;> restart;
> read "hsuml9.mpl™;
Package "Hypergeometric Summation™, Maple V - Maple 2019

Copyright 1998-2019, Wolfram Koepf, University of Kassel

B RecurrenceNormalForm2:=proc(P,k,pn)
local p,n;
p:=0p(0,pn);
n:=op(l,pn);

(subs[eval] ({k=0,n=1},P)+subs[eval] ({k=1,n=1},P))]
end proc:

:Charlier

[> charlierterml:=hyperterm([-n,-x],[1.-17a,k);

1 k

pochhammer( —n, k) pochhammer( —X, k) [ -y j

charlierterml := K
n+l],a,k);
(—1)" pochhammer(x — n + 1, n) pochhammer( —n, k) a“
a" pochhammer(x — n + 1, k) k!
> RE1:=RecurrenceNormalForm2(charlierterml,k,p(n));

charlierterm2 :=

;Reversion from right to left
> Sumtohyper(subs(k=n-k,charlierterm2),k)

((=1)")" Hypergeom| [=x =n} [} = |

;Meixner (11)
> meixnerterml:=hyperterm([-n,-x],[beta],1-1/c,k);

k
pochhammer( —n, k) pochhammer( —x, k) (1 — % )

meixnerterml :=
pochhammer( B, k) k!

> RE1:=RecurrenceNormalForm2(meixnerterml,k,p(n));
REl:=|c(B+n+1)p2+n)—(Bc+cn+xc+c+n—x+1)p(n+1)+ (n

Bc+xc—x

+1)p(n)=0,1, Be

[sumrecursion(P,k,p(n)),normal (subs[eval]({k=0,n=0},P)),normal

> charlierterm2:=(-1)"n/a”n*pochhammer (x-n+1,n)*hyperterm([-n], [X-

REl1:= |ap(2+n)—(a+n—x+1)p(n+1)+ (n+1)p(n)=0,1, a-x
B RE2:=RecurrenceNormalForm2(charlierterm2,k,p(n));
RE2 .= |ap(2+n)—(a+n—x+1)p(n+1)+ (n+1)p(n)=0,1, a—X
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| Reversion (12)
> Sumtohyper (subs(k=n-k,meixnerterml),bk)

(—l)nr(n—x) r'(B) (%J Hypergeom([l—n—ﬁ, —n], [x—n+1],ﬁ)

M=) T(n +B) ®
> termtohyper ((-1)"n*GAMMA(-x + n)*GAMMA(beta)*((c - 1)/c)”n/(GAMMA
(-xX)*GAMMA(n + beta)),n);

n
pochhammer( —X, n) ( CC+ ! j
10)
pochhammer(B, n)
[> meixnerterm2:=pochhammer(-x, n)*((-c + 1)/c)”~n/pochhammer(beta,
n)*hyperterm([1-n-beta,-n], [x-n+1],c/(c-1),k)
n
meixnerterm2 = (pochhammer( —X, N) ( ctl ) pochhammer(1 — n — B, (11)
k
k) pochhammer( —n, k) ( p— ) )/(pochhammer( B, n) pochhammer(x — n + 1, k) k!
)
[> RE2:=RecurrenceNormalForm2(meixnerterm2,k,p(n));
FEZZlcw+m+ﬂ)m2+ny—mc+cn+xc+c+n—x+l)mn+1y+m (12)
Bc
[> RE1-RE2;
[0,0,0] a3
[ (13)
> meixnerterm3:=(1/c)™n*hyperterm([-n,x+beta], [beta],l1l-c,k);
n
(% ) pochhammer( —n, k) pochhammer(x + B, k) (—c + 1)*
meixnerterm3 := (14)
pochhammer (3, k) k!
[> RE3:=RecurrenceNormalForm2(meixnerterm3,k,p(n));
RE%=%ﬂﬁ+n+1)m2+ny—WC+cn+xc+c+n—x+l)mn+1y+m @15)
Bc
[> RE1-RE3;
[0,0,0] 16)

:Reversion (16)
> Sumtohyper(subs(k=n-k,meixnerterm3d),k)

1 N B ) o
&FU+B)Hn+B)“_1)”n+B+XNXM( C+U1hmgmmml n—p, a7




_nL[—n+ﬂ"B_XL-—s+l)j

> termtohyper ((-1)"n*GAMMA(n + x + beta)*GAMMA(beta)*(-c + 1)™n/
(c™*GAMMA(X + beta)*GAMMA(n + beta)),n);

c—13"
pochhammer(x + B, n) ( . j

18
pochhammer(B, n) (18)
> meixnerterm4:=pochhammer(x + beta, n)*((c - 1)/c)”~n/pochhammer
(beta, n)*hyperterm([-n, 1 - n - beta], [-n + 1 - X - beta], 1/(-
c + 1),k);
n
meixnerterm4 := (pochhammer(x +B,n) (%) pochhammer(1 — n — B, (19)
k
k) pochhammer( —n, k) ( _Cl+ 1 ) ) / (pochhammer(f, n) pochhammer( —n+ 1 —
—x k) k!)
[> RE4:=RecurrenceNormalForm2(meixnerterm4,k,p(n));
RHﬁzF(B+n+1)m2+ny—mc+cn+xc+c+n—x+l)mn+1)+(n (20)
Bc
[> RE1-RE4;
[0,0,0] 21
[ (14)
> meixnerterm5:=(1/c)™(beta+tn+x)*hyperterm([beta+n,beta+x], [beta],l
-1/c,k);
1 n—+p+x 1 k
(? J pochhammer(n + B, k) pochhammer(x + B, k) (1 ~ e )
meixnerterm5 := (22)
pochhammer( B, k) k!
> RE5:=RecurrenceNormalForm2(meixnerterm5,k,p(n));
RE5:=|c(B+n+1)p2+n)—(Bc+cn+xc+c+n—x+1)p(n+1)+ (n (23)
1 1+x+PB
2 2
|\ (?) (Bc+Bex—B +2Bc—Bx+xc—PB—x)
+1pm=o (o] .
c B c
[> RE1-RE5;
1 1+x+B )
x+PB (—) (Bc+ch—B-+2Bc—Bx+xc—B—x)
1 c
o,—(—) +1, — (24)
c [3 c




Bc+xc—x
Bc
[ In this case we get the same recurrence. However, the computation of the initial values for this infinite
| sum is incomplete and will be proven by Mathematica.
L (15)
> meixnerterm6:=pochhammer(beta+x,n)/pochhammer(beta,n)*hyperterm(
[-n,-X],[1-n-x-beta],1/c,k);

+

1 k
pochhammer(X + B, n) pochhammer( —n, k) pochhammer( —x, k) (?j
meixnertermé := 25
pochhammer(f, n) pochhammer( —n + 1 —  — x, k) k!
[> RE6:=RecurrenceNormalForm2(meixnertermé,k,p(n));
RE6:= |c(B+n+1)p(2+n)—(Bc+cn+xc+c+n—x+1)p(n+1)+ (n (26)
Bc
[> RE1-RE6;
[0,0,0] 27

jReversion (17)
> Sumtohyper(subs(k=n-k,meixnertermé),k)
1 n _ _
B T B) e T —xp) @ (T +B+X T(B) (~1)'T( =X T(=n @)
+ 1 — B — x) Hypergeom([x+ B, —n],[x—n+1],¢c))

> termtohyper (GAMMA(n + beta + x)*GAMMA(beta)*(-1)"n*GAMMA(-X + n)*
GAMMA(-n + 1 - beta - xX)/(GAMMA(Xx + beta)*GAMMA(n + beta)*GAMMA(-
X)*GAMMA(1 - X - beta)*c™n),n);

1 n
pochhammer( —X, n) ( . )

pochhammer (3, n) e

> meixnerterm7:=pochhammer(-x, n)*(1/c)”™n/pochhammer(beta, n)*
hyperterm([-n, x + beta], [-n + 1 + X],c,Kk);

n
pochhammer( —X, n) [% j pochhammer( —n, k) pochhammer(x + B, k) c

meixnerterm?7 := 30)

pochhammer( B, n) pochhammer(x — n + 1, k) k!
> RE7:=RecurrenceNormalForm2(meixnerterm7,k,p(n));

RE7:=|c(B+n+1)p2+n)—(Bc+cn+xc+c+n—x+1)p(n+1)+(n (31)

1) p(n) =0, 1, wl

Bc
> RE1-RE7;

[0,0,0] 32)



;Krawtchouk (18)
> krawtchoukterml:=hyperterm([-n,-x],[-N],1/p,k);

k
pochhammer( —n, k) pochhammer( —x, k) ( % )

krawtchoukterml := pochhammer( —N, k) K! 33)
[> RE1:=RecurrenceNormalForm2(krawtchoukterml,k,p(n));
REl:=|—p(—=1—n+N)p(2+n)+ (Np—2pn+n—=2p—x+1)p(n+1)+(n 34)
_ Np—xXx
F1) (=14p)p(n) =0, 1, =
;Reversion (19)
> Sumtohyper (subs(k=n-k,krawtchoukterml) ,k)
(—1)"I'(n —x) T(—N) Hypergeom([1 —n + N, —n], [x—n + 1], p) 35)
I(=x)T(n—=N)p"
> termtohyper ((-1)"n*GAMMA(-x + n)*GAMMA(-N)/(GAMMA(-x)*GAMMA(n -
N)*p”~n),n);
n
pochhammer( —X, n) ( _ 1L )
P (36)
pochhammer( —N, n)
> krawtchoukterm2:=(-1/p)”~n*pochhammer(-x, n)/pochhammer(-N, n)*
hyperterm([1-n+N,-n], [x-n+1],p,k)
krawtchoukterm?2 := 37

1 n
(— F ) pochhammer( —X, n) pochhammer(1 — n + N, k) pochhammer( —n, k) p*

pochhammer( —N, n) pochhammer(x — n + 1, k) k!
[> RE2:=RecurrenceNormalForm2(krawtchoukterm2,k,p(n));

FEZ:[—p(—l—n+N)m2+n)+(Np—2pn+n—2p—x+1)mn+1)+(n 398)

o1, NP =X
+1) (=1+p)p(n)=0,1, N p }
[> RE1-RE2;
[0,0,0] 2
[ (20)
> krawtchoukterm3:=(1-1/p)”~n*hyperterm([-N+x,-n],[-N],1/(1-p).Kk)
[ k
(1 - & ) pochhammer(X — N, k) pochhammer( —n, k) [lTlp )

krawtchoukterm3 := (40)

pochhammer( —N, k) k!
[> RE3:=RecurrenceNormalForm2(krawtchoukterm3,k,p(n));

RE%=[—p(—l—n+N)m2+n)+(Np—2pn+n—2p—x+1)mn+1)+(n 41)

Np—x
Np

+1) (=1+p)p(n)=0,1,




> RE1-RE3;

[0,0,0] 42)
;Reversion (23)
> Sumtohyper (subs(k=n-k, krawtchoukterm3),k)
1 —1+p)” n
I'm=N+x) (=1) I'(=N) Hypergeom([1 43
F(x—N)F(n—N)(l—p)”(( Y ) (=1)"T(~N) Hypergeom([1 (43)

—n—|—N,—n],[—n+1+N—x],1—p))

> termtohyper(((-1 + p)/p)™n*GAMMA(n - N + x)*(-1)"n*GAMMA(-N)/
(GAMMA(X - N)*GAMMA(n - N)*(1 - p)™n),n);

n
pochhammer(X — N, n) (% )

pochhammer( —N, n) “4)

> krawtchoukterm4:=pochhammer(x - N, n)/(pochhammer(-N, n)*p~n)*
hyperterm([-n, 1 - n + N], [-n + 1 - x + N],1-p,Kk);
krawtchoukterm4 := (45)
pochhammer(x — N, n) pochhammer(1 — n + N, k) pochhammer(—n, k) (1 —p)*
pochhammer( —N, n) p" pochhammer(—n + 1 + N — x, k) k!

B RE4:=RecurrenceNormalForm2(krawtchoukterm4,k,p(n));

RE4:=|—p(—=1=—n+N)p(2+n)+ (Np=2pn+n—=2p—=x+1)p(n+1)+(n (46)
B Np—x

] T (=14p)p(m) =01,

[> RE1-RE4;

i [0,0,0] “7

[ (21)

> krawtchoukterm5:=(1-1/p)~(-N+n+x)*hyperterm([-N+n,-N+x],[-N],1/p,
K);

1 k

n—N-+x
(1 - lj pochhammer(n — N, k) pochhammer(x — N, k) [_j
p )

k houk =
rawtchoukterm5 pochhammer( —N, k) k!

> RE5:=RecurrenceNormalForm2(krawtchoukterm5,k,p(n));

FE5=l—p(—l—n+N)m2+n)+(Np—2pn+n—2p—x+1)mn+1)+(n 49)

1) (—1+p)p(n)=0,( o jN
(—l—i-p

P

1 —N+x
] (N>=Np—Nx—N+x)

Np



> RE1-RE5;
—1+p
—l—i—p)x_N p Np—x
0, —| ——— + 1, +

| ( p Np Np

In this case we get the same recurrence. However, the computation of the initial values for this infinite
| sum is incomplete and will be proven by Mathematica.
[ (22)

> krawtchoukterm6 :=pochhammer (x-N,n)/pochhammer (-N,n)*hyperterm([-

n,-xJ],[-n-x+N+1],1-1/p,k);

krawtchoukterm6 := (51)

k

1 —N+x
) (N>=Np—Nx—N +Xx)

(30)

pochhammer(x — N, n) pochhammer( —n, k) pochhammer( —x, k) (1 — % j

pochhammer( —N, n) pochhammer(—n + 1 + N — x, k) k!
[> RE6:=RecurrenceNormalForm2(krawtchouktermé,k,p(n));

RE6:=|—p(—1=n+N)p2+n)+ (Np—2pn+n—=2p—=x+1)p(n+1)+ (n (52)
_ Np—x
1) (=14p)p(n) =0, 1. =
[> RE1-RE6;
[0,0,0] (33)
:Reversion (24)

> Sumtohyper(subs(k=n-k,krawtchouktermé),k)
1

I(x—=N)T(n=N)T(=x) T(1 =x+N)

(F(n—N+x) IC(=N) (=1)"T(n=x)T(—=n (54)

N el e R N =11 [x— P

+1+N X)( 0 JHypergeom([X N, —=n], [Xx=n+ 1], _1+pj)

> termtohyper (GAMMA(n - N + X)*GAMMA(-N)*(-1)"n*GAMMA(-x + n)*GAMMA
(-n + 1 + N - xX)*((-1 + p)/p)™"n/(GAMMA(X - N)*GAMMA(n - N)*GAMMA
(-xX)*GAMMA(L + N - x)),n);

1—p )
pochhammer( —X, n) (— 0 j

pochhammer( —N, n) (55)
> krawtchoukterm?7:=pochhammer(-x, n)*(-(1 - p)/p)An/pochhammer( N,
n)*hyperterm([-n, X - N], [-n + 1 + x], p/(-1 + p),k
krawtchoukterm? := (56)

n
[pochhammer( —X,N) [ - Tp ) pochhammer( —n, k) pochhammer(x — N,

k
k) ( _—1p+ 0 j j/ (pochhammer( —N, n) pochhammer(x — n + 1, k) k!)

B RE7 :=RecurrenceNormalForm2(krawtchoukterm7,k,p(n));

REzzPm(—l—n+N)m2+ny+mp—an+n—2p—x+Upm+1)+m (57)



N —_
{ +1) (=1+p)p(n)=0,1, IF\)IpX
> RE1-RE7:
[0,0,0] (58)
;Hahn
[(25)

> hahnterml:=hyperterm([-n,-x,alphatbeta+n+1], [alpha+l,-N],1,k);
pochhammer( —n, k) pochhammer( —x, k) pochhammer( o+ B+ n+ 1, k)

hahnterml := (59)

pochhammer( o + 1, k) pochhammer(—N, k) k!

[(26)

> hahnterm2:=pochhammer (alpha+x+1,n)*pochhammer (x-N,n)/(pochhammer
(alphat1,n)*pochhammer(-N,n))*hyperterm([-n,-x,beta+N+1-x], [N+1-
x-n,-alpha-x-n],1,k)

hahnterm2 := ( pochhammer(o + X + 1, n) pochhammer(x — N, n) pochhammer( —n, (60)
k) pochhammer( —x, k) pochhammer(p + N + 1 — x, k) ) / (pochhammer( o + 1,
n) pochhammer(—N, n) pochhammer(N + 1 — x — n, k) pochhammer( —a. — x — n, k) k!)

> RE1:=RecurrenceNormalForm2(hahnterml,k,p(n));

REl:=|(a+n+2) (a+B+2n+2) (a+p+n+2) (=1 —=n+N)p2+n)—(2n (61)
+3+0a+pB) (N’ +NoaB+2Nan+2NBn+2Nn—o'n—o x—2apx—on’
—donx+Bn—Fx+pn —4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6xa+§+ﬁﬁn—6x&—UXn+4N—2a+2B—8Upm+ﬂ)+(W+U(B

+n+1)(4+2n+a+B) (N+oa+B+n+2)p(n)=0,1,

oN—xo—xB+N—2x
(o+1)N
[> RE2:=RecurrenceNormalForm2(hahnterm2,k,p(n));

RE2:=|(a+n+2) (a+B+2n+2) (a+PB+n+2) (=1 =n+N)p2+n)—(2n (62)
+3+0a+p) (N +NoaB+2Nan+2NBn+2Nn—o'n—o x—2aBx—on’

—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3an




—6xa+§+ﬁﬁn—6x&—UXn+4N—2a+2B—8Upm+ﬂ)+(W+U(B

+n+1)(4+2n+a+B) (N+oa+B+n+2)p(n)=0,1,

oN—xo—xB+N—2x
(o+1)N
[> RE1-RE2;

[0,0,0] (63)

[(27)
> hahnterm3:=(-1)"n*pochhammer(beta+1, n)/pochhammer(alpha+1 n)*
hyperterm([-n,n+alpha+beta+1,x-N], [beta+1,-N],1,k);

hahnterm3 := ( (—1)" pochhammer(B + 1, n) pochhammer( —n, k) pochhammer(oc +B+n (64)
+ 1, k) pochhammer(x — N, k) ) / (pochhammer( o + 1, n) pochhammer(f + 1,
k) pochhammer(—N, k) k!)
> RE3:=RecurrenceNormalForm2(hahnterm3,k,p(n));

RE3=|(a+n+2) (a+B+2n+2) (a+P+n+2) (=1=n+N)p2+n)—(2n (65
+34+0a+pB) (N +NoaB+2Nan+2NBn+2Nn’—o'n—o x—2apx—on’
—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6xo+ B +3Bn—6xB—12xn+4N—20a+2B—8x)p(n+1)+ (n+1) (B

+n+1)(4+2n+a+B) (N+a+p+n+2)p(n)=0,1,

oN—Xoe—XxB+N-—2x
(a+1)N
[> RE1-RE3;

[0,0,0] (66)

[(28)
> termtohyper (GAMMA(alpha+1)*GAMMA(-N-beta+x)/ (GAMMA(n+alpha+1)*
GAMMA(-n-N+x-beta)),n);

pochhammer(B+N+1—x,n) (—1)"
pochhammer (o + 1, n)

> hahnterm4:=pochhammer(beta + N + 1 - x, n)*(-1)"n/pochhammer
(alpha + 1, n)*hyperterm([-n,-n-N-alpha-beta-1,-N+x],[-N,-n-N-
beta+x],1,k);

hahnterm4 := (pochhammer(p + N + 1 —x,n) (—1)" pochhammer( —n, k) pochhammer( — o (68)
—B—n—N —1,k) pochhammer(x — N, k) ) / (pochhammer( o + 1, n) pochhammer(

(67)




—N, k) pochhammer( —n — N + x — B, k) k!)
[> RE4:=RecurrenceNormalForm2(hahnterm4,k,p(n));

RE4:=|(a+n+2) (a+B+2n+2) (a+PB+n+2) (=1 =n+N)p2+n)—(2n (69)
+34+0a+PB) (N’ +NoaB+2Nan+2NBn+2Nn’—o'n—o x—2apx—on’
—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6x0+B +3Bn—6xP—12xn+4N—20a+2B—8x)p(n+1)+ (n+1) (B

+n+1)(4+2n+a+B) (N+a+p+n+2)p(n)=0,1,

oN—Xoe—XB+N-—2x
(a+1)N
[> RE1-RE4;

[0,0,0] (70)

[(29)

> hahnterm5:=pochhammer(-n-beta,n)*pochhammer(-n-N-alpha-beta-1,n)/
(pochhammer (-N, n)*pochhammer (alpha+1,n))*hyperterm([-n,n+alpha+
beta+l,N-x+beta+l], [N+alphatbeta+2,beta+1],1,k);

hahnterm5 := (pochhammer( —n — B, n) pochhammer( —o.—B—n—N—1, (71)
n) pochhammer( —n, k) pochhammer(o + B+ n + 1, k) pochhammer(p + N+ 1 — x, k) )
/ (pochhammer( —N, n) pochhammer( o + 1, n) pochhammer(N + o + B + 2,

k) pochhammer(p + 1, k) k!)
[> RE5:=RecurrenceNormalForm2(hahnterm5,k,p(n));

RE5:==|(a+n+2) (a+B+2n+2) (a+P+n+2) (=1=n+N)p2+n)—(2n (72)
+34+a+pB) (N’ +NoaB+2Nan+2NBn+2Nn’—o'n—o x—2apx—on’
—donx+ B n—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6x0+B +3Bn—6xP—12xn+4N—20a+2B—8x)p(n+1)+ (n+1) (B

+n+1)(4+2n+a+B) (N+a+B+n+2)p(n)=0,1,

oN—Xoe—XxB+N-—2x
(a+1)N
[> RE1-RE5;




[0,0,0] (73)

:Reversion 1, (30)

> Sumtohyper(subs(k=n-k,hahnterml),k)

((=D)'"Tn=x)T(ae+B+2n+1)T(o+ 1) I'(—N) Hypergeom([N+ 1 —n, —n, —o.  (74)
—nl[—a—=B—=2n—n+1+x],1))/(T(=x) T(a+B+n+1)T(a+1+n)IY
—N+n))

> termtohyper ((-1)"n*GAMMA(-x + n)*GAMMA(2*n + alpha + beta + 1)*
GAMMA(alpha + 1)*GAMMA(-N)/(GAMMA(-x)*GAMMA(alpha + beta + n + 1)
*GAMMA(n + alpha + 1)*GAMMA(n - N)),n);

p

1
pochhammer( —X, n) pochhammer(% + % + 1, n] pochhammer[% + By + o n] (—4)"

pochhammer( —N, n) pochhammer(a + B + 1, n) pochhammer( o + 1, n)

> hahnterm6:=(-4)"n*pochhammer(alpha/2 + beta/2 + 1/2, n)*
pochhammer (-x, n)*pochhammer(alpha/2 + beta/2 + 1, n)/(pochhammer
(alpha + 1, n)*pochhammer(alpha + beta + 1, n)*pochhammer(-N, n))
*hyperterm([1 - n + N, -n - alpha, -n], [Xx - n + 1, -2*n - alpha
- beta],1,k)

(75)

1
hahnterm6 := ((—4)” pochhammer( % + % + EX n) pochhammer( —x, n) pochhammer( % (76)
+ g + 1, nj pochhammer(N + 1 — n, k) pochhammer( — o — n, k) pochhammer( —n, k)]

/ (pochhammer( —N, n) pochhammer(o + B + 1, n) pochhammer( o + 1,
n) pochhammer(—n + 1 + x, k) pochhammer( —o.— 3 — 2 n, k) k!)
[> RE6:=RecurrenceNormalForm2(hahntermé, k,p(n));

RE6:=|(a+n+2) (a+B+2n+2) (a+p+n+2) (=1 =n+N)p2+n)—(2n (77

+34+a+p) (N +NoaB+2Nan+2NBn+2Nn—o'n—o x—2aBx—on’
—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6x0+ P +3Bn—6xB—12xn+4N—20a+2B—8x)p(n+1)+ (n+1) (B

+n+1)(4+2n+a+B) (N+a+B+n+2)pn)=0,1,

oN—xo—xB+N—2x
(u+1)N
[> RE1-RE6;

[0,0,0] (78)

:Reversion 2, (31)



> Sumtohyper (subs(k=n-k,hahnterm2),k)

(T(oo+x+n+1)T(x=N+nT(a+1)T(=N) (=1)"T(n=x)T(B+N+1—x (79)
+n)T(N+1—x—n)T(—o—x—n) Hypergeom(|[ —n,a+x+ 1, x—=N],[—n—N
+x—=B, —n+1+x],1))/(T(a+x+1) T(x=N)T(a+14n) (=N +n) I
—X)T(B+N+1—=x)TIN+1—=-x)T(—a—x))

[> termtohyper((-1)*n*GAMMA(n + alpha + x + 1)*GAMMA(n + x - N)*
GAMMA(alpha + 1)*GAMMA(-N)*GAMMA(-x + n)*GAMMA(n + beta + N + 1 -

xX)*GAMMA(N + 1 - x - n)*GAMMA(-alpha - x - n)/(GAMMA(alpha + x +

1)*GAMMA(X — N)*GAMMA(n + alpha + 1)*GAMMA(N = N)*GAMMA(=x)*GAMMA
(beta + N + 1 = X)*GAMMA(N + 1 - x)*GAMMA(-alpha - x)),n);

pochhammer( —x, n) pochhammer(B +N+ 1 —x,n) (—1)"
pochhammer( —N, n) pochhammer( o+ 1,n)

B hahnterm7:=(-1)"n*pochhammer(-x, n)*pochhammer(beta + N + 1 - X,
n)/(pochhammer(alpha + 1, n)*pochhammer(-N, n))*hyperterm([x - N,
alpha + x + 1, -n], [-n - beta - N + X, x - n + 1],1,

hahnterm7 := ( (—1)" pochhammer( —x, n) pochhammer(f + N + 1 — X, n) pochhammer(x  (81)
— N, k) pochhammer( o + X + 1, k) pochhammer(—n, k) ) / (pochhammer( —N,

(80)

n) pochhammer( o + 1, n) pochhammer( —n — N + x — B, k) pochhammer(—n + 1 + X,
k) k!)
> RE7:=RecurrenceNormalForm2(hahnterm7,k,p(n));

RE7:=|(a+n+2) (a+B+2n+2) (a+p+n+2) (=1 —=n+N)p2+n)—(2n (82)
+3+0a+pB) (N’ +NoaB+2Nan+2NBn+2Nn—o'n—o x—2apx—on’
—donx+Bn—Fx+pn —4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6xa+§+ﬁﬁn—6x&—UXn+4N—2a+2B—8Upm+ﬂ)+(W+U(B

+n+1)(4+2n+a+B) (N+oa+B+n+2)p(n)=0,1,

oN—xo—xB+N—2x
(o+1)N
[> RE1-RE7;

[0,0,0] 83)
;Reversion 3,(32)
> Sumtohyper(subs(k=n-k,hahnterm3),k)

(((—1)“)2r(oc+ 1)T(a+B+2n+1)T(Xx—N+n)T(—N) Hypergeom([N+1—n, (84)
—n, —n—pl [—a—B—2mN+1—x=n] 1))/ (F(o+1+n) T(a+p+n
+1)T(x—=N)T(=N+n))




> termtohyper (GAMMA(alpha + 1)*GAMMA(2*n + alpha + beta + 1)*GAMMA
(x - N + n)*GAMMA(-N)/(GAMMA(alpha + 1 + n)*GAMMA(alpha + beta +

n + 1)*GAMMA(X - N)*GAMMA(-N+n)),n);
B p

1
pochhammer(X — N, n) pochhammer & + — + 1, n | pochhammer & + =+ —,n|4"
2 2 2 2 2 (85)

pochhammer( —N, n) pochhammer( o + B + 1, n) pochhammer(o + 1, n)

> hahnterm8:=pochhammer(alphas/2 + beta/2 + 1, n)*pochhammer(x - N,
n)*pochhammer(alpha/2 + betas2 + 1/2, n)*4”™n/(pochhammer(alpha +
1, n)*pochhammer(-N, n)*pochhammer(alpha + beta + 1, n))*
hyperterm([-n - beta, N+ 1 - n, -n], [N+ 1 - X - n, -2*n -
alpha - beta],1,k)

p

hahnterm8 := (pochhammer[ % + E + 1, nj pochhammer(X — N, n) pochhammer( % + % (86)

+ %, n] 4" pochhammer( —n — B, k) pochhammer(N + 1 — n, k) pochhammer( —n, k))

/ (pochhammer( —N, n) pochhammer( o + B + 1, n) pochhammer(o + 1,

n) pochhammer(N + 1 — x — n, k) pochhammer( —o.— B — 2 n, k) k!)
> RE8:=RecurrenceNormalForm2(hahnterm8,k,p(n));

RE8:=|(a+n+2) (a+B+2n+2) (a+p+n+2) (=1 —=n+N)p2+n)—(2n (87
+3+0a+pB) (N’ +NoaB+2Nan+2NBn+2Nn—o'n—o x—2apx—on’
—donx+Bn—Fx+pn —4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6xa+§+ﬁﬁn—6x&—UXn+4N—2a+2B—8Upm+ﬂ)+(W+U(B
+n+1)(4+2n+a+B) (N+oa+B+n+2)p(n)=0,1,
oN—xo—xB+N—2x

(o+1)N

[> RE1-RES8;

[0,0,0] (88)

:Reversion 4, (33)
> Sumtohyper(subs(k=n-k,hahnterm4),k)

(C(B+N+1—=x+n) ((=)")’'T(a+1)T(—a—B—1=N)T(x=N+n)TY (89)
—N)T(—n—=N+x—B) Hypergeom([N+1—n, —=n,+N+1—x], [N+ o+ B
+2N+1=x=n] 1))/ (F(B+N+1=x)T(0+1+n)T(—a—B—n—N
—1)T(x—=N)T(=N+n)T(x—B—N))

> termtohyper(GAMMA(beta + N + 1 - x + n)*GAMMA(alpha + 1)*GAMMA(-




alpha - beta - 1 - N)*GAMMA(X - N + n)*GAMMA(-N)*GAMMA(-n - N + X
- beta)/(GAMMA(beta + N + 1 - x)*GAMMA(alpha + 1 + n)*GAMMA(-
alpha - beta - n - N - 1)*GAMMA(X - N)*GAMMA(-N + n)*GAMMA(X -
beta - N)),n);

pochhammer(X — N, n) pochhammer(N + oo+ B+ 2, n)
pochhammer( —N, n) pochhammer (o + 1, n)

> hahnterm9:=pochhammer(x - N, n)*pochhammer(N + alpha + beta + 2
n)/(pochhammer(-N, n)*pochhammer(alpha + 1, n))*hyperterm([N +
- n, -n, beta + N + - x], [N + alpha + beta + 2, N + - X -
n],1,k)

hahnterm9 := ( pochhammer(N + o + B + 2, n) pochhammer(x — N, n) pochhammer(N +1  (91)

— n, k) pochhammer( —n, k) pochhammer(B + N + 1 — x, k) ) / (pochhammer( —N,

n) pochhammer( o + 1, n) pochhammer(N + oo + B + 2, k) pochhammer(N + 1 — x — n,
k) k!)

[> RE9:=RecurrenceNormalForm2(hahnterm9,k,p(n));

90)

RE9:=|(a+n+2) (a+B+2n+2) (a+P+n+2) (=1 —=n+N)p2+n)—(2n (92
+3+0a+p) (N +NoaB+2Nan+2NBn+2Nn—o'n—o x—2apx—on’
—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6x0+ P +3Bn—6xB—12xn+4N—20a+2B—8x)p(n+1)+ (n+1) (B

+n+1)(4+2n+a+B) (N+a+B+n+2)p(n)=0,1,

oN—xo—xB+N—2x
(u+1)N
[> RE1-RE9;

[0,0,0] (93)
;Reversion 5, (34)
> Sumtohyper (subs(k=n-k,hahnterm5),k)

(Fr(=B)T(—a—PB—1=N)T(=N)T(a+1) (=D)"T(ax+B+2n+1)T(B+N+1 (94
—x+n)T(N+o+p+2)T(B+ 1) Hypergeom([—n, —oo—B—n—N—1, —n
— Bl [—a—B—2n—n—N+x=BL1))/(F(=n=B) T(—a—B—n—N
—1)T(=N+mT(oa+1+n)T(aa+B+n+1)T(B+N+1—-x)T(N+a+B+n
+2)T(B+n+1))

> termtohyper (GAMMA(-beta)*GAMMA(-alpha - beta - 1 - N)*GAMMA(-N)*
GAMMA(alpha + 1)*(-1)"n*GAMMA(alpha + beta + 2*n + 1)*GAMMA(beta
+ N+ 1 - x + n)*GAMMA(N + alpha + beta + 2)*GAMMA(beta + 1)/

(GAMMA(-n - beta)*GAMMA(-alpha - beta - n - N - 1)*GAMMA(-N + n)*
GAMMA(alpha + 1 + n)*GAMMA(alpha + beta + n + 1)*GAMMA(beta + N +



1 - xX)*GAMMA(N + alpha + beta + n + 2)*GAMMA(beta + n + 1)),n);

(pochhammer(% + % +1, nj pochhammer( + N+ 1 —x,n) pochhammer(% + % 95)

1
+5 nJ (—4)”) / (pochhammer( —N, n) pochhammer( o + B + 1, n) pochhammer( o

+1,n))

> hahnterml0:=pochhammer(alpha/2 + beta/2 + 1, n)*pochhammer(beta +

N + 1 - x, n)*pochhammer(alpha/2 + betas/2 + 1/2, n)*(-4)"n/
(pochhammer(-N, n)*pochhammer(alpha + beta + 1, n)*pochhammer
(alpha + 1, n))*hyperterm([-n, -alpha - beta - n - N -1, -n -
beta], [-alpha - beta - 2*n, -n - N + x - beta],1,k)

hahnterm10 := (pochhammer[% + g + 1, nj pochhammer(B + N + 1 — x, (96)
o B 1 n
n) pochhammer By + B + bR n| (—4)" pochhammer(—n, k) pochhammer( —o. — B

—n — N — 1, k) pochhammer( —n — B, k) J / (pochhammer( —N, n) pochhammer(o + B

+ 1, n) pochhammer( o + 1, n) pochhammer( —o. — B — 2 n, k) pochhammer( —n — N + x

—B.k) k!)
> RE10:=RecurrenceNormalForm2(hahnterm10,k,p(n));

RE10:=|(a+n+2) (a+B+2n+2) (a+B+n+2) (=1 =n+N)p2+n)—(2n 97
+34+a+pB) (N +NoaB+2Nan+2NBn+2Nn’—o'n—o x—2apx—on’
—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3an
—6xo+ B +3Bn—6xB—12xn+4N—20a+2B—8x)p(n+1)+ (n+1) (B

+n+1)(4+2n+a+B) (N+oa+B+n+2)p(n)=0,1,

oN—Xoe—XxB+N-—2x
(a+1)N
> RE1-RE10;

[0,0,0] 98)



