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Abstract

We introduce the multi-dimensional ordinal arrays complexity as a generalized
approximation of the ordinal Komogorov-Sinai entropy. The ordinal arrays en-
tropy (OAE) is defined as the Shannon entropy of a series of m-ordinal patterns
encoded symbols, while the ordinal arrays complexity (OAC) is defined as the
differential of the OAE with respect to m. We theoretically establish that the
OAC provides a better estimate of the complexity measure for short length time
series. Simulations were carried out using discrete maps, and confirm the effi-
ciency of the OAC as complexity measure from a small data set even in a noisy
environment,.
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1. Introduction

Measuring the complexity from series of observation is crucial for various
fields of research. Existing theoretical complexity measures such as Lyapunov
exponents, Kolmogorov-Sinai (KS) entropy, correlation dimension and many
others are difficult to estimate from a finite data set [1-6], while empirical mea-
sures like the renormalized entropy or the approximate entropy often lack a
theoretical foundation or are not well interpretable [7-9].

Considering the above limitations of the existing complexity measures, the
permutation entropy (PE), an ordinal pattern analysis (OPA) based method,
was introduced by Bandt and Pompe [10]. The PE is easily estimated from
any type of data set and its theoretical foundation has been clearly established.
Despite its well known performances, the PE does not well approximate the KS
entropy for a finite data set. Therefore, the method cannot clearly state whether
a dynamics is regular or not. Based on this observation, various modifications as
well as other OPA based approaches have been developed [11-18]. Despite the
improvements they brought, these methods have not yet clearly reached a zero
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complexity for regular dynamics as it should be. Indeed, although OPA based
methods are very promising for applications of the dynamical system theory to
real-world systems, they nevertheless present a fundamental limitation as their
accuracy needs large embedding dimension and infinite time series length. In
practice, such requirements are difficult to satisfy. Thus, it is judicious to try
to improve the existing results for finite data sets. Recently the conditional
entropy of ordinal patterns (CPE) was proposed where the average diversity of
ordinal patterns succeeding a given one is characterized [19]. The CPE provides
a much better practical estimation of the KS entropy than the permutation
entropy, while having the same computational efficiency.

However, similarly as the PE, the CPE is estimating the complexity from the
frequency occurrence of ordinal patterns. Indeed, the idea behind OPA based
methods is to consider order relations between values of time series instead of
the values themselves. The original time series is firstly converted into a se-
quence of ordinal patterns of an order n, each of them describing order relations
between n successive points of the time series. The entropy is then estimated
using the frequencies of the various ordinal patterns. Using the ordinal pattern
transformation undoubtedly reduces the number of patterns of the same order
while considering the values of the time series. In fact two different embedding
vectors derived from the time series may lead to the same ordinal pattern, hence
directly calculating the entropy from the ordinal patterns frequencies leads to
some information loss.

In this paper, we suggest to apply the OPA to the values of the series of or-
dinal patterns derived from the time series. As the effective number of symbols
can be evaluated for ordinal patterns of order n, the entropy of the new source
of symbols can be well estimated. This approach allows to increase the number
of patterns which has been reduced by the conversion into ordinal patterns,
therefore to better approximate the entropy of the time series. For instance,
for a given real-world time series with A distinct symbols or values, the num-
ber of distinct ordinal patterns of order n is n!, while the number of distinct
embedding vectors of the same order derived from the time series values is A™.
Now considering the series of ordinal patterns of order n, the number of possible
distinct embedding vectors of order n which can be derived from the time series
values increases as (n!)™ > nl.

The paper presents first a brief recall of the permutation entropy in section
2. The ordinal arrays entropy (OAE) is introduced in section 3 followed by the
definition of the ordinal arrays complexity (OAC) in section 4. In section 5 some
simulation results are given, followed by concluding remarks in section 6.

2. Brief recall of the permutation entropy

Let {¢}1=0,1,... r7—1 be a time series of length T' where ¢ is the time index.
The PE of order n is defined as a measure of the probabilities of permuta-
tions of order n [10]. Permutations of order n are obtained from the com-
parison of neighboring values (increasing order) in embedding vectors x; =
(kao,kaﬁT . ,:E;WOHT,...,xk70+(n_1)7), where k£ € N, n is the embedding
dimension (number of values in xj), 790 € Nx>; is the delay time of the em-
bedding vectors, 7 € N>, is the delay time of samples and I + 1 the index of
Thro+lr N X, | € N. Let Py be the permutation derived from x;, with 7y = 1.



P, = (%) for example is obtained by sorting the values of x, in ascending
order, with Ty 147 < Tpq(n—1)r < Tgp < ... < Tpy2,. Identical values are sorted
by ascending order of their time index. The permutation entropy of order n is

thus given by
Hy(n) ==Y _p(0) - In(p(9)), (1)
where

k| k<T—nr P =0
p(@):#{ | ijmil:l : }’ 2)

is the probability of the permutation 6 and # denotes the cardinality [10].

Definition 1 [20]:

A time series {x:} is called period-L cycle or simply L-periodic, if there
exists a basic pattern of length ¢ samples containing L distinct values (L < q)
periodically repeated, independently of the time origin. ¢ is known as the time
space period and L as the phase space period.

Choosing 7 > 1 can lead to some misinterpretations in complexity values
in the case of regular dynamics. Indeed, we showed in [20] that the number of
distinct permutations in the case of L-periodic dynamics is fluctuating between

= m and L, depending on the ordering of the time series. It therefore
results that the PE is such that In(6) < H,(n) < In(L). Considering this
dependence on the ordering of the time series, the bias between the PE and the
largest Lyapunov exponent in the case of regular dynamics cannot be determined
rigourously.

3. Ordinal arrays entropy

3.1. Designing of M-dimensional ordinal arrays

Measuring the Shannon entropy of an information source requires that the
number of symbols is known and that the set of symbols (often called as the
alphabet A) is of finite size; otherwise, the Shannon entropy equals infinity. It
is common to define the information entropy in bits. In the case of continuous
random variables such as the speech signal for example, a uniform quantizer can
be used to convert the corresponding continuous alphabet into a discrete one.
Symbols of the discrete alphabet thus obtained are encoded with a finite number
of bits. Similarly, the ordinal pattern analysis approach which considers the
order relations between values of the time series instead of the values themselves
can be seen as a quantizer. It then converts the continuous alphabet of the source
into an ordinal pattern alphabet. Each ordinal pattern is encoded using positive
integers similarly as bits are commonly used. The set of ordinal patterns can
then be considered as a pseudo-source of information. If n is the length of
ordinal patterns, then the cardinality of the ordinal pattern alphabet is equal to
n!, while defining patterns of the same length using the values of the time series
would have led to an A™-length alphabet, A being the number of distinct values
of the time series. It appears that considering the order relation between values
instead of the values themselves reduces the number of accessible patterns. This
reduction of the number of accessible patterns also leads to a reduction of the
diversity of the original time series, hence the reduction of its complexity. This
observation may justify why the permutation entropy of finite order n does not
well approximate the KS entropy.



Although the PE converges to the KS entropy as n tends to infinity, the
permutation entropy of finite order can be either much greater or much smaller
than the KS entropy [19]. In order to reduce the difference between the PE
and the KS entropy, the CPE has been defined as the average diversity of
ordinal patterns succeeding a given one. The CPE characterizes the diversity
of the successors of the given ordinal patterns, whereas the PE characterizes
the diversity of the ordinal patterns themselves. In our approach, we propose
to convert the pseudo-source of ordinal patterns into a set of M-dimensional
arrays of ordinal patterns or simply M-dimensional ordinal arrays (OA) and
to measure their diversity. Indeed, given the set {Px} of ordinal patterns, we

define another set {Sill)} of OA such that Sg) = (PE, Pl Pl )

where P/ is a column vector (the transpose of P, ). P;, is an n-length vector
of positive integers in {1,2,3,--- ,n}, while S,Ell) is an n X d; matrix of the same

integer set, and d; the number of permutations considered to form Sg).
Let us clarify this presentation by considering for example a period-5 cycle or-
bit obtained by generating 5 distinct random numbers (0.8147,0.9058,0.1270,0.9134, 0.6324)
and repeating this basic sequence K-times (K > 2). The five distinct 5-order
permutations obtained by sorting the values of vectors x;, k=0 to 4, are the fol-
. 11,2345\, p _ (1.2345). p _ (1,2,345 _ (1,2,34,5
lowing: Py = (3,5,1,2,4)7 Py = (2,4,5,1,3>’ Py = (1,3,4,5,2)’ Py = (5,2,3,4,1) and
P, = (if;gg) . The corresponding set of ordinal patterns for the whole time se-
ries is {Ptl} = {P(), Pl, PQ, P37 ‘P47 PQ, Pl, PQ, Pg, P4, Po, Pl, P27 .. } From {Ptl},
one can deduce for example the set of 5x3 OA as {Sﬁ?} = {Sél), Sgl), Sgl), Sgl), Sfll), S(()l), et

32 1 2 1 5 15 4
4 43 2 3 2 1
where S = | 1 5 4 |, sV =[5 4 3 [, 8! = |4 3 2|,
2 15 15 4 5 4 3
4 3 2 3.2 1 2 15
5 4 3 43 2
2 1 5 1 5 4
s"=13 2 1 |,andS" =] 2 1 5 |. Therefore, n =5 and dy = 3,
4 3 2 3 2 1
15 4 5 4 3

{SEP} is a set of 2-dimensional OA (matrices) and is also 5-periodic as the
generating time series {z;}. Choosing any other value of d; > 1 will output a
period-5 series of OA.

Considering the previous series {SS)} of matrices, a series {Sg)} of 3-

dimensional OA, with Sg) = (SE?’ SSLT’ e Sgl(dz—l)r) can be constructed.

From {Sg)} can be constructed a series {ng)} of 4-dimensional OA with Sg) =

(SE?, Sgl_ﬂ e 7ngr(d3—1)r)' The process can be continued until the desired
(M—1)

series {S; '} of M-dimensional OA is obtained. ng\;[wj)) is a dy x dy x dy x
<o Xdj X -+ X dpr—1 structure, with 0 <7 < M —1and dg =n. Weset 7 =1
for the rest of the paper.

In the previous example, only 5 permutations are obtained, given the pe-
riodic nature of the time series. In the general case, the maximum number of

permutations which can be derived from a given times series is n!. Considering



this possible maximum number of permutations, the possible (maximum) num-
ber of ordinal matrices that can be derived from the series of ordinal patterns
is (n!)?. In the case of 2-dimensional series, each ordinal matrix is encoded
using d; permutations similarly as bits are commonly used in the information
theory. In general, for a given time series of length 7', the length of a resulting
A=mnxdy Xdyx- - xdp_q series of OA isequal to N =T — (n+r — 1),
where

M—-1
r=Y (dj—1),d; >0 (3)
j=1

For a T-length 1-D OA series with embedding dimension n, the length of the
resulting OA series is N = T — n + 1. Extending this calculation to multi-
dimensional OA (M-D OA), the equivalent embedding dimension allowing to
obtain a M-D OA series can be given by

p=n+r. (4)

In the ordinal pattern analysis approach, symbols are permutations and are
encoded using natural numbers while in the OA based analysis we are defining,
symbols are arrays of permutations encoded using positive integers. So, the
entropy by the proposed approach can be seen as the Shannon entropy of M-
D OA derived from the permutation series. The method combines both the
ordering relations between values and the values themselves. The idea is to
consider the diversity of the OA as well as their ranking in the time series. The
ordering relation is used for determining the permutation series while the values
of OA themselves are used for determining the entropy of M-D OA.

3.2. Quantization of the ordinal arrays

The ordinal patterns (permutations) are defined as in the PE from a given
time series {z;}. In order to avoid misinterpretations, the delay times of sample
and embedding vectors should be set as 7 = 1 and 79 = 1, respectively [20].
Storing permutations is memory and computational time costly. To overcome
such limitations, permutations are quantized and stored as real numbers. In-
deed, each permutation Py of order n is converted into a real number z,(co) such
that

20 =3 o P, (5)
=1

where 1 < a < 2 is chosen to avoid infinite values of z,(co) for large n. If {Py} is

an L-periodic time series, then {z,(co)} is also a time series of the same period.
This approach gives the possibility of considering large permutation orders. For
a given value of a, the maximum value of n depends on the precision of the
computer. In our algorithm, we fixed a = 2.

By replacing the permutations by real numbers, the ordinal matrix Sgi)

becomes a line vector zﬁ) of real numbers. Although the relations order in

the time series {z;} may differ from that in {Sg)}, the diversity of {Py} is



preserved by the transform. Similarly as for the series of permutations, each
ordinal matrix ng) is replaced by a real number zt(ll) such that

1 &a

1 i 1),

EARE pe==tD DI RO (6)
ditian T

where zg) = (zt(?), zt(?ll, ey Zt(?zr(dlfl))' Applying once more the same process

to {zgll)}, the third dimension is reduced and {zt(zz)} is obtained. The process is

to be continued until {zg(]\éj))}, so that the whole M-D OA is converted into a

scalar. The general term can then be given as:

U

i
(4) 1 - @)y s

2y = — - E a iz (1), 5 > 1, 7
v 2541 a” I i=1 b 0.7 @

where Zg) = (zgfl),zglll), .. .,zt(j;(lij_l)), t; is a positive integer such that

0 <t; < T —p. Repeating the procedure for the whole series of M-D OA allows
to obtain a 1-D time series.

3.8. Ordinal arrays entropy

Definition 2:
The ordinal arrays entropy (OAE) is defined as the Shannon entropy of an
information source whose alphabet elements are permutation-encoded OA. Let

M-1 . . . .
us assume m = dyr—1, 2t = zg(M713 and the equivalent embedding dimension s

of the basic (M-1)-dimensional OA such that

M—-2
s=n+ Y (dj—1). (8)
j=1

The OAE of M-D OA is defined as
Hp(s) == p(2) - In(p(2)), (9)

where

#{t|t<T—s—m+1,z =z}
p(z) = -
T—s—m+2
In the particular case of 1-D OA series, the 1-D OA can be considered as an
n x m OA with m = 1. The OAE is thus reduced to the PE, according to the
similarity between Eq. (2) and Eq. (10). The OA series is different from a 1-D
series iff n > 1 and m > 1. In the case of a 2-D OA series, setting z; = zt(ll),
and m = dy, the OAE is defined as:

Hp(n) == p(z) - In(p(2)), (11)

(10)

where
[t <T—n—m+1,2 =z}

z

P() T—n-m+2
The z values are numeric conversions of permutation-encoded words, in a

similar way as bit-encoded symbols are usually converted into decimal or real

(12)



number values. The size of the OA alphabet being (n!)™, the maximum value
of Hp,(n) is equal to mIn(n!). Computing the Shannon entropy of OA allows
to better exploit the information provided by the ordinal patterns, hence to
approximate better the complexity of the original time series as the number of
OA increases as a power of m.

H,,(s) is the OAE obtained by considering m-length vectors derived from an
initial series of quantized (M — 1)-dimensional OA, whose equivalent embedding
dimension is equal to s.

Theorem 1:

Let {x;} a real-valued period-L cycle time series of length T. If L = q, i.e
no redundant value occurs in the basic period of {x:}, and the delay time of
the embedding vectors 79 = 1, then the OAE does not depend on the embedding
dimension m of the OA.

Proof:

In the case of 1-D OA, {x:} can be considered as a series of n x m OA with
m =1 (s =n). For n = 1, the patterns are reduced to the time series values.
{x+} being L-periodic, there are L distinct patterns, also equal to the number
of source symbols, each of them appearing with the same probability p(6;) = %,
i=1,2,..., L, if the number of patterns explored is a whole multiple of L. The
OAE in that case is equal to H,,,(s) = In(L).

For n > 1, we also showed in [20] that the set {xx} of embedding vectors
is L-periodic if the delay time of the embedding vectors is 7p = 1. Indeed, as
all the values in the basic period are assumed to be distinct, each embedding
vector (pattern) is repeated after L steps: x; = Xx4 . As the new patterns are
embedding vectors xj, it then results that the number of distinct patterns is once
more equal to the number of source symbols and all of them are equiprobable,
depending on the observation length, hence H,,(s) = In(L).

In the case of M-dimensional arrays (M > 2), it can be also verified that
the period of the original time series is preserved in the series of ordinal arrays.
Indeed, in that case the time series is assumed to be a series of vectors or arrays
{x1}. Let us assume that {x;} is a L-periodic series of n-length vectors (n > 1).

The first quantized ordinal arrays series {z,gll)} is derived from {x;} by consid-

ering d;-length (d; > 1) embedding vectors zfj) = (Xey, Xty 415 Xty +(dy—1))

of n-length vectors (s = n, m = dy). We have already shown at the beginning
of the proof that for any value of n € N>y, {x;} and {z;} have the same period.

By the same principle, {zgi)}, hence {zéll)} and {x;} also have the same period

L. zt(ll) is the quantized value of the vector of scalars derived from {x} or sim-
ply a quantized ordinal matrix (2-D arrays). The number of distinct symbols

in the basic period of {zt(ll)} being equal to L, its entropy is H,(s) = In(L).

Now let us consider the ordinal arrays series {zg)} derived from {zg)} and the
corresponding quantized series {zt(f)} zt(f) is the quantized value of a vector

of ordinal matrices (3-D arrays). The series {zt(f)} is obtained by quantizing

§2) _ ( 1 M 1)

vectors z,, N PP zt2+(d2_1)) of quantized ordinal matrices. As

the series of ordinal matrices is L-periodic without redundant values, there are
only L distinct possible embedding vectors of ordinal matrices which repeats



each one after L steps if 79 = 1, hence {zg)} is L-periodic and its entropy is
H,,(s) = In(L), with s = n+d; — 1 and m = dp. By continuing the process,
the same result is obtained for {ZS)} derived from {zg)} and from step to step,
the period of the series {zgj\éj))} derived from {Zt((]\f;i)) } is also equal to L. The
M-D array transform is achieved after M successive transforms with embedding
dimensions d;, where 0 < j < M — 1 refers to the step index, with dy = n. As
each transform step preserves the period of the corresponding input time series,
from step to step the initial period is preserved in the whole M-D transform.
Given that there is no redundant value in the basic period of the time series
and the delay time of the embedding vectors is 75 = 1, the entropy of the arrays
series is also equal to H,,(s) = In(L). It can then be concluded that the OAE
of a L-periodic time series without redundant values in the basic period is equal
to H,,(s) =1n(L), independently of m value, which finishes the proof.

Remark: According to the above proof, it appears that H,(1) = Hi(n).
H, (1) is the OAE computed from the series of scalars by considering n-length
embedding vectors, while Hq(n) corresponds to the OAE computed from the
series of n-length vectors by considering each individual basic element (each
n-length vector) as embedding vector. H,,(s) is the Shannon entropy obtained
by m-length embedding vectors from the initial (M — 1)-dimensional OA series
whose equivalent embedding dimension is s. If m = 1, the (M — 1)-dimensional
basic series remains unchanged, its dimension too. As a consequence, each Q-
dimensional OA A can be considered as M-dimensional (M > @), such that
A=di xdyx---xdgxdgy1---xdpy, whered; >1,V1<j<Qandd; =1,
Vi>Q.

4. Ordinal arrays complexity

4.1. Usefulness of M-dimensional ordinal arrays

When redundant values occur in the basic period (L < ¢), the OAE depends
on their number as well as their ordering. We showed in [20] that to avoid
such dependence, embedding vectors should include all the redundant values
and at least one non-redundant value. It then results in the case of 1-D time
series that the embedding dimension dy = n of the scalars should be chosen
such that all the patterns are equiprobable. The equiprobability property can
be observed for n > R where R is the number of redundant values. In that case,
the OAE is equal to Hy(n) = In(q). Let us consider the following 3-periodic
time series {x;} = {ao,a1,a0,a1,as,ag,a1,a9,a1,as, ag,ay,ag,al,as, -} for
example. {x;} presents a time period ¢ = 5 and is obtained by periodically
repeating its basic period x° = {ag,a;,a0,a1,a2}. This basic period presents
R = 2 redundant values (one redundant value ag and one redundant value ay).
If n = 2, the equiprobability cannot be obtained as the probability distribution
I8! Dlag,ar) = %; D(ay,a0) = %; D(ay,az) = % and P(ay,a0) = % In that case, the
OAE depends on m. For n = 3, the following equiprobability distribution is
observed: P(ag,a1,a0) = %7 P(ay,a0,a1) = %7 P(ag,a1,a2) = %7 P(ay,a2,a0) = % and
D(as,a0,a1) = % It can be easily verified that the same equiprobability property
is obtained for all n > 3. This example thus confirms that choosing n > R leads
to an equiprobability distribution and that the OAE equals Hy(n) = In(5). In



the case where redundancies are not reduced, the OAE may take different values,
depending to the embedding dimension, although the time series is periodic.

Indeed, for some periodic time series, the number R of redundancies may be
very large. Therefore, 2-D symbols can be considered for reducing their effect.
Thus, there are two trivial solutions with two combined embedding dimensions n
and d; =m (n > 1 and m > 1): the first one is to consider n > R and any small
value of m; and the second one is to consider large values of m > R and a small
value of n. Due to practical limitations, considering large values of embedding
dimensions (n = 20 for example) is not interesting. It then results that even
considering 2-D symbols is not enough as we may require large values for the
first and second dimensions n and m. Another simple possibility is to increase
the dimension of the ordinal pattern so that the redundancy is suppressed in
the final series of ordinal patterns from which the entropy is evaluated. Let
us for example consider an L-periodic time series with 16 consecutive identical
values per period. The corresponding series of 9-order permutations (n = 9) is
also L-periodic with 8 consecutive identity permutations per period. For such a
redundancy to be canceled, we need to choose at least n = 16 or to convert the
series of permutations into a 2-D time series with at least d; = 8. Let us consider
di; = 3, then the resulting 2-D time series is periodic with 6 consecutive identical
matrices per period. As the redundancy persists, a third dimension is required.
Let us consider dy = 4 for the third dimension. Then the series of ordinal
arrays obtained is periodic with 3 consecutive values per period. The process
then needs to be continued until the redundancy is resorbed. A last dimension
can then be considered with d3 = 3. Finally, the series with no redundant value
is a set of S = n x D arrays, with n = dy and D = dy X ds x d3 array. The
possible number of distinct OA is then equal to (n!)%92ds  Replacing each
permutation by a real number reduces the dimension of the n x D OA by one.
So, each M-D OA can be reduced into a one dimensional vector by the successive
quantization as above described, see Egs. (5) and (6).

Considering M-D OA is equivalent to decomposing a p-length embedding
vector into an n x D x m embedding array, where p = s + m — 1 according
to Egs. (3) and (8), and D = dy X dg2 X -+ X dps—o. Thus, this approach
contributes to improve the statistical analysis of the time series by creating
new criteria for discerning between patterns which initially look similar. As we
showed previously in [19, 20], even when redundancies occur in the basic period
of the time series (L < ¢), considering embedding dimensions n > ¢ is enough
to get a g-periodic time series of the embedding vectors, hence an OAE which
does not depend on m for regular dynamics.

Consequence:

According to theorem 1, the OAE of periodic dynamics does not depend on
the embedding dimension, if the latter is chosen such that all the patterns are
equiprobable. Thus, we suggest to use the difference between two OAE com-
puted with two suitably chosen embedding dimensions as a complexity mea-
sure. By this approach, periodic dynamics are detected with a zero complexity,
provided that equivalent embedding dimensions are chosen such to avoid any
redundancy in the resulting series of OA.

4.2. Ordinal arrays complexity
Definition 3:



We propose to define the ordinal arrays complexity (OAC) as:

Py ymo (s) = HmZT(rji :ZTl(S)’ (13)

where m; and mso are two embedding dimensions applied to the series of S =
n x D OA, with 1 < m; < mgy. The Shannon entropy H,,(s) of the OA of
size S x m is computed from the time series of size S OA. The corresponding
embedding dimension for the whole process is p = s+m—1. The OAC is simply
the differential of the OAE and measures the diversity of OA as the embedding
dimension m of (M — 1)-dimensional OA increases.

The OAC is equal to zero for periodic dynamics if s > ¢. In the case of
non-regular dynamics, considering two different embedding dimensions leads to
two different distributions of probability, hence to hpm, m,(s) > 0. The number
of possible distinct S = n X d; X -+ X dp;—2 OA which can be derived from
a basic time series containing no redundant value is equal to (n!)!', where T is
such that

M—2
r=1Jd (14)
j=1

D =dy xdy X -+ X dy_o is the array of permutations. For a given time series
converted into a series of size S OA, the possible number of S x m OA is equal
to (n!)I'™. Tt then results that 0 < H,,(s) < I'- mIn(n!), which also implies
that Hy,, (s) < Hp,(s) for my < mg, hence 0 < Ay m,(s) < T'-In(n!). This
number expresses the large diversity of OA which can be derived from the time
series, whereas only n! < (n!)!"™ ordinal patterns can be described by the PE.

Consequence:

Considering the equivalent embedding dimension p = s +m — 1, the time
series length should be such that T > p!. Similarly, considering the number of
possible OA suggests that 7' > (n!)T'™. For I' > 1 and m > 1, it is obvious that
p! < (n!)I"™. Considering the gap between the smallest value of the required
time series length (n!)I'"™ and the smallest time series length p! due to the
equivalent embedding dimension p, it comes that the OAC may give satisfactory
results even for data lengths smaller than the required one. Indeed, although
the number of possible patterns is increased as a power of the basic number of
ordinal patterns, the corresponding embedding dimension just slightly increases.
For a given time series of length T, the length of the resulting S = n x D
(D = dyxdax---xdp—2) series of OA is equal to N = T'—(s—1). Let us consider
T =100,n =4, and D = 3x3 x5, the equivalent embedding dimension is s = 12
while the length of the OA time series is N = 89. The possible number of distinct
OA is (24)% = 1.2868-10%2, which is too large as compared to s! = 479001600. It
results from this observation that by the OA approach, given a time series with
fixed length, the number of patterns can be significantly increased, therefore
improving the statistical analysis. Large embedding dimensions are necessary
for detecting regular dynamics with large periods, but conversely require infinite
data length for estimating the complexity of non-regular dynamics. So there is
a compromise between the choice of the embedding dimension and the time
series length, which appears to be well balanced by the OAC algorithm. The
above OAC in definition 3 thus appears as an improvement of the ordinal KS
algorithm [19].
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4.3. Relationship between the ordinal arrays complexity and the Kolmogorov
Sinai entropy

Let us define the parametric function fy, : [0,'In(n!)] by:

fm(S) = hm,m-}-l(s), m e N;y (15)

Considering the definition of the ordinal representation of the KS entropy given
in [19], the relationship between the KS entropy and the OAC can be established
as:

hacs = I, A ml) (18)
Eq. (16) can be seen as the generalized approximation of the ordinal represen-
tation of the KS entropy. For 2-D arrays (r = 0 and s = n), it is equivalent
to:

hacs = 100, i, Im ) {an
which is the relation defined in [19].

The CPE h.(n) of order n was defined as the first element of the sequence
fm(n), hence he(n) = fi(n) = hi2(n). Similarly, fi(s) can be seen as the
conditional entropy of OA of size S = n x D. The CPE characterizes the
diversity of successors of the given permutations (p = n) while the conditional
entropy of OA characterizes the diversity of successors of given OA (p > n).

Let us define the function family g, of OAC of order p such that

9o ={fm(s)lp=m+s—-1,2<s<p} (18)

g, is the set of parametric functions having the same embedding dimension p
and whose elements are g,(s). g,(p) is the last element of the family g, and is
equivalent to f1(p), thus corresponds to the CPE of order p. We agree to call
g, the OAC of order p and its number of elements depends on the dimension of
the OA.

5. Results and discussion

The CPE has been presented in [19] as the best approximation of the KS
entropy for periodic signals, as compared to other existing ordinal patterns
based algorithms. In this section, we compare its performance with the OAC
algorithm. Simulations are made only for 2-D (n x m) OA for simplification
purposes. We recall that the CPE of order n corresponds to fi(p) or g,(p).

5.1. Effectiveness of the OAC for chaos detection

The logistic map whose equation is @411 = pas(1 — a¢), t € N, is commonly
used for testing the efficiency of time series analysis algorithms due to its rich
nature [21]. For almost all p € [0,4] the KS entropy either coincides with the
Lyapunov exponent if it is positive or is equal to zero otherwise [22, 23]. It is
also shown that the Lyapunov exponent for the logistic map can be estimated
rather accurately [24]. Applying the OAC algorithm to the logistic map gives
satisfactory results, as shown in Fig. 1. The OAC is compared to the CPE and
the Lyapunov exponent (Aryqp). We computed f7(9) for the OAC and f1(9)
for the CPE, with T'= 4 - 10% as time series length. It is observed that for the
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Figure 1: Comparison of the OAC with the CPE and the Lyapunov exponent, in the case of
the logistic map.

whole spectrum, f7(9) values are close to the Lyapunov exponent, taking zero
values for all the regular dynamics corresponding to negative values of Aryqp.
The fact that the Lyapunov exponent remains slightly greater than f7(9) attests
that the OAC uniformly tends to the KS limit as T tends to infinity. Conversely
the CPE is greater than the Lyapunov exponent for some values of u. It can
also be observed that f1(9) = 0.063 for u = 3.602, while it should be zero as the
corresponding dynamics is regular, according to the Lyapunov exponent value
A = —0.0085.

5.2. Dependence of the CPE and the OAC on the data length T and the permu-
tation order n

We theoretically established that the OAC algorithm depends less on the
observation time than the CPE. In Fig. 2 the behaviors of the OAC and the
CPE for various values of T are plotted. The CPE values are computed from
f1(13), while those of the OAC are obtained from fo(5). The time series length
is incremented from 7" = 10000 to 7' = 500000, by step size of AT = 10000.
As it can be observed from this figure, the result of the OAC does not depend
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Figure 2: Dependence of the OAC and CPE results on the data length.

on the time series length in the case of regular dynamics. We verified the same
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result for the CPE. However, for u = 4 corresponding to a chaotic motion,
the OAC is uniformly increasing from 0.4080 up to 0.6068, corresponding to
Afo(5) = 0.1988; while the CPE is uniformly increasing from 0.1772 up to
0.6642, corresponding to A f1(13) = 0.4869. Therefore, for the same embedding
dimension p = n +m — 1 = 13, the OAC remains closer to its limit value,
even for T < (5!)Y, than the CPE which strongly requires that the condition
T > 13! is satisfied. Using OA as patterns thus helps to increase the number of
distinct futures to be analyzed, hence to improve the statistical analysis. This
observation is important as it confirms that the OAC algorithm may be suitable
for the analysis of short length time series. Conversely, the CPE converges
faster to the KS entropy than the OAC. This result may be due to the fact
that the CPE combines two OAE computed from two time series with different
dimensions: Hj(p) computed from a 1-D time series and Hz(p) computed from
a 2-D time series.

(@)
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Figure 3: Relationship between the embedding dimension and the data length in the case of
(a) regular dynamics, (b) non-regular dynamics and (c) noise.

We further investigated the impact of the embedding dimension on the com-
plexity measure, but for 7 = 10%. We have chosen three types of dynamics:
regular dynamics (p = 3.56 and p = 3.602); chaotic dynamics (u = 3.93 and
w = 4) and stochastic dynamics with uniform distribution (UN) obtained from
the Matlab rand function, and Gaussian distribution (GN) obtained from the
Matlab randn function. The CPE has been evaluated as f1(n) and the OAC
as fm(n), where m = 14 — n and 2 < n < 13. The corresponding result is
shown in Fig. 3. This figure shows that for regular dynamics, the CPE requires
large embedding dimensions, independently of the data length; while the OAC
rapidly converges to zero, thus allowing the detection of regular dynamics with
better accuracy than the CPE.

In the case of chaotic dynamics, fi(n) for the CPE increases with the em-
bedding dimension. Similarly, gi3(n) for the OAC uniformly increases with the
permutations order n. In that case, although the embedding dimension p = 13
remains constant, for n > 2 the required data length (n!)™ becomes too large
as compared to T'. Observing an increment of the complexity for the OAC just
confirms that the pattern distribution strongly depends on m so that f,,(n) is
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different from zero even when the time series length is too short as compared
to the required data length.

In the case of noise, it is observed that fi(n) is the same for both the uniform
noise (UN) and the Gaussian noise (GN). Similarly, f,,(n) is the same for the
two distributions. However, the CPE increases with n for T' such that 7" > n!,
and decreases until zero when this condition is no longer satisfied. The same
observation is made for the OAC which increases as T > (n!)™ and decreases
to zero otherwise. These two results imply that the number of patterns rapidly
increases in the case of noise and does not change anymore when the data length
is smaller than the required value, thus leading to zero values for the complexity.

5.8. Impact of the equivalent embedding dimension p

For some values of the equivalent embedding dimension p, the detection
result for regular dynamics may be wrong. An example is given for the logistic
map with » = 3.602. For this dynamics, both the CPE and the OAC are
giving a nonzero complexity for p < 13, independently of the time series length.
Conversely, increasing the embedding dimension will impose to increase also the
time series length, otherwise the complexity will reduce. In practice, the data
length sometimes cannot be extended and an appropriate compromise between
the data length and the embedding dimension is required to avoid any confusion
between regular and non-regular dynamics.
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—e—4g,(P
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€ o4
0.2
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Figure 4: Impact of the embedding dimension on the OAC and the CPE algorithms: (a)
regular dynamics and (b) non-regular dynamics.

In Fig. 4 the performances of the CPE and OAC algorithms are compared
for a given data length (7" = 10000 samples), with varying equivalent embed-
ding dimension (7 < p < 13). We fixed the permutation order to n = 5 for the
OAC algorithm. The dynamics to be analyzed is generated from the logistic
map with r = 3.602 corresponding to a regular dynamics, and » = 4 corre-
sponding to a chaotic dynamics. According to the results obtained, it appears
that the OAC well balances the compromise between the embedding dimen-
sion and the data length. Indeed, the data length should be chosen such that
T > p!. This requirement is not respected for both the OAC and the CPE.
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However, one observes in the case of the chaotic dynamics that the value of
the complexity by the CPE (g,(p)) drastically reduces from g;(7) = 0.6643 to
913(13) = 0.1788 when 7' < p!; while the OAC result (g,(5)) slightly decreases
from g7(5) = 0.6114 to g13(5) = 0.4091. In the case of regular dynamics, the
two algorithms behave similarly, although it should be pointed out that there
is a smallest value of n (n = 5 for the dynamics corresponding to r = 3.602
as shown in Fig. 3(a)) under which the complexity of the regular dynamics is
no longer zero, even for large values of p. It can then be concluded that the
required data length for the OAC algorithm strongly depends on the permuta-
tion order n than the equivalent embedding dimension. Hence, choosing 7' >> n!
is enough for the OAC algorithm, while the CPE algorithm requires 7' > p!.
Moreover, the permutation order required for detecting regular dynamics with
a zero complexity is significantly reduced in the OAC algorithm, as compared to
the CPE algorithm. Although the required embedding dimension p is the same
for both the CPE and the OAC, it appears that its decomposition by the OA
approach contributes to reduce the permutation order required by the CPE for
efficient complexity measure, hence to reduce the required data length. These
observations thus attest that the OAC algorithm is more suitable for discerning
between regular and non-regular dynamics from a small data set than the CPE
algorithm.

5.4. Robustness against noise

According to the results in Fig. 3, the OAC is assumed to be more robust
against noise than the CPE. Indeed, the complexity g,(n) of a random distri-
bution uniformly tends to zero as soon as (n!)™ > T, where m = p —n+ 1 and
T is the data length. In Fig. 5 the spectrum of the logistic map contaminated
with a Gaussian observational noise is shown. The noisy time series is obtained
as ¢ = x; + on, where x; is given by the logistic equation. Two noise levels
o = 0.001 and o = 0.01 were considered. The Gaussian noise 7, with standard
deviation oy = 1 and mean value 77 = 0 is obtained by using the Matlab randn
function. As it can be seen, the OAC effectively performs well in presence of
noise. Particularly, periodic windows are better detected than with the CPE. It
is also noticed that the noise effect increases with the permutation order n.

5.5. Case of periodic dynamics with large period

We discussed the case of periodic dynamical systems with small period and
we verified that there is a lower limit for the permutation order n under which
the dynamics cannot be detected as regular. In practice, the period is not prior
known and the embedding dimension p or the permutation order n in some
cases may be badly chosen. Due to the limited data length, it is also common
to choose small embedding dimensions. It is well known that the KS entropy of
a periodic dynamical system is equal to zero. However, the CPE as well as the
OAC in that case may output nonzero values. Such a result is illustrated in Fig.
6. We considered for this example the rotation map uq(w) = (w + @) mod 1
on the interval [0, 1). When « is a rational number, u, provides a periodic
behavior [19]. We used T' = 10000 as data length and « varying from 0 to
0.5, with step size Aa = 0.001. As shown on Fig. 6, all the three functions of
the families gg and g13 behave similarly. We verified that gs and gi3 go to 0
at rational numbers whose denominators are smaller than or equal to 8 and 13
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Figure 5: Spectra of the CPE and the OAC for the logistic map in presence of Gaussian
observational noise, T'= 10000. The noise level is (a)-(b) ¢ = 0.001 and (c)-(d) o = 0.01.

respectively. For the set of a values considered in Fig. 6, gg goes to zero for
aef0,1,1, 1 3 2 11 while g3 goes to zero for a € {0, 15, %, %, 1, 5,2, 2,3
It is also observed that g13 < gg, which attests that the complexity converges
to zero as the embedding dimension tends to infinity. The result might become
zero by increasing the permutation order n and the embedding dimension p.
Unfortunately, a significant increment of these two parameters is not possible
due to the limited data length. Another important observation can be made: for
periodic dynamical systems g, depends only on the embedding dimension p for
n < L, and therefore slowly converges to zero. We verified this observation for
all the elements of the families gg and ¢13. Taking into account this observation,
it can be conjectured that the difference of two parametric functions f,(s)
belonging to the same family g, is equal to zero; which allows to easily detect
regular dynamics with large periods.

Figure 6: g,(n)-spectrum of the rotation map, T' = 10000. The embedding dimensions are
respectively (a) p = 8 and (b) p = 13.
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5.6. Detection of the quasi-periodic route to chaos

The interest for this type of dynamical system is to confirm the non-dependence
of the behavior of g, on the permutation order n in the case of regular dynamics,
as observed in the previous subsection. For this purpose, we have considered the

sine circle map defined as 6,11 = (Q—l—ﬁt—i—% sin (271’0,5)) mod 1, ¢ € N. Qis the

frequency ratio parameter and ~ the nonlinearity parameter. For Q = %\/57
the system is known to exhibit quasi-periodic dynamics for 0 < v < 1 [25, 26].
As in the case of the rotation map, we considered sequences of length 7' = 10000
samples and the control parameter 0 < v < 2.5 varying by step size Ay = 0.01.
We also choose 6y = 0.5 as initial condition. The corresponding result is shown
in Fig. 7 from where it is confirmed that g, does not depend on 7 in the case of
regular (periodic and quasi-periodic) dynamics.
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Figure 7: g,(n)-spectrum of the sine circle map, ' = 10000. The embedding dimensions is
p=13.

In summary, it appears that given an equivalent embedding dimension p, the
OAC g,(n) does not depend on n in the case of regular dynamics, for n < L.
In the case of chaotic dynamics, g,(n) uniformly increases with n as long as
T > pl. For stochastic dynamics, g,(n) depends on the time series length
T: it uniformly increases as T > (n!)(?="*1) and decreases to zero when this
condition is no longer satisfied.

6. Conclusion

Large embedding dimensions are necessary for the detection of regular dy-
namics with zero complexity, but conversely require infinite data length for the
estimation of non-regular dynamics complexity. This compromise between the
embedding dimension and the data length is well balanced by the OAC algo-
rithm, presented in this paper as a generalized approximation of the ordinal KS
entropy. For fixed values of embedding dimensions p and finite data length T,
we showed that g,(n) does not depend on n in the case of regular dynamics; it
uniformly increases up to a maximum value g,(p) corresponding to the CPE for
chaotic dynamics; while it increases fast up to a maximum value and rapidly
decreases to zero for the noise. We also verified that the OAC algorithm is more
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robust against noise than the CPE algorithm. Further investigations will be
made for determining properties of the algorithm for more than 2-D OA and
for applying it for distinguishing between deterministic and stochastic data.
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