Then

Vin(K) C O ((K/2 - i) Jm) .

Now the result of the last section can be applied and leads to

Theorem 3.9 (see [29]) Let m € N, K 2 2m and f € V,,,(K). Then

1K
1+ 2zm)m(z-1)
f, << ( +Z )1 12( .
(1 _ zm);(7+l)
This follows from Theorem 3.5. Observe that the result is sharp, because
the function F,, defined by (3.24) with 8 = (K/2—1)/m isin V,,,(K) as

1+z£é(2)_(£+1) kil (5 1) -
Foo " \aT2) 1-27n \4 2/ 1427°

For m = 2 and K = 6 we have the statement of the Littlewood-Paley
conjecture.
A further consequence of Theorem 3.8 is

Theorem 3.10 (see [29]) Let m € IN. Then V,,(2m + 2) consists of close-
to-convex and thus univalent functions.
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3.4 Extreme points of symmetric close-to-convex functions
and symmetric functions of bounded boundary rotation

As in Section 3.2 was shown, the function F,, dominates the coefficients
over Cp(B) for B8 2 1—1/m. F,, has a sector of angle (1 + )7 as Riemann
image surface. Now we show that for 8 2 1 the extreme points of the closed
convex hull of Cy,, (B) are exactly the functions with this geometric property.

Theorem 3.11 (see [28]) Let 8 2 1 and m € IN. Then an extreme point f
of €6 Cpn(B) has the form

v (1t zzm)P _

fl(z)= (1= yzm)p+aim ’ f(0)=0, =z,yedD, z#-y. (3.29)
Proof: Let f € Cn(B) be represented by f'(z) = &;Z - pP(2™), where
h € St,, and p € P. Then h has a representation (3.25)

h(z) _ dp(w)
z s (1 — wzm)?/m

with a Borel probability measure g on 8ID. Since § = 1 by Brannan, Clunie
and Kirwan’s modification of Herglotz’s theorem ([8], see e.g. [53], Theorem
2.20) p has a representation

14 zzm\8
() = / (m) dv(z,y),
(81D)?
where v is a Borel probability measure on (8D)2. Now by the argument

given in [8] (see [20], Theorem 5.11), we deduce that there is a Borel prob-
ability measure A such that

f(z)= /(1 d«i‘i’iﬁwm'/)(ifii )d v(2,y)= /O(I—T%Tﬁdk(z,y).

So an extreme point is a kernel function. For z = —y the kernel functions
are convex, in particular starlike, but they are not extreme in the family of
m-fold symmetric starlike functions (see [9], Theorem 3), which is a subset
of Cr,(B) for B 2 1, so that they are not extreme in €6 C,,(8). a

We remark that the method also applies to the family V,,(K) for K 2 2m+2
using Theorem 3.8, i.e. the inclusion relation Vx C C((K/2 - 1)/m) and
the fact that the functions (3.29) lie in V;,(K), so that we have
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Corollary 3.1 Letm € N and K 2 2m + 2. Then

@ Vin(K) = @ Co (K /2~ 1)/m)

3.5 Coefficients of functions subordinate to close-to-convex
functions

Brannan, Clunie and Kirwan proved the coefficient result for close-to-convex
functions of order 8. For 8 = 1 this is the result of the Bieberbach conjecture
which finally had been proven by de Branges [6] and holds for all univalent
functions f € §. De Branges’ theorem includes moreover the truth of the
Rogosinski conjecture which states that the same coefficient result holds for
all functions subordinate to some function f € §.

Now we consider the similar problem for close-to-convex functions of
order 8.

Theorem 3.12 (see [28]) Let 820, g < f and f € C(B). Then

/ . 1+ Z)'B
g << F':= —-———(1 Tl (3.30)
Proof: By hypotheses there are w € B, ¢ € K and p € P such that
g=fowand f'= ¢ - pP. This gives

§(2) = £ (w(2) -w'(2) = ¢ (w(2) -/(2) - p(w(2)) -

Now ¢’ (w(z))-w' (2) is the derivative of some function subordinate to ¢ € K,

zdu(z,y

Toun for some Borel prob-

thus having a representation of the form [
(61D)?

ability measure g (see [9], Theorem 5.21). Further g(2) := p(w(z)) lies in

P. So we have du(z,9)
") = zapz,y) B

(6D)?

Now the same proof as in Theorem 3.5 (for m = 1) leads to the result since
|z| = 1. O

We remark that this is the adequate form of a Rogosinski type conjecture
for close-to-convex functions of order #. Furthermore the theorem shows
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that the functionals 'f(")(z)l » (n €N,z € D) are maximized in Sub C(B)

by the function F given by (3.30).
Also there is a corresponding result for functions of bounded boundary
rotation by (3.28).

Corollary 3.2 Let K 22, g < f and f € V(K). Then

K_
o Atz

g TEEr =R

The following is a distortion theorem for functions subordinate to odd close-
to-convex functions.

Theorem 3.13 (see [28]) Let 8 20 and g < f € C2(B). Then

z|2)P
16'(2)] < Fy(l2]) = (—§%_—+,—'—|')g+—

and
lg(2)| £ Fa(2]) -

Proof: Let g = fow, w € B. Then ¢'(z) = f’(w(z)) -w'(z), and the

elementary inequality (1 ~ |2]?) |w/(2)] £ 1 — |w(2)[* (see e.g. [13], p. 918)
together with Theorem 3.7 implies that

, : 1+ w(x))’ _w'(2)]
lf (w(z))l Iw (Z)l s (1 — |w(z)|2) 1 lw(2)|2

<1+ |w(z)|2)ﬂ. 1
1-|w(2)]2) 1-|2*"

Now it follows from Schwarz’s Lemma that

l9'(2)]

ItA

14 |w(2)]® _ 1+ ]2
o S 7o = 2 (1)

because H increases as |z| increases, so that finally

(1+12*)f

7 E P Sl ladl BV /
,g (Z), = (1 — |Z|2)ﬁ+1 - F2(,Z,) .
The second statement follows as in the proof of Theorem 3.7. ]
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3.6 Extreme points of functions subordinate to close-to-con-
vex functions

The following lemma is the essential tool to get the extreme points of
€6 Sub C(B) from the extreme points of €6 C(f).
An analytic function f € A is called a BCK-function if each function
g < f has a representation of the form [ f(zz)du(z) for some probability
oD

measure g on JD.
[e 4
The well-known examples of BCK-functions (l—l't_%i) for |2/ £ 1 and
a 2 1 are due to Brannan, Clunie and Kirwan (see [8]).

Lemma 3.4 (see [28]) Let F C A be a compact family of analytic functions
f with f(0) = 0. If ET F consists of BCK-functions, then the extreme
points of €6 Sub F have the form g(wz) for some g € ETG F and w € D.

Proof: First we show that in the given situation an extreme point f of
©o Sub F must be subordinate to some g € ETO F (see [20]).

Let f € EcoSub F. Then by a general result of Milman (see e.g. [53],
Appendix A) f € Sub F, because with F automatically Sub F and coSub F
are compact (see e.g. [40], p. 365 - 366). So f = g ow for some g € F and
w € B.

Suppose now g ¢ E O F, then there is a representation

g=tgi+(1—-1t)g2, t€]0,1[, ;1,2 €TF, g1 # g2 .
By the Krein-Milman theorem g; 2 € €6 (ET6 F), so that

fizi=gig20w GE((EEF)ow) Cw(Fow)CT(Sub F).

So f = tfi+(1-1)f, is a proper convex representation of f within ¢6(Sub F)
which contradicts the assumption.

So we have f = gow with w € B, and ¢ € ET0 F. Suppose now there is
no w € 0D such that w(z) = wz, then, because by hypothesis g is a BCK-
function, it follows that f has a proper convex representation in Sub {g}
and so in Sub F, which gives the result. a

As a consequence we have

Theorem 3.14 (see [28]) Let B8 2 1, then an extreme point f of @ SubC(B)
has the form

_ w 1422z A+1
f(Z) = (ﬂ-’rl)(:ﬂ-}-!j) ((l—yz) - 1) y T,y wE 3]D, z 7£ Y. (331)
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Proof: For # > 1 it is known (see [20], Theorem 2.22) that an extreme

1
point of ¢6 C(fB) has the form (3.31) with w = 1. Because (%_':Z—j)ﬁ+
BCXK-functions, so is f, and an application of Lemma 3.4 gives the result by
an easy change of variables. a

are

We remark that the given argument implies the result also for 8 < 1 if the
corresponding extreme point result for C(8) is true.
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4. Results about integral means

4.1 Integral means

For f € A and r € [0,1] let

2 /p
My(r,f) = (51; / lf(re“’)l”do) (pelo, ), (4)
0

Moo(r, f) -

Il

max
#€[0,27]

f(re?)|

denote the p-th integral means. For p € ]0,00] let HP denote the family of
functions f for which My(r, f) remains bounded as r — 1.

M,(r, f) turns out to be a nondecreasing function of » and also nonde-
creasing as function of p. For f € H? the radial limit

f(€9) := lim f(re®)
r—
turns out to exist for almost all 8 € [0,2x] and is in LP([0, 27]), and

1/p

2
My(1, )= (-21; / |f(e*">|’”do) = lim My(r, f) . (4.2)
Q

The Littlewood subordination theorem states that f < F implies that
M,(r, f) £ M,(r, F) for all p € ]0,00] and all € {0, 1].

If the derivative f’ of some function f € A4 is in H? for some p € ]0, 0],
then so is f, i.e.
fe H® ifp21

. 4.3
feHd TF  otherwise (4.3)

feH = {

Moreover if f € § maps ID onto some bounded Jordan domain, then

f'e H' <= 08f(D)is rectifiable .
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For functions f which are in HP for some p € ]0, 0] we define the Hardy-
dimension of f by

dimg, (f) := sup{p €10,00] | f € H"} .

(References: [39], [12].)

4.2 Polygons

If f is a polygonal mapping normalized by (1.1), then by the Schwarz-
Christoffel formula (1.16) one has

n 1 n
/ = 0, & €3]D k:l,...,n y =1. 4.4
f (Z) };[1 (1 — 2kz)2“k k ( ) lg/‘l’k ( )

From this representation one can see at once that f' € HP? for some p > 0
(namely for all p < 1/2, see e.g. [20], p. 80), so that f/(e*®) exists for almost
all 8 € [0,27] and

27 2w
lin%/’f’(re"a)'p d0_—_/
0 0

For to get a sharp HP-result for a polygonal mapping f depending only on
the parameters of the Schwarz-Christoffel formula, hence on the geometry
of the image surface of f, we assume without loss of generality that p; > 0
(k=1,...,m)and vt := —pig4m > 0 (k = 1,...,n — m) and write y; :=
Ziym (B=1,...,m—m). Then

(e ds . (4.5)

n—m _ 2
IT (1 — ggz)**
k=1

n
1
f,(Z) = H =.\2 = m ?
P (1 — :ckz) i i (1 B E—Ez)z“k
k=1
and so
n—m
H 22uk
|7'(2)| £ = -
k=1 1=zl
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As ¥ v < Y |pk| = K we get
k=1 k=1
1
|f(2)] < 2K = . (4.6)

IT |1 — Zgz|*
k=1

By (4.5) we have to check the finiteness of

2m
de
/ _ . (4.7)
D 10— mme e

k=1

Therefore suppose without loss of generality that z; (k = 1,...,m) are
ordered successively on 8D and define (2,41 := 1)

d := min {dist(zx, 2x+1) | k=1,...,m} . (4.8)

Clearly d > 0 as the points x (k = 1,...,m) are isolated. (On the other
hand the value of d depends heavily on n and for all sequences (Zx)kemw of
unimodular numbers d — 0 as n — 00.) Now we decompose the integral
(4.7) in m components. Choose t;, := 3 (arg(zx) + arg(zx-1)) (k= 1,...,m)
and observe that

Il —ﬂeial = |e"0 - zkl > g (k=1,...,m) (4.9)

for 6 & [tk—1,tk], (tm+1 := t1). Now it follows for j = 1,...,m that

t]'+1

17 , 2
/ dé 3 (2)KP ]‘“ do - (2)1‘1’ /" do
- 2 T mEr s\3) T
I i 2P d / |1 —Z7ef|“H7P d J |1 —Z5eif |27

tj kH Il_ﬁe

=1
which is finite if and only if p < i So (4.7) is finite iff p < Eﬁ.—, where
Phax = max{pr | k=1,...,n}. This gives

Lemma 4.1 Let f be a Schwarz-Christoffel mapping. Then f' € HP for all
p< ﬁ, and this bound is sharp, i.e.

1
zﬂr-,r-nax )

dime(_f’) =
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Analogously one gets for 1/ f'

Lemma 4 2 Let f be a Schwarz-Christoffel mapping. Then 1/f' € HP for
all p < —1, and this bound is sharp, i.e.

. 1
dimy, (1/f) = -——7 -
Proof: The same procedure as above shows that 1/f' € H? for all p <

m where Vmax := max{vx | k=1,...,n —m}. By (1.17) it follows that

2max = — (1 — Omax)- O

4.3 Functions of bounded boundary rotation

For functions of bounded boundary rotation K7 we have the usual repre-
sentation (2.7)
" d 1
p(z)
O[5
oD

for some signed measure g with Lebesgue decomposition P = Hdisc + Hcont-
Then pgiec = Z prby, for 2 € 6D (k € N) and Z lex] £ K . Let now

€ > 0 be given and choose m € IN large enough that

[e 0]

> k| e (4.10)

k=m+1

and that the maximal value fyax = [tk | is attained for ko £ m. We write
Yk = Tk, (k> m) and get

lz B dﬂcont(z)
p=2 2 5 g [ denls),

k—m+lz_yk 5D zZ—2

For the last expression we write

—2/ ‘i’;%“‘f’) k”(z), (4.11)

so that an integration gives (without loss of generality f is always assumed
to be normalized by (1.1)),

fi(z) = H zkz)2uk H ykz)zuk'k,(z)'

k= m+1

68



Now we go on as in the case of polygonal functions. Suppose without loss of
generality that zx (k= 1,...,m) are ordered successively on 8D and define
(now set Z,,41 := 1) d > 0 by (4.8). Choose t; := % (arg(zx) + arg(zx_1))
(k=1,...,m) so that (4.9) holds for 8 & [tx—1,tk), (tmt1 :=t1).

Suppose now that k' = 1. Then it follows for j = 1,...,m that

tin1 tiH1 '
dé

0\ |P
o = /
/ )| ﬁ |1 —:c_e"0|2“"” . ﬁ |1_y——ew|2uw
% % k=1 k k=m+1 k
o Kr P o
< (5] -
Yooy e[ T et
’ k=m+1
ON / =
= o0 .
] PO - et
k=m+1

A

NEKr 7T do
(d) /|1 eze|2p(u:+5)

by (4.10) (for the last step see also [20], p. 80) which is finite if and only if
p< ﬂ}l}l—-ﬁf As € was arbitrary we see that f/ € H? for all p < 5 L where

max

pt,. = ir’leaﬁzl( pr as in the polygonal case. This gives

Theorem 4.1 Let f € V(K) with f(ID) = F such that 8F is linear except
of a countable number of vertices wy = f(zx) of outer angle 2urw (k € IN).
Then

dime(f/) = 2#;;“ (4.12)
and 1
dimy (1/f) = ——— (4.13)

The result given here holds also if the function k' defined by (4.11) is
bounded in ID. We conjecture that (4.12) - (4.13) hold for all functions of
bounded boundary rotation. Theorem 4.1 should be compared with results
of Warschawski and Schober who showed the validity of (4.12) and (4.13)
firstly for bounded univalent functions of bounded boundary rotation whose
boundary curves @f(ID) are furthermore of bounded arc length-chord length
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ratio and secondly for bounded univalent functions whose ranges have only
a finite number of vertices and for which some further technical conditions
hold ([56], Theorems 2 and 3). We remark that our result does not at all
depend on boundedness or univalence.

4.4 Convex functions with vanishing second coefficient

For convex functions the results of the last section apply. Moreover we get
for functions with vanishing second coefficient

Theorem 4.2 Let m € N and f, € K of form (2.39). Then f], € H?
for all p < 2. This result is sharp for the convez function f with f'(z) =

1

Proof: By (2.41) in the given situation f},(z) < 7)2; F'(z), so that
the result follows by the Littlewood subordination theorem as [(E0 z) € H?
forall p< =

For f/ (z) W = F'(2™) we have

27 2 27
/ )[” 4g ___/ F’(reimo)lpdo ___/ F’(re“’),pda
0 0 4]

where the last equation follows by the substitution § — m# and from the
periodicity of the exponential function, so that the result is sharp. 0O

As a corollary we have a generalization of Theorem 2.8 (c).

Corollary 4.1 Let f(z) = z + a2z + a3z® + --- € K with a2 = a3 = 0.
Then f' € H' and f(DD) has a rectifiable boundary.

Proof: The theorem shows that f/ € H'. As f is bounded by Theorem
2.8 (¢) (or by (4.3)) and f(ID) therefore is a Jordan domain, we get the
conclusion. a

We remark that the theorem is a special case of our conjecture as functions
of the given form satisfy 2p,,, £ 2 (see Theorem 2.8 (a)).
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4.5 Close-to-convex functions

Brown [10] showed that for f € C(B) one has M,(r, f') £ My(r,F’) and
My(r,1/f") £ My(r,1/F') for all p € ]0,00] where F is the generalized
Koebe function (3.3). We modify this to m-fold symmetric functions.

Theorem 4.3 (see [28]) Let 820, m € N and f € Cp,(8). Then
My(r, f') S My(r, F') (4.14)

and .
My(r,1/f') £ My(r,1/F") (4.15)

for all p € 10, 00] and r € |0, 1] where

(14 2zm)?

U e ——————e e,
F (Z) - (1 _ zm)ﬁ_l_z/m 9

F(0)=0. (4.16)

In particular: f' € HP for all p < m, i.e.

1

. '] > -

dim(7) 2 57

Proof: Let f€Cy,(B). Then the function g defined by f/(z)= (g’ (zm)) Hm

is close-to-convex of order mB by Lemma 3.3 (b). Therefore the result of
Brown implies that (z = re')

£

2w
do = / |F(2)[F 8,
0

2

[ireras- fireipas |
0 0 0

where F is defined by (4.16), which shows (4.14).
The same procedure gives (4.15). o

(14 zm)m#
(1 - zm)mﬁ+2

We remark that the result for § = 1 seems to be new even for starlike
functions. The Hardy-dimension for 1/ f’ which follows from (4.15) does not
depend on m and is so the same as for m = 1.

From Theorem 4.3 it follows
Corollary 4.2 (see [28]) Let 8 < 1, m > ﬁ and f € Cp(B). Then
f € H! and f(ID) has a rectifiable boundary.
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Proof: By the theorem in the given situation f' € H! and in particular
f € H®, so f is bounded. (This can be proved also purely geometrically:
with a boundary point the function omits a sector of angle at least (1 — @)=,
and because of the symmetry there are at least m symmetric sectors of the
same angle omitted. If the total angles exceed 27, then obviously f(ID) is
bounded.) By a result of Pommerenke ([48], Theorem 2(a)) close-to-convex
functions of order 8 with 8 < 1 have a continuous extension to ID, so that
f(ID) is a bounded Jordan domain. From f’ € H! it follows then that 8 f(ID)
is rectifiable. a

On the other hand the theorem implies

Corollary 4.3 Let 20, m € N and if B < 1 then m < 1—_2_5- Then for

f € Cn(B) we have .

B+2/m-1"

At the end of this section we give a sufficient condition for quasiconformal
extension.

dim, (f) 2

Theorem 4.4 (see [28]) Letf < 1, m > 'féﬁ and f € Cr,(B). Then f has
a quasiconformal extension to C.

Proof: As f € Cp(B), there is a representation f/'(z) = sz)- - pP(z) with
an m-fold symmetric function h € St,,. From representation (3.25) one gets
that

h(2) < 1
2 | = A= ey
so that
In | max |h(z
limsu (Iz|=rl ( )I) <2 < 1-8
r—1 P In 117 = m 2

whenever m > l—f—ﬁ-, and the result follows from a general condition on
quasiconformal extensibility for Bazilevi¢ functions due to Gall [15]. O

4.6 Weakly linearly accessible domains

A domain F is called weakly (angularly) accessible of order B (B € [0,1)) if
it is the complement of the union of rays, such that every ray is the bisector
of a sector of angle (1 — 8)x which wholly lies in the complement of F.
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Clearly this is weaker than the (strong) accessibility of order 8 as we do not
suppose that the rays are pairwise disjoint.

It turns out that a H? result for f (rather that for f’) is available from
this geometrical description, which depends on the following lemma.

Lemma 4.3 (see [24]) Let B € [0,1] and F be weakly accessible of order
B. Then for each wo € OF there is some sector S, of angle (1 + B)r with
vertex in wqo such that F C Sy,.

Proof: Let wo be an arbitrary boundary point of F. By hypothesis C \ F
is the union of sectors of angle (1 — 8)x, and so wp lies in one of them.
By a parallel motion we find a sector lying in € \ F with vertex wo whose
complement S, is the sector searched for. O

From this it follows

Theorem 4.5 Let S € [0,1], me N and if B < 1 then m < ﬁ Then for
an m-fold symmetric weakly accessible function f of order § we have

1

dim, (f) 2 Br2m-1"

Proof:  From the lemma it follows that f(ID) lies in some sector of angle
(1 + B)m with vertex at some boundary point wo € 8f(ID). From the m-
fold symmetry it follows that the same holds m-fold symmetrically, so that
f(ID) C a- F(ID) for some a € (D whe.re F'(z) = (%—%?%F’ F(0) =0, and
so f < a- F by the subordination principle. The Littlewood subordination
theorem then implies the result. a

The proof shows that the result is implied by the geometry of f(ID). For
close-to-convex functions the statement was deduced from the corresponding
result for the derivative in Corollary 4.3.
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5. Functions with positive real part

5.1 Uniqueness statements

It is an easy consequence of Schwarz’ Lemma that p € P implies |p;| £ 2
with equality iff p(z) = 322 (z € 8D). This includes the uniqueness
statement that

14+ 22

1—zz'

PEP, ;=2 (2€0D) = p(z)=

We shall now give a generalization of this statement.

Theorem 5.1 Let p(z) = 1+ p1z + p222 4+ --- € P and n € IN. Suppose
that for allj = 1,...,n holds

pi=23 tizl, Siti=1, >0, 2, €D (k=1,...,n), (5.1)
k=1 k=1
then (5.1) holds for all j € N, i.e.
e 1+ a:kz>
p(z) = ;tk (1 —zrz)

Proof: The proof is an easy consequence of the Carathéodory-Toeplitz-
Fejér theory on positive harmonic functions. Observe that

2 p D, - Py

2 D, o Do
D, = |P P 2 - P,

i,-n_ pn—l pn—2 T 2
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23t 2y te, 23tz 23 te,
k=1 k=1 k=1 k=
n n n n —t
267 23t 2y te, - 23t
k=1 k=1 k=1 k=1
n — n n n 2
= |2 =, 23X t7T, 23t 23 te,
k=1 k=1 k=1 k=1
&, T =y ” P 2
23tz 23tz 23tz 23t
k=1 k=1 k=1 k=1
2 n
1 =2 = z,
z, 1 z, :c::_l
n n+1 . )
= (2 Z tk) Zi E 1 :ck = 0 ,
k=1
T 1 n3
T oz, z, R |

as the last determinant vanishes for all £ = 1,...,n which is easily seen by
induction. So by [11], Theorem VI, it follows that D; = 0 for 7 > n, which
establishes the result. m]

In particular we have

Corollary 5.1 Letp(z) = 1+p1z+p222+--- € P with p, /2 € D arbitrarily.
Let furthermore t € [0,1] and z,y € 4D such that py = Q(ta: +(1- t)y) (in
fact for each t € ]0,1[ such a representation ezists).

If now p, has a representation ps = 2(t22 +(1- t)y2), then p is uniquely

determined and
p(z):t(1+zz)+(1—t)(1+yz> . (5.2)

—-zz 1-yz

The functions of form (5.2) are the extremals also for the next problem.
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Lemma 5.1 Let p(z) = 1+ p1z+ p22> +--- € P. Then

1
<2-slml (5.3)

1
‘Pz - 510%

with equality if and only if p is of form (5.2) for some z,y € 0D and
te0,1].

Proof: For p(z) =1+ pi1z+p2z®+--- € P wehave w(z) := 1. % =
wo + w1z +wez? 4 --- € B, and it follows that |w;| £ 1~ |w0|2 with equality
if and only if w(z) = wz'sz{_-i_E_az for some w € 6D and a € ID (see e.g. [17],
Kapitel VIII, Satz 2). This inequality is equivalent to (5.3). If equality
occurs in (5.3), then

(o Ltz LT R 14 s@tete) 4 wts?
P2 =9 w(z)  1-— wZZTZ__ﬁ% T 14 2(@—w?a) — w222

1 + wz(2 Re aw) + w?2?
1 — wz(2i Im aw) — w222’

and so by writing b := aw it follows

14 2(b+b) + 22
1—2(b—b)— 22~

p(wz) = (5.4)
Obviously there is no loss of generality to show the result for the rotated
function p(wz).

Observe that the zeros of the denominator of the right hand fraction in
(5.4) (as well as the zeros of its numerator) have unit modulus. So we have
the partial fraction decomposition

_ 1+2(b+b)+ 2% A B
#(®2) 1—-z(b—3)—z2_—1+1—:cz+1—yz
—142(b—b)+ 22+ A(1 — yz) + B(1 — z2)
= = (5.5)
1—2(b—10)— 22

for some z,y € 8D with (1 — z(b —b) — 22) = (1 — zz)(1 — yz). Equating
the coefficients of denominators and numerators leeds to the equations

zy=-1, (5.6)
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e+y=>b-0, (5.7)
A+B=2, (5.8)
yA+ 2B =-2b. (5.9)
From these equations we conclude (using that y € 8ID) that

gd 82 _95_opCLLEY o130 4),

and so

and by (5.8) it follows further that
p=20ty)
y+y

As Imy = Im b by (5.6) and (5.7), and as Reb < Rey = /T — (Im b)? we
get finally that

Red
A=1-
Rey
and Reb
e
B=1
+Rey

are nonnegative real numbers whose sum is 2. Setting now ¢ := % € [0,1],

we get from (5.5)
_ 1+ 22 1+ yz)
=1t —
o) =t (7o) +(1- 1) (722

as desired. On the other hand a calculation shows that the functions of form
(5.2) with 2,y € 0D and t € [0, 1] give actually equality in (5.3). )

We remark that Corollary 5.1 also follows from Lemma 5.1.

5.2 The coefficients of the logarithmic derivative and an ap-
plication '

In the Introduction we gave a dense subset of P. As an application of the
solution of the coefficient problem for the logarithmic derivative we get a
family of inequalities for sets of consecutive points on the unit circle.
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~ ! o0 ,
Theorem 5.2 Let p € P and z%(z) = Y ;2 . Then for all m € N we
i=1

have |1m| < 2m, and this is sharp as p(z) = L2 for € 0D shows.

1—-gzm

Proof: Let p € P. Then there is a number z € 8D such that p < 11%’”;-, 80
that Inp < In (1 + zz) + (—In(1 — 2)). The last function on the right hand
side has the expansion

o Lk
G(2):=-In(1-2) = Z—k— ,
k=1

so that for each g < G and each m € IN holds
lan(9)] £ a1(G) =1, (5.10)

as the coeflicients a,,(G) form a decreasing and convex sequence of positive
real numbers (see e.g. [39], Theorem 216). For f(z) < F(z) :=In(1+ zz) it
also follows that

lam (£l £ a1(G) =1 (5.11)

as F(z) = —G(~zz) and so we have (with some w € B)
lam(1n.p)| = lam(F o w) + an (G o w)| £ lam(f)] + lam(g)l = 2,

implying the result. For the function p(z) = Ltzzn oquality holds as is easily

T lexz™

verified, which finishes the proof. O
Applying the theorem to the dense subset of P of Lemma 1.3 leads to

Corollary 5.2 Let n € IN be given and zx,yx € 0D (k=1,...,n) have
the property

arg ey <argy <argzy <argys <---< arge, <argy, <argze;+2=,

then for allm e N

T
Y. (= —yp)| S2m.
k=1
Equality occurs for givenm € N ifn =m, ¢ = e2mik/me. and y, = e/ May

(k=1,...,m) for some 2o € OD.

We remark that for m = 1 the Corollary is a statement about the sum of
the lengths of the vectors zx — yi, which can be proven also by geometrical
means. In this sense Corollary 5.2 is a geometrical statement.
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