;> restart;
> read "hsuml9.mpl™;
Package "Hypergeometric Summation™, Maple V - Maple 2019

Copyright 1998-2019, Wolfram Koepf, University of Kassel 4))

B RecurrenceNormalForm2:=proc(P,k,pn)
local p,n;
p:=0p(0,pn);
n:=op(l,pn);
[sumrecursion(P,k,p(n)),normal (subs[eval] ({k=0,n=0},P)),normal
(subs[eval]({k=0,n=1},P)+subs[eval ] ({k=1,n=1},P))]
| end proc:
| Jacobi polynomials
> terml:=pochhammer(alpha+l1l,n)/n!*hyperterm([-n,n+alphatbeta+1],
[alpha+1],(1-x)/2,k);
terml := ()
k
pochhammer( o + 1, n) pochhammer( —n, k) pochhammer(n + o+ B + 1, k) (% — % )

n! pochhammer( o + 1, k) k!
[> RE1:=RecurrenceNormalForm2(terml,k,p(n));

RE1 := [2(n+2)(2+2n+oc+[3) (n+2+a+B)pn+2)—(2n+3+a+p) (oczx 3)
+20aBx+4anx+B x+4Bnx+4n’x+a +60x—B +6Bx+12nx+8x)p(n
-+U+2U+n+ﬁﬂa+1+nﬂa+ﬁ+2n+@pmpwJ,%a+x+%ax

1 1
_EB"'?BX]
> term2:=(-1)"n*binomial (n+beta,n)*hyperterm([-n,n+alpha+beta+1],
[beta+1], (1+x)/2,K);
1 X

k
(—1)" (n —ril_ B] pochhammer( —n, k) pochhammer(n + o+ B + 1, k) (E + E)

term2 :=

4
pochhammer(f + 1, k) k! @

> RE2:=RecurrenceNormalForm2(term2,k,p(n));

|E2=[2m+2ﬂ2+2n+a+m(n+2+a+mpm+2y—&n+3+a+m(Jx(&
+2an+4anw+ﬁx+4ﬁnx+4¥x+«f+6ax—BA+6BX+12nx+8x)Mn
44)+2u+n+BMa+1+nMa+B+2n+MpmpwJ,%a+x+%ax
1 1
—EB-FEBX]

> simplify(RE1-RE2);

[0,0,0] (6)



alpha],[-2*n-alpha-beta],2/(1-x),k);
term3 :=
(2n+a+BJ( 1 X

n
" -5 + ?) pochhammer( —n, k) pochhammer( —n — o, k) (

1 —X

> term3:=binomial (2*n+alphat+beta,n)*((x-1)/2)"n*hyperterm([-n,-n-

pochhammer( —2n — o — B, k) k!
[> RE3:=RecurrenceNormalForm2(term3,k,p(n));

+1)+2(1+n+B) (a+1+n) (0c+[3+2n+4)p(n)=0,1,%oc+x+%ocx
1 1

_EB"'?BX]

[> simplify(RE1-RE3);

[0,0,0]

[> term4:=binomial (n+alpha,n)*((1+x)/2)*n*hyperterm([-n,-n-beta],

[alpha+1],(x-1)/(x+1),k);

1 n
(n : 06] (? + %) pochhammer( —n, k) pochhammer( —n — B, k) (

—14+X
14+ X

+20aBx+4anx+B x+4Bnx+4n’x+o +60x—PB +6Bx+12nx+8x)p(n

term4 :=
pochhammer( o + 1, k) k!

B RE4:=RecurrenceNormalForm2(term4,k,p(n));

1 1
+1)+2(1+n+B) (a+1+n) (oc+B+2n+4)p(n)=0,1,30c+x+?ocx

1 1

— 3 B+ 5 BX]

[> simplify(RE1-RE4);

[0,0,0]

> term5:=binomial (n+beta,n)*((x-1)/2)"n*hyperterm([-n,-n-alpha],
[beta+1], (x+1)/(x-1),k);

term5 =

(n%—B

n

1+ x Jk

1 x
) (— > + 3) pochhammer( —n, k) pochhammer( —n — o, k) ( 1 T x

pochhammer(f + 1, k) k!
[> RE5:=RecurrenceNormalForm2(term5,k,p(n));

+2an+4anw+ﬁx+4an+4¥x+wf+6ax—B?+6Bx+12nx+8x)mn

)

RE3 := [2(n+2)(2+2n+oc+[3) (n+24+a+B)pn+2)—(2n+3+a+p) (oczx t))

®

k
) (10)

RE4 := [2(n+2)(2+2n+0¢+B) (n+2+0+B)p+2)— (2n+3+oa+B) (o’ x A1)

(12)

13)

RE5 := [2(n+2)(2+2n+a+[3) (n+24+a+B)pn+2)—(2n+3+a+p) (a2X(14)



+20aBx+4anx+B x+4Bnx+4n’x+a +60x—B +6Bx+12nx+8x) p(n

+1)+2(1+n+B) (a+1+n) (0c+[3+2n+4)p(n)=0,1,%a+x+%o¢x

1 1
—EB+334

> simplify(RE1-RE5);

[0,0,0] as)

;Next, we reverse the order of summation of series 1.
> convert(Sumtohyper(subs(k=n-k,terml),k),binomial);

(—1)" (% —%)nHypergeom([—n—a,_n],[_ZH_Q_B] 2 ) [2n+oc+[3

1 —x n
> term3a:=termtohyper(subs(k=n-k,terml),k);

) (16)

1
term3a := ochhammer( —n, n) pochhammer(n + oo (17
n!* pochhammer( —2 n — o. — B, k) k! (p ( Jp ( an
1 x\" 2\
+B+1,n) 575 pochhammer( —n — o, k) pochhammer( —n, k) =
B simplify(term3/term3a) assuming n::integer;
1 as)
;This shows that the reverse of series 1 is series 3.
| Let's reverse series 2:
> convert(Sumtohyper(subs(k=n-k,term2),k),binomial);
1 n
(="’ (3 + %) Hypergeom([—n —B, —n],[—2n—a—B], 19)
2 (2 n+o+ BJ
—x—1 n

| This is a new identity, not yet in our list.

[> term6:=binomial (2*n+alphat+beta,n)*((1+x)/2)*n*hyperterm([-n,-n-
beta], [-2*n-alpha-beta],2/(1+x),k);

term6 := 20)

k

2n+o+pB) (1 x\' ;
( n J (2 +t5 ) pochhammer(—n, k) pochhammer( —n — B, k) ( 1+X)

pochhammer( —2n — o — B, k) k!
[> RE6:=RecurrenceNormalForm2(termé,k,p(n));

REG6 := [2(n+2)(2+2n+oc+[3) (n+24+a+B)pn+2)—(2n+3+a+p) (OLZX(ZI)

+20Bx+4anx+B x+4Bnx+4n’x+a +60x—PB +6Bx+12nx+8x) p(n

+1)+2(1+n+B) (a+1+n) (0c+[3+2n+4)p(n)=0,1,%a+x+%o¢x




1 1
_3B+EBX]

> simplify(RE1-RE6);

[0,0,0] 22

;Let's reverse series 4:
> convert(Sumtohyper(subs(k=n-k,term4),k),binomial);

1 " 1 —B—1
p—+~£)(—1f(—1+XWHﬂw@mm{[—n—a;ﬂﬂjB+IL——il—)[ P J
2 2 —1+X n
; 23)
(I +Xx)
[> term5a:=termtohyper(subs(k=n-k,term4),k);
n
termba = ( (n —r']_ aj (% + %) pochhammer(—n, n) pochhammer( —n — B, (24)
—14+x\" 14+x ¥
n) ( T x j pochhammer( —n — o, k) pochhammer( —n, k) ( 1 T x ] ]/
(pochhammer(o + 1, n) n! pochhammer(p + 1, k) k!)
> simplify(term5/term5a) assuming n::integer;
1 25
;This shows that the reverse of series 4 is series 5.
=Relation (15.8.1) in Olver, Lozier, Boisvert and Clark, 2010
> TERM1:= (1-z)"~(-a)*Hypergeom([a, c-b],[c].z/(z-1));
'ERMi:(1—nﬂ%wW@mm0&c—bLmL;%TJ (26)
> TERM2:= (1-2)~(-b)*Hypergeom([c-a, b],[c],z/(z-1));
'ERM2=(1—n4wmm@mmmc—@bLmLZjl) @7

> TERM3:=(1-z)"(c-a-b)*Hypergeom([c-a, c-b],[c].2):
TERM3 := (1 —2)° " Hypergeom([c — a, ¢ — b], [c], Z) (28)

;Relation (15.8.6) in Olver, Lozier, Boisvert and Clark, 2010

> TERM4:=pochhammer(b,n)/pochhammer(c,n)*(-z)"n*Hypergeom([-n,1-c-
n],[1-b-n],1/z);

pochhammer(b, n) (—z)”Hypergeom[[—n, l—c—nl[l—b—n], %j

TERM4 = pochhammer(c, n) 29)
> TERM5:=pochhammer (b, n)/pochhammer(c,n)*(1-z)*n*Hypergeom([-n,c-
b],[1-b-n],1/(1-2));
pochhammer(b, n) (1 — z)" Hypergeom([—n, c—Dbl],[1—b—n], 1 1_ - j
TERMS := (30)

pochhammer(c, n)

;Relation (15.8.7) in Olver, Lozier, Boisvert and Clark, 2010
> TERM6 :=pochhammer (c-b,n)/pochhammer(c,n)*Hypergeom([-n,b], [b-c-
n+1],1-2);

(€2Y




pochhammer(c — b, n) Hypergeom([ —n,b], [b—c—n+ 1], 1 —2)

TERMG :=
0 pochhammer(c, n) 1)
[> TERM7:=pochhammer(c-b,n)/pochhammer(c,n)*(z)*n*Hypergeom([-n,1-c-
n],[b-c-n+1],1-1/2);
TERM7 = 32)
1
pochhammer(c — b, n) " Hypergeom([—n, l—c—n],[b—c—n+1]1— 7)
pochhammer(c, n)
;Substitutions done in order to get series 1 and 2
> changl:= {a=-n, b=n+alphatbeta+l,c=alpha+l, z=(1-x)/2};
1

mwwlﬂz{a=—4ub=n+wx+B4—Lc=a4—Lz=§-—-g (33)

> chang2:= {a=-n, b=n+alphatbeta+l,c=beta+l, z=(1+x)/2};
1

mwaﬂz{a=—4ub=n+wx+54—Lc=B4—Lz=§-+-§ (34)
;We substitute changl in (15.8.6) and (15.8.7)
> ser3l:=simplify(subs(changl, binomial(n+alpha, n)*TERM4));

1 n
ser3l = (_E + %j Hypergeom([—n, —n—ol,[—-2n—a—B] 35
2 (2 n+o+ BJ
—1+x n

B term31l:=binomial (n+alpha, n)*pochhammer(n+alphatbeta+1l, n)*(-1/2+
(172)*x)™n*hyperterm([-n, -n-alpha], [-2*n-alpha-beta], -2/(-1+
X) ,k)/pochhammer(alpha+l, n);

n+ o 1 xy
term31 := N pochhammer(n + o+ B+ 1,n) | — > + By pochhammer( —n, (36)
) k
k) pochhammer( —n — o, k) (— 1 T+ x ) )/(pochhammer( —2n—oa—B,k) k!

pochhammer(o.+ 1,n))

B simplify(term3/term31);
1 37

We recover here series 3

[> ser61:=simplify(subs(changl, binomial(n+alpha, n)*TERM5));

(o oxy 2 2n+a+B)
ser6l := [2 + 2) Hypergeom([ n,—n—BL[—2n—o—B] 1+Xj ( " 38)
[> term61:=binomial(n+alpha, n)*pochhammer(n+alpha+beta+l, n)*(1/2+
(1/72)*x)™n*hyperterm([-n, -n-beta], [-2*n-alpha-beta], 2/(1+x),k)
/pochhammer(alpha+l, n);

n+ o 1 xy
termél := N pochhammer(n + o+ B+ 1, n) > + By pochhammer( —n, 39)
2

k
k) pochhammer( —n — B, k) (I—-i-)() ]/(pochhammer( —2n—o—B,k) k!




pochhammer(o + 1,n) )

> simplify(term6/termél);
1 (40)

:We recover here series 6
> ser2l:=simplify(subs(changl, binomial(n+alpha, n)*TERM6));

ser2l = Hypergeom([—n, n+o+p+1][B+1] % + %J (_Bn_ lj 41)
> term21:=GAMMA(-beta)*hyperterm([-n, n+alphatbeta+l1l], [l+beta],

1/2+(1/2)*x,K)/ (GAMMA(n+1) *GAMMA(-n-beta)) ;
k

I'( —B) pochhammer( —n, k) pochhammer(n + o+ B + 1, k) (% + %)

term21 = 42)

pochhammer(B + 1,k) k! T(n+ 1) T(—n —B)
> simplify(term2/term21) assuming n::integer;
1 43)

:We recover here series 2
> ser5l1:=simplify(subs(changl, binomial(n+alpha, n)*TERM7));

sersl = (% — %] Hypergeom([—n, —n—oal, [B+1], _11++XX ) (—Bn_ 1] 44)

> term51:=GAMMA(-beta)*(1/2-(1/2)*x)n*hyperterm([-n, -n-alpha],
[1+beta], (1+x)/(-1+x),k)/(GAMMA(n+1)*GAMMA(-n-beta));

k

1 x 1+ x
r(—B) (— — —) pochhammer( —n, k) pochhammer( —n — o, k) ( )
2 2 —1+X
term51 := 45)
pochhammer(B + 1,k) k! T(n+ 1) T(—n — B)
> simplify(term5/term51) assuming n::integer;
1 (46)

;We recover here series 5

| We now substitute chang? in (15.8.6) and (15.8.7)

> simpcomb(subs(chang2, [(-1)"n*binomial(n+beta, n)*TERM4, (-1)"n*
binomial (n+beta, n)*TERM5, (-1)"*n*binomial(n+beta, n)*TERM6, (-1)
“n*binomial (n+beta, n)*TERM7]));

1
'm+1)T(n+oa+p+1)

((—lfI12n4—a+—B+1)(——%——-%janwmmmn([ “47)

—m—n—BLPQn—a—BLliX)}

1
rm+1)T(n+oa+p+1)

((—1)”F(2n+0c+[3+ 1) (% — %)nHypergeom([




_m—n—aLPQ”_“_BL_tf%7)}

(—1)"T(—o) Hypergeom([—n,n-l—oc—l—ﬁ-l—l], [oc-l—l],%—%j

'(n+1)T(—n—a) ’
—1+X
1 +x j

(—1)"T(—a) [% + %j Hypergeom([—n, —n—B], [a+1],

'n+1)T(—n—a)

=and recover series 6, series 3, series 1, and series 4.
| The substitution of changl in (15.8.1) yields

[> soll:=simplify(subs(changl, [binomial(n+alpha, n)*TERM1, binomial
(n+alpha, n)*TERM2, binomial(n+alpha, n)*TERM3]));

(n+a)pl+ﬁjnhmgwmﬁ—m—n—MJa+1L:LiL} “8)

11 :=
S0 n 2 T3 1+ x

"o

1
2
—1 1 -’
+X) [n a) (E—'_LJ Hypergeom([oc—i-1+n,—n—B],[OL+l],

—n—o—p—1
+§j Hypergeom([O(—F1+n,n+0c+[3+1],[0c+1],

1
1 +x 2 2

4]

| We recover here series 4 and two series representations of the Jacobi polynomials
> seriesl:=soll[2];

. n+o) (1 x \ "Rt
seriesl := -+ = Hypergeom| [a0+ 1 +n,n+ o+ B+ 1], [a+ 1], (49)

n 2 2
—14+X
1+ x
[> series2:= soll[3];
. n—+ o 1 x P 1 X
series? := " (5+3) Hypergeom([a+l+n,—n_B],[Oﬂ"‘l]s?_Ej (50)

B termseriesl:=binomial(n+alpha, n)*(1/72+(1/2)*x)"(-n-alpha-beta-1)
*hyperterm([alphatl+n, n+alphatbeta+1], [alpha+1l], (-1+x)/(1+x),
k

n—o—p—1
termseriesl = ! (n N a) L + X pochhammer(o.  (51)
pochhammer(o + 1, k) k! n 2 2

—1
+ 1+ n, k) pochhammer(n + o+ B + 1, k) (T—i_xx) J

> termseries2:=binomial (n+alpha, n)*(1/72+(1/2)*x)"(-beta)*hyperterm
([alpha+l+n, -n-beta], [alpha+l], 1/2-(1/2)*x, K);

termseries2 = (52)




1 n 1 #
( [ M a) (— + LJ pochhammer(o + 1 + n,
pochhammer(o + 1, k) k! n 22

k
k) pochhammer( —n — B, k) (i — LJ ]
2 2
[> op(1, sumrecursion(termseriesl,k,p(n)))-op([1,1],RE1);
op(1l, sumrecursion(termseries2,k,p(n)))-op([1,1],RE1);
0
0 (53)

This means the latter two series representations satisfy the same recurrence relation with the same
| initial conditions given below.

> initiall:=simplify([sum(subs(n=0,termseriesl), k=0..infinity),
sum(subs(n=1, termseriesl), k=0..infinity)]) assuming(x>0,x<1);

o 2+a+B)x B o
initiall := |1, 3 ) (34)
[> initial2:=simplify([sum(subs(n=0,termseries2), k=0..infinity),
sum(subs(n=1, termseries?2), k=0..infinity)]) assuming(x>0,x<1);
o 2+o+B)x B, o
initial2 == |1, 5 5 + > (55)
(> [op(2, RE1),o0p(3, RED];
1 1 1 1
P,E—a+x4—§-ax—-zﬁ4-§-ﬁ4 (56)
> simplify(initial2- [op(2, RE1),op(3, RED]D;
[0,0] (CY))
;The substitution of chang?2 in (15.8.1) yields
> sol2:=simplify(subs(chang2, [(-1)"n*binomial(n+beta, n)*TERML,
(-D™*binomial (n+beta, n)*TERM2, (-1)"n*binomial(n+beta, n)*
TERM3]));
.__nn+B)L_L“ o _x
sol2 = l( 1) ( 0 (2 2) Hypergeom([ n,—n—ol, [+ 1], T x ), (58)

Hypergeom([l +n+Bn+oa+B+1][B+1]

—o

2
ij,(—l)n (n:\_Bj (% —%j Hypergeom([l—l-n—l—[_’),—n—oc], [B—l—l],%

=

| We recover here series 5 and two series representations of the Jacobi polynomials
> series3:=sol2[2];

—Nn—oa—p—1
SM%3=(—U”@:BJ(%—“§) Ihm@wmﬁl+n+&n+a+ﬁ+le($)




> series4:= sol2[3];

1 ¢ 1
n+B) (3 — %) Hypergeom([l +n+B —n—oal,[Bp+1], > (60)

seriesd :== (—1)" ( "

L X
2

B termseries3:=-(-1)"(n+1)*binomial (n+beta, n)*(1/2-(1/2)*xX)"(-n-
alpha-beta-1)*hyperterm([n+beta+l, n+alphat+beta+1l], [1+beta], (1+
XY/ (-1+x), K);

n—o—P
termseries3 := — : b—lﬁ“(n+ﬂj(lu_ij (61)
pochhammer(f + 1, k) k! n 2 2
B 1+x \*
pochhammer( 1 + n + B, k) pochhammer(n + o+ B + 1, k) ( SR ) )

B termseries4:=(-1)™n*binomial (n+beta, n)*(1/2-(1/2)*x)"(-alpha)*
hyperterm([n+beta+l, -n-alpha], [l+beta], 1/72+(1/2)*x, k);
: 1 n(n—%B] (1 X )“
termseries4 := —1 - — = ochhammer( 1 + n (62
pochhammer (B + 1, k) k! (( ) n 22 P ( ©2)

+ B, k) pochhammer( —n — o, k) (% + %j

)
B op(1l, sumrecursion(termseries3,k,p(
p(

n)))-op([1,1],RE1);
op(1l, sumrecursion(termseriesd,k,p(n)))-op([1,1],RE1);
0
0 (63)

This means the latter two series representations satisfy the same recurrence relation with the same
| initial conditions given below.

[> initial3:=simplify([sum(subs(n=0,termseries3), k=0..infinity),
sum(subs(n=1,termseries3), k=0..infinity)]) assuming(x>0,x<1);

o—B
o (—1+X)_]_k(1+x)k(%—%j pochhammer(1 + o + B, k)
initial3 := | —2 ' , (64)
k=0 k!
2k k 1 x P
© (—14X) (1+x)(k+B+1) (E_EJ (k+1+a+p)!
—4
kza k! (1+a+B)!
> initial4:=simplify([sum(subs(n=0,termseries4), k=0..infinity),
sum(subs(n=1, termseries4), k=0..infinity)]) assuming(x>0,x<1);
L 2+a+B)x B o
initial4 := |1, 5 ) (65)
> [op(2, RE1),0p(3, RE1)];
1 1 1 1
[I,EOL—FX-FEOLX—EB—FEBX] (66)

> simplify(initiald- [op(2, RE1),op(3, RE1)]):
[0,0] (67)




| Gegenbauer polynomials
> convert(Sumtohyper(pochhammer(2*lambda,n)/pochhammer(lambda+1/2,

n)*subs({alpha=lambda-1/2,beta=lambda-1/2},terml),k),binomial);

1 1 X n+2A—1
X+—,3—3)[ n ) (68)

2

> convert(Sumtohyper (pochhammer (2*lambda,n)/pochhammer(lambda+1/2,
n)*subs({alpha=lambda-1/2,beta=lambda-1/2},term2),k),binomial);

(—l)nHypergeom([—n,n+2k], [h—i— L ,i + 1) (n+2l—1) (69)
2 2 2 n

> convert(simplify(Sumtohyper(pochhammer (2*lambda,n)/pochhammer

(lambda+1/2,n)*subs({alpha=lambda-1/2,beta=lambda-1/2},term3),k)

).,binomial);

Hypergeom( [—n,n+2A]

> —1+x]( 2+2x)[ 0 (70)
> convert(Sumtohyper (pochhammer (2*lambda,n)/pochhammer(lambda+1/2,
n)*subs({alpha=lambda-1/2,beta=lambda-1/2},term4),k),binomial);

1 x \" 1 1] —2+2x n+2A—1
(2 + 2) Hypergeom( —n, —n — A+ A+ ], 12X )( 0 ) (71)

2 2

> convert(Sumtohyper (pochhammer (2*lambda,n)/pochhammer (lambda+1/2,
n)*subs({alpha=lambda-1/2,beta=lambda-1/2},term5),k),binomial);

(_j_+ﬂéj Hﬂmgmm{ 1 1]’ 242X )(n+2x—4) )

1
Hypergeom( —n, —n—A+ —], [—2n—2A+1], —

9

2 "2 IR O [ R wrap n
> convert(simplify(Sumtohyper(pochhammer (2*lambda,n)/pochhammer
(lambda+1/2,n)*subs({alpha=lambda-1/2,beta=lambda-1/2},term6) ,k)
).,binomial);

2

1 2 n
—n,—n—?»—l—; ,[—2n—27u+1],1—_|_)(] (24+2X) (

> RE1:=RecurrenceNormalForm2(pochhammer(2*lambda,n)/pochhammer

(lambda+1/2,n)*subs({alpha=lambda-1/2,beta=lambda-1/2},terml),k,p

Q)F

REL:=[(n+2)p(n+2)—2x(n+A+1)p(n+1)+ (n+2A)p(n)=0,1,2Ax] (74

[> term7:=(2*x)”n*pochhammer (lambda,n)/n!*hyperterm([-n/2,-(n-1)/2],
[1-lambda-n],1/x"2,Kk);

term7 := (75)

n+ia—1
n

Hypergeom( (73)

k
(2 x)" pochhammer( A, n) pochhammer( — %, k) pochhammer( — % + %, kj (Lz ]
X

n! pochhammer( —n — A + 1, k) k!

> RE7 :=RecurrenceNormalForm2(term7,k,p(n));
RE7:=[(n+2)p(n+2)—=2x(n+A+1)p(n+1)+ (n+2A)p(n)=0,1,2Ax] (76)
:Reversion yields

> resl:=convert(Sumtohyper(subs(k=n-k,subs(n=2*n,term7)),k),
binomial);

resl := amn




2n+A—1

Jrr(=2n—a+1) (2" (=1) Hypergeom[[n + A, —n], [%]’ Xz) ( 2n

|

F(—n+~%)r(—n—k+l)

> convert(termtohyper(eval (subs(Hypergeom=1,resl)),n),binomial);

n+AaA—1 n
" e

| Reversion yields
> res2:=convert(Sumtohyper(subs(k=n-k,subs(n=2*n+1,term7)),k),
binomial);
res2 :=
- | 1 (4\/?F(—7L—2n) (2”)2X(—1)nHypergeom([n
F(—n——a—)r(—n——k)

7 ] ) (anjlk) )

+ A+ 1, —n],

> convert(termtohyper(eval (subs(Hypergeom=1,res2)),n),binomial);

n+Aa
2 AX 1"
( N ] (—1)
[ Check (19)=(21)

> term8:=subs(n=2*n,term7);

term8 :=

k

1 1
(Zx)znpochhannner(k,Zn)pochhammer(“”’k)pOChhammer(__n+ E;’kj (_7;j
X

(2 n)! pochhammer( —2n — A+ 1,k) k!
[> RE8:=RecurrenceNormalForm2(term8,k,p(n));

RES:=|(n+2) 2n+3) (2n+1+A) pn+2)—(2n+2+21) 22 +8Anx
+8n° X +8AX + 16N —4nh—4n*+6X —5Ah—8n—3)p(n+ 1)+ (n

+A)(2n+2A+1) (2n+34+24) p(n)=0,1,

pochhammer(}, 2) (2AX +2x —1)
A1

> term9:=(-1)n*binomial (n+lambda-1,n)*hyperterm([-n,n+lambda],
[1/72],x72,K);

(—1)" (n " ?: ) 1) pochhammer( —n, k) pochhammer(n + A, k) 4° (Xz)k

term9 := 2K

B RE9:=RecurrenceNormalForm2(term9,k,p(n));

(78)

(79)

(80)

81

(82)

(83)



REQ:=[(n+2) 2n+3) (2n+1+A)pn+2)— (2n+2+21) 2% +8Anx (84)
+8n° X +8AX + 16N —4nh—4n*+6X —5A—8n—3)p(n+ 1)+ (n

+A) (2n+24+1) (2n+34+1)p(n)=0, 1,2 X% + 24X — 1]
> normal (expand(RES8-RE9));
[0,0,0] (85)

[ Check (20)=(22)
> termlO:=subs(n=2*n+1,term7);
term10 := (86)

1
(2n+ 1)! pochhammer( —A — 2 n, k) k!

( (2x)>"*! pochhammer(A, 2 n

k
+1) pochhammer( —n— i, kj pochhammer( —n, k) (Lj J

2 N

B RE10:=RecurrenceNormalForm2(terml10,k,p(n));
RElO:=[(5+2n)(n+2)(2n+2+k)p(n+2)—(2n+3+k) (2% +8An% @87

+8M X+ 12AX +24nX —4nh—4n*+ 16X —T7A—12n—8)p(n+1)+ (n+ 1

+1) (2n+4+X%) (2n+21+1) p(n)=0,2 AX,

2 x pochhammer (A, 3) (24X + 4 X — 3)
3(2+2)

> termll:=2*lambda*x*(-1)"n*binomial (n+lambda,n)*hyperterm([-n,n+
lambda+1],[372].,x"2,k);

2Ax(—1)" (n —ri]_ 7») pochhammer( —n, k) pochhammer(n + A + 1, k) (Xz)k

termll := (88)

pochhammer( %, k) k!

> RE11:=RecurrenceNormalForm2(termll,k,p(n));
RE11:=[(5+2n)(n+2)(2n+2+k)p(n+2)—(2n+3+k) (2% +8An%  (89)

8N X+ 12AX +24nX —4nh—4n* + 16X —T7A—12n—8)p(n+1) + (n+ 2
+1) (2n+4+24) (2n+21+1) p(n)=0,21x, —273x—2xx+%73x3+4x2x3
—I—%kxﬂ

> normal (expand(RE10-RE11));
[0,0,0] 90)

:Legendre polynomials



convert(Sumtohyper (subs({alpha=0,beta=0},terml),k),binomial);

Hypergeom([n +1,—n], [1], % — %) 1)
convert(Sumtohyper (subs({alpha=0,beta=0}, term2),k),binomial);
(—1)”Hypergeom([n+1,—n],[l],%+%) 92)
convert(Sumtohyper (subs({alpha=0,beta=0}, term3),k),binomial);
1 x\" 2 2n
(—5 + 5) Hypergeom[[—n, —nl,[—2n], — 1 4 x ) ( N j 93)

convert(Sumtohyper (subs({alpha=0,beta=0},term4),k),binomial);

1 X\ —1+x
(E-I-Ej Hypergeom([—n,—n],[l], T+ x ) 94)
convert(Sumtohyper (subs({alpha=0,beta=0}, term5),k),binomial);
1 X\ 1+ x
(—;-I—;j Hypergeom([—n,—n],[l], —1+X) 95)
convert(Sumtohyper (subs({alpha=0,beta=0}, term6),k),binomial);
1 x) 2 2n
(5 + 5) Hypergeom[[—n, —n],[—2n], 1+X) (n j (96)
convert(Sumtohyper (subs({lambda=1/2},term7),k),binomial);
2"x"H ML L A (“)
I 97
simplify(convert(Sumtohyper(subs({lambda=1/2},term8),k),
binomial) ,power);
47" H SNSRI N TR R D 98
X ypergeom( n, —n 2“ n 2}, Xz)(zn) (98)
convert(Sumtohyper (subs({lambda=1/2},term9),k),binomial);
1
n__
(—l)nHypergeom( %-l—n,—n},[%},xz) 12 99)

2
convert(termtohyper((-1)™n*binomial(-1/2 + n, -1/2),n),binomial);

SO

I (100)
simplify(convert(Sumtohyper(subs({lambda=1/2},terml0),k),
binomial),power);

n(4n+2 1 1] 1
Zntig-n (2n n 1) Hypergeom[ —n— EE —n], [—2n — 3}, 7)
(101)

2
convert(Sumtohyper (subs({lambda=1/2},termll),k),binomial);



+n

1
2X(—1)nHypergeom([—n,%+n],[%],x2) (n+1) 2 1 (102)

2
> termtohyper(2*x*(-1)"n*(n + 1)*binomial(n + 1/2, -1/2),n);

Xpochhammer(%, nj (—1)"

Py (103)
> terml2:=x"n*hyperterm([-n/2,-(n-1)/2],[1],1-1/x"2,k);
k
X" pochhammer(—%, k) pochhammer(—% + %, kj (1 — sz
term12 = — X (104)
> RE1:=RecurrenceNormalForm2(subs({alpha=0,beta=0}, terml),k,p(n));
REl:=[(n+2)p(n+2)—x2n+3)p(n+1)+ (n+1)p(n)=0,1,x] (105)
> RE12:=RecurrenceNormalForm2(term12,k,p(n));
RE12:=[(n+2)p(n+2)—x(2n+3)p(n+1)+ (n+1)p(n)=0,1,x] (106)
[> terml3:=subs(n=2*n, terml2);
k
X" pochhammer( —n, k) pochhammer( —n+ %, k) (1 — sz
term13 := X 107)

k!?
> RE13:=RecurrenceNormalForm2(terml3,k,p(n));

REB:=[2(4n+3)(2n+3)(n+2)pur+2)—(4n+5)(Mn2ﬁ+4mnx2—8n2 (108)

3%

+21%' =200 — 1) p(n+ 1) +2 (N+1) 2n+1) (4n+7) p(n) =0, 1, =

1

2

:Reversion yields
> simplify(convert(Sumtohyper(subs(k=n-k,subs(n=2*n,terml2)),k),
binomial) ,power) assuming n::integer;
1
2 n [ E 1 X2
— n —_— — — —
(—1)" (x 1) N Hypergeom([ n, n],[z}, (—1+x) (1+%) j 109)

> terml4:=binomial (-1/72,n)*(-1)*n*(x*2-1)"n*hyperterm([-n, -n],
[1/72], x™2/7((-1 + xX)*(1 + X)),Kk);

1
[ n2 ] (—1)" (Xz— l)npochhammer(—n, k)24k( (

(2k)!
> RE14:=RecurrenceNormalForm2(terml4,k,p(n));

2 k
X

—14+x) (1+Xx)

] (110)

terml4 :=

(111)



RE14 = [2 (4n+3)(2n+3)(n+2)p(n+2)— (4n+5)(16n°xX +40nx’—8n>  (111)

X
+21X—20n—11)p(n+1)+2(+1)@2n+1) (4n+7)p(n)=0,1,37
1
2
[> RE13-RE14;
[0,0,0] (112)
> terml5:=subs(n=2*n+1,terml12);
k
2N+l pochhammer(—n — %, k) pochhammer( —n, k) (1 — sz
X

term15 = 113)

k!?
B RE15:=RecurrenceNormalForm2(terml5,k,p(n));

RE15 = [2 (5+2n) (4n+5)(n+2)p(h+2)— (4n+7) (160X +56nx —8n>  (114)

+45ﬁ—28m—B)Mn+1y+2ﬁn+3ﬂn+1)Mn+9)mm=ax

Msi—3)}

:Reversion yields

> simplify(convert(Sumtohyper(subs(k=n-k,subs(n=2*n+1,terml2)),k),
binomial),power) assuming n::integer;

1

n 2 n 2 3 X
(—D)"x2n+1) (x —1) [ 0 Hypergeom([—n,—n],[g}, T (1+X)) 115)

> terml6:=binomial (-1/2,n)*(2*n+1)*(-1)™n*x*(x"2 - 1)™n*hyperterm(
[-n, -nl. [372], x"2/((-1 + X)*(1 + x)).k);
term16 := (116)

1
2
n

B RE16:=RecurrenceNormalForm2(terml6,k,p(n));

k

2
(2n+1) (—l)nx(xz—l)npochhammer(—n,k)z[ (_1+;) 1+ j

3
pochhammer( EX k) k!

RE16 = [2 (54+2n) (4n+5)(n+2)p(n+2)— (4n+7)(16n°xX +56nx —8n>  (117)

+45ﬁ—28m—%)Mn+1y+2Qn+3Hn+1)Hn+9)mm=ax

MSi—3)}




> RE15-RE16;
[0,0,0] (118)

_Chebyshev polynomials T n

> convert(Sumtohyper(subs({alpha=-1/2,beta=-1/2},terml)/binomial (2*
n,n)*4”n,k),binomial);

Hypergeom([n, —n], [%}, % — %j (119)

> S|mpl|fy(Sumtohyper(subs({alpha— 1/2,beta=-1/2},term2)/binomial
(2*n,n)*4™n,k
! ,—+—j (120)

n —_—
(—1) Hypergeom([n, ni, [ > 5

> simplify(Sumtohyper(subs({alpha=-1/2,beta=-1/2},term3)/binomial
(2*n,n)*4™n,k));

1 X

Hypergeom([—n,—n-l—%],[—2n+1],— _12+Xj(—2+2x)n
(121)
2
> sumpl|fy(Sumtohyper(subs({alpha-—l/2 beta=-1/2},term4)/binomial
(2*n,n)*4™n,k
1 ! 1 1] —1+x
(34-3) Hypergeom[[—n,—n+? ’[?]’ T+ x ) (122)
> simplify(Sumtohyper(subs({alpha=-1/2,beta=-1/2},term5)/binomial
(2*n,n)*4™n,k));
1 " 1 1 1 + X
(— ) + 2) Hypergeom[[—n,—n-l— ) ],[2 ], —1—|—X) (123)
> simplify(Sumtohyper(subs({alpha=-1/2,beta=-1/2},term6)/binomial
(2*n,n)*4™"n,k));
Hypergeom( —n, —n + %],[—2n+1],l—+xj (242x)"
(124)

2

=Chebyshev polynomials U n
> Sumtohyper(subs({alpha—1/2 beta=1/2},terml)*(n+1)/binomial(n+1/2,
n),k

(n+lﬂhm@mmﬁn+1—mL{%,%n—%) (125)
> Sumtohyper(subs({alpha—1/2 beta=1/2},term2)*(n+1)/binomial(n+1/2,
n),k
n 3 1 X
(—1) (n—l—l)Hypergeom([n—i-Z,—n], 5],34—3) (126)

> sumpl|fy(Sumtohyper(subs({alpha—1/2 beta=1/2},term3)*(n+1)
/binomial(n+1/2,n),k

1 2
Hypergeom([—n — 5 —n], [—2n—1], — 1+ x
> Sumtohyper(subs({alpha—1/2 beta=1/2},term4)*(n+1)/binomial(n+1/2,
n),k

)(—2+2xﬁ 127

128



2 2 2 2] 2+2x (128)

> Sumtohyper(subs({alpha=1/2,beta=1/2},term5)*(n+1)/binomial(n+1/2,
n),k);

(l + Ljn (n+ l)Hypergeom([—n— i, —n], [i ﬂ)

1 x\" 1 31 2+2x
(—34-3) (n+l)Hypergeom([—n—3,—n],[3 ’—2—+2X) (129)
> simplify(Sumtohyper(subs({alpha=1/2,beta=1/2},term6)*(n+1)
/binomial(n+1/2,n),k));
Lol =2 n
Hypergeom( n 5> n],[ 2n—1], 1+X)(2+2X) (130)
[> simplify(pochhammer(3/2,n)/binomial(n+1/2,n)/n1);
1 (131)
> convert(Sumtohyper(subs({lambda=1},term7),k),binomial);
n n_n_ 11,1
2°X Hypergeom[ 2 T + ) , [—n], ij (132)

> simplify(convert(Sumtohyper(subs({lambda=1},term8),k),binomial),
power) ;

—n;—n+-L,[—2nLJ;j (133)

2 X
> convert(Sumtohyper(subs({lambda=1},term9),k),binomial);

(—l)nHypergeom([n +1, —n], H ,xzj (134)

> simplify(convert(Sumtohyper(subs({lambda=1}, terml10),k),binomial),
power) ;

4" " Hypergeom(

2 X
> convert(Sumtohyper(subs({lambda=1},termll),k),binomial);

: xzj (136)

+1 1 1
2x" 4”Hypergeom( —N——,—n,[=2n—=1], — (135)

3
2x (—D)"(n+1) Hypergeom([n +2, —n], [5

:Laguerre polynomials
> terml7:=pochhammer(alpha+l,n)/n!*hyperterm([-n], [alpha+1],x,k);
pochhammer( o + 1, n) pochhammer( —n, k) X<
n! pochhammer( o + 1, k) k!

B RE17:=RecurrenceNormalForm2(terml7,k,p(n));
RE17:=[(n+2)p(n+2) — (aa+2n—x+3)p(n+1)+ (aa+1+n)p(n)=0,1,a0 (138)

+1—x]
B convert(Sumtohyper(terml7,k),binomial);

terml7 = 137

Hypergeom([—n], [oe+ 1], %) (n —(; a] (139)

;Let's reverse this series:
> convert(Sumtohyper(subs(k=n-k,terml7),k),factorial);




n.n 1
(—1) x Hypergeom([—n—oc, —n], [, _?)

n! (140)
;This is a new identity.
> terml8:=(-1)"n*x*n*hyperterm([-n,-n-alpha],[],-1/x,k)/n!;
(—1)" X" pochhammer( —n, k) pochhammer( —n — «, k) ( — % )
terml8 := (141)

k!'n!

B RE18:=RecurrenceNormalForm2(terml8,k,p(n));

RE18:=[(n+2)p(n+2)— (a+2n—x+3)p(n+1)+ (aa+1+n)p(n)=0,1,a0 (142)
+1—x]

> RE17-RE18;

[0,0,0] (143)

:Bessel polynomials
> terml9:=hyperterm([-n,n+alpha+1],[],-x/2,K);

k
pochhammer( —n, k) pochhammer( o + 1 + n, k) (— %j

term19 := Kl (144)
B RE19:=RecurrenceNormalForm2(terml19,k,p(n));
RE19 := [—2(oc+2+2n) (o+2+n)p(n+2)+ (+2n+3) (0c2x+4ocnx (145)

+an’x4+6ax+12nx+2a+8x)p(n+1)+2(a+442n) (n+1)p(n)=0,1,

2

:Let‘s reverse this series:
> convert(Sumtohyper(subs(k=n-k,terml19),k),binomial);

1
],+-—-ax—+x]

(—1)"T(a+1+2n) (—%]nX”Hypergeom([_”]’[_“_Zn]’%)

INo+1+n)

(146)

:This is the second hypergeometric representation.
> term20:=pochhammer(n+alpha+1l,n)*(x/2)"n*hyperterm([-n],[-2*n-
alpha],2/x,k);

n k
pochhammer(o + 1 4+ n, n) (% ) pochhammer( —n, k) (% ]

pochhammer( —o. — 2 n, k) k!
> RE20:=RecurrenceNormalForm2(term20,k,p(n));

RE20:=|—2(a+2+2n) (a+2+n)p(n+2)+ (+2n+3) (oc2x+4ocnx (148)

term20 := (147)

+4n’x+6ax+12nx+2a+8x)p(n+1)+2 (a+44+2n) (n+1)p(n)=0,1,




1
1 -
+—2ax+x
B RE19-RE20;
[0,0,0] (149)

| Hermite polynomials

> term2l:=(2*x)™n*hyperterm([-n/2,-(n-1)/2],[1.-1/x"2,K);
k

n n _n_ 1 _ 1
(2 x) pochhammer(— 7 ,kj pochhammer[ > + > ,k) ( 5 j

term21 == X X (150)
B RE21:=RecurrenceNormalForm2(term21,k,p(n));
RE21 :=[p(n+2) —2xp(n+1)+2(n+1)p(n)=0,1,2Xx] (151)
;Even and odd indices:
> term22:=subs(n=2*n,term2l1);
k
(2 x)*" pochhammer( —n, k) pochhammer( —n+ %, k) [— Lz)
term22 == X (152)

k!
> RE22:=RecurrenceNormalForm2(term22,k,p(n));
RE22:= [p(n+2)+2(—2X+4n+5)p(n+1)+82n+1)(n+1)p(n)=0,1,4x (153)

_2]

> term24:=subs(n=2*n+1,term2l);

1 1)

2 X)zn+l pochhammer( —n— EE kj pochhammer( —n, k) [— —zj
X

term24 := (154)

k!

> RE24:=RecurrenceNormalForm2(term24,k,p(n));

RE24 == [p(n+2)+2(—2X+4n+7)p(n+1)+8(n+1)(2n+3)p(n)=0,2x  (155)
8x — 12 x]

:Let‘s reverse the series for even n:

> res23:=simplify(convert(Sumtohyper(subs(k=n-k,term22),k),
binomial));

e Frpas 1 ]

res23 := 1 (156)
F(—n + ?)
> simplify(convert(termtohyper(eval (subs(Hypergeom=1,res23)),n),
binomial)) assuming n::integer;;
N (—1)" (Zn”) 157

;This is a second hypergeometric representation for even n:
> term23:=n!1*(-1)"n*binomial (2*n, n)*hyperterm([-n],[1/2],x"2,k);

(2Kk)!

term23 :=

(158)



> RE23:=RecurrenceNormalForm2(term23,k,p(n));
RE23:= [p(n+2)+2(—2X+4n+5)p(n+1)+8(2n+1)(n+1)p(n)=0,1,4x (159)
_2]
[> RE22-RE23;
[0,0,0] (160)

:Let's reverse the series for odd n:
> res25:=simplify(convert(Sumtohyper(subs(k=n-k,term24),k),
binomial));

(—1)“22n+2X\/;Hypergeom([—n], [% ,Xz)
res25 := — 1 (161)
F(—n— E)
[> termtohyper(eval (subs(Hypergeom=1, res25)),n);
2Xpochhammer[%,nj (—4)" 162)

;This is a second hypergeometric representation for odd n:
> term25:=2*x*pochhammer (372, n)*(-4)"n*hyperterm([-n],[37/2],x"2,k)

2 Xpochhammer(%, nj (—4)" pochhammer( —n, k) (XZ)k

term25 := (163)

pochhammer[ %, k) k!

B RE25:=RecurrenceNormalForm2(term25,k,p(n));
RE25:= [p(n+2)+2(—2X+4n+7)p(n+1)+8(n+1)(2n+3)p(n)=0,2x  (164)
8 — 12 x]
[> RE24-RE25;
[0,0,0] (165)

:Masj ed-Jamei families
> chang:={alpha=-p+1*q/2, beta=-p-1*q/2, x=1*((a"2+c"2)*x+a*b+c*d)/
(a*d-b*c)};

= o= — 19 o Iq :I((¥-+&)x4—ab+cd)
(mmm._{a p+ Z’B p— X 2d—Dboe (166)
> an:=2"n*(a*d-b*c)”n*n1/(-1)"n;
n _ n '
an - 2" (ad—Dbc) n! 167

(—D"
> convert(Sumtohyper(an*subs(chang, terml),k),binomial);
1

; T (2” (ad— bc)”r(n —p+ ITQ + 1) Hypergeom([—n,n (168)
(—1)" F(—p—i— BN +1)

—2p+1]

—p+-3-+1 2ad—2bc

B convert(Sumtohyper (an*subs(chang, term2),k),binomial);

Iq ] —Iazx—Iczx—Iab—ch+ad—bcJj




1

I”F(—p—17q+1)

[2” (ad— bc)”l“(n —p— %q + 1) Hypergeom([—n, n—2p (169)

B (R —la’x—Ic’x—lab—Icd—ad+bc

P=>% 77 —2ad+2bc
> convert(Sumtohyper(an*subs(chang, term3),k),binomial);
1

(—)'"I'"T(n—=2p+1)

+ 1],

2"(ad—bc)"T(2n—2p (170)

e la’x+1c°x+1ab+Icd—ad+bc nH crecom
) 2 (ad—bc) YPeIg
—2ad+2bc
Iﬁx+18x+lab+lcd—ad+bc)
> convert(Sumtohyper(an*subs(chang, term4),k),binomial);
1 Iq

2"(ad—bc)"T{n—p+ — 171)
(—1)”1"r(—p+1—q+1J [ (

2

_n+p_I_q’_n]’[

—2n+2p],

2
2

n
J Hypergeom([—n, —n+p+ ITQ}, [

e la’x+Ic’x+Iab+Icd+ad—bc
j 2 (ad—Dbc)

2

> convert(Sumtohyper(an*subs(chang, term5),k),binomial);
1

(—1)”1”r(—p—17q+1)

_p+1_q+1} 21a’x+2Ic’x+2lab+2Icd—2ad+2bc
"2la’x+21cx+2lab+2Icd+2ad—2bc

[2” (ad—bc)”F(n—p—ITq a172)

+1j(leﬁx—i—lczx—i—lab—i—lcd—ad—i—bc

n
19
2(ad—bo) ]Hypergeom([ n+p 5 n},[

_p_I_qH} —2la’x—21c’x—2lab—2Icd—2ad+2bc J]
2 " —2la’x—2Ic’x—2lab—2Icd+2ad—2bc
> convert(Sumtohyper(an*subs(chang, term6),k),binomial);
1
(—1)"I'T(n—2p+1)
+1)[I¥X+I€X+Iab+lcd+ad—bc
2 (ad—bc)

2"(ad—bc)"'T(2n—2p (173)

n
j Hypergeom(

Iq
n,—n+p+ > ],[

—2n+2p],

2ad—2bc
la®x+Ic’x+Iab+Icd+ad—bc

> TermMJ1:=2"n*(a*d-b*c)"n*GAMMA(-p+(1/2*1)*q+1+n)*hyperterm([n-2*
p+1l, -n], [-pt(1/2*1)*g+1], (-1*a"2*x-1*c"2*x-1*a*b-1*c*d+a*d-b*




c)/(2*a*d-2*b*c), k)/((~1) n* I n*GAMMA(-p+(1/2*1)*q+1));

TermMJL = (2“ (ad —bc)" F(n —p+ ITq + 1) pochhammer(n — 2 p + 1, (174)

722y TRy Tah B k
k)pOdmamnwd——mk)( la’x—1c’x—Ilab—1Icd+ad bc) ]//

2ad—2bc

(pochhammer(—p—i- ITQ + ij K (_l)nlnr(_p+ ITQ " 1)]

> REMJ1:=simplify(RecurrenceNormalForm2(TermMJ1l,k,S(n)));
REMJ1 :=

4(%—+n—p)((ﬁx+ab+¢ch+dnn2—2(—%—+p)(¥x+ab (175)

+c@x+m)n+xpﬁ+p)w—a)¥+(bﬁ+(—%§—%bjp+2@a

(2x(—=1+p)(p—2)c+2dp*+ (bg—6d)p+4d)c
2

+ )S(n+1)+(1+n

2

—p)(N—=2p+2)S(N+2)—4S(n) (n+1) [n2+(—2p+2)n+p2+q7—2p

+1j (—p+2+n)(ad—bc)*=0,1,2x(—1+p)a’+ (2bp—dg—2b)a

+ (2x(—1+p)c+bg+2dp—2d)c

> TermMJ2:=2"n*(a*d-b*c)™"n*GAMMA(n-p-(1/2*1)*g+1)*hyperterm([n-2*
p+1l, -n], [-p-(1/72*1)*g+1], (-1*a"2*x-1*c"2*x-1*a*b-1*c*d-a*d+b*
c)/(-2*a*d+2*b*c), k)/(I1™"n*GAMMA(-p-(1/2*1)*q+1));

TermMJ2 = (2“ (ad —bc)" F(n —p— ITq + 1) pochhammer(n — 2 p + 1, (176)
—1a’x—Ic*x—1Tab—1Icd—ad+bc )"
k) pochhammer( —n, k) [ ad+obe ) ]/

(pochhammer(—p — ITq + l,k) k! InF(—p — ITQ + 1))

> REMJ2:=simplify(RecurrenceNormalForm2(TermMJ2,k,S(n)));
REMJ2 :=

4(%—+n—p)[(ﬁx+ab+¢ch+dnn2—2(—%—+p)(¥x+ab 177)

+c@x+m)n+xpﬁ+p)w—a)¥+(bﬁ+(—%§—%bjp+2@a

(2x(—=1+p)(p—2)c+2dp*+ (bg—6d)p+4d)c
2

+ )S(n+1)+(1+n

2
—p)(N—=2p+2)S(N+2)—4S(n) (n+1) [n2+(—2p+2)n+p2+q7—2p




+4)(—p+2+n)md—bcf=QL2x(—L+maﬁ+@bp—dq—zma

+ (2x(—=1+p)c+bg+2dp—2d)c

> REMJ1-REMJ2;

[0,0,0] (178)
> TermMJ3:=2~n*(a*d-b*c) n*GAMMA(2*n-2*p+1)*((1/2)* (1 *an2*x+1*cN2*

x+1*a*b+1*c*d-a*d+b*c)/(a*d-b*c) ) n*hyperterm([-n+p-(1/2*1)*q, -
n], [-2*n+2*p], (-2*a*d+2*b*c)/(1*a"2*x+1*c"2*x+1*a*b+1*c*d-a*d+

b*C), K)/((-DAn*1™n*GAMMA(N-2*p+1));

TennMJ3:::(Zn(ad——bc)”F(Zn——zp 179)

1a’x+1cx+1ab+Icd—ad+bc )" N
+1) Z(ad—bC) pOChhammer(_n+p_ 7’

/ ( pochhammer(

(—32abcdn’+144abcdp’ —48abcdn’—16abcdp’—80abcdn (180)

—2ad+2bc k
la®x+Ic’x+Iab+Icd—ad+bc

kj pochhammer( —n, k) (

—2n+2p, Kk (=1)'I'"T(n—=2p+1))
[> REMJ3:=RecurrenceNormalForm2(TermMJ3,k,S(n));

REMJS :=

+32a°d +32b°c —32a* X —32¢' X —32a° b’ —32c7d* — 104’ n* X
—128acp’xX +1l6c npxX —24cdn’x+32c’dp’ x — 1042’ bn’x
—128a’bp’x+40a’b’n’*p—44a’b’np’ —144a’cnx +160a°c’p X
—104c’dn*x—128c’dp’x+40c*d*n*p—44c’d°np’ — 144a’bnx+ 160a’ b p x
+16a’dgx+116a°b’np—16bc’gx—144c’dnx+160c’dpx+ 116> d np
+16a’bdg—64a’cdx—16ab’cq—64abc’x+ 16acd’ q—16bc’dq
—1041ab’cnp’+2Iab’cng’+24lac’dn’x+40a'n"px —44a'np’x
—24a’cn X +32acp’ K +40c n’px —44ctnp’ X +116a'npx’ —24a’bn’x

+32a’bp’x—32a’bcngx+44a’bcpgx—24a’bdnpg+232a°cdnpx




+24ab’cnpg+232abc’npx+32acidngx—44ac’dpgx—24acd’npq
+24bc*dnpg+4a’d’n’ —56a*d*p’ +4b°c*n’ —56b*°c*p’ —28a°d*n’
—s56a d’p’—28b°c’n* —56b°cp’ —161b°c’pgq—241bc’ px— 1041bc’dp’
+41bc*dg’+81cdgx—41c’d°pgq+80labcx+24Ipdba’ —24Iab’cp
—80lac’dx+24lacd’p—24Ibc’dp—4la‘pgx —481a’dp’ x+481bc’ p’x
—41c'pqxX+1041a’dp’x—4la’dg’x—48Ip°dba’ +8la’c’ qx
—36la’d’p’q+48lab’cp’ —48lacd’p’ —24a’dnpgx—12a*bcn’qx
—8a’bcp’gqx+80a‘cdn’px—88a‘cdnp’x+80abc’n*px—88abc’np’x
+12ac’dn’gx+8ac’dp’qx+24bc’npgx—72lacd n’p + 1041acd’ np’
—2lacd’ng’ +381b°c’npq+1121bc’npx+721bc’dn*p —1041bc*dnp’
+21bc*dng’ +121cdngx—21ccd*npg+56la*benx—1121a’bdnp
+1121ab’cnp—56lac’dnx—1121acd’np+1121bc*dnp —2Ia‘npqx

+41a°c?n’

qxX —2Ic'npgqxX+41a’bn’gx—721adn*px+ 1041a’dnp*x
—21a’dng’x—161a’bcn’x+ 121a°c*ngx’ + 161ac’dn’ x+ 721bc’ n’ px
—1041bc’np’x+21bc’ng’ x+41c’dn’gx+ 121abngx—1121a’dnpx
—21a’b’npg—241a’bcn’x—721a’bdn’p+1041a’bdnp*—21a’bdng’

+381a’d*npq+72lab’cn’p—32a°d’n+80a°d’p—32b°c’n+80b°c’p

+80a’bn’px—88a’bnp’x+12a°dn*gx+8a’dp’gqx+232a°c’npx



—24a’cdn’x+32a’cdp’x+ 144abcdn’p—240abcdnp’+12abcdng’
—20abcdpg’+64abcdnp—361Ib°c’p’q— 1041bc’ p’x+41bc’ g’ x
+481bc’dp’ +8la’bgx+241a’dpx—4Igpb*a’+1041p°dba* —41a’bdq’
—16Iqpda® —1041ab’cp’+4lab’cq’ + 104lacd’p’ —4lacd g
+61cd’ng—56Ia’bdn+56Iab’cn—56lacd’n+56Ibc’dn+6Ictngx
+241adn’*x+2Ia’b’n*q+161a’bdn’ —101a°d*n*q— 161ab’cn’
+16lacd’n’ —101b°c*n*q—24Ibc’nx—161bc’dn’ +21c*d*n*q
—56ladnx+6la’b’ng+24la’bdn*+ 141a°d’ng —241ab’cn’
+24Tlacd’n*+ 141b°c*nq+561bc nx —241bc’dn’+21a*n*qx +21c' n*qx
+6la*ngx +16ladn’x—161bc’n’x—32a°d*n*p+76a*d’np’—6a’d’nq’
+10a°d*pg’ —32b°cn*p+76b°cEnp’ —6b°cPng’+10b°cpg*+84a’d np
+84b°c’np—128abcd+24a’bcnpgx—24acidnpgx+80a’c’n’px
—88a’c’np’xX —104a’cdn*x—128a’cdp’x — 12ab’cn*q—8ab’cp’q
—104abc’n*x—128abc’p’x+ 12acd’n*q+8acd’p’q—32bc’ngx
+44bc’pgx—12bc’dn’g—8bc’dp’q+232c’dnpx—16a°bcqx
+32a°bdng—44a’bdpqg—144a’cdnx+ 160a*cdpx—32ab’cnq

+44ab’cpq—144abc’nx+160abc’px+16ac’dgx+32acd ng

—44acd’pg—32bcdng+44bcidpg—24abc’n’x+32abc’p’x



—12bc’n*gx—8bc’pgx+8cdnpx—83cdnp’x+232a’bnpx

+32a’dngx—44a’dpgx+12a’bdn’g+8a’bdp’g—12a*n’ ¥ +16a*p’ ¥
q pq q P q p

— 1 +16ctpP X —52atn’ —64atp’ X —52¢ X —64c pP X
—7a*nd+80a'px —12a’b’n’ +16a’b’p’ —72c¢ nx +80c pxt — 127 d* n’
+16cd p’ —52a’b’n* —64a’b’p’—64a’c’xX —52c¢°d’ n* — 64 ¢ d* p
—64a’bx—72ab’n+80a’h’p—64cdx—72cd*n+80cd°p+24Tlabcdpq
+121a’cdngx+ 12Iabc®ngx+241abcdn’q—1121ac’dnpx
—16labcdng—41a’c’npgx —4la’bnpgx+72I1a’bcn’px
—1041a’bcnp’x+2Ia’beng’x+4la’cdn’qx+4Ilabc’n’qx
—72lac’dn’px+104lac’dnp’x—2Ilac’dng’x—4Ic’dnpqx
+1121a°bcnpx—8la’cdpgx—8labc’pgx+72labcdp’q—4Ila’cdnpqx
—4labc’npgx—80labcdnpg+481a’hcep’x—8Ia’c’pgx —48lac’dp’ x
—8la’bpgx—104Ia*bcp’x+4la’bcg’x—2Iabcdqg’ + 1041ac’dp’x
—41lac’dg’x—8Icdpgx—24la’bcpx+8la‘cdgx+8labc’qx
+24lac’dpx—40labcdqg+1a’d g’ +1b°c’ g’ +41a*qxX +41c* qx
—80la’dx+4Igb*a’ +241qd°a* +241b*°c*q+80Ibc’ x+41c d*q
—80Idba*+80Iab’c—80lacd”+80Ibc’d) (Ig+2n-+4—2p) (Iq—2n

+2p+2)(Ig—2n+2p)(n—2p+2)(1+n—p) (ax+b+ch+Id)2(Ic



—a)’ (Iqg—4n+6p—6)°S(n+2)+ (—32abcdn’+144abcdp’ —48abcdn’
—16abcdp’—80abcdn+32a’d* +32b°c*>—32a'x —32c¢*x’ —32a’b’
—32cd —104a’c*n’ X — 128’ p’ X + 116c npx —24c’dn’ x + 32 ¢ X
R —104a’cn’ X —128a°cp’ X +1l6c npxX —24cdn’x+32¢’dp’
—104a’bn*x—128a’bp’x+40a’b’n*p—44a’b’np’— 144a°c’nx
+160a’c’px —104cdn*x—128c’dp’x+40cd*n*p—44c’d*np’
—144a’bnx+160a’bpx+16a’dgx+ 116a°b’np—16bc’ qx — 144¢’ dnx
+160c’dpx+116cd°np+16a°hdg—64a’cdx—16ab’cqg—64abc’x
+16acd’q—16bc’dq—1041ab’cnp®+2Iab’cng’ +241ac’dn’x
+40a'n’pxX —44a’np’ X —24a’c’n’ X +32a°c’p K +40c n’px
—44c'np’+116a' npxX —24a’bn’x+32a’bp’x—32a’bcnqx
+44a’bcpgx—24a’bdnpqg+232a’cdnpx+24ab’cnpg+232abc’npx
+32ac’dngx—44ac’dpgqx—24acd’npgq+24bc’dnpgq+4a’dn’
—56a°d’p’ +4b°c’n’ —56b°c*p’ —28a°d’n* —56a°d’p’ —28b°c*n’
—56b°c*p’—161b°c*pg—241bc’px—1041bc’dp* +41bc’dg* +81c dgx
—41cd’pg+80Ia*bcx+24Ipdba* —241ab’cp—80Ilac’dx+241acd’p
—24Ibc’dp—4la‘pgx —481a’dp’x+48Ibc’p’x —41c pqx’ + 1041a’ d p* x
—41a’dg’x—481Ip°dba*+81a’c’qx —361a°d*p’q+481lab’cp’

—481acd’p’—24a’dnpgx—12a°bcn*gx—8a’hcp’gx+80a‘cdn’px



—88a’cdnp’x+80abc’n’px—88abc’np’x+12ac’dn’gx+8ac’dp’qx
+24bc’npgx—72lacd’n’*p+1041acd’np’ —2lacd’ng’ +381b*°c*npq
+1121bcnpx+721bc’dn*p—1041bc’dnp’ +2Ibc*dng* + 121c’dnqgx
—21d*npg+561a’bcnx—1121a°bdnp + 112Iab’cnp —56Iac’dnx
—1121acd’np+ 112Ibc*dnp—21la‘npgx +41a’c’n*qx —21c' npgx
+41a’bn’gx—721adn’px+ 1041a’dnp’x—2Ia’dng’ x—16Ia*bcn’x
+121a°cngxX + 161ac’dn’x+721bc npx—1041bc np>x+21bc’ ng’x
+41cdn*gx+121abngx—1121a’dnpx—21a’b’npg—241a*bcn’x
—721a’bdn*p+1041a’bdnp’>—2Ia’bdng’ +38Ia*d*npq+ 72Ilab’cn’p
—32a°d*n+80a’d’p—32b°c*n+80b°c’p+80a’bn’px—_88a bnp’x
+12a’dn*gx+8a’dp’gx+232a’cnpxX —24a’cdn’x+32a’cdp’x
+144abcdn’p—240abcdnp’+12abcdng*—20abcdpg’ +64abcdnp
—361Ib°c’p’q—1041bc’ p’x+4Ibc’q°x+481bc’dp’ +8la’bgx+241a’dpx
—41qpb*a’ +1041p°dba* —4la’bdq’—16Iqpd°a’ — 1041ab’cp’
+41lab’cq’+1041acd’p’ —4lacd’ g’ +61c’d’ng—561a’bdn+56Iab’cn
—56lacd’n+561bc’dn+61c ngx +241a’dn’x+21a’b’nq+ 161a°bdn’
—10Ia’d*n*q—16Iab’cn’ + 161acd’n’ — 10Ib* ¢’ n’q — 24 1bc’ n*x

—16Ibc’dn’ +21cd°ng—561a’dnx+61a’b’ng+241a’bdn’



+141a’d*ng—24Tab’cn’+241acd’n’+ 141b°c*ng+ 56 1bc’ nx
—24Ibcdn*+21a'ngxX +21Ic' n*gxX +6la'ngx +161a’dn’x—161bc’ n’ x
—32a’dnp+76a’dnp’—6a’d’ng +10a’d’pg’—32b°cn*p+76b°c’np’
—6b’c’ng’+10b°cpg°+84a’d°np+84b°c’np—128abcd+24a’benpqx
—24ac’dnpgx+80a’c’n’pxX —88a’c’np’x’ —104a’cdn’x — 128 a° cd p’x
—12ab’cn’qg—8ab’cp’q—104abc’n*x—128abc’p’x+ 12acd*n’q
+8acd’p’q—32bc’ngx+44bc’pgx—12bc’dn’q—8bc*dpiq
+232c’dnpx—16a’bcgx+32a’bdng—44a’bdpg— 144a’cdnx
+160a’cdpx—32ab’cnq+44ab’cpg—144abc’nx+ 160abc’px
+16ac’dqx+32acd’ng—44acd’pg—32bcdng+44bc’dpq
—24abc’n’x+32abc’p’x—12bc’n*gx—8bc’pgx+80cdn’px
—88c’dnp’x+232a’bnpx+32adngx—44a’dpgx+12a*bdnq
+8a’bdp’qg—12a*n’ X+ 16a'p’ ¥ —12¢' X +16c p’ ¥ —52a' n* X
—6d4a‘p’ X —52c¢' X —6actp’ X —72a'nx +80a'px —12a’ b’ n’
+16a’b’p’ —72¢' nxX +80c pxX — 12 d*n’ + 162 d*p’ —52a°b*n’
—64a’b’p’—64a’ X —52cd n  —64c’d’ p’—64a’bx—72a’h’n+80a’h’p
—64cdx—72"d* n+80c’d*p+24labecdpqg+12Ia’cdngx+ 12Iabc’ngx

+24labcdn’q—112Iac’dnpx—161abcdng—4la’c’npgqx —41la’bnpqx



+721a’ben’px—1041a’benp’x+21a’beng’ x+4Ia’cdn’qx
+4labc*n*gx—721ac’dn’px+ 1041ac’dnp’x—2Iac’dng’x
—41cdnpgx+1121a°bcnpx—8lacdpgx—8labc’pgx+72Ilabcdp’q
—41a’cdnpgx—4labc’npgx—80labcdnpg+481a’bcp’x—81a’c’ pqx
—48lac’dp’x—8la’bpgx—1041a’bcp’x+41a’bcg’x—21abcdq’
+104lac’dp’x—4lac’dg’x—8Icdpgx—24Iabcpx+8la’cdqx
+8labc’qx+24lac’dpx—40labcdg+1a’d’q +1b°c’q’ +41Ia'qx
+41c'gx —801a’dx+4lIgb’a*+241qd*a’ +241b°c’q+801bc’x +41c*d’q
—80Idba*+80Iab’c—80lacd”+80Ibc’d) (2a°xn*—4a’xpn+2a’p°x
+2cxn” —4c’xpn+2cp’x+6a’xn—6axp+2abn’—4abpn+2abp’
—adpg+bcpg+6cixn—6c’xp+2cdn’*—4cdpn+2cdp’+4a’x+6abn
—6abp+4c’x+6cdn—6¢cdp+4ab+4cd) (Ig—2n+2p) (Ig+2n+4
—2p)(Ig—2n+2p+2) (3+2n—2p) (ax+b+1Icx+1d)* (Ic—a) (Iq
—4n+6p—6)°S(n+1)+ (—32abcdn’+ 144abcdp’—48abcdn’
—16abcdp’—80abcdn+32a d* +32b°c*—32a'x —32¢'x —32a’b’
—32cdd —104a’c’n’ X — 1282’ p' X + 116c npxX —24c’dn’ x+32¢’ d p’ x
—104a’bn*x—128a’bp’x+40a’b’n*p—44a’b’np’ — 144a°c*nx

+160a°c’px —104c’dn*x— 128 dp’x +40c”d*n*p — 44 c*d* np’



—144a’bnx+160a’bpx+16a’dgx+116a°b’np—16bc’ gx — 144¢’ dnx
+160c’dpx+ 116 d°np+16a°bdg—64a’cdx—16ab’cqg—64abc’x
+16acd’q—16bc’dg—1041ab’cnp’+2lab’cng’ +24Iac’dn’x

et +32adp X

+40a*n’pxX —44a*np’x’ —24a +40c' n*px
—44c'np’+116a' npxX —24a’bn’x+32a’bp’x—32a’bcnqx
+44a’bepgx—24a’bdnpg+232a°cdnpx+24ab’cnpg+232abc’npx
+32ac’dngx—44ac’dpgx—24acd’npgq+24bc*dnpq+4a’dn’
—56a’d’p’ +4b’c’n’ —56b*c*p’ —28a°d’n* —56a°d*p* — 28 b’ c*n’
—56b°c’p*— 161b°c*pg—241bc’px—1041bc’dp* +41bc’dg* +81c dgx
—41cd*pq+80la*bex+241pdba’ —24lab’cp—80lac’dx+24Tacd’p
—24Ibc’dp—4la‘pgx —481a’dp’x+481bc’ p’x —41Ic pgx + 1041a°dp*x
—41a’dg’x—48Ip°dba’ +81a’°c’qx —361a°d*p>q+481ab’cp’
—48lacd’p’—24a’dnpgx—12a*bcn’gx—8a’bcp’gx+80a‘cdn’px
—88a’cdnp’x+80abc’n’px—88abc’np’x+12ac’dn’gx+8ac’dp’qx
+24bcnpgx—72lacd’n*p+104lacd’np*—2Iacd’ng +381b°c’npq
+1121bcnpx+721bcdn*p—1041bc’dnp’ +21bc*dng’ + 121c’dnqx

—21d*npg+561a’bcnx—1121a°bdnp + 112Iab’cnp —56Iac’dnx

—1121acd’np+ 112Ibc*dnp—2la‘npgxX +41a’c’n’qxX —21c'npqgx



+41a’bn’gx—721adn’px+ 1041a’dnp’x—2Ia’dng’ x—16Ia*bcn’x
+121a°cngx + 161ac’dn’x+721bc npx—1041bc np>x+21bc’ ng’x
+41cdn*qx+121abngx—1121a’dnpx—21a°’b’npg—24Ia°*bcn’x
—721a’bdn’p+1041a°bdnp*—2Ia’bdng’ +381a’d°npq+721ab’cn’p
—32a°d*n+80a*d*p—32b°c*n+80b°c’p+80a’bn’px—_88a’bnp’x
+12a’dngx+8adp’gx+232a°cnpxX —24a’cdn’x+32a’cdp’x
+144abcdn’p—240abcdnp’+12abcdng —20abcdpg’ +64abcdnp
—361b°c’p’q—1041bc’ p’x+4Ibc’ g’ x+481bc’dp’ +81a’bgx+241a’dpx
—41qpb*a’ +1041p°dba* —4la’bdq” — 16Iqpd°a’ — 1041ab’cp’
+41ab’cq’+1041acd’p’ —4lacd’q° +61c’d’ng—561a’bdn+56Iab’cn
—56lacd’n+561bc’dn+61c'ngx* +241a’dn’x+21a’b’nq+ 161a°bdn’
—10Ia’d*n*q—16Iab’cn’ +161acd’n’ —10Ib*c*n’q — 24 1bc’ n*x
—16Ibc’dn’ +21c*d°n*g—561a’dnx+61a°b’ng+241a’bdn’
+141a’d*ng—24lab’cn’+241acd’n’+ 141b°c* ng + 56 1bc’ nx
—24Ibc’dn*+21a'ngxX +2Ic'ngxX +6la'ngx +161a’dn’x—161bc’ n’x
—32adn’p+76a’dnp’—6a’d’ng +10a’d’pg’—32b°c’n*p+76b°c’ np’
—6b’c’ng’+10b°cpg*+84a’d°np+84b°c’np—128abcd+24a’benpqx

2 2.2

—24ac’dnpgx+80a‘c’n’pxX —88a’c’np’x —104a’cdn’x —128a’cdp’x



—12ab’cn’qg—8ab’cp’q—104abc’n*x—128abc’p’x+ 12acd’n’q
+8acd’p’q—32bc’ngx+44bc’pgx—12bcdn’q—8bc*dpiq
+232cdnpx—16a’bcqx+32a’bdng—44a’bdpg—144a°cdnx
+160a’cdpx—32ab’cnqg+44ab’cpq—144abc’nx+ 160abc’px
+16ac’dqx+32acd’ng—44acd’pg—32bc’dng+44bc’dpq
—24abc’n’x+32abc’p’x—12bc’ngx—8bc’pPax+80cdn’px
—88cdnp’x+232abnpx+32adngx—44a’dpgx+12a*bdn’q
+8a’bhdp’qg—12a*n’ X+ 16a'p’ ¥ —12¢' X + 16’ p’ ¥ —52a' n* X
—6d4a‘p’ X —52c' X —6actp’ X —72a'nx +80a'px —12a’b’n’
+16a’b’p’ —72c'nx +80c pxX — 12 d°n’ + 167 d*p’ — 52a° b’ n’?
—64a’b’p’—64a’ P —52c0d" n  —64c’d’ p’ —64a’bx—72a’h’n+80a’h’p
—64c’dx—72c"d*n+80c*d*p+241labcdpqg+12Iacdngx+ 121abc’nqx
+24labcdn’q—1121ac’dnpx—16labcdng—4la’c’npgqxX —4la’bnpgx
+721a’ben’px—1041a’benp’x+21a’beng’x+4Ia’cdn’qx
+4labc’n*gx—721ac’dn’px+104lac’dnp’x—2Iac’dng’x
—41cdnpgx+1121a*becnpx—8la’cdpgx—8labc’pgx+72labcdp’q
—41a’cdnpgx—4labc’npgx—80labcdnpg+481a°bcp’x—81a’c’pqx

—48lac’dp’x—8la’bpgx—1041a’bcp’x+41a’bcg x—21labcdq’



+1041ac’dp’x—4lac’dg’x—8Ic’dpgx—241a’bcpx+8la’cdqx

+8labc’qx+24lac’dpx—40labcdqg+1a’d’ g +1b°c’q’ +41Ia'qx

+41c'gx —801a’dx+4lgb’a* +241qd°a’ +241b°c’q+801bc’ x+41c*d’q

—80Idba*+80Iab’c—80lacd”+80Ibc’d) (Ig—2n+2p—2) (Iq+2n

—2p+2)(Iqg—2n+2p+2)(Iqg+2n+4—-2p) (Iqg—2n+2p) (—p+2

+n)(n+1) (ax+b+Icx+1d)* (ad—bc)’ (Ic—a)> (Ig—4n+6p—6)>S(n)
1

=0,1, — ri3—2 2a’xp+2cixp—2a’x
2(—1+p)F(—2p+2)( ( 2 P P

+2abp—qad+qgbc—2cx+2cdp—2ab—2cd))

;We simplify the TTRR by the common factor appearing in each term
> REMJ3f:=collect(REMJI3[1]/ ((160*an2*c"2*p*x"2-(56*1)*a"3*d*n*x+80*

XN2+32*an2*cN2*pN3*FxN2-(16* 1) *b*cN3*n"3*x-(80* 1 ) *a*cN2*d*x-144*
cN3*d*n*x+(24* 1) *an2*b*d*n"2+ 1 *b"2*c2*qN3-(10* 1) *bN2*cN2*nN2* Q-
(4*I)*aAZ*C*d*n*p*q*x—(4*I)*a*b*CAZ*n*p*q*x+(16*l)*aA3*d*nA3*x+
C* 1) *ar4*n"2*q*x"2+(4* 1) *ard*q*x"2+(4* 1) *cN4*g*xN2-(80* 1) *an3*d*
x+(4*1)*g*bN2*an2+(24* 1) *g*d2*an2+(24* 1) *b"2*cN2*q+(80* 1) *b*cN3*
x+(4*1)*cN2*d"2*q-(80* 1) *d*b*a”2+(80* 1) *a*b"2*c-(80* 1) *a*c*d"2+
(80*1)*b*cN2*d-(104*1)*b*cN3*pN2*x+(56* 1) *a*bN2*c*n-28*an2*d"N2*
n"2-56*an2*d"2*pN2+(6* 1) *aN4*n*gq*x"N2+160*cN3*d*p*x-(48* 1) *p3*d*
b*an2+(2*1)*cM*n"2*q*x"2+(24* 1) *a*c*dN2*n"2-64*cN3*d*x-24*an2*
CN2*NN3*XN2-44*CNA*N*pN2* XN 2+116*anN4*n*p*xN2-24*aN3*b*nN3*x+32*
an3*b*pN3*x-104*an2*cN2*n"2*xN2+116*aN2* b N 2*n*p-144*an2*cN2*n*xN2
-(24*1)*a*b"2*c*p-(16* 1) *a*bN2*c*n"3+(24* 1) *p*d*b*an2+4*an2*d"2*
NN3+4*pN2*cN2*nN3-32*aN2*dN2* NN 2*p+76*an2*dN2*n*pnr2-32* b2 *cN2*
NN2*p+76*bN2*CcN2*n*p2+84*an2*dN 2 n*p+84*bN2* N2 n*p+116*cN2*dN2*
n*p-12*an4*n"3*xN2+16*an4*p3*xN2+80*cN2*dN2*p-72*c2*dN2*n-(4*1)
*cN*Fp*q*xN2+(56* 1) *b*cN2*d*n-12*cN4*nN3*x 2+ 1 *an2*d2*gn3-(36*1)
*aAZ*dAZ*pAZ*q_6*aA2*dA2*n*qA2+lo*aAz*dAz*p*qA2+(6*I)*CA4*n*q*
xN2+16*an3*d*g*x+(24*1)*an3*d*n"2*x+(48* 1 ) *b*c"3*pr3*x-44*a4*n*
pr2*x"2+(8* 1) *an3*b*q*x-(56* 1) *a"2*b*d*n+80*b"2*c"2*p+80*an2*d2*
p-32*b"2*c"2*n+(66* 1) *b*cN3*n*x+(24* 1) *a*c*d 2*p-(2* 1) *a*c 2*d*n*
gN2*x+(112*1)*an2*b*c*n*p*x+(12* 1) *a2*c*d*n*q*x+(12*1)*a*b*cN2*
n*q*x+(24*1)*a*b*c*d*n"2*q+(2* 1) *an2*b"2*n"2*q-(48* 1 ) *a"3*d*p"3*
X-32*an2*b*c*n*q*x+44*a"2*b*c*p*g*x-24*a"2*b*d*n*p*q+232*ar2*c*d*
N*p*x+24*a*bN2*c*n*p*q+232*a*b*c 2*n*p*x+144*a*b*c*d*n"2*p-240*a*
b*c*d*n*pn2+12*a*b*c*d*n*q"2-20*a*b*c*d*p*gN2+32*a*cN2*d*n*g*
X-44*a*cN2*d*p*q*x-24*a*c*d"2*n*p*q+24*b*cr2*d*n*p*q+64*a*b*c*d*
n*p-24*an3*d*n*p*gq*x-12*a”2*b*c*n"2*q*x-8*a2*b*c*pN2*q*x+80*an2*
c*d*n"2*p*x-88*an2*c*d*n*pN2*x+80*a*b*cN2*n"2*p*x-88*a*b*cN2*n*

an2*CA2*NA2*PFX A2+ (48X 1) *D*CA2*d*P3+16*C 4> PAB*XA2+40*CAA*NA2*p*



pr2*x+12*a*cN2*d*nN2*q*x+8*a*cN2*d*pr2*q*x+24*b*cN3*n*p*rqFx+(16™*
1)*an2*b*d*n"3-104*cN3*d*n"2*x+(104* 1) *an3*d*p2*x-144*a3*b*n*x-
(36* 1) *bN2*cN2*pN2*q+116*CcNA*n*p* XN 2-(4* 1) *aNd*p*q*xN2-56*bN2*
CN2*pN3-28*bN2*cN2*nN2-56*bN2*cN2*pr2-32*an2*dN2* n-56*aN2* dN2*
pr3+32*cN3*d*p3*x-24*cN3*d*nN3* X - (24* 1) *b*c 2*d*n2-(112* 1) *a*
cN2*d*n*p*x+(14* 1) *ar2*d"2*n*q-44*ar2*bN2*n*pr2+16*aN2*b*d*q-64*
an2*c*d*x+(14*1)*bN2*cN2*n*q-128*cN3*d*pr2*xX+40*cN2*dN2*nN2*p-44*
CN2*dN2*n*pN2+40*and*nN2*p*xN2-16*a*bN2*c*g-64*a*b*cN2*x+(8* 1) *
cN3*d*q*x+160*an3*b*p*x+(6* 1) *c 2*d 2*n*q+40*aN2*bN2*n2*p+24*
an2*b*c*n*p*gq*x-24*a*c 2*d*n*p*q*x-(16*1)*b*c"2*d*n"3-88*an2*cN2*
N*pA2*x"2+80*a3*b*n"2*p*x+32*an2*dN2+32*pbN2*cN2-32* a4 xN2-32*
CNA*XN2-32*%aN2*pN2-32*cN2*dN2-128*an2*cN2*pr2* xN2-128*aN3*b*p2*
X-104*an3*b*n"2*x+(8* 1) *aN2*cN2*q*xN2-128*a*b*c*d-16*b*c 2*d*q-
(10*)*an2*d"2*n"2*q-(56*1)*a*c*d"2*n+(16* 1) *a*c*d"2*n"3-52*a"4*
NA2*xN2-(24* 1) *a*bN2*c*n2+(48* 1)) *a*b"2*c*p3-(4* 1) *a3*b*n*p*q*
X+(24*1)*an3*d*p*x+10*bN2*c 2*p*qN2-6*bN2*c 2*n*qN2- (4* 1) *cN3*d*
n*p*q*x—(4*I)*aA3*d*qA2*x+16*a*c*dA2*q—(4*I)*CAZ*dAZ*p*q—16*b*
c"3*g*x-(80* 1) *a*b*c*d*n*p*q-(24*1)*b*c 2*d*p-(24* 1) *b*cN3*n"2*
X=64*ang*pr2*x"2-(8* 1) *anr2*c*d*p*q*x-(8* 1) *a*b*c " 2*p*q*x+(72*1)*
a*b*c*d*pAZ*q+(24*I)*a*b*c*d*p*q—(lG*I)*a*b*c*d*n*q—(4*l)*a“2*
CN2*n*p*q*x"2+(72* 1)) *an2*b*c*n"2*p*x- (104* 1) *a2*b*c*n*p2*x+(2*
I)*aAZ*b*C*n*qAZ*x+(4*I)*aAZ*C*d*nAZ*q*x+(4*I)*a*b*CAZ*nAZ*q*x—
(72* 1) *a*c 2 d*n"2*p*x+(104* 1) *a*cN2*d*n*pr2*X-52*CcN4* NN 2* XN 2-64*
CNA*PN2*XN2-T2%aNA*n*xN2+80*aNd*p*xN2-12*aN2*bN2*n"3-16*a2*b*c*
g*x+32*an2*b*d*n*q-44*a”2*b*d*p*q-144*a"2*c*d*n*x+160*a2*c*d*p*
X-32*a*bN2*c*n*q+44*a*bN2*c*p*q-144*a*b*cr2*n*x+160*a*b*cN2*p*
X-48*a*b*c*d*n"2-16*a*b*c*d*p/N2+16*a*c 2*d*q*x+32*a*c*d 2*n*q-44*
a*c*d"2*p*q-32*b*cr2*d*n*q+44*b*cr2*d*p*q-80*a*b*c*d*n+232*a3*b*
n*p*x+32*an3*d*n*gq*x-44*a3*d*p*q*x+12*a2*b*d*n"2*q+8*a2*b*d*
pr2*g-104*an2*c*d*n"2*x-128*ar2*c*d*p2*x-12*a*b"2*c*n"2*q-8*a*
bA2*c*p2*q-104*a*b*cN2*n"2*x-128*a*b*cN2*pN2*x-32*a*b*c*d*
n"3+144*a*b*c*d*p3+12*a*c*d 2*n"2*q+8*a*c*dN2*pr2*q-32*b*cN3*n*
g*X+44*b*cN3*p*q*x-12*b*cN2*d*n"2*q-8*b*c N 2*d*pN2*q+232*cN3*d*n*
p*X-88*aN3*b*n*pN2*x+12*an3*d*n"2*q*x+8*an3*d*pNr2*q*x+232*an2*
CN2*N*p*xN2-24*an2*c*d*n"3*x+32*aN2*c*d*pr3*x-24*a*b*cr2*n"3*
X+32*a*b*cN2*pN3*X-12*b*cN3* NN 2*q*X-8*b*cN3*pr2*q*x+80*cN3*d*nN2*
p*X-88*c"3*d*n*p2*x+(80* 1) *anN2*b*c*x+16*aN2*bN2*pN3-72*c 4*n*
XN2+80*CNA*p*xN2-12*cNA2*dN2*nN3+16* N 2*dN2*p/r3-52*an2* b 2*nN2-64*
an2*pN2*pN2-64*an2*cN2*xN2+(104* 1) *a*c*d 2*n*pn2-(2* 1) *a*c*dN2*n*
gr2+(38*1)*b N 2*c " 2*n*p*q+(112* 1) *b*cN3*n*p*x-(2* 1) *a4*n*p*q*x 2+
(48* 1) *an2*b*c*p"3*x-(8* 1) *an2*c N 2*p*q*x"2-(48* 1) *a*c 2*d*p3*x-
(8*1)*an3*b*p*q*x-(104* 1) *an2*b*c*p2*x+(4* 1) *a"2*b*c*q"2*x-(2*1)
*a*b*c*d*gN3+(104* 1) *a*cN2*d*p2*x-(4* 1) *a*c N 2*d*qN2*x-(8* 1) *cN3*
d*p*q*x—(24*I)*aAZ*b*C*p*x+(8*I)*aAZ*C*d*q*x+(8*I)*a*b*CAZ*q*x+
24*1)*a*c2*d*p*x-(40* 1) *a*b*c*d*g+(72*1)*b*c 2*d*n"2*p-(104*1)*
b*cA2*d*n*p~2+(2* 1) *b*c"2*d*n*gN2+(12* 1) *c"3*d*n*q*x- (2* 1) *cN2*
dr2*n*p*q+(66* 1) *an2*b*c*n*x-(112*1)*a2*b*d*n*p+(112*1)*a*b"2*c*
n*p-(56*1)*a*c 2*d*n*x-(112* 1) *a*c*d"2*n*p+(112*1)*b*c 2*d*n*p-
24*1)*an2*b*c*n"2*x-(72*1)*a2*b*d*n"2*p+(104* 1) *a"2*b*d*n*p"2-
2*1)*an2*b*d*n*g"2+(38* 1) *an2*d"2*n*p*q+(72* 1) *a*b2*c*n"2*p-
(104*1)*a*bN2*c*n*p2+(2* 1) *a*b"2*c*n*g2+(24* 1) *a*cN2*d*n2*x -
(72*I)*a*c*dAZ*nAZ*p+(4*I)*aAZ*CAZ*nAZ*q*XAZ—(Z*I)*CA4*n*p*q*xA2+
(4*1)*an3*b*n"2*q*x- (72*1)*an3*d*n"2*p*x+(104* 1) *ar3*d*n*p2*x-
*1)*an3*d*n*q"2*x-(16* 1) *a2*b*c*n"3*x+(12* ) *an2*c 2*n*q*x 2+
(16* 1) *a*c 2*d*n"3*x+(72* 1) *b*c"3*n"2*p*x- (1L04* 1) *b*cN3*n*p2*x+
*1)*b*cN3*n*gN2*x+(4* 1) *cN3*d*n"2*g*x+(12* 1) *a3*b*n*q*x-(112*
I)*aA3*d*n*p*x—(2*I)*aAZ*bAZ*n*p*q+(4*I)*b*CAZ*d*qA2+(4*I)*b*CAB*



gN2*x+(6*1)*an2*b"2*n*q-(4* 1) *g*p*bN2*an2+(104* 1) *pr2*d*b*an2-(4*
)*an2*b*d*g"2-(16* 1) *g*p*d™2*an2-(104*1)*a*b"2*c*p~2+(4*1)*a*
br2*c*qn2+(104* 1) *a*c*d 2*pN2-(4* 1) *a*c*d2*qN2-(16* 1) *bN2*cN2*p*
q-(24*1)*b*c"3*p*x-(104* 1) *b*cN2*d*pN2+(2* 1 ) *cN2*d 2*n"2*q-52*
CN2*dN2*NN2-64*CcN2*dN2*pN2-64*aN3* b*Fx-72*aN2*bN2*n+80*aN2*bN2*p-
(48*1)*a*c*d "2*p"3)*(1*q+2*n+4-2*p)* (1 *g-2*n+2*p+2)*(1*g-2*n+2*p)
*(@*x+b+1*c*x+1*d)"2*(1*c-a)"2*(1*g-4*n+6*p-6)"5), S, Factor);
REMJ3f:= (Ig—2n+2p—2) (Ig+2n—2p+2)(—p+2+n)(n+1) (ad (181)

—bc)’S(n)+ (3+2n—2p) (2a°xn*—4a’xpn+2a’p’x+2cxn°—4c’xpn
+2¢p’x+6a’xn—6a’xp+2abn’—4abpn+2abp’—adpg+bcpq

+6c'xn—6cxp+2cdn’—4cdpn+2cdp’+4a’x+6abn—6abp+4c’x
+6cdn—6cdp+4ab+4cd)S(n+1)+ (1+n—p)(n—2p+2)S(N+2)=0

> simplify(REMJ1-[REMJI3F, REMJI3[2], REMJI3[3]D):

[0=0,0,0] (182)
> TermMJ4:=2"n*(a*d-b*c)"n*GAMMA(-p+(1/2*1)*q+1+n)*((1/72)*(1*a"2*x+

I *c"2*x+1*a*b+1*c*d+a*d-b*c)/(a*d-b*c))n*hyperterm([-n+p+(1/2*1)
*q, -n], [-p+(Q172*1)*q+1], ((2*1)*ar2*x+(2*1)*c "2*x+(2*1)*a*b+(2*
I)*c*d-2*a*d+2*b*c)/((2*1)*a"2*x+(2* 1) *c"2*x+(2* 1) *a*b+(2*1)*c*
d+2*a*d-2*b*c), K)/((-1)™*I™"n*CGAMMA(-p+(1/2*1)*q+1));

TermMJ4 = [2“ (ad—bc)”l“(n—p+ ITq (183)
1a®x+1cx+TIab+Icd+ad—bc ) 1q
—I—l) ( 2 (ad—bo) ] pochhammer(—n—i—p—i—T,

21a’x+21c*x+2lab+2Icd—2ad+2bc ]k]/

21a’x+21c*x+2lab+2Icd+2ad—2bc
(pmmhmﬁnwr(_p4_%;_+]*kjk!(—W)HFT(-—D+-%§-+IJJ

B REMJ4 :=RecurrenceNormalForm2(TermMJ4,k,S(n));

kj pochhammer( —n, k) [

REMJ4 := [ (2In—2Ip+41—q) 2In—2Ip+q+4D) (Il+n—p)(n—2p (184)
+2) (lex+Id—ax—h)® (a+1c)’S(n+2)+ (2a°xn*—4a’xpn+2a’ p°x

+2c°xn* —4cixpn+2c°p’x+6axn—6a’xp+2abn’—4abpn+2abp’




—adpg+bcpg+6cixn—6c’xp+2cdn*—4cdpn+2cdp’+4a’x+6abn

—6abp—|—4c2x+6cdn—6cdp—|—4ab—|—4cd) (2In—=2Ip+4I—q) (21In

—2Ip+q+40) (3+2n—2p) (Icx+Id—ax—b)’ (a+1c)’S(n+1)+ (Iq

+2n—=2p+2)(Ig—2n—4+2p) (Ig—2n+2p—2) (Iq+2n+4—2p) (—p

+2+n)(n+1)(ad—bc)’ (Icx+1d—ax—b)’ (a+1c)’S(n)=0,1,

1

(2(2a2xp—|—2c2xp—2a2x+2abp—qad

r(—p+17q+1j (Ig—2p+2)

—|—qbc—2(:2x+2(:dp—2ab—2cd)F(Z—p+ %)”

> factor(REMJA[1]);

—(8S(n)a’d®+8S(n)b’c®—12S(n+1)a’x—12S(n+1)cx—12S(n+1)ab (185)
—12S(n+1)cd+3S(n+2)np—4S(n+1)cdn’ +4S(n+1)cdp’ —26S(n
+1)a’nx+26S(n+1)a’px—18S(n+1)abn’—18S(n+ 1)abp’—26S(n
+1)cnx+26S(n+1)cpx—18S(n+1)cdn’—18S(n+1)cdp’ — 26 S(n
+1)abn+26S(n+1)abp—26S(n+1)cdn+26S(n+1)cdp
+4smya’dn*+4sm)b’cn*+20S(n)a*d’n’ —4S(n)a’d’p’ +20S(n) b>c’n’
—4S(n)b’c’p’ +36S(n)a’d’n*+16S(n)a’d’p’ +2S(n)a’d’ g’
+36S(n)b’c*n*+16S(n)b’c’p’ +2S(n)b’°c’qg"—4S(n+1)a n’ x+4S(n
+hap’x—4S(n+1)c’n’x+4S(n+1)cp’x+28S(n)a°d>n—20S(n)a’d’p
+28S(n)b*c®n—20S(n)b’c’p—18S(n+1)a’n’x—18S(n+1)a’ p’x—4S(n
+1)abn’ +4S(n+1)abp’ —18S(n+1)c*n*x—18S(n+1) ¢ p’x— S(n
+2)n*—2S(n+2)p°—3S(N+2)n+4S(n+2)p—S(n)b°c’npq’
—128(mya’d’n’p+12S(n)a’d’ n’p’+S(n)a’d’n’q’ —4S(n)a’d’ np’




2 2.2 2 2 2.2 2

—128(n) b’ n’p+12S(n) b’ n*p’ +S(n) b’ n*q" —4S(n)b*c*np’

—443(mya’d’n*p+28S(n)ya’d’np’+3S()a’d’ng’—S(n)a’d’ pq’

—44S()b*cn*p+28S(n)b’cnp’+3S(n)b°c’ng’—S(n)b’c’pq’

—528(M)ad’np—52S()b°c’np+12S(n+1)a’n"px—12S(n+1)a’ np’x

+12S(n+1)c’npx—12S(n+1)cnp’x+36S(n+1)a npx+ 12S(n

+1)abn’p—12S(n+1)abnp’—2S(n+1)adp’q+2S(n+1)bcp’q
+36S(n+1)c’npx+12S(n+1)cdn’p—12S(n+1)cdnp’>—16S(n)abcd
+36S(n+1)abnp+3S(n+1)adpg—3S(n+1)bcpg+36S(n+1)cdnp

—40S(n)abcdn’ +8S(n)abcdp’ —72S(n)abcdn’+2S(n)abcdnpq’

—2S(n+2)+24S(n)abcdn’p—24S(nyabcdn’*p>—2S(n)abcdn*q’

+8S(nyabcdnp’+88S(nyabcdn*p—56S(n)yabcdnp’—6S(n)abcdng’

+2S(nyabcdpg’ +104S(n)abcdnp—32S(n)abcdp’—4S(n)abcdg’

—56S(n)jabcdn+40S(n)abcdp+2S(n+1)adnpg—2S(n+1)bcnpq

—S(n)a’d®npg*—8S(nyabcdn’) (2In—2Ip+q+41) (2In—21p+41

—q) (Icx+Id—ax—h)’ (a+1c)’=0

;We remark that the tree-term recurrence relation is multiplied by the following factor

> (-2*p+1*q+4+2*n)*(1*g-2*n-4+2*p)* (1 *c*x+1*d-a*x-b)"3*(a+1*c)"3;

(Ig+2n+4—2p) (Ig—2n—4+2p) (Icx+1d—ax—b)’ (a+1Ic)’ (186)

;We first simplify the TTRR by the latter common factor

> REMJ4f:=collect(REMI4[ 1]/ ((-2*p+1*q+4+2*n)*(1*g-2*n-4+2*p)*(I1*c*

x+1*d-a*x-b)"3*(a+1*c)"3), S, Factor);

REMJf:= (Ig—2n+2p—2) (Iq+2n—2p+2) (—p+2+4n) (n+1) (ad (187)
—bc)’S(n)+ (3+2n—2p)(2a°xn’—4a’xpn+2a’p’x+2c’xn°—4c’xpn
+2cp’x+6a’xn—6a’xp+2abn*—4abpn+2abp’—adpg+bcpqg
+6c°xn—6¢xp+2cdn’—4cdpn+2cdp’+4a’x+6abn—6abp+4c’x
+6cdn—6cdp+4ab+4cd)S(n+1)+(1+n—p)(n—2p+2)S(n+2)=0

> simplify(REMJ1-[REMJ4F, REMJ4[2], REMJIA[3]D):

[0=0,0,0] (188)

[> TermMJ5:=2n*(a*d-b*c)*n*GAMMA(n-p-(172*1)*q+1)*((1/2)* (1 *a"2*x+

I *c"2*x+1*a*b+1*c*d-a*d+b*c)/(a*d-b*c))n*hyperterm([-n+p-(1/72*1)

*q, -n], [-p-(1/2*D)*q+1]. (-(2*1)*ar2%x-(2*1)*c r2*x-(2*1)*a*b-

(2*1)*c*d-2*a*d+2*b*C) /(- (2* 1) *a2*x- (2* 1 ) *c A 2*x - (2* 1 ) *a*b- (2* 1 ) *

c*d+2*a*d-2*b*c), k)/((~1) n*1* n*GAMMA(-p=(1/2*1)*q+1));

TermMJ5 := [2” (ad—bc)”l“[n—p— ITq (189)
1a®x+1cx+TIab+Icd—ad+bc ) 1q
—I—l) ( 2 (ad—bo) ] pochhammer(—n—i—p—T,




—21a®x—21cx—2Tab—2Icd—2ad+2bc )¢
—21a’x—21Ic°x—2lab—2Icd+2ad—2bc

(pochhammer(—p— 17(] + l,k) K1 (—1)”1”r(—p— ITQ " 1)]

> REMJ5:=RecurrenceNormalForm2(TermMJ5,k,S(n));

kj pochhammer( —n, k) [

REMJ5:= | —(2In—21p+q+41) (2In—2Ip+41—q) (n—2p+2) (1 +n (190)
—p) (ax+b+TIcx+1d)’ (Ic—a)’S(n+2)— (2a°xn*—4a xpn+2a p’x
+2cxn” —4c’xpn+2cp’x+6a’xn—6axp+2abn’—4abpn+2abp’
—adpg+bcpg+6cixn—6c’xp+2cdn’—4cdpn+2cdp’+4a’x+6abn
—6abp+4§x+6cdn—6cdp+4ab+4cd)QIn—21p+q+4D(2m
—2Ip+41—q)(3+2n—2p) (ax+b+1Icx+1d)’ (Ic—a)’S(n+1)— (Iq

—2n+2p—2)(Iqg—2n—4+2p)(Iqg+2n—2p+2)(Iqg+2n+4—-2p) (—p

+2+n)(n+1)(ad—bec)’ (@ax+b+Icx+1d)’ (Ic—a)’S(n)=0,1,

— p(2¥Xp+2&xp—2¥x+2abp—qad




+qbc—2czx+2cdp—2ab—2cd)F(z—p_%)”

> factor(REMI5S[1]);

(8S(nya’d*+8S(n)b*’c®—128(n+1)a*x—12S(n+1)c’x—12S(n+1)ab (191)
—12S(n+1)cd+3S(n+2)np+88S(nyabcdn’p—56S(n)abcdnp’
—6S(nyabcdng’+2S(n)abcdpg’ +104S(nyabcdnp —2S(n+2)p’
—3S(N+2)n+4S(n+2)p—40S(n)yabcdn’+8S(n)abcdp’
—72S8(n)abcdn®—32S(n)abcdp’—4S(n)abcdg®—56S(n)abcdn
+40S(njabcdp+2S(n+1)adnpg—2S(n+1)bcnpg—S(n+2)n°—25(n
+2)—S(n)a°d’npgq°—8S(n)abcdn*—125()a*d’n’p+125(n)a’d*n’p’
+S(n)a’d’n’g°—4S(n)a’d’np’ —12S(n)b’c’n’p+12S(n) b’ c’n’p’
+S(n)b*c*n’qg" —4S(n)b’c’np’ —44S(nya’d’n’p+28S(n)a’d np’
+35()ya’d’ng’—S(n)a’d’pg°—44S(n)b’c*n*p+28S(n)b>c’np’
+3S(n)b’c*ng* —S(n)b>c*pg’ —52S(nya’d*np—52S(n)b>c*np+ 12S(n
+1)an’px—12S(n+1)anp’x+12S(n+1)cn*px—12S(n+1)c’np’x
+36S(n+1)a’npx+12S(n+1)abn*p—12S(n+1)abnp’—25(n
+1)adp’q+2S(n+1)bcp’q+36S(n+1)c*npx+12S(n+1)cdn’p
—12S(n+1)cdnp’—16S(n)abcd+36S(n+1)abnp+3S(n+1)adpq
—3S(n+1)bcpg+36S(n+1)cdnp—26S(n+1)abn+26S(n+1)abp
—26S(n+1)cdn+26S(n+1)cdp—18S(h+1)cdp*+4S(n+1)cdp’
—26S(n+1)a’nx+26S(n+1)a’px—18S(n+1)abn*—18S(n+1)abp’
—26S(N+1)cnx+26S(n+1)c’px—18S(n+1)cdn*—4S(n+1)abn’
+4S(n+1)abp’ —18S(n+1)c*n*x—18S(n+1)c’p’x—4S(n+1)cdn’
—20S(n)a’d’p+28S(n)b°c>n—20S(n)b’c’p—18S(n+1)a’n’x — 18 S(n
+1)ap’x+2S(n)b’cg—4S(n+1)a n’x+4S(n+1)a p’ x—4S(n

+ 1) x+4S(n+1)cp’x+28S(nya’d*n+4S(n)a’d n*+4S(n)b°c’n

+20S(nya’d’n’ —4S(n)ya d’p’ +20S(n)b*c’n’ —4S(n)b>c’p’
+36S(n)a’d’n*+16S(n)a’d’p’ +2S(n)a’d q” + 36 S(n) b’ c’*n’
+16S(n)b°c’p*—S(n)b’cnpqg°+2S(nyabcdnpg® +24S(n)abcdn’p
—24S(njyabcdn’p’—2S(n)abcdn’q’+8S(n)abcdnp’) (2In—21p+q
+41) (2In—21Ip+41—q) (ax+b+Icx+1d)’ (Ic—a)’ =0

> REMJI5F:=collect(-REMI5[1]/ ((-2*p+1*q+4+2*n)*(1*q-2*n-4+2*p)*(a*x+
b+1*c*x+1*d)"3*(1*c-a)”3), S, factor);
REMJ5f := (Ig—2n+2p—2) (Iq+2n—2p+2) (—p+2+n) (n+1) (ad (192)

—bc)’S(n)+ (3+2n—2p)(2a°xn’—4a’xpn+2a’p’x+2cxn°—4c’xpn




+2cp’x+6a’xn—6a’xp+2abn’ —4abpn+2abp’—adpg+bcpg
+6c'xn—6cxp+2cdn’—4cdpn+2cdp’+4a’x+6abn—6abp+4c’x
+6cdn—6cdp+4ab+4cd)S(n+1)+(1+n—p)(Nn—2p+2)S(Nn+2)=0

> simplify(REMJ1-[REMJI5F, REMI5[2], REMJI5[3]1);
[0=0,0,0]
> TermMJ6:=2~n*(a*d-b*c) "n*GAMMA(2*n-2*p+1)*((1/2)* (1 *ar2*x+1*cN2*

x+1*a*b+1*c*d+a*d-b*c)/(a*d-b*c) ) n*hyperterm([-n+p+(1/2*1)*q, -
2*a*d-2*b*c)/(1*a"2*x+1*c"2*x+1*a*b+1*c*d+a*d-b*

(193)

n], [-2*n+2*p],
c), K)/((-1)"n*1"n*GAMMA(N-2*p+1));
TennMJ6:::(Zn(ad——bc)”F(Zn——Zp (194)
e [a®x+1c*x+Iab+1Icd+ad—bc ) nhammer| —n 4 p 4 19
) 2(ad—bec) pochhamme ( P
_ k
kj pochhammer( —n, k) 5 5 2ad—2bc ( pochhammer(
[a"x+Ic’x+Tab+1Icd+ad—bc
—2n+2p, Kk (=1)'I'T(n—=2p+1))
[> REMJ6:=RecurrenceNormalForm2(TermMJ6,k,S(n));
REMJ6 := | (32abcdn’— 144abcdp’ +48abcdn’+16abcdp®+80abcdn (195)

—3a’d—-32pc+32a' X +32c' K +32a° b +32d +104a°cn* X
+128a°cp’xX —1l6c' npxX+24cdn’x—32c’dp’ x + 1042’ bn’x
+128a’bp’x—40a’b’n*p+44a’b’np’+144a°c’nx —160a°c’p X’
+104c’dn’x+128cdp’x— 40’ d*n*p+44c”d’ np’+ 144a’bnx—160a’ b px
—1l6a’dgx—116a’b’np+16bc’gx+ 144c’dnx—160c’dpx — 116> d° np
—16a’bdg+64a’cdx+16ab’cq+64abc’x—16acd q+16bc’dq
—1041ab’cnp’+2lab’cng’+24lac’dn’x—40a'n"pxX +44a'np’x

+24a’cn’ X —32a°c’p’ X —40c '’ px +44ct np’ X —116a'npx* +24a’bn’x

—32a’bp’x+32a’bcngx—44a’bcpgx+24a’bdnpg—232a°cdnpx




—24ab’cnpg—232abc’npx—32ac’dngx+44ac’dpgx+24acd’npq
—24bc*dnpg—4a*d’n’ +56a*d*p’ —4b’c’n’ +56b°c*p’ +28a°d*n’
+56a d*p’+28b°cn*+56b°cp’ —161b°c*pgq—241bc’ px— 1041bc’dp’
+41bc*dg’+81cdgx—41c’d°pgq+80labcx+24Ipdba’ —24Iab’cp
—80lac’dx+24lacd’p—24Ibc’dp—4la‘pgx —481a’dp’ x+481bc’ p’x
—41c'pqxX+1041a’dp’x—4la’dg’x—48Ip°dba’ +8la’c’ qx
—36la’d’p’q+48lab’cp’ —48lacd’p’+24a’dnpgx+ 12a°bcn’qx
+8a’bcp’gqx—80a’cdn’px+88a‘cdnp’x—80abc’n*px+88abc’np’x
—12ac’dn’gx—8ac’dp’qx—24bc’npgx—72lacd’n’p + 1041acd’ np’
—2lacd’ng’ +381b°c’npq+1121bc’npx+721bc’dn*p —1041bc*dnp’
+21bc*dng’ +121cdngx—21ccd*npg+56la*benx—1121a’bdnp
+1121ab’cnp—56lac’dnx—1121acd’np+1121bc*dnp —2Ia‘npqx

+41a°c?n’

qxX —2Ic'npgqxX+41a’bn’gx—721adn*px+ 1041a’dnp*x
—21a’dng’x—161a’bcn’x+ 121a°c*ngx’ + 161ac’dn’ x+ 721bc’ n’ px
—1041bc’np’x+21bc’ng’ x+41c’dn’gx+ 121abngx—1121a’dnpx
—21a’b’npg—241a’bcn’x—721a’bdn’p+1041a’bdnp*—21a’bdng’

+381a’d*npq+72lab’cn’p+32a°d’n—80a°d’p+32b°c’n—80b°c’p

—g80a’bn’px+88a’bnp’x—12a’dn’gx—8a’dp’gqx—232a’c’npx



+24a’cdn’x—32a’cdp’x— 144abcdn’p+240abcdnp’—12abcdng’
+20abcdpg’—64abcdnp—361b°c’p’q— 1041bc’ p°x+41bc’ g’ x
+481bc’dp’ +8la’bgx+241a’dpx—4Igpb*a’+1041p°dba* —41a’bdq’
—16Iqpda® —1041ab’cp’+4lab’cq’ + 104lacd’p’ —4lacd g
+61cd’ng—56Ia’bdn+56Iab’cn—56lacd’n+56Ibc’dn+6Ictngx
+241adn’*x+2Ia’b’n*q+161a’bdn’ —101a°d*n*q— 161ab’cn’
+16lacd’n’ —101b°c*n*q—24Ibc’nx—161bc’dn’ +21c*d*n*q
—56ladnx+6la’b’ng+24la’bdn*+ 141a°d’ng —241ab’cn’
+24Tlacd’n*+ 141b°c*nq+561bc nx —241bc’dn’+21a*n*qx +21c' n*qx
+6la*ngx +16ladn’x—161bc’n’x+32a°d*n*p—76a*d’np’ +6a°d’ng’
—10a’d*pg’ +32bp°cn*p—76b°cnp’ +6b°c’ng  —10b°c’pg” —84a’d*np
—84b°c’np+128abcd—24a’bcnpgx+24acidnpgx—80a’c’n’px
+88a’c’np’xX +104a’cdn’x+ 128a*cdp’x+ 12ab’cn’q+8ab’cp’q
+104abc’n*x+ 128abc’p’x—12acd’n*qg—8acd’p’q+32bc’ngx
—44bc’pgx+12bcidn’g+8bc’dp’g—232c’dnpx+16a°bcqx
—32a’bdng+44a’bdpq+144a’cdnx—160a’cdpx+32ab’cnq
—44ab’cpq+144abc’nx—160abc’px—16ac’dgx—32acd ngq

+44acd’pg+32bcidng—44bcdpg+24abc’n’x—32abc’p’x



+12bc’n*gx+8bc’p’gx—80c’dn’px+88cdnp’x—232a’bnpx

—32a’dngx+44a’dpgx—12a’bdn’q—8a’bdp’q+12a*n’x* —16a'p’ ¥’

+12¢ X —16ctp X +52atn’ K+ 64atp’ X +52¢ N X+ 64c pt X
+72a'nx —80a'px +12a’b’n’ —16a’b’p’+72c¢ nx —80c px* + 127 d* n’
—16cd’p’ +52ab’n*+64a’b’p’+64ac’ X +52c¢7d n 4 64 ¢ d p
+64a’bx+72a°b’n—80a’b’p+eacdx+72cd*n—80cd°p+24Tlabcdpq
+121a’cdngx+ 12Iabc®ngx+241abcdn’q—1121ac’dnpx
—16labcdng—41a’c’npgx —4la’bnpgx+72I1a’bcn’px
—1041a’bcnp’x+2Ia’beng’x+4la’cdn’qx+4Ilabc’n’qx
—72lac’dn’px+104lac’dnp’x—2Ilac’dng’x—4Ic’dnpqx
+1121a°bcnpx—8la’cdpgx—8labc’pgx+72labcdp’q—4Ila’cdnpqx
—4labc’npgx—80labcdnpg+481a’hcep’x—8Ia’c’pgx —48lac’dp’ x
—8la’bpgx—104Ia*bcp’x+4la’bcg’x—2Iabcdqg’ + 1041ac’dp’x
—41lac’dg’x—8Icdpgx—24la’bcpx+8la‘cdgx+8labc’qx
+24lac’dpx—40labcdqg+1a’d g’ +1b°c’ g’ +41a*qxX +41c* qx
—80la’dx+4Igb*a’ +241qd°a* +241b*°c*q+80Ibc’ x+41c d*q
—80Idba’+801lab’c—80lacd’+80Ibc’d) (Ig+2n—2p—2)(Iq—2n—4

+2p)Ig+2n—2p)(l+n—p)(n—2p+2) (Icx+Id—ax—b)*(a



+1c)> (Ig+4n—6p+6)°S(n+2)+ (32abcdn’—144abcdp’ +48abcdn’
+16abcdp’+80abcdn—32a’d* —32b°c*+32a' X +32c¢*x +32a’b’
+328d+104a°c’n* X+ 128a° P p' X — 116¢ npxX +24c’dn’ x—32¢’ dp’ x
+104a’bn*x+128a’bp’x—40a’b’n*p+44a’b’np’+ 144a°c’nx
—160a’c’pxX +104cdn*x+ 128c’dp’x—40c”d*n*p+44c’d*np’
+144a’bnx—160a’bpx—16a’dgx—116a’b’np+ 16bc’ qx+ 144c’ dnx
—160c’dpx—1l16cd°np—16a’bdq+64a’cdx+ 16ab’cq+ 64abc’x
—16acd’q+16bc’dq—1041ab’cnp® +2Iab’cng’ +241ac’dn’x
—40a'n’pxX +44a‘np’ X +24a’c’n’ X —32a°c’p K —40c' n’px
+44c'np’ X —116a'npxX +24a’bn’x—32a’bp’x+32a’bcnqx
—44a’bcpgx+24a’bdnpg—232a’cdnpx—24ab’cnpg—232abc’npx
—32ac’dngx+44acidpgqx+24acd’npg—24bcdnpg—4a‘dn’
+56a°d’p’ —4b’c’n’ +56b°c*p’ +28a°d’n +56a°d*p’ +28b°c*n’
+56b°c*p* —161b°c*pg—241bc’px—1041bc’dp* +41bc’dg* +81c’ dgx
—41cd’pg+80Ia*bcx+24Ipdba* —241ab’cp—80Ilac’dx+241acd’p
—24Ibc’dp—4la‘pgx —481a’dp’x+48Ibc’p’x —41c pqx’ + 1041a’ d p* x
—41a’dg’x—481Ip°dba*+81a’c’qx —361a°d*p’q+481lab’cp’

—48Tacd’p’+24a’dnpgx+12a°ben’gx+8a’hcp’gx—80a‘cdn’px



+88a’cdnp’x—80abc’n’px+8abc’np’x—12ac’dn’gx—8ac’dp’qx
—24bc’npgx—72lacd’n’*p+1041acd’np’ —2lacd ng’ +381b°c*npq
+1121bcnpx+721bc’dn*p—1041bc’dnp’ +2Ibc*dng* + 121c’dnqgx
—21d*npg+561a’bcnx—1121a°bdnp + 112Iab’cnp —56Iac’dnx
—1121acd’np+ 112Ibc*dnp—21la‘npgx +41a’c’n*qx —21c' npgx
+41a’bn’gx—721adn’px+ 1041a’dnp’x—2Ia’dng’ x—16Ia*bcn’x
+121a°cngxX + 161ac’dn’x+721bc npx—1041bc np>x+21bc’ ng’x
+41cdn*gx+121abngx—1121a’dnpx—21a’b’npg—241a*bcn’x
—721a’bdn*p+1041a’bdnp’>—2Ia’bdng’ +38Ia*d*npq+ 72Ilab’cn’p
+32a°d*n—80a’d*p+32b°c*n—80b°c’p—80a’bn’px+88a’ bnp’x
—12a’dn*gx—8a’dp’qx—232a’c’ npxX +24a’cdn’x—32a’cdp’x
—144abcdn’p+240abcdnp’—12abcdng*+20abcdpg° —64abcdnp
—361Ib°c’p’q—1041bc’ p’x+4Ibc’q°x+481bc’dp’ +8la’bgx+241a’dpx
—41qpb*a’ +1041p°dba* —4la’bdq’—16Iqpd°a’ — 1041ab’cp’
+41lab’cq’+1041acd’p’ —4lacd’ g’ +61c’d’ng—561a’bdn+56Iab’cn
—56lacd’n+561bc’dn+61c ngx +241a’dn’x+21a’b’nq+ 161a°bdn’
—10Ia’d*n*q—16Iab’cn’ + 161acd’n’ — 10Ib* ¢’ n’q — 24 1bc’ n*x

—16Ibc’dn’ +21cd°ng—561a’dnx+61a’b’ng+241a’bdn’



+141a’d*ng—24Tab’cn’+241acd’n’+ 141b°c*ng+ 56 1bc’ nx
—24Ibcdn*+21a'ngxX +21Ic' n*gxX +6la'ngx +161a’dn’x—161bc’ n’ x
+32adn*p—76a’d’np’+6a’d’ng —10a’d’pg° +32b°c’n’p —76b*c*np’
+6b°c’ng’—10b°c’pg° —84a’d°np—84b°c’np+128abcd —24a’becnpqx
+24ac’dnpgx—80a’c’n’pxX +88a’c’np’x’ + 104a’cdn’x + 128a° cd p’x
+12ab’cn’q+8ab’cp’q+104abc’n’x+ 128abc’p’x— 12acd* n’q
—8acd’p’q+32bc’ngx—44bc’pgx+12bcdn*q+8bc dpiq
—232c¢’dnpx+16a’bcgx—32a’bdnqg+44a’bdpg+ 144a’cdnx
—160a°cdpx+32ab’cng—44ab’cpqg+ 144abc’nx—160abc’px
—16ac’dgqx—32acd’ng+44acd’pg+32bcidng—44bc’dpq
+24abc’n’x—32abcp’x+12bc’n*gx+8bc’pPgx—80cdn’px
+88c’dnp’x—232a’bnpx—32a’dngx+44a’dpgx—12a*bdn’q

—g8a’bhdp’q+12a*n’ X —16a'p’ ¥+ 12¢' X —16c' p’ K +52a n* X

+6d4atp’ X +52¢' X Feactp’ K+ 72atnx —80atpx +12a°b’n’
—16a’b’p’+72¢'nx —80c pxX + 12 d°n’ — 167 d°p’ +52a° b’ n’
+6d4a’b’p’+64a’ X +52cd n +64c’d’ p’+64a’bx+72ah’n—80a’h’p

+64cdx+72c"d n—80c’d*p+24Tlabecdpqg+12Ia’cdngx+ 12Iabc’nqgx

+24labcdn’q—112Iac’dnpx—161abcdng—4la’c’npgqx —41la’bnpqx



+721a’ben’px—1041a’benp’x+21a’beng’ x+4Ia’cdn’qx
+4labc*n*gx—721ac’dn’px+ 1041ac’dnp’x—2Iac’dng’x
—41cdnpgx+1121a°bcnpx—8lacdpgx—8labc’pgx+72Ilabcdp’q
—41a’cdnpgx—4labc’npgx—80labcdnpg+481a’bcp’x—81a’c’ pqx
—48lac’dp’x—8la’bpgx—1041a’bcp’x+41a’bcg’x—21abcdq’
+104lac’dp’x—4lac’dg’x—8Icdpgx—24Iabcpx+8la’cdqx
+8labc’qx+24lac’dpx—40labcdg+1a’d’q +1b°c’q’ +41Ia'qx
+41c'gx —801a’dx+4lIgb’a*+241qd*a’ +241b°c’q+801bc’x +41c*d’q
—80Idba*+80Iab’c—80lacd”+80Ibc’d) (2a°xn*—4a’xpn+2a’p°x
+2cxn” —4c’xpn+2cp’x+6a’xn—6axp+2abn’—4abpn+2abp’
—adpg+bcpg+6cixn—6c’xp+2cdn’*—4cdpn+2cdp’+4a’x+6abn
—6abp+4c’x+6cdn—6¢cdp+4ab+4cd) (Ig+2n—2p) (Ig—2n—4
+2p)(Iqg+2n—2p—2) (3+2n—2p) (Icx+Id—ax—b)* (a+1Ic) (Iq
+4n—6p+6)°S(n+1)+(32abcdn’—144abcdp’ +48abcdn’
+16abcdp’+80abcdn—32a’d*—32b°c*+32a" x> +32c¢*x +32a° b’
+328d+104a°c’n* X+ 128a° P p’ X — 116c npxX +24c’dn’ x —32¢’ d p’ x
+104a’bn*x+128a’bp’x—40a’b’n*p+44a’b’np’ + 144a°c*nx

—160a°c’px +104c’dn*x+ 128 dp’x —40c”d*n*p + 44’ d* np’



+144a’bnx—160a’bpx—16a’dgx—116a’b’np+16bc’ qx+ 144¢’ dnx
—160c’dpx—1l6cd°np—16a’bdq+64a’cdx+ 16ab’cq+ 64abc’x
—16acd’q+16bc’dg—1041ab’cnp’+2lab’cng’ +24Iac’dn’x
—40a*n’pxX +44atnp’ X +24a’c’n’ X —32a°c’p K —40c' n’px
+44c'np’ —116a'npxX +24a’bn’x—32a’bp’x+32a’bcnqgx
—44a’bepgx+24a’bdnpg—232a°cdnpx—24ab’cnpg—232abc’npx
—32ac’dngx+44ac’dpgx+24acd’npg—24bc*dnpgq—4a‘dn’
+56a’d’p’ —4b’c’n’ +56b>c*p’ +28a°d*n’* + 56a°d*p’ + 28 b°c*n’
+56b°c?p* —161b°c*pg—241bc’px—1041bc’dp* +41bc’dg* +81c dgx
—41cd*pq+80la*bex+241pdba’ —24lab’cp—80lac’dx+24Tacd’p
—24Ibc’dp—4la‘pgx —481a’dp’x+481bc’ p’x —41Ic pgx + 1041a°dp*x
—41a’dg’x—48Ip°dba’ +81a’°c’qx —361a°d*p>q+481ab’cp’
—48lacd’p’+24a’dnpgx+12a°becn’gx+8a’bcp’gx—80a‘cdn’px
+88a’cdnp’x—80abc’n’px+88abc’np’x—12ac’dn’gx—8ac’dp’qx
—24bcnpgx—72lacd’n*p+104lacd’np*—2Iacd’ng +381b°c’npq
+1121bcnpx+721bcdn*p—1041bc’dnp’ +21bc*dng’ + 121c’dnqx

—21d*npg+561a’bcnx—1121a°bdnp + 112Iab’cnp —56Iac’dnx

—1121acd’np+ 112Ibc*dnp—2la‘npgxX +41a’c’n’qxX —21c'npqgx



+41a’bn’gx—721adn’px+ 1041a’dnp’x—2Ia’dng’ x—16Ia*bcn’x
+121a°cngx + 161ac’dn’x+721bc npx—1041bc np>x+21bc’ ng’x
+41cdn*qx+121abngx—1121a’dnpx—21a°’b’npg—24Ia°*bcn’x
—721a’bdn’p+1041a°bdnp*—2Ia’bdng’ +381a’d°npq+721ab’cn’p
+32a°d*n—80a’d*p+32b°c*n—80b°c’p—80a’bn*px+88a’bnp’x
—12adngx—8a’dp’gqx—232a’c’npxX +24a’cdn’x—32a’cdp’ x
—144abcdn’p+240abcdnp’—12abcdng”+20abcdpg’ —64abcdnp
—361b°c’p’q—1041bc’ p’x+4Ibc’ g’ x+481bc’dp’ +81a’bgx+241a’dpx
—41qpb’a*+1041p°dba’—4la’bdg° —16Iqpd°a® — 1041ab’cp’
+41ab’cq’+1041acd’p’ —4lacd’q° +61c’d’ng—561a’bdn+56Iab’cn
—56lacd’n+561bc’dn+61c'ngx* +241a’dn’x+21a’b’nq+ 161a°bdn’
—10Ia’d*n*q—16Iab’cn’ +161acd’n’ —10Ib*c*n’q — 24 1bc’ n*x
—16Ibc’dn’ +21c*d°n*g—561a’dnx+61a°b’ng+241a’bdn’
+141a’d*ng—24lab’cn’+241acd’n’+ 141b°c* ng + 56 1bc’ nx
—24Ibc’dn*+21a'ngxX +2Ic'ngxX +6la'ngx +161a’dn’x—161bc’ n’x
+32a°d’n*p—76a’d’np’+6a’d’ng —10a’d’pg’+32b°c’n*p—76b°c’np’
+6b°c’ng’—10b°c*pg° —84a’d°np—84b°c’np+128abcd —24a’becnpqx

2 2.2

+24ac’dnpgx—80a‘c’n’pxX’+88a’c’np’xX +104a’cdn’x + 128a’cdp’x



+12ab’cn’q+8ab’cp’q+104abc’n’*x+ 128abc’p’x—12acd n’q
—8acd’p’q+32bc’ngx—44bc’pgx+12bcdn*q+8bc dpiq
—232cdnpx+16a*bcqx—32a’bdng+44abdpg+ 144a°cdnx
—160a’cdpx+32ab’cng—44ab’cpq+144abc’nx—160abc’px
—16ac’dgqx—32acd’ng+44acd’pg+32bcidng—44bc’dpq
+24abc’n’x—32abc’p’x+12bc’n*gx+8bc’pPgx—80cdn’px
+88cdnp’x—232abnpx—32a’dngx+44a’dpgx—12a*bdn’q
—ga’hdp’q+12a*n’ ¥ —16a'p’ X+ 12¢' X —16cp’ K +52a n* X
+e4a'p’ X +52¢' X +eactpP+72atnd —80atpx +12a’b*n’
—16a’b’p+72c¢' nx —80c pxX + 12 d°n’ — 167 d*p’ +52a° b’ n’
+6d4a’b’p’+64a’ P+ 520 d n +64c’d’ p’+64a’bx+72ah’n—80a’h’p
+64c’dx+72cd* n—80c*d*p+241labcdpqg+12Iacdngx+ 121abc’nqx
+24labcdn’q—1121ac’dnpx—16labcdng—4la’c’npgqxX —4la’bnpgx
+721a’ben’px—1041a’benp’x+21a’beng’x+4Ia’cdn’qx
+4labc’n*gx—721ac’dn’px+104lac’dnp’x—2Iac’dng’x
—41cdnpgx+1121a*becnpx—8la’cdpgx—8labc’pgx+72labcdp’q
—41a’cdnpgx—4labc’npgx—80labcdnpg+481a°bcp’x—81a’c’pqx

—48lac’dp’x—8la’bpgx—1041a’bcp’x+41a’bcg x—21labcdq’



+1041ac’dp’x —4lac’dg’x—8Ic’dpgx—241a’bcpx+8la’cdqx

+8labc’qx+24lac’dpx—40labcdqg+1a’d’ g +1b°c’q’ +41Ia'qx

+41c'gx —801a’dx+4lgb’a* +241qd°a’ +241b°c’q+801bc’ x+41c*d’q

—80Idba*+801ab’c—80lacd”+80Ibc’d) (Ig—2n—4+2p) (Iq+2n

—2p)(Iq+2n—2p—=2) (Iqg+2n—2p+2) (Iqg—2n+2p—2)(—p+2

+n)(n+1) Icx+1Id—ax—h)*(ad—bc)* (a+1Ic)* (Iqg+4n—6p+6)°S(n)
1

=0,1, — ri3—2 2a’xp+2cixp—2a’x
2(—1+p)F(—2p+2)( ( 2 P P

+2abp—qad+qgbc—2cx+2cdp—2ab—2cd))

;We simplify the TTRR by the common factor appearing in each term
> REMJ6F:=collect(REMI6G[1]/ ((-(16*1)*b*cN3*n"3*x-160*an2*c 2*p*x"2+

(12*1)*an2*c*d*n*q*x+(12* ) *a*b*c 2*n*q*x+(24* 1) *a*b*c*d*n"2*q+
(24*1)*q*d 2*an2+(104* 1) *a 2*b*d*n*p/2+(4* 1) *q*br2*ar2+(4* 1) *c 2>
dr2*q+(8* 1) *cA3*d*q*x+(4* 1) *a*b*c A 2*n 2% q*x+(24* 1 ) *p*d*b*a"2-
(L12*1)*a*cr2*d*n*p*x+(38*1)*a 2*d " 2*n*p*q-80*ar2*Cr2*N"2*p*x" 2+
(4% 1)*an2*cd* N 2*q*x+(24* 1) *a*C 2*d* N 2% X+ 1 *an2*d"2*q 3-(72* 1) *
a*c*dn2*n 2*p+(112* 1) *b*cA3*n*p*x- (4* 1) *an3*d*q 2*x-16*c 4*pr3*
XN2-40*CAA*NN2FPFXA2-32*an2*CA2*pA3*X N2~ (48% 1) *ar3*d*pr3*x+(14* 1)
*DA2FCA2*N* (2% 1) *b*CAB*N* QA2 x+144*CABFd*N*x+(12* 1 ) *an3*b*n*q*
X=(4* 1) *ard*p*q*x"2- (4* 1) *q*p*br2*ar2- (80* 1) *a*C 2*d*x+(14*1)*
an2*dr2xn*q+(12* 1) *cA3*d*n*q*x-(8* 1) *a’3*b*p*q*x+(80* 1) *a*b 2*c+
(8% 1)*an2*Cr2*q*x"2+(80* 1) *at2*b*C*X - (8* 1) *at2*C 2*p*q*x " 2+(8* 1) *
an3*brgrx+(24* 1) *a*c*d 2*p+(2* 1) *b*cr2*d*n*g"2+(72* 1) *a*b*c*d*
pr2*q-(56* I)*ar3*d*n*x-(112* 1) *a*c*d"2*n*p-(2* 1) *c 2*d" 2*n*p*q-
(24* 1) *ar2*b*c*n " 2*x- (24* 1) *b*cr2*d*p- (2* 1) *a*ch2*d*n*g"2*x~ (4* 1)
FCABFFNFPFaFx+(112% 1) *ar2*b*c*n*p*x- (80* 1 ) *d*b*ar2+(4* 1) *a*b 2*
c*qM2+(2*1)*a*bN2*c*n*qN2-(24* 1) *a"2*b*c*p*x+(4* 1) *a2*b*c*q2*x-
(104* 1)*a*br2*c*pr2+(104* 1) *ar3*d*n*pr2*x-(2* I ) *a*3*d*n*q"2*x-
(16* 1) *ar2*b*c*n"3*x~ (104* 1) *a*b 2*c*n*p/2+(80* 1) *b*c 3*x+(16*1)*
an3*d*n 3*x+ (4% 1) *at4*q*x 2+28*ar2*d 2 N 2+56*a 2 *d"2*p2-160*
CAB*A*P*x+(104* 1) *pr2*d*b*an2+(4* 1) *an2*c 2*n " 2*q*x 2~ (2* 1) *c 4>
N*P*Q*X/2+(4* 1) *an3*b*n 2*q*x - (10* 1) *an2*d 2*n 2% q+64*CA3*d*x - (2%
1)*an2*b*d*n*gR2+(6* 1) *ard*n*qrx 2+24*a 2*C 2* N 3*X 2 +44*cra*n*
PA2*XN2-116*ar4*N*p*x2+24*an3*h*nA3*x-32*an3*h*pr3*x+104*an2*
CA2*NA2*XA2+(104* 1) *a*c 2*d*n*p/ 2*x+(8* 1) *a*b*c 2*q*x-(2* 1) *a*b*
c*d*qN3-(56* 1) *a*c 2*d*n*x-116*a2*b 2*n*p+144*ar2*cr2*n*x 2+ (48*
1)*b*cA3*pA3*X-4*ar2*d 2*N"3-4*h2*Cr2*N 3+ (2* 1 ) *ar2*b*c*n*q 2* X~
(B*1)*CnB*d*p*q*x+32*a 2*d"2* N 2*p-76*an2*d 2 *N*pr2+32*b 2> 2*
NA2*P-76*hN2*CA2*N*pr2-84*a2*dA2*N*p-84*h 2*C 2*n*p-116*C 2*d"2*
p p p p
N*p+12*and*n 3*x 2-16*a 4*pr3*x 2 -80*C 2*d N 2*p+72*C 2*d 2*n+(4* 1)



*p*cN3*qN2*x-(112* 1) *an2*b*d*n*p+(6* 1) *cM4*n*q*x 2+ (6* 1) *aN2*b"N2*
n*q+(80*1)*b*cN2*d+12*cM4*n"3*xN2-(112* 1) *an3*d*n*p*x+(16* 1) *a*c*
dN2*nN3+6*an2*dN2*n*gr2-10*an2*d N 2*p*gn2- (104* 1) *b*c r2*d*n*pn2-
(24*1)*b*cN3*p*x-(104* 1) *an2*b*c*n*pr2*x-16*a"3*d*q*x-(24*1)*b*
CN3*NN2* X+44*aN4* n*pA2*x N2+ (2* 1) *ard*nN2*q*xN2-(24* 1) *b*cr2*d*n"2
-80*bN2*cN2*p-80*an2*dN2*p+32* b 2*cN2*n+(38* 1)) *bN2*cN2*n*p*g-(8*
I)*an2*c*d*p*g*x-(8*1)*a*b*c "2*p*q*x-(16*1)*a*b "2*c*n"3-(56*1)*a*
c*d"2*n-(4*1)*c 2*d"2*p*q+32*an2*b*c*n*q*x-44*aN2*b*c*p*qrx+24*
an2*b*d*n*p*q-(72*1)*an3*d*n"2*p*x-232*an2*c*d*n*p*x-24*a*b2*c*
n*p*g-232*a*b*cN2*n*p*x-144*a*b*c*d*n"2*p+240*a*b*c*d*n*pn2-12*a*
b*C*d*n*qA2+20*a*b*c*d*p*q“2—32*a*CA2*d*n*q*x+44*a*c“2*d*p*q*
X+24*a*c*dN2*n*p*q-24*b*cN2*d*n*p*g-64*a*b*c*d*n*p+24*an3*d*n*p*
q*x+12*an2*b*c*n"2*q*x+8*an2*b*c*pN2*q*x-80*anN2*c*d*n"2*p*x+88*
an2*c*d*n*pN2*x-80*a*b*cN2*n"2*p*x+88*a*b*cN2*n*pr2*x-12*a*c 2*d*
nAZ*q*x—8*a*CA2*d*pA2*q*x—24*b*CA3*n*p*q*x—(48*I)*a*CAZ*d*pA3*x—
(24*1)*a*bN2*c*n"2+104*cN3*d*n"2*x+(24* 1)) *an3*d*n"2*x+(4* 1) *b*
cN2*d*qn2+144*an3*b*n*x+(48* 1) *a*bN2*c*p3+(112* 1) *b*c2*d*n*p-
(104*1)*an2*b*c*pN2*x-116*cM4*n*p*x"2-(48* 1 ) *a*c*d"2*p"3+(72*1)*
a*bN2*c*nN2*p+(2* 1) *cN2*dN2*nN2*q+56*bN2* e 2* pr3+28*F b2 e N2+
NN2+56*bN2*cN2*pN2+32*an2*dN2*n+56*an2*dN2*pr3-32* N3 *d*pr3Fx+24*
cN3*d*n"3*xX-(104* 1) *b*cN3*pN2*x+44*an2*pbN2*n*pn2+(24* 1) *an2*b*d*
n"2-16*aN2*b*d*q+64*an2*c*d*x+128*cN3*d*pN2*x-40*cN2*dN2*nN2*
p+44*cN2*dN2*n*pN2-40*and*nN2*pFxN2+16*a*bN2*c*g+64*a*b*cr 2  x+ (4*
) *cM*g*x"2-(2* 1) *a*c*d"2*n*g"2-160*a"3*b*p*x-40*an2*bN2*n"2*
p-24*an2*b*c*n*p*g*x+24*a*c 2*d*n*p*q*x+(4*1)*c 3*d*n"2*q*x+(16*
1)*an2*b*d*n"3+(104* 1) *an3*d*pN2*x+88*an2*cN2*n*pN2*x"2-80*a3*b*
NN2*p*x-32*an2*dN2-32*bN2*cN2+32*an4* XN 2+32*CN4* xN2+32*an2*
bN2+32*cN2*dN2+(104* 1) *a*c*dN2*p~2+(24* 1) *a*b*c*d*p*g+(8*1)*an2*
c*d*q*x+128*an2*cN2*pN2*xN2+128*aN3*b*pr2*x+104*ar3*b*n2*x - (80*
I)*an3*d*x+(24*1)*bN2*cN2*q+128*a*b*c*d+16*b*c2*d*q+(56* 1) *b*
cN2*d*n+(72* 1) *b*cN3*n"2*p*x+52*aN4*nN2*xN2-(16* 1) *bN2*cN2*p*q-
(4*1)*a*c"2*d*qn2*x-(36* 1)) *an2*d"2*pN2*g+(2* 1) *cN4*n"2*q*x2- (80*
I)*a*c*d"2-(4*1)*a*c*d"2*g"2-(2* 1) *a™4*n*p*g*x"2+(112* 1) *a*bN2*c*
N*p-10*bN2*cN2*p*gN2+6*bN2*c 2 n*gN2+(24* 1) *a*c*d 2*n™2-(104*1)*
b*cN3*n*pN2*x-(104*1)*b*cr2*d*p2+(104* 1) *a*c*d2*n*p~2+(56* 1) *b*
cN3*n*x+(48* 1) *an2*b*c*p3*x-(4*1)*an2*b*d*q"2+(24* 1) *a*c 2*d*p*
X-(4*1)*cNM*p*q*x"2-16*a*c*d"2*q+(56* 1) *a*b"2*c*n+(104* 1) *a*cN2*
d*pAZ*x+(6*I)*CAZ*dAZ*n*q—(48*I)*pA3*d*b*aA2—(2*I)*aAZ*bAZ*n*p*q—
(10*1)*bN2*cN2*n™"2*q+(72* 1) *b*cN2*d*n"2*p-(24* 1)) *a*b " 2*c*p-(16*1)
*g*p*dr2*an2+(12* 1) *an2*c "2 n*q*xN2+(16* 1)) *a*c N 2*d*n 3 *x+(2*1)*
an2*pn2*n"2*q+16*b*cN3*q*x+(48* 1) *b*c 2*d*pn3-(16* 1) *a*b*c*d*n*q-
(4*I)*aAZ*CAZ*n*p*q*xAZ—(4*I)*aA3*b*n*p*q*x+(72*l)*aAZ*b*C*nAZ*p*
X+ 1*pN"2*cn2*gqn3+(66* 1) *an2*b*c*n*x-(40* 1) *a*b*c*d*q-(72*1)*a"2*b*
d*n"2*p+(24* 1) *an3*d*p*x-(72* 1) *a*c "2*d*n2*p*x+64*an4*pr2*x"N2-
(36*1)*bN2*cN2*pN2*q+52* CNE*NN2* XN 2+64* CNA* P2 * XN 2+T72* a4 N> X N2
-80*an4*p*xN2+12*an2*pN2*n"3+16*aN2*b*c*g*x-32*an2*b*d*n*q+44*
an2*b*d*p*q+l44*an2*c*d*n*x-160*a"2*c*d*p*x+32*a*bN2*c*n*q-44*a*
br2*c*p*q+144*a*b*cN2*n*x-160*a*b*cN2*p*x+48*a*b*c*d*n"2+16*a*b*
c*d*pN2-16*a*cN2*d*g*x-32*a*c*dN2*n*q+44*a*c*dN2*p*q+32*b*cr2*d*
n*gq-44*b*cM2*d*p*q+80*a*b*c*d*n-232*a"3*b*n*p*x-32*a"3*d*n*q*
X+44*an3*d*p*g*x-12*an2*b*d*n"2*q-8*a”2*b*d*p"2*q+104*a~2*c*d*
NN2*x+128*an2*c*d*pr2*x+12*a*bN2*c*n2*q+8*a*bN2*c*pr2*q+104*a*b*
CN2*nN2*x+128*a*b*cN2*pN2*x+32*a*b*c*d*n"3-144*a*b*c*d*pr3-12*a*
c*dN2*n"2*q-8*a*c*dN2*pn2*q+32*b*cN3*n*q*Fx-44*b*cN3*FprarFx+12*b*
cN2*d*n"2*q+8*b*cN2*d*pnr2*g-232*cN3*d*n*p*x+88*an3*b*n*pr2*x-12*
an3*d*n"2*q*x-8*an3*d*pr2*q*x-232*an2*cN2*n*prxN2+24*an2*c*d*n3*
X-32*an2*c*d*pN3*x+24*a*b*cN2*n"3*x-32*a*b*cN2*pr3*Fx+12*b*cN3*



NA2*g*x+8*b*cN3*p2*q*x-80*cN3*d*n"2*p*x+88*c3*d* n*p2*Fx-16*an2*
bA2*pN3+72*CcNA*N*XN2-80* CNAFpFXA2+12* A2 *dN2* NN 3-16* cN 2 dN2*
pA3+52*an2*pN2* NN 2+64*an2*bN2*pr2+64*an2*cN2* XN 2- (16* 1) *b*cr2*d*
N"3-(56* 1) *an2*b*d*n+52*cN2*d"2*n"2+64*cN2*dN2*pr2+64*aN3*b*x+72*
x-(80*I)*a*b*c*d*n*p*q)*(1*q+2*n-2*p-2)*(1*q+2*n-2*p)*(1*q-2*
n-4+2*p)*(1*c*x+1*d-a*x-b)"2*(a+1*c)"2*(1*q+4*n-6*p+6)"5), S,
factor);

REMJ6f := (Ig—2n+2p—2) (Ig+2n—2p+2)(—p+2+n)(n+1) (ad (196)

—bc)’S(n)+ (3+2n—2p) (2a°xn*—4a’xpn+2a’p’x+2cxn°—4c’xpn
+2¢p’x+6a’xn—6a’xp+2abn’—4abpn+2abp’—adpg+bcpq

+6c'xn—6cxp+2cdn’—4cdpn+2cdp’+4a’x+6abn—6abp+4c’x
+6cdn—6cdp+4ab+4cd)S(n+1)+ (1+n—p)(n—2p+2)S(N+2)=0

> simplify(REMJ1-[REMJI6F, REMJI6[2]. REMJI6G[3]1):
[0=0,0,0] (197)




