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In this article we present new results for families of orthogonal polynomials and special functions,
that are determined by algorithmical approaches. In the first section, we present new results,
especially for discrete families of orthogonal polynomials, obtained by an application of the cele-
brated Zeilberger algorithm. Next, we present algorithms for holonomic families f(n, z) of special
functions which possess a derivative rule. We call those families admissible. A family f(n,z)
is holonomic if it satisfies a holonomic recurrence equation with respect to n, and a holonomic
differential equation with respect to z, i. e. linear homogeneous equations with polynomial coef-
ficients. The rather rigid property of admissibility has many interesting consequences, that can
be used to generate and verify identities for these functions by linear algebra techniques. On the
other hand, many families of special functions, in particular families of orthogonal polynomials,
are admissible. We moreover present a method that generates the derivative rule from the holo~
nomic representation of a holonomic family. As examples, we find new identities for the Jacobi
polynomials and for the Whittaker functions, and for families of discrete orthogonal polynomials
by the given approach. Finally, we present representations for the parameter derivatives of the
Gegenbauer and the generalized Laguerre polynomials.
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1. HOLONOMIC FUNCTIONS

Let K[n, z] denote the polynomial ring over KK in the variables n and z, and K(n, z)
the field of rational functions over IK where KK is one of Q, R, or C.

Many special functions can be looked at from the following point of view: They
represent functions f(n,z) of one “discrete” variable n € Z, and one “continuous”
variable z € I where I represents a real interval, either finite I = [a,b], infinite
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(I =[a,00), I = (—00,a], or I = R), or a subset of the complex plane €. In the

given situation we may speak of the family (fr ),z of functions f,(z) := f(n, z).
Such a family is called a holonomic system if f,(z) satisfies a holonomic recur-

rence equation with respect to n, i. e. a linear homogeneous recurrence equation

m

> pe(n.z) fni(z) = 0 (1)

k=0

with polynomial coefficients py € K[n,z), and if it furthermore satisfies a holo-
nomic differential equation with respect to «, 1. e. a linear homogeneous differential
equation

m
S ae(n,2) £ (@) = 0
k=0
with polynomial coefficients g; € K[n, z].
As an example, the Legendre polynomials f,(z) = P.(z) satisfy the holonomic
recurrence equation

nfﬂ(z)"i"(l—2n)zfn—l(z)+(n—l)fn—Z(z)=05 (2)
and the holonomic differential equation
(2% = Df(z) + 22 fn(z) = n(1 + n)fa(z) = 0. 3)

Therefore they represent a holonomic system completely determined by the two
holonomic equations, and the initial values

f0(0)=1, f1(0)=01 f(l)(O)ZO’ f{(O):l.

In recent work, Zeilberger [36] introduced holonomic systems (in a more general
setting) and showed how by an elimination process the holonomic equations can be
used to verify identities for holonomic systems. We will give a rigorous introduction
to this approach in Section 8.

In [37]-[38], Zeilberger published an algorithm which calculates the holonomic
recurrence equation for functions X(n) given as infinite sums

Z(n) = Z F(n,k)
keZ
for which F(n, k) is a hypergeometric term with respect to both n and k, i. e.

F(n, k) F(n,k)
Fin—1,8)  F(n,k—1)

€ K(n, k)

are rational functions with respect to both n and &, n is assumed to be an integer,
and the sum is to be taken over all integers £k € Z. For a rigorous description of
Zeilberger's algorithm, see [21].
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Typical examples to which Zeilberger’s algorithm applies are given by generalized
hypergeometric functions , Fy

az - o (ap)k g
F, E Arz E ;
P ( by b ) < 2 b1 - (b2 NN

(a)e = E%i;il denoting the Pochhammer symbol or shifted factorial, with upper
and lower parameters a;, and by that are integer-linear in n.

n [15], an extension of Zeilberger’s algorithm was given covering generalized
hypergeometric functions with rational-linear parameters. Many examples are con-
sidered in [15].

An application of Zeilberger’s algorithm to the hypergeometric representation

-1 n+1 % k
! l1-z s(n+ ) [1—2
P"(z)zzFl( ) Z k'2 < 2 )
1

=0

of the Legendre polynomials ([1], (22.5.48)) yields (2), again.

As soon as a hypergeometric representation is known, the holonomic recurrence
equation—often being a three term recurrence equation, see [1]—of any family of
special functions can be obtained.

In some instances, however, those holonomic recurrence equations are not known.
This is the case, for the Whittaker functions My m(z) and Wy m(z) (see [1], § 13.4)
with respect to their second parameter m, and for some families of discrete or-
thogonal polynomials (see [25)]): the Krawtchouk polynomials kgp)(:t, N), the Hahn
type polynomials h(a’ﬁ)(z N), the discrete Chebyshev polynomials t,(z,N), the
Meixner polynomials m('y’“)( ), the discrete Laguerre polynomials l&”"’)(z) ([22]-
[23], see [8], § 3.1) and the Charlier polynomials c(")( ). The next theorem states
these results, and we give fr4; in terms of f, and f,—;.

Theorem 1. The Whittaker functions My, m(z) satisfy the holonomic recurrence
equation

(14 2m)m(4m? — 1 - 2nz)(m + 1)
z(2m —1)(2n 4+ 1+ 2m)(2n — 1 - 2m)

Mymyi1(z) = 16 My m(z)
(m + 1)m(1 4 2m)?

_16(271 +142m)(2n —1—2m)

Mn,m-—l(z)

with respect to the parameter m.
The Whittaker functions Wy m(z) satisfy the holonomic recurrence equation

4m(4m? — 2nz — 1)
Gm-D@Em+i—2n) "

Wn,m+l(z)
4)
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(L+2m)(2m+ 2n - 1)z
(2m-1)(2m+1-2n)

Wn,m—l(z)

with respect to the parameter m.
The Krawtchouk polynomials ks,p)(z,N) satisfy the holonomic recurrence equa-
tions

-n+2np—Np+z

) (L=n+ M= Dp e ®
kn+1( N)_ 1+n k ( N)+ 1+TL kn (.’L‘,N),
N-z n~1-2N4+p+Np+z
Pl Nobl)= —— = k(g N=1 JA6D)
- ~Np—
kP (z +1,N) = =Dz EP)(z - 1,N) + n-Np=z+2pz EP)(z, N)

p(N —z) p(z = N)
with respect to the parameters n, N, and z, respectively.

The Hahn type polynomials hsla’ﬁ)(x}N) satisfy the holonomic recurrence equa-
tions

N+n)(n+a)(,3+n)(a+2n+2+B)(n+a+,3+N)h(aﬁ)

h(a B) N _( ,
n1 (@) (n+D(n+1+a+pB)(a+2n+43) (2.)
+(2n+4nrﬂ+4zna+ﬂ+a—aNB—?nNﬁ+zaz—na2+,82——Nﬁ—2Nn+2zﬂ
(5)
+4zn+3n8+2n°— INn? +4zn? +n?8—an’ -~ NB%+z8%+nB2 +na—2aNn
Rozf+al+2za aN) o 1)(n+1+a+ﬁ)(a+2n+ﬂ) (:L' Ny,
N)
ety Ny — —(@tretBtnt he-18)(, N
a+2a24+2aB8+3an+8n+n?+ N+2aN+BN+2nN—(1+a+5+2n)z (@.8)
- P (2, A
l+a+B8+n)(-a—N+2)
N)
Bt (g, Ny = - LIt B4+ N) y@p-n, v
2
1+a+2ﬂ+2aﬂ+2ﬂ +2n+an+38n+n?+8N+(1+a+8+2n)z hS,"v"(z,N),

l+a+B8+n)(l+8+1)

(a+B+n+ N)N-1-

) (a,ﬁ)‘,B -
W-na-N+a = @GN~

RO (2, N +1) =
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(a+B+n+an+fn+n?+N—2aN—BN—2N*+ (a+4+2N)x
VN —n)~a-N+2)

+ RS (2, N),

z(—a— N+ 1)

(@8) (g —
ETED T ED L)

BBz +1,N) =

(6)
1+[3+n+an+ﬁn+n - N - ﬁN+(2—a+ﬁ—2N):c+2x h("ﬁ)( N
(N-1-2)1+8+1)

with respect to the parameters n,a, 8, N, and x, respectively.
The Meizner polynomials m(7 “)(z) satisfy the holonomic recurrence equations

, l—y—n)n yu+n+pun—z 4+ puc
mie) = B0 - m{e),

—“l1+7+n -

) = g e
l—2y+yp—ntpn—z+pr o,

+ m{y#)(z),
- DG+ 2) )
) = 1% (e TR-NEURF T PT ()
IR +]) = 1R (e - 1) 4 TR IR mw(e)

with respect to the parameters n,7, and x, respectively.

The discrete Laguerre polynomials lgf’a)(z) satisfy the holonomic recurrence equa-
tions

l(Pa)() a+nl(ﬂ0‘)( )+1+n+ap+np_w+PIlslp,a)(z)’

ntl 14n ! l+n
+n —2a—-n+ap+np—zc+px
(pat1) - @ 1ee=Dg) + (o)
e D CED A (b= Da+2) )
1-— —l—-n4ap+npt+z+px
1(p,2) ) = ——— (e -1 ipsa)
O e LA o )

with respect to the parameters n,a, and z, respectively.
The Charlier polynomials c(“)( ) satisfy the holonomic recurrence equations

n -‘|~Tl—£L'
i) = -~ (@) + 2 (),
7 7
Bz +1) = —EC%“)(I-I)‘*'L_‘Z—HCW(%)

with respect to the parameters n, and x, respectively.
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Proof. Zeilberger’s algorithm generates the results when applied to the hypergeo-
metric representations
z)

1/24m-n

Mo m(z) = e™"/? /My
1+2m

(1], (13.1.32)),

(28], (2.7.11a)),

B9z, )

_(‘l)n(N"-T—”)n(ﬂ‘*'l“}'l)n F -n, -z, a+N-=¢
B n! 3\ N-z-n, -f-z—-n

1)

(=D (N —n), (8+ 1)n m(m T a+8+n+1 .
nl 32 B+1, 1-N ,

1
1_'/;) ) (9)

1
1- ;) ) (10)
="

c%“)(:c)=zFo(—”) —:c]—l/,u): o (z‘—n+1)n1F1<_z__:lz+1\/‘>,
(11)

(compare [25], (2.7.19)),

-n, -z
m ¥ (2) = (V)n - 2F1
y

(see [0], 10.24 (9), [25], (2.7.13)),

-n, —z+1

n!

‘a1 '3
1)) = S mi R (e -1) = S(14a),. zFl(

a+1
(see [35], (2.18)-(2.20)), and

(125], (2.7.9)).
For the Whittaker functions W, m(2) the recurrence equation is obtained by a
different method. Since by

T'(—2m) T'(2m)

Wn,m(cc) = m Mn,m(w) + m;—n) n,_m(:c)
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([1], (13.1.32)) Wy m(z) is represented as sum of products, the recurrence equation
can be obtained from (5), and the recurrence equation of the I' function (see [29],
[36], [20], [28)).

We note that similarly, one can obtain holonomic recurrence equations for the
Hahn type polynomials ﬁ&”’”)(x,N) (see [25), §2.4), and pa(z,B,7,8) (see [9],
§ 10.23).

Note further that some of the above recurrence equations have appeared in the
literature. Relation (6), for @ = 8 = 0 is a recurrence equation for the discrete
Chebyshev polynomials t,(z, N) = h%o’o)(x, N) (compare [9], 10.23 (10), and [25],
§ 2.4), and can be found in ([9], § 10.23, (6)).

However, these relations nowhere appeared systematically. The important issue
of our presentation is its algorithmic content: All given representations can be
calculated by a computer algebra system, by implementations in MATHEMATICA
([26] and {17]), REDUCE [16], and MAPLE [15]. Note that in our MATHEMATICA
implementation [17] all the partial algorithms mentioned are applied completely
automatically.

2. APPLICATION TO FEYNMAN DIAGRAMS

Zeilberger’s algorithm can be applied to find hypergeometric identities (see [17]),
and as shown in the last section, to find three-term recurrence equations for families
of orthogonal polynomials.

Here, we give another application: In ([10], see Equation (31)) the hypergeometric
function

+B+y—d/2)T(d/2=7)T(a+y—d/T(B+7~-d/2)
T(a)T(B)L(d/2)T (o + B + 2y — d)MFFFY=d
(12)

Vi By) = (—)etr e

a+B+y-d, at+v-4d/2
“Fl( atB+2y—d z

plays an important role for the calculation of certain Feynman diagrams. It is of
both theoretical and practical interest that V(«, 3, v) satisfies three-term recurrence
equations with respect to o, 8, and v. Zeilberger’s algorithm yields

Theorem 2. For the function V(«,8,7), given by (13), the recurrence equations
0 = (2a—d+29)(2a+28-d+27) 24+204+28-d+27) V(a,8,7)

—2a(242004+28—-d+2y) M (—20=28+2d— 47422+ 4az+ 282 —3dz+4v2)
xV(l+a,6,7)+8a (1+a) 1+a+F~d+7) M? (~1+2)

xzV(2+ea,8,7),
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0 = (28-d+27)(20+28-d+2v)(2+2a+28-d+27%)
V(e,8,7) =28 (2+20+28-d+27)
XM(~2a—-20+2d-4y-22z-2Fz2+d2) V(a, 148,7)

+88(14+8) (1+a+8-d+7v) M%:V(a,2+8,7),

and

0 = (2a—d+2y)(24+a+8-d+2y) (28—-d+27) 2a+28-d+27)
X (24204+28—d+27) V(a, 8,7) + 2(2—d+27) (1+a+B—d+2v)
X (242a+28—d+2v) M(~4a—20? -4~ 403 —26° +4d+4ad+45d
—2d>—8y— 8ay—8By+8dy— 8y 4+ 2024282 +20824+28%2—2dz—adz—38dz
+d?z+Avz+dayz+48yz —Adyz+4742 )V (e, B, 149) + 4 (1+7) (1+a+8-d+
x (2—d+27) (4—d+27) (a+B8-d+2y) M*2*V(a, 8,2+7)

are valid.

3. ADMISSIBLE FAMILIES

In this section, we present yet another approach for holonomic systems of a special
type, which gives us the opportunity to generate identities other than holonomic
recurrence equations by linear algebra techniques.

We assume that a holonomic system satisfies a derivative rule of the form

m-—1 m—1
fa(z) = ri(n,2) fak(z) or fi(z) = ri(n,z) faga(@),
k=0 k=0
(13)
where the derivative with respect to « is represented by a finite number of lower
or higher indexed functions of the family, and where ry € K(n,z) are rational
functions in n and z. We call the two different types of derivative rules backward
and forward derivative rule, respectively.
Note that by an iterative application of (1), the order m of the derivative rule
(13) can be made less than or equal to the order m of the recurrence equation (1).
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This is our general assumption.
From an algebraic point of view these properties read as follows: If the coeficients
of the occurring polynomials and rational functions are elements of IK, then

1. the derivative rule states that f is an element of the linear space over K(n, z)

which is generated by {fa,fa-1,..., fac(m-1)} of {fa, fat1, -+ fagm=1}, re-
spectively;

2.the holonomic differential equation states that the m + I functions f,§k> (k =
0,...,m) are linearly dependent over IK(n,z); moreover, by an induction argu-

ment, any m + 1 functions f,(zlc> (k € INg) are linearly dependent over K(n, z);

3. the holonomic recurrence equation states that the m + 1 functions f,_x (k =
0,...,m) are linearly dependent over IK(n, z); moreover, by an induction argu-
ment, any m + 1 functions f,, (n € Z), are linearly dependent over K(n, z).

Qur main notion is the

Definition 1. (Admissible family of special functions) We call a family f, of
functions admissible if they satisfy a recurrence equation of type (1) and a derivative
rule of type (13). We call the order of the recurrence equation the order of the
admissible family f,.

The recurrence equation (1) together with m initial functions fn,, fag+1,-- -
fro+m—1 determine the functions f, (n € Z) uniquely.

Therefore an admissible family of special functions (with given initial functions)
is overdetermined by its two defining properties, 1. e. the recurrence equation and
the derivative rule must be compatible. This fact, however, gives our notion a
considerable strength:

Theorem 3. For any admissible family f, of order m the linear space Vi, over
K(n,z) of functions generated by the set of shifted derivatives {f,(l]i),c |7, k€ No} is
at most m-dimensional. On the other hand, if the family {fr(j;t)k | j,k € No} spans

an m-dimensional linear space over K(n, z), then f, forms an admissible family of
order m.

Proof. By the recurrence equation and an induction argument it follows that the
linear space V spanned by {fntr | K € Ny} is at most m-dimensional. Using the
derivative rule, by a further induction it follows that the derivative of any order
£ (k € Ny) is an element of V. Therefore V; = V.

If on the other hand for a family f,, the set of derivatives {fr(fzgk | J,k € Ng}is
m-dimensional, then the existence of a recurrence equation and a derivative rule of
order m are obvious.

Note that it can happen that V' has dimension less than m. Assume f,(z) =
is given as admissible family by fa(z) — fa-2(2) =0 and f}(z) = fa(z). Then the
family of shifted derivatives {f,(fi)k | .k € Ny} consists just of f,(z), and is there-
fore one-dimensional rather than two-dimensional. This is due to the fact that the
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representing recurrence equation is not of lowest possible order. To guarantee that
V i1s m-dimensional it is therefore necessary to assume that fn, fa—1,..., fa=m+1
are linearly independent over K(n, z).

The following consequence of Theorem 3 is the main reason for the importance of
admissible families: Any m+1 distinguished elements of V;  are linearly dependent,
i. e. any arbitrary element of Vy, can be represented by a linear combination (with
respect to IK(n,z)) of any m of the others. This is the algebraic background for
the fact that so many identities between the members and their derivatives of an
admissible family exist.

In particular we have

Corollary 1. Any admissible family f, of order m satisfies a holonomic differ-
ential equation of order m, and therefore constitutes a holonomic system.

With regard to Zeilberger’s approach, Corollary 1 can be interpreted as follows:
Any admissible family f,(z) forms a holonomic system with respect to the two
variables n and z, whose defining recurrence equation, and the differential equation
corresponding to Corollary 1 together with the initial conditions

OOy, and  f(0)  (k=0,....m—1)

yield the canonical holonomic representation of fn(x) (see [36], Lemma 4.1).

On the other hand, not all holonomic systems f,(z) form admissible families
so that our notion is stronger: Let f,(z) := Ai(z) be the Airy function (see [1],
§ 10.4) for all n € Z, then obviously f,(z) is the holonomic system generated by
the equations

fA@)=zfalz),  fagr(e) = fale), (14)

and some initial values, that does not form an admissible family since the derivative
f! = AY is linearly independent of f, over K(n, z), and thus no derivative rule of
the form (13) exists.

Looking in mathematical dictionaries like [1], one realizes that the class of ad-
missible families is large. Besides the exponential, sine and cosine functions, it
contains the Airy functions Ai(z), Bi () (see [1], § 10.4), the exponential integrals
E, (z) (see [1], (5.1)), the iterated integrals of the (complementary) error function
erfc, (z) (see [1), (7.2)), the Bessel functions Jn(z), Ya(2), I (), and K, () (see [1],
Ch. 9-11), the Hankel functions H,(ll)(z) and H,(f)(z) (see (1], Ch. 9), the Kummer
functions M(a,b,z) = 1F} Z ‘z) and U(a, b, z) (see [1], Ch. 13), the Whittaker
functions My m(z) and Wi, m(z) (see [1], § 13.4), the associated Legendre functions
Pi(z) and Q4(z) (see [1], § 8), the Struve functions H,(z) and L,(z) (see [1],
Chapter 5), all kinds of orthogonal polynomials: the Jacobi polynomials P,(la’ﬁ)(z),
the Gegenbauer polynomials C,(la)(z), the Chebyshev polynomials of the first kind
T, (z) and of the second kind U,(z), the Legendre polynomials P,(z), the Laguerre
polynomials Lg,a)(a:), and the Hermite polynomials H,(z) (see [30], [34], and {1],
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§ 22), and many more special functions. The defining recurrence equations and
derivative rules of the above functions are listed in [14].

To present an example of an admissible family that cannot be found in mathe-
matical dictionaries (see, however, [1] (13.6)), we consider the functions
/2
/ cos (z tanf — n @) df
0

that Bateman introduced in {4], see also [19]. He verified that ({4], formula (2.7))

ko(z) =

ENE N

Fa(2) = (=1)" kan(2) = (~1)" 7 (La(22) = La_1(22)) | (15)

We call F,, the Bateman functions that turn out to generate an admissible family
of order two.
Bateman obtained the property ([4], formula (4.1))

(n—1) (Fn(z) ~ Faca(@)) + (4 1) (Fa(2) = Faa(2)) = 22 Fa(2)
leading to
nFu(z)—2(n—1—-2)Faoi(z)+ (n—2) Faa(z) =0 (16)

which is a holonomic recurrence equation of order two that determines the Bateman
functions uniquely using the two initial functions

Folzg)=e" and Fi(z)=-2z¢""

which follow from (15).
Bateman obtained further a difference differential equation ({4], formula (4.2))

(n+1)Fopi(z) — (n=1) F1(z) = 22 Fl(z) ,

which can be brought into the form

Fi(z) = 2 ((n = 2) Fa(z) = (n = 1) Focr(2)) (17)

using (16). This is a derivative rule of the form (13). Therefore the functions Fp(z)
form an admissible family of order two.

4. PROPERTIES OF ADMISSIBLE FAMILIES

It is well-known (see [29], [36], [20], [28]) that if the functions f,,gn satisfy holo-
nomic recurrence equations of order m and [, respectively, then the sum and product
satisfy holonomic recurrence equations of order < m + [, and < m/, respectively.
We call the two functions f, and g, sum-independent (product-independent) if the
resulting recurrence equation of lowest order has maximal order, i. e. order m +{
in the sum case, and order m! in the product case.
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With respect to admissible families, we get then

Theorem 4. Let f, form an admissible family of order m. Then

(a) (Shift) f.1x (k € IN) forms an admissible family of order m;

(b) (Derivative) f; forms an admissible family of order < m;

(¢) (Composition) f, or forms an admissible family of order < m, if r € K(z).

If furthermore gn forms an admissible family of order |, then moreover

(d) (Sum) fr + g, forms an admissible family of order m + 1 of f, and g, are
sum-independent;

(e) (Product) f, gn forms an admissible family of order mi «f fu and g, are
produci-independent.

Proof.

(a): This is an obvious consequence of Theorem 3.

(b): Let g, := f). We start with the recurrence equation for f, and take
derivative to get

m m
S ph(n,2) fooile) + 3 pr(n2) fo_u(2) = 0. (18)
k=0 k=0
From Theorem 3, we know that each of the functions f,_; (j = 0,...,m) can
be represented as a linear combination of the functions f,_, (k =0,...,m —1)

over IK(n, z), which generates a holonomic recurrence equation for g,. Similarly a
derivative rule for g, is obtained.

(¢): For the composition hy, := f, o r with a rational function r, the recurrence
equation is obtained by substitution, and the derivative rule is a result of the chain
rule.

(d): By a simple algebraic argument, we see that fo_i + gn_x (k € Z) span

the linear space V := Vi 4,4, = Vi, +V,, of dimension < m + [ over K(n,z).
Therefore f, + gn satisfies a holonomic recurrence equation of order < m + 1. By
our assumption, the dimension of V' is maximal, 1. e. m+1. If we add the derivative
rules for f, and g,, we see that f, + g/, € V, and thus can be represented in the
desired way.
(e): By a similar algebraic argument (see [29], Theorem 2.3) we see that f,_j -
gn—k (k € Z) span a linear space V of dimension < m! over IK(n,z), hence f, g,
satisfies a recurrence equation of order < m!. By our assumption, the dimension
of V is maximal, i. e. ml. By the product rule, and the derivative rules for f,
and g, we see that the derivative of f, g, 1s represented by products of the form
fr—k gn-j (k,j € Z), and as those span the linear space V (see [20}, Theorem 3
(d)), we are done.

As an application we again may state that the Bateman functions form an ad-
missible family: Using the theorem, this follows immediately from representation
(15), and the admissibility of the Laguerre polynomials.
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As an example of a sum-dependent case, we consider fp(z) = €%, given by the
relations fn(z) — fa-1(z) = 0, and f}(z) = fa(z), and gn(z) = e™%, given by
the relations gn(z) — gn—1(z) = 0, and ¢,(z) = —gn(z). Both f, and g, form
admissible families of order 1, and since they both satisfy the same recurrence
equation, their sum satisfies this recurrence equation of order one, too, so that they
are not sum-independent. The derivative of h, = f, + g» is given by

h:z=f1l1+g1l1.=fﬂ—gn7

and the question is whether or not this is expressible in terms of h, and h,_;.
These are given by

hp=fa+gn and hnoy = fact+gnt = fat+gn

and therefore h,_x = f, + gn = hy, for all k € Z. Obviously h, = fn ~ gn cannot
be expressed in terms of f, + g alone, so that k, does not satisfy a derivative rule
of any order.

Similarly one shows that the admissible families fn(z) = sin(™)(z), given by
[ = —fn-1,and fo = —fa-2, and gn(z) = fa(z) are not product-independent and
for h, = f? no derivative rule is valid.

Next we study algorithmic versions of the theorem. The following algorithm
generates a representation of the members fn+x (k= 0,...,m—1) of an admissible
family in terms of the derivatives f;,4; (j =0,...,m —1). By Theorem 3 we know
that such a representation exists. Without loss of generality, we assume that the
admissible family is given by a backward derivative rule. In the case of a forward
derivative rule, a similar algorithm is valid.

Algorithm 1. Let f, be an admissible family of order m, given by a backward

derivative rule
m-~1

fi(z) = Z re(n, z) fook(z) -

k=0
Then the following algorithm generates a list of backward rules (k =0,...,m —1)

—

m—

fack(z) = ,Z Rf(n,z) f)_;(z) (19)

=

(R} € K(n,z)) for for (k=0,...,m—1) in terms of the derivatives f,_; (j =
0,...,m—1)

1. Shift the derivative rule m — 1 times to obtain the set of m equations

-1

faoj(2) = re(n—34,z) facjor(z)  (G=0,...,m=1).

3

-
1}

2. Utilize the recurrence equation to express all expressions on the right hand sides
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of these equations in terms of fr_x (k=10,...,m — 1) leading to
m-1 ) )
i@ =D ri(ne) famik(@) (=0, ,m-1,r] €K(n,z)).
k=0
3. Solve this linear equations system for the variables fo_x (£ = 0,...,m — 1) to

obtain the representations (19) searched for.

The proof of the algorithm is obvious. It is also clear how the method can be
adapted to obtain forward rules in terms of the derivatives. As an example, the
algorithm generates the representations

_l-n4z n—1 p
Fn(m)_2n_1__an(‘l‘)+2n_1_z n—l(z)!
and
l4n—-2 _, 14n
= — - -
Fa(z) 1+2n_an(z) l+2n—=z n41(T)

for the Bateman functions in terms of their derivatives.
We note that by means of Algorithm 1 and the results of [20] (see also [36], p. 342,
and [28]), we are able to state algorithmic versions of the statements of Theorem 4.

Algorithm 2. The following algorithms lead to the derivative rules and recurrence
equations of the admissible families presented in Theorem 4:

(a) (Shift) Direct use of derivative rule and recurrence equation lead to the deriva-
tive rule and the recurrence equation for fr+1; a recursive application gives the
results for fr+x (kK € IN).

(b) (Derivative) By Algorithm 1 we may replace all occurrences of f,_; (k =
0,...,m) in (18) by derivatives, resulting in the recurrence equation for f}; sim-
ilarly the derivative rule is obtained.

{¢) (Composition) If r is a rational function, then an application of the chain
rule leads to the derivative rule and the recurrence equation of f, o r.

(d) (Sum) Applying a discrete version of Theorem 3 (c) in [20] to fn + gn (see
also [36], p. 342, and [28], MAPLE function rec+rec) results in the recurrence
equation, and a similar approach gives the derivative rule.

(e) (Product) Applying a discrete version of Theorem 3 (d) in [20] to fn gn (see also
[36], p. 342, and [28], MAPLE function rec*rec) yields the recurrence equation,
and a similar approach gives the derivative rule.

A MATHEMATICA implementation [17] of the given algorithms generate for the
derivative Fy,(z) of the Bateman function Fp,(z) the derivative rule

2n—z

1" _
Fi(e) = r—2nz 4+ x?

(=D Foi(@) + (1 =n+2)Fafa)
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and the recurrence equation
(n=1)(z—=2n-1)F}_,(z) + 2(1 —2n2+3nz—z?)F)(z))

1
(Hn)(1-2nte)

F7II+1(I) =

)

and for the product An(z) := F2(z) the derivative rule

(n-1) (n—-2)° 2(n-1)(1-n+z)
! P ey T - Ap-
An(x) Inz (1 — n+$) An_2($) nr n 1(1:)
(=5n+5n°+4z-8nz+42?) Anz),
2(l-n+2z)z
and the recurrence equation
1 (n-22(n-1)(z~n)
An+1($) (1+n)2 < n(l—-n+m) An—-Z
+(n—1)(3n—3n2;4z+8n1‘—4x2)An_l

(z-n)(=3n+3n?+4z—8nz +4z?) )
+ A,
l-n+z

are derived.

5. HYPERGEOMETRIC FUNCTIONS AS ADMISSIBLE FAMILIES

An important example of an admissible family is given by the generalized hypergeo-
metric function , Fy;. The generalized hypergeometric function satisfies a derivative

rule of order two with respect to any of its numerator parameters ax (k = 1,...,p),
and denominator parameters bx (k =1,...,¢).
We choose one of the numerator parameters n := a; (k = 1,...,p) of ,F, as

parameter n, and use the abbreviations

ai,az, ;N

fa(z) = pFy ( by, by, o

.I;,Clp I) — ZAk(n)l'k ]
9 k=0

)

From the relation
(n+1)x n+k

it follows that
nAy(n+1) = (n+k) Ac(n) .
Using the differential operator 6f(z) = z f'(x), we get by summation

nfoyi(z) = nEAk(n + Dzt =(n+ k)ZAk(n) z*
k=0 k=0
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= nfa(z)+ Y kAr(n)a* = n fu(e) + 0fa(2)
k=0
and therefore we are led to the derivative rule
0fn(@) =n (frni(@) = (@) . ot fa@) = 2 (fanse) - fal@) - (20)

Hence we have established that for any of the numerator parameters n := a; (k =
1,...,p) of ,F, such a simple (forward) derivative rule is valid.

We note that by similar means for each of the denominator parameters n =
be (k=1,...,9) of ,F, the simple (backward) derivative rule

n—1

8fn(z) =(n—1) (fn_l(z) - fn(x)) ,or fo(z) =

is derived.

Next, we note that f, satisfies the well-known hypergeometric differential equa-
tion

(Fa-2(2) = (@) (21

T

0+, —1) 0 +b = Dfp(z) =2(0+a1)(+ag)- - (f+ap)fulz).  (22)

Replacing all occurrences of § in (22) recursively by the derivative rule (20) or (21),
arecurrence equation for f,, is obtained having the order of the differential equation

(22), i. e. max{p,q¢ + 1}.
We summarize the above results in the following Theorem (see [27]).
)

ap ax - gy

Theorem 5. The generalized hypergeometric funclion ,F, < by by b
1 o q

satisfies the derivative rules

8fa(z)=n <fn+1(17) - fn($)>

for any of its numerator parametersn :=ax (k=1,...,p), and
05(2) = (0= 1) (fa-1(2) = fal2))
for any of its denominator parameters n:= by (k= 1,...,q), and recursive substi-

tution of all occurrences of @ in the hypergeometric differential equation
(0 +by —1)-- - (B+by~ 1)fn(z) =2(6+a1)(0 +az) (8 4+ ap)fn(z)

generates a holonomic recurrence equation of order max{p, ¢+ 1} with respect to the
parameter chosen. After multiplication by the common denominator, this recurrence
equation has coefficients in IK[n, z], that are linear with respect to z. In particular,
oFq forms an admissible family of order max{p,q + 1} with respect to any of its
parameters ay, by.

We note that if some of the parameters of , F, are specified, there may exist a
lower order differential equation, and thus the order of the admissible family may
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be lower than the theorem states. We note further that this theorem is the main
reason for the fact that so many special functions form admissible families: Most
of them can be represented in terms of generalized hypergeometric functions.

Note that Zeilberger’s algorithm determines the recurrence equation for ,F,
even in the case that the upper and lower parameters are integer-linear in n, and
a generalization of Zeilberger’s algorithm [15] is successful if the parameters are
rational-linear in n, but this approach does not lead to a derivative rule.

On the other hand, one can formulate an algorithm similar (but more compli-
cated) to the one described in this section to generate a derivative rule for such ,F,
which is covered by our MATHEMATICA implementation [17]. However, in Section
8 we will present a more general approach for the same purpose, based on Groébner
basis techniques.

6. ALGORITHMIC GENERATION OF IDENTITIES

Since in an admissible family, the linear space spanned by the set of shifted deriva-
tives .

Vi, = {f,(lji),c | 7,k € INp} is at most m-dimensional, any m + 1 distinguished
elements gz (k = 0,...,m) of V;_ are linearly dependent, i. e, an identity of the
form

m

Y Pi(n,x)g(n,2)=0 (P € Kn,z]) (23)

k=0
is valid. Given the defining holonomic recurrence equation and derivative rule, we
can easily construct Py (k = 0,...,m) solving a linear system of equations, and
therefore generate identity (23):

Algorithm 3. [Generate an identity] Let f, be an admissible family of order
m, and g (k =0,...,m) denote m + 1 distinguished elements of V. To generate
an identity of the form (23),

1. Take (23) as an ansatz with still undetermined Py (k = 0,...,m).

2. Apply the derivative rule and the derivatives thereof to all gz, recursively. This
yields an equation

M
> Qi(n, @) hi(n,z) =0 (24)
k=0
with rational @y € K(n,z) (depending on Py) and kg = fn1,, that are shifts of
fa-
3. Apply the recurrence equation recursively to (24) until only m successive shifts
of f, remain.
4. Set the coefficient list of the system h; equal to zero, and solve the system for
the m + 1 indeterminates Py (k =0,...,m).

5. Substituting Py, (k¢ = 0,...,m), and multiplying with the common denominator
yields (23).
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Proof. Theorem 3 shows that a solution exists. By the described method obviously
the sum (23) is represented by a linear combination of m shifts of f,. If its coeffi-
cients vanish, then the linear combination equals zero. The linear algebra technique
described generates the values P (k = 0,...,m) for which this is the case.

We note that the identity generated is unique if it is guaranteed that f,, fn_1,...,
fn—m+1 are linearly independent over IK(n,z), see the remark after the proof of
Theorem 3.

7. APPLICATION TO SPECTRAL APPROXIMATION

In this section, we give an application of Algorithm 3 in the field of spectral ap-
proximation (see [6]). There, it is essential to have a family f,(z) of orthogonal
polynomials possessing a representation

fa(@) = An fr_1(2) + Bn faya(2) (25)

in terms of the derivatives f/, ., with coefficients A, B, that are constant with
respect to .
In ([6], § 2.3.2), it is described how such an identity

(2n+1) Pa(z) = Ppyi(¢) = Paoa(z)  (n€N) (26)

for the Legendre polynomials f.(z) = P,(z) is applied.

Whereas our theory of admissible families guarantees the existence of a relation
of type (25), namely a linear relation between f,(z),f;_,(z), and f} () with
polynomial coeflicients in z for any admissible family of order two, in particular
for systems of orthogonal polynomials, the fact that the coefficients in (26) do not
depend on z, is fortunate. This, in general, is not the case.

If we calculate the resulting relations for the Laguerre, Jacobi, Gegenbauer,
Chebyshev and Hermite polynomials by Algorithm 3, we realize that mostly these
are known formulas for those polynomials. We recall them here, omitting however
the lengthy formula that we obtain for the Jacob: polynomials: For the generalized
Laguerre polynomials Lg,a)(z), we have

(a@+2n—z) L (2) = ~(a +n) iLﬁf_)l(z) +(a+n-2z) 9 p@ (),

Oz Oz
for the Gegenbauer polynomials C,(IA)(J;), we have (A #0)
9 J
20+ n)CV(e) = 50 () = 5-CU (@),

for the Chebyshev polynomials T,,(z), we have
2n® = 1) Tu(z) = 1+ n) Tooy(2) + (1~ n) Thyy(2)
for the.Chebyshev polynomials U, (z), we have
21+ n) Un(z) = Up_y(z) = Upya(2)
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and for the Hermite polynomials H,(z), we have
201+ n) Hulz) = Hp oy (7).

We see that in the case of the Gegenbauer, Chebyshev, and Hermite polynomials,
the method succeeds, and these polynomials can be handled similarly to the Legen-
dre polynomials. In the case of the Laguerre and Jacobi polynomials, however, the
relations between fn(z), fi_1(2), and f; 1 () have coefficients depending explicitly
on z, so we have to modify the method.

We notice that the given method can succeed even if a relation between the
four terms fn(z), fi_,(2), fo(z), and f] (=) with coefficients not depending on
z, exists. It turns out that such a formula exists for any of the classical families of
nondiscrete polynomials. We saw already the results for the Gegenbauer, Cheby-
shev, and Hermite polynomials, and we will consider now the Laguerre and Jacobi
polynomials. To obtain the announced relations, we use Algorithm 3 which gen-
erates a solution space of dimension one. If we are lucky, we can choose the free
parameter such that, indeed, the coefficients occurring are independent of z.

Here are the results:
Theorem 6. For the generalized Laguerre polynomials Lgfl)(z), the identity

2 L&)~ I (2) (27)

L(a)( )=
15 valid.

For the Jacobi polynomials PSP (z), the identity

2a+n)(B+n)

e+ B8+n)atB+2n)(a+B+2n+1) Oz
e 9 pias)

+(a+ﬁ+2n)(a+ﬁ+2n+2) 61: (2) (28)

20a+B84+n+1) 9 plas)

(a+B+2n+D)(a+8+2n+2) 6z ™!

PEA(z) = D pedrg)

-+

(2)

is valid.

Note that (27) is well-known (see [34], VI (1.14)), whereas (29) is new. Note
moreover that (29) shows that only in the case @ = [ a representation of the
Jacobi polynomials P,(,a’ﬁ)(z) in terms of only two of %P,(I‘i’f)(z), (%P,Sa’ﬁ)(z),

or %= P,Eilﬁ)(:c) with coeflicients independent of z exists. For another method to

deduce identity (29) and similar ones, see [18].
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8. IDENTIFICATION OF ADMISSIBLE FAMILIES

In this section, we extend Zeilberger’s holonomic approach [36] to identify holonomic
families as admissible ones using Grobner basis techniques.

Assume a holonomic family f,(z) is given by its holonomic differential equa-
tion with respect to z and by its holonomic recurrence equation with respect to
n. We write these equations in operator notation using the differential opera-
tor D given by D f,(z) = fl(z), and the (forward) shift operator N given by
N fa(z) = fnt+1(z). This procedure converts the two holonomic equations into
a polynomial equations system in a noncommutative polynomial ring: From the
product rule it follows that D(zfn(2)) — 2D fa(z) = f.(z), and therefore we have
the commutator relation Dz — zD = 1. On the other hand, for the shift operator
we have N(nf,(z))—aNfo(z) = (n 4+ 1) fori(z) = nfpy1(z) = fop1(z) = N fo(2),
and therefore we have the commutator rule Nn — nN = N.

As an example let us consider the Legendre polynomials f,(z) = P,(z): They
form a holonomic family given by the holonomic equations

(2 = D fa () + 22fn(z) = n(1 + n) fa(z) = 0

and
(n+2)fay2(z) = B+ 2n)zfrtr(z) + (n+ 1) fa(z) = 0

(compare (2)—(3)), written here in terms of forward shifts.
In operator notation the holonomic equations read

(2?=1)D*+2zD—n(14n) =0 and (n+2)N?—(3+2n)zN+(n+1)=0. (29)

If we want to generate a derivative rule from (29), this is an elimination problem in
the given noncommutative polynomial ring which can be solved by Grébner basis
methods ([5], [13], [36], [39], [31]-[33]).

The Grébner basis of the left ideal generated by (29) with respect to the lexico-
graphic term order (D, N,n,z) is given by

{(zz ~1)D? + 922D —n(l +n),(1+n)ND — (1+n)zD — (1 +n)?,

(2~ 1)ND = (1 + n)zN + (1 + n), (30)
(1+n)(2® = 1)D = (14 n)*N + z(1 + n)?, (31)
(n+2)N? = (3+2m)2N +(n+ 1)} ;
we used the REDUCE implementation [24] (see [12]) for the noncommutative Grobner
calculations of this article. After the calculation of the Grobner basis, for better
readability the operators D and N were positioned back to the right, so that the
equations can be easily understood as operator equations, again.

By the given term order, the Grobner basis contains those equations for which
the D-powers are eliminated furthest possible, and (30)-(31) correspond to the
relations

(22 = )Prp1(z) = (1 + n) (e Pasa(z) = Pa(2))
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(22 = 1)Py(2) = (1 +n) (Posa(z) - 2Pa(z))
between the Legendre polynomials and their derivatives.

Therefore, we see that the calculation of the Grébner basis in particular con-
structed the derivative rule for the Legendre polynomials, and therefore identified
them as an admissible family.

The following algorithm generalizes this method for the general case:

Algorithm 4. Let f,(z) be a holonomic family given by the holonomic equations
P(D,n,z)fa(z) =0 and Q(N,n,z)falz) =0

in operator notation. Assume further that the holonomic equations are of lowest
possible order. Then the following procedure determines whether or not f,(z) is
an admissible family, and returns a forward derivative rule in the affirmative case.

1. Input: the holonomic representation of f, in form of the polynomials P(D,n,z)
and Q(N,n,z).

2. Calculate the Grobner basis G of the left ideal generated by P and @ with re-
spect to the lexicographic term order (D, N,n,z) by a noncommutative version
of Buchberger’s algorithm. The use of a weighted or graded order can simplify
the procedure.

3. Choose the subset £ C G of polynomials that are linear with respect to D.

4. Check whether one of the polynomials in £ contains a product of D and N or
not. If yes, this is either the derivative rule R(D, N,n,z); or the derivative rule
R(D,N,n,z) is easily constructed from the given polynomial, iteratively using
the recurrence equation to decrease the order of N; go to (7.).

5. Iterate the following: Take the two polynomials p;, ps € £ having highest degree
terms of the form DN*. Make them of equal degree multiplying the lower order
polynomial by a suitable power of N. Construct a polynomial p3 as a linear
combination such that the degree of the highest term DN* decreases. Replace
p1 and py in £ by ps.

6. Check whether any p € £ contains products of D and N or not. If yes, this
is either the derivative rule R(D, N,n,2); or the derivative rule R(D, N,n,z)
is easily constructed from the given polynomial, iteratively using the recurrence
equation to decrease the order of N; go to (7.). If not, the present method fails.

7.Output: the derivative rule R(D, N,n,z).

Proof. Using the lexicographic term order (D, N, n,z) the Grébner basis G calcu-
lated in step (2.) eliminates D to the lowest possible order. Therefore if the left
ideal 7 generated by P and @ contains a forward derivative rule, G contains at least
one element of degree one with respect to D. If such an element exists for which
no term DN occurs, then the procedure given in (4.) generates the derivative rule.
Finally, the iteration in (5.) gets rid of highest powers of D N¥ (which may not



90 W. KOEPF

occur with a suitable chosen graded or weighted order), and leads to the derivative
rule, eventually, or the method fails.

Note, that the algorithm decides that no derivative rule exists for the Airy fune-
tions fn(z) := Ai(z), given by (14) (under the hypothesis of the linear independence
of Ai () and Ai (z) over K(z)).

On the other hand, by the given method, it is possible to construct all derivative
rules that can be found in [1] by the corresponding differential and recurrence
equations besides one for the associated Legendre functions since in this case the
recurrence equation does not have polynomial coefficients. Note that we always
used a weighted lexicographic order with weights (2,1,0,0) and never entered parts
(5.) and (6.) of Algorithm 4.

The most time consuming results in this direction are the calculation of the
derivative rules for the Jacobi polynomials P,(la’ﬁ)(z), see Theorem 8, since this is a
6-variable problem. Note that, in a similar treatment, Chyzak tried to derive this
type of result with a MAPLE implementation, without success ([7], §4.1). Using the
REDUCE implementation [24], any of these calculations (for the Jacobi polynomials)
needs about five minutes on a DEC Alpha workstation (using the ezged switch,
see [12], §9.3). Note that also with a pure lexicographic term order, the Grobner
bases are derived in a similar time. For all other families considered, the calculation
needs only seconds.

As an example, we consider the Whittaker functions My, () with respect to the
parameter m for which no derivative rule is listed in [1], see § 13.4. In Theorem 1,
we found the holonomic recurrence equation

(14 2m)m(4m? — 1 — 2nz)(m + 1)
z(2m - 1)(2n+ 1+ 2m)(2n — 1 — 2m)
(m + 1)m(1 + 2m)?
(2n+1+2m)(2n—1-2m)

Mpmir(z) = 16 My m(2)

~16 Mn,m_l(:z:) .

On the other hand, the holonomic differential equation
(1-4m?+4nz—2%) Mym(z)+42* M) () =0
is well-known ({1}, (13.1.31)). Therefore we have the operator polynomials
P(D,m,z):=1—4m? +4nz — 2> +42*D?,
and

QM,m,z) = 16(1+m)(2+m)(1+2m)(3+2m)c
+16(14+m)(24+m)(3+2m)(2ne—3-8m—4m?) M
+(14+2m)(2n-3-2m)(3+2m+2n)zM?,

M denoting the shift operator with respect to m.

Using the method described above to eliminate the second order terms of D and
M, we find for the Whittaker functions:
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Theorem 7. The Whittaker function My, m(z) satisfy the forward and backward
derivative rules
(1+4m+4m?—2nz)
2(1+42m) ¢
(1+2m-2n) (14+2m+2n)
8 (14+m) (1+2m)?

M,i’m(x) = My ()

n,m+1(:c)

and
(-1+4m—-4m?+2nzx)

2(-1+2m)z

Mr(zm(z) =2m Mg m-1(z) + Mp m(z)

with respect to m.
Similarly, the Whittaker functions Wy m(x) satisfy the forward and backward
derivative rules

_ (1+4m+4m2—2nz)

, (-1—2m+2n)
Wam®) = = 0T 2m 2 To(l+2m)

2(1+2m)

Wom(z) + Whm+1(%)

and

(~1+2m+2n)

(—-1+4m—4m2+2nz)
2(1-2m) Wam(z)

Wa,m-1(e) + 2(-1+2m)z '

erx,m(l') =

Note that My, ,,(z) is one of the rare cases for which the second part of part (4.)
of Algorithm 4 is entered.

In the rest of this section, we apply Algorithm 4 to derive derivative rules for
the classical orthogonal families. Well-known are backward or forward derivative
representations for the dertvative with respect to z of the (nondiscrete) orthogonal
polynomials f,(z) in terms of f,(z) and fr_1(z), or in terms of f,(x) and fay1(z).

Note that derivative rules with respect to n are commonly stated (see [1], (22.8)),
whereas those with respect to the other parameters are not.

Applying the above mentioned algorithms to the generalized Laguerre, Jacobi,
and Gegenbauer polynomials yields the following derivative rules:

Theorem 8. The generalized Laguerre polynomials LS:’)(z) satisfy the forward
and backward derivative rules

0 (a ~l—a—-n+z 14+n _(a
F L6 = L @)+ —— L)

a+n n o,
= - = L)+ S L (@) = L) - L ()

a+n o, o
= — I @) - - L)

with respect to the parameters n, and c.
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The Jacobi polynomials P,(la’m(zr) satisfy the forward and backward derivative
rules

0

O pasypy o Lteatbin(a-F+2+at [+
fz " -

(24+a+ 8+ 2n)(1 - 22)
21+ n)(I+e+8+n) g
24+ a+8+2n)(1 —22) ™! (2)

_ 20a+n)(B+n)
(a+B8+2n)(1-22?)

_1+a+ﬁ+n
14z

PES)(z)

n(—a+ g+ az + Bz + 2nz)
(¢ + B +2n)(1 - z2)

1+a+ﬁ+np(a+lﬁ)
1+ 2

PEP(e) - PO (z)

PO (z) + ()
Aot 1) pla-1)(g) 4 22t n=nz

p(aﬁ)
1 —z2 n 1~ g2 ()

= LFatBAm pasy sy -

14o$ 841 pagy
l-2z

l1-1z

(z)

2(8+n) 286+n+nz g,
=T R A
with respect to the parameters n, o, and S.

The Gegenbauer polynomials C’,({\)(z) satisfy the forward and backward derivative
rules

4 (2) +n)z

6—£C§P(z) = T CM(z) - fjn nt1(2)
= - O - 12 )
= 2o+ R epen)
I

with respect to the parameters n, and A.
Similarly, we get for the Krawtchouk, Meixner, discrete Laguerre, and Charlier
polynomials the following derivative representations.

Theorem 9. The Krawtchouk polynomials k%p)(m,N) satisfy the forward and
backward derivative rules

5} ~n+2np— Np+z
—kP(z,N) =
op (=) (p—1p

kP (z, N) + 1+n 1P

(1_ ) n+1( N)
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= (=1+n-N)K®) (z,N)

— n—_wkff)(x,N)+ N-

p—1

= i}:ﬂkgp)(r,N)+
N —
= (p_l”)”p KD (2, N — 1) +

with respect 1o the parameters n,c, and N.
(v

Lk (2 -1, N)+ % kP (z, N)
P

l—-n+N

“N+nmptz,
(p—1Dp

o 1’” kP (z +1,N)

kP (2, N +1)

n

(z, N)
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The Meizner polynomials my "' (z) satisfy the forward and backward derivative

rules

imgﬂvﬂ)(z‘)

o LR ETIR ()

(1-pp "

= LR n) ey
(1-pu w1 () (

y+n+z

1
- — m{(a)
n (7v:1)
myH (z
1-pp =)

= _ITTTT 0m)(2) + ’H—Tx m{ L8 (z)

I

(_l_u-tll'*'_mmg—l.u)(z) +

(1= p)p
= — 2 _ mHE@-1)-

(1= p)p (1

with respect to the parameters n,vy, and .

z

—pp

(1-7)
(p=1)p

- p-ntpntpz m{8) (z) % m{)(z + 1)

mslv,u)(z)

msjv“)(x)

The discrete Laguerre polynomials lslp‘a)(z) satisfy the forward and backward

derivative rules

o ~l-n—aptz—pz 14n
—lff’a) z 1Pe)(pY + (e
op ®) (p—1)p ) (p—1)p "+
a+n (p,) n a
= —1 P — (p@)
1—,0 n—1 (I) l_pln (‘T)
= _ate le'a)(x) + a+ xlg"vaﬂ)(z)
p p
a+n _ —ax—-n++ np
= .——IEIP,G D(g + l,(-,p’a) r
(p—1)p =) (p—1)p (2)

(z)

(32)
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- $e-$eney
1- —l-n+np+=z

= 1pe)(e — 1) 4 ————L_F T2 jlpa)y
(p —1) (-1 (p=1)p =

with respect to the parameters n, o, and .
The Charlier polynomials c(")( ) satisfy the forward and backward derivative
rules

0

Wy = EZZ @)~ (o
alu ( ) y ( ) n+l( )
- . LA
= cniqlz ez 33
P 1(z) u (z) (33)
7

= " "cgu>(x)_cgu)(z+1)
= T W1 F W
= (e -1 o/ (x

P ( ) P (z)

with respect to the parameters n, and .

Note that many of the above derivative rules are a direct consequence of Theo-
rem 5 in view of the hypergeometric representations (7)—(11).

Note further that some of the above derivative rules have appeared in the litera-
ture. Relation (32) can be found in ({8}, (3.19)), for a = 0, and in ([35], (2.28)) for
general o, and (33) is in (8], (3.31)). However, these relations did not appear sys-
tematically anywhere in the literature. All given representations can be calculated
by a computer algebra system, and were done by the REDUCE implementation [24],
as well as by our implementation in MATHEMATICA [17].

This section can be summarized as follows: If a holonomic family f,(z) is given
by a holonomic differential and a holonomic recurrence equation, it would be wise
to use Algorithm 4 to find a derivative rule for f,(z). In the affirmative case, any
identity of the form of Algorithm 3 can be discovered by linear algebra techniques
only. So only in the first step, Grobner basis techniques are needed to discover
whether or not f,(z) forms an admissible family.

9. REPRESENTATIONS OF PARAMETER DERIVATIVES

Whereas, for any of the classical nondiscrete families f,(z) of orthogonal polyno-
mials a representation of the derivative with respect to the principal nondiscrete
variable z in terms of f,(z) and f,_1(z) exists (see [34], Chapter IV, (4.8)), this
is, in general, not the case with respect to other variables involved. Frohlich [11]
gives, however, the following argument: For any family f(a)(a:) = 3 ap{a)zk of

orthogonal polynomials there is a representation of the form

o (a) f(e)
3a (= Zc (= (34)



IDENTITIES FOR ORTHOGONAL POLYNOMIALS AND SPECIAL FUNCTIONS 95

for the a-derivative of f,(,a)(x), since by termwise differentiation, the expression

_éa_f(a)(l.) = Zn: -a-ak(a)zk
fa”" da
k=0

is seen to be a polynomial of degree n with respect to z, and since any polyno-
mial of degree n has a representation of the form (34) by the orthogonality of the
family f7(10)(l‘). Rather than having representations in terms of the last two poly-
nomials, in the given situation we generally have representations in terms of the
complete system {f,ga)(w) | k=0,...,n}. We call the derivative with respect to o
a parameter derivative of f,(,a)(:c).

It is a simple task to give representations of the parameter derivatives for hyper-
geometric functions, and families of orthogonal polynomials in terms of symbolic
sums of hypergeometric functions, or in terms of the y-function (see [1], § 6.3), by
termwise differentiation of the defining series representations, since

8 @)n n-1
azc(y)n) = (%(m (a)n) = % (m H(a+k)>

k=0
(35)
8 n—1 n—1 1
- fEperh=E - e - v

On the other hand, generally it is a nontrivial question to determine the coefficients
cia) of representation (34).

In connection with the development of Galerkin methods, i. e. numerical tech-
niques involving orthogonal polynomials, a result in this direction was given by
Wulkow who obtained the parameter derivative representation

b n=1l n_k

0@ = Y E— i) (36)

([35], (2.30)) for the discrete Laguerre polynomials with respect to the parameter
a.
Using the hypergeometric representation (10), this identity can be rewritten

8 [ (o) -n, b -k, b

n—1
_ (e)k
2 S U _kzzok!(n—k) Bl P (37)

as representation for the derivative of the Gaufl hypergeometric polynomial with
respect to its third argument c.

By the product rule, (uv) = vw'v+v'u, i e, v = Q%L - %— v, and therefore we
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get from (37), using (36)

() = G e () - B ()

k=0

n-1
-1 —n, b n! kb
—;(Hkm( c ‘”‘)*k!(n—k)(cw)n_km( c '))

Recently, Frohlich deduced the analogous representation

] —n, b
%2F1< nC’ ll‘)
n—1 r
) n! —k, b
‘k-o(mz“(_’l’b )‘MWF< ; D)

([11], Theorem 1) for the parameter derivative of the Gaul hypergeometric poly-
nomial with respect to its second argument b.

By the product rule, again, we obtain from (36) and (39)

%(“:3: (7))
(b+k '2F1(—n,b w)—%ﬂ”l(_kc’b’x))
k=0 [

which is a statement similar to (37) for the parameter b. Note that the advantage
of representations (36), and (37), is the fact that in these cases the derivative
polynomials are of degree n — 1, i. e. csza) = 0, and therefore the nth polynomial
f,(za>(a:) does not explicitly appear on the right hand side. Whether this situation
applies or not, depends on the standardization that is used. Further, we realize
that in (36), and (37), the ¢-function does not occur on the right hand side, either.

Unfortunately, the other derivative representations mentioned do not have the same
simple structure.

™

(38)

M .

Using (39), Frohlich moreover obtained the following representations of the pa-
rameter derivatives

8 = 1
— pla.B) = -
fa " (z) §a+,@+1+k+n

(a,8) at+B+14+2k (B+k+Dnok (ap)
X(Pn (.’L‘)+ n—k (a+,@+k+1)n_kPk (1‘) )
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and

8 = 1
_P(arﬁ) — -_
A kz:o atB+itktn

(40)

. g 0t B142k (@t k+ Dnck ol
><Q%’m@ﬂ+(—n R (£+ﬂ+k+z%_kpéﬁkz9

([11], Theorem 3) for the Jacobi polynomials P,Ea’ﬁ)(m) with respect to a and 3.

Note that these results implicitly are also contained in work of Gdbor Szegé ([30],
(9.4.4), compare [2], (13), and [3], (2.7)-(2.8))

T(n+B8+1)(2k+a+8+1)
Ila—a)l(n+a+4+1)

PEAE) =
k=0
I‘(n+k+a+ﬂ+1)F(n——k‘+a—a)F(/€+C¥+ﬁ+1)P(a,ﬁ)(l.)
T(ntk+a+B+20(n—k+)I(k+8+1) '

The limit a — « yields the first result; similarly the other case can be treated.

In the following theorem, we list some more parameter derivative representations
for families of orthogonal polynomials, that can be obtained from the above results.

Theorem 10. For the generalized Laguerre polynomials LEf’)(z), we have the
representation of the parameter derivative

a . n—-1 1 o N
EEL( Nz) = Z ( ) E L( ) (41)

n—=k
k=0

with respect to the parameter .

For the Gegenbauer polynomials 0,9)(1'), we have the representation of the pa-
rameter derivative

9 - 14 k) 2
) ™
5o (=) Z<2A+k) 2>\+1+2k)+2/\+k+n)c" (2)

(42)

2(1 DAY (A+k
+Z E2>:L+(k+n ()( :))C'(c”(“")

with respect to the parameter A.

For the Krawtchouk polynomials k%p)(:c,N), we have the representation of the
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parameter derivative

8 /1 (=1)"=kpr=F (N = n + 1),
Ry A¢)] - (@) n—k ;.(p)
8xk" (z,N) kizo <z—-lck" (z, N} + CEICET ky (z-,N))

(43)
with respect to the parameter x.

For the Meizner polynomials mg’“)(z), we have the representation of the param-

eter derivative
IV < S
gy @) = — ¥1(n— k)

Oy

with respect to the parameter ~.

m{" (z) (44)

Proof. From (39), representation (41) easily follows using the limit relation

L (z) = Jim Pieh) (1 - 25)

(see [1], (22.15.5)).
To deduce (43), we utilize the representation
C(/\)(z) _ (2)‘)71 P(/\—I/Z,A-I/Z)(r)

n =

(A+1/2), " "

(see [30], (4.7.1), and [34], V (7.2)) for the Gegenbauer polynomials, and use both,
(39), and (40). Writing @ = A — 1/2, and 8§ = A — 1/2, we get with the multidi-
mensional chain rule

9 8 [ (2\)n yjaae
Y () _ Y P _ A& p(h-1/2,a-1/2)
HnCon @ = gy ((,\+1/2)n Fa (z)>
1 8
_ (-1/22-1/2) 5y 9
= oxuyon ) 73 <(2’\)")
) 1
(=1/2x=-1/2)¢ N 9

o (-f/\l)/nQ)n )

1
2 1
- _ )
0(2/\+k /\+1/2+k>c" (2)

(2’\)71 6 ay (9 a,
Gt (3P0 5P )

+

3
|

B
il

+

a=B=A-1/2

-1
2(1+ k) 9 o
= <(2A+k)(2A+1+2k)+2A+k+n)c" (2)

k=0

3
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+"Zl D™k (20),  2A+2k
"~ 2/\+Ic+n (A+1/2)n n—k

(A k+1/2)n k (,\ 122-1/2),

_ 5 k) 2 )
= <2A+1c 2A+1+2k)+2)\+k+n Ci(a)

n-1
20+ EDHA4E) o
+2% 2A+k+ =k O @)
i.e. (43).
According to (7), representation (43) is a reformulation of (39), whereas relation
(44) immediately follows from (36), using (10).
Using the abbreviation

n—1
2(1+k) 2
o ~ )
gy (z) = ;<(2,\+k)(2/\+1+2k)+2/\+Ic+n>cn (=)

"i 2(2k+ 37 + 4N+ BA+ AN+ m+ k) oy
= A+ £)(24 + 14 28)(2A + k +n) |

k=0

representation (43) for the parameter derivative of C,(,'\)(x) can be rewritten as

8 V2(L+ (=" A+ k)
B c@) = N )
FCn @) +Z 2A+k+n( —5y O (@)
YA+n-=1)
IOy )
= o +Z 2/\+2n—l)l Cail®)

[n/2
A+n-—2k
(A ATRT At~
9n (CL‘)+Z /\+n )kcn Zk()

Whereas (39)-(40) are rather difficult formulas, and difficult to obtain, formula
(41) is so simple that it seems to be rather unlikely that it should not be found
somewhere in the literature. Nevertheless, we were not successful doing so, hence
(41) seems to be new. Note that it can also be deduced from ([2], (8)).

Furthermore, after having found this formula, it may be proved by other means
as well. By the computations

9 (a 0 [letlnsg~_(=n)
5alr (@ B—a( al Z(a+1),-j!’”)

j=0

= Zj: (—77-')]' ﬁ-((a +1 +j)n_j)l.]

n!j! da
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= n_l(_")J(a+1+j)n—J n_zjfl 1
iz n!j! —oatltj+k ]
and
n-1 n—1 k
1 L e+ Deds (k)
L) =
k=0n—k‘ k=0n—lc k! j;o(a+1)jj!
n—-1n-1
1 (=k); o
= Lo+ 14 F)p—; 2,
j:ogn_k k! 3! ( e

we may compare coefficients to find that (41) is equivalent to the identity (j =
0,...,n=1)

) —j-1 n-1
(—n)j (@+1+)as; "% 1 _ 1 (=k); N
Tl Z a+1+j+lc_z_;n—k gl @t It De-is

k=0 k

or equivalently

o n-j-1 1 L& nl (k) (e 14 )y
a(n,j) = ; m—;(n_mk!(w)ﬁ (a+1+j)n-;
. (45)
L& al k-t 1 _ ;
- g(n-k)k!(n—j+1)i-(a+1+k>n—k_A("’])'

The last identity can easily be proved by Zeilberger’s algorithm: the result is that
both sides of (46) satisfy the inhomogeneous first order recurrence equation (see

[26])

, , . , 1
a(n+1,j) —a(n,j) = A(n+ 1,j) — A(n, j) = Toatn

of the y-function, having the same initial value a(j + 1,7) = A(j + 1,j) = 34_—114—_7
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