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restart;
read "REtoqDE.mpl";
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Example 2
jnsum := 2^n*(a*d-b*c)^n*pochhammer(-p+1-I*q*(1/2), n)*hyperterm(
[-n, n+1-2*p], [-p+1-I*q*(1/2)], I*(a^2+c^2)*(x-(I*(a*d-b*c)-a*b-
c*d)/(a^2+c^2))/(2*(a*d-b*c)), j)/I^n;

jnsum d
1

pochhammer LpC 1L
I q
2

, j  j! In
2n a dL b c n pochhammer LpC 1L

I q
2

,

n  pochhammer Ln, j  pochhammer nC 1L 2 p,

j  

I a2 C c2  xL
I a dL b c L a bL c d

a2 C c2

2 a dL 2 b c

j

Rjn := sumrecursion(jnsum, j, S(n), recursion = up);
Rjn d 1C nL p  nC 2L 2 p  S nC 2 C 3C 2 nL 2 p  2 a2 x n2 L 4 a2 x p n

C 2 a2 p2 xC 2 c2 x n2 L 4 c2 x p nC 2 c2 p2 xC 6 a2 x nL 6 a2 x pC 2 a b n2 L 4 a b p n

C 2 a b p2 L a d p qC b c p qC 6 c2 x nL 6 c2 x pC 2 c d n2 L 4 c d p nC 2 c d p2 C 4 a2 x

C 6 a b nL 6 a b pC 4 c2 xC 6 c d nL 6 c d pC 4 a bC 4 c d  S nC 1 L nC 1  Lp

C 2C n  4 n2 L 8 n pC 4 p2 C q2 C 8 nL 8 pC 4  a dL b c 2 S n = 0

REtoDE(Rjn, S(n), x);

"Warning, parameters have the values", aJ =
RootOf _Z2 C 1  q

2
L p, bJ =

L
RootOf _Z2 C 1  q

2
L p, f =

RootOf _Z2 C 1  a2 C c2

a dL b c
, g

=
RootOf _Z2 C 1  a bC c d

a dL b c

"Has a solution as Jacobi", σ x = a2 x2 C c2 x2 C 2 a b xC 2 c d xC b2 C d2, τ x =L2 a2 x p



> > 

(5)(5)

> > 

(6)(6)
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L 2 c2 x pC 2 a2 xL 2 a b pC a d qL b c qC 2 c2 xL 2 c d pC 2 a bC 2 c d, λn =Ln a2

C c2  nC 1L 2 p , S n, x = Pn

RootOf _Z2 C 1  q
2

L p, L
RootOf _Z2 C 1  q

2
L p,

RootOf _Z2 C 1  a2 C c2  x
a dL b c

C
RootOf _Z2 C 1  a bC c d

a dL b c
, w x

= e
q arctan

a2 xCc2 xCa bCc d
a dLb c  a2 C c2  x2 C 2 a bC 2 c d  xC b2 C d2 Lp

,
knC1

kn

=
2 RootOf _Z2 C 1  a dL b c  1C nL p  2 nC 1L 2 p

nC 1L 2 p
, I

=
L1L

RootOf _Z2 C 1  a bC c d
a dL b c

 a dL b c

RootOf _Z2 C 1  a2 C c2 ,

1L
RootOf _Z2 C 1  a bC c d

a dL b c
 a dL b c

RootOf _Z2 C 1  a2 C c2

Example 4
qhsum := subs([alpha = 2*beta, beta = 1], qphihyperterm([q^(-n), 
alpha*beta*q^(n+1), x], [alpha*q, q^(-N)], q, q, j));

qhsum d
qpochhammer qLn, q, j  qpochhammer 2 β qnC1, q, j  qpochhammer x, q, j  qj

qpochhammer 2 β q, q, j  qpochhammer qLN, q, j  qpochhammer q, q, j

RE := qsumrecursion(qhsum, q, j, S(n), recursion = up);

RE d LqnC1 C qN  2 q2 nC2 βL 1  2 qnC2 βL 1
2
 S nC 2 L 2 q2 nC3 β

L 1  4 qNC4 nC6 x β
2
L 8 qNC3 nC5 β

2
C 4 qNC2 nC4 β

2
L 2 qNC2 nC4 x βL 4 q3 nC4 β

2

C 4 qNC2 nC3 β
2
C 2 qNC2 nC4 βL 2 q3 nC4 βC 2 qNC2 nC3 βL 2 qNC2 nC2 x βC 4 q2 nC3 β

L 4 qNCnC2 βC 4 q2 nC2 βL 2 β qnC1 C x qNL qnC1  S nC 1 C 2 qnC1 qnC1

L 1
2
 2 q2 nC4 βL 1  β 2 qNCnC2 βL 1  S n = 0

REtoqde(RE, S(n), x, q);
"Warning, parameters have the values", aB = 1, bB = 2 β, cB = 2 q1CN β, f = q1CN, g = 0 , aB

= qL1LN, bB = 2 q1CN β, cB = 2 β, f = 1, g = 0 , aB = 2 β, bB = 1, cB = qL1LN, f = 1, g = 0 , aB

= 2 q1CN β, bB = qL1LN, cB = 1, f = q1CN, g = 0



(7)(7)

"Warning, several solutions found"

"Warning, parameters have the values", aB = 1, bB = 2 β, f = q qN, g = 0, qNB =
1

2 qN β q2 , aB

=
1

q qN , bB = 2 qN β q, f = 1, g = 0, qNB =
1

2 q β
, aB = 2 β, bB = 1, f = 1, g = 0, qNB = qN , aB

= 2 qN β q, bB =
1

q qN , f = q qN, g = 0, qNB =
1
q

"Warning, several solutions found"

"Has a solution as Big q-Jacobi", σ x =L 2 β qL x  x qNL 1  qN 3
 q2, τ x

=
2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1  qN

qL 1
, λq, n =

L
qn L 1  2 β qn qL 1

qn qL 1 2 q
, S n, x = Pn 1, 2 β, 2 q1CN β, q1CN x, q ,

ρ q x

ρ x

=
1

qN 2
 q3 2 βL x  q qN xL 1

2 qN 3
 β q3 xL qN 3

 q2 x2 L 2 β q3 qN 2

L 2 qN β q2 x2 C qN 2
 q2 xC 2 qN β q2 xL 2 qN β q xC qN x2 C 2 β q xL x ,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1  qN

2 β qn qL 1
2
 qNL qn  q1CN

, I = 2 β q,
q

q1CN , σ x =

L
2 β qL x  x qNL 1

qN q
, τ x =

2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1

q qL 1  qN ,

λq, n =L
qn L 1  2 β qn qL 1

qn qL 1 2 , S n, x = Pn qL1LN, 2 q1CN β, 2 β, x, q ,
ρ q x

ρ x
=

L
2 β xL 1

2 βL x
,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1  qN

2 β qn qL 1
2
 qNL qn

, I = 2 β q, qL1LN q ,



σ x =L
2 β qL x  x qNL 1

qN q
, τ x

=
2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1

q qL 1  qN , λq, n =L
qn L 1  2 β qn qL 1

qn qL 1 2 ,

S n, x = Pn 2 β, 1, qL1LN, x, q ,
ρ q x

ρ x
=L

2 β xL 1

2 βL x
,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1  qN

2 β qn qL 1
2
 qNL qn

, I = qL1LN q, 2 β q , σ x =L 2 β q

L x  x qNL 1  qN 3
 q2, τ x

=
2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1  qN

qL 1
, λq, n =

L
qn L 1  2 β qn qL 1

qn qL 1 2 q
, S n, x = Pn 2 q1CN β, qL1LN, 1, q1CN x, q ,

ρ q x

ρ x

=
1

qN 2
 q3 2 βL x  q qN xL 1

2 qN 3
 β q3 xL qN 3

 q2 x2 L 2 β q3 qN 2

L 2 qN β q2 x2 C qN 2
 q2 xC 2 qN β q2 xL 2 qN β q xC qN x2 C 2 β q xL x ,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1  qN

2 β qn qL 1
2
 qNL qn  q1CN

, I =
q

q1CN , 2 β q ,

"Has a solution as q-Hahn", σ x =L 2 β qL x  x qNL 1  qN 3
 β q3, τ x

=
2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1  β qN q

qL 1
, λq, n =



L
β qn L 1  2 β qn qL 1

qn qL 1 2 , S n, x = Qn 1, 2 β, L

N ln q L ln
1

2 β q2

ln q
, q qN x, q ,

ρ q x

ρ x
=

1

qN 2
 q3 2 βL x  q qN xL 1

2 qN 3
 β q3 xL qN 3

 q2 x2

L 2 β q3 qN 2
L 2 qN β q2 x2 C qN 2

 q2 xC 2 qN β q2 xL 2 qN β q xC qN x2 C 2 β q xL x ,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1

2 β qn qL 1
2
 qNL qn  q

, I = 0,
1

q qN ,
2

q qN , "...",

L

N ln q L ln
1

2 β q2

ln q  q qN , σ x =L
2 β qL x  x qNL 1  β

q qN , τ x

=
β 2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1

q qN qL 1
, λq, n =

L
β qn L 1  2 β qn qL 1

qn qL 1 2 , S n, x = Qn

1

q qN , 2 qN β q,

ln
1

2 q β
ln q

, x, q ,
ρ q x

ρ x
=

L
2 β xL 1

2 βL x
,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1  qN

2 β qn qL 1
2
 qNL qn

, I = 0, 1, 2, "...",

ln
1

2 q β
ln q

, σ x =L
2 β qL x  x qNL 1

qN q
, τ x

=
2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1

q qL 1  qN , λq, n =L
qn L 1  2 β qn qL 1

qn qL 1 2 ,

S n, x = Qn 2 β, 1, N, x, q ,
ρ q x

ρ x
=L

2 β xL 1

2 βL x
,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1  qN

2 β qn qL 1
2
 qNL qn

, I = 0, 1, 2, "...", N , σ x =L 2 β q

L x  x qNL 1  qN 3
 q2, τ x
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(10)(10)

(15)(15)
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(11)(11)

(14)(14)

> > 

> > 

(12)(12)

> > 

> > 

(8)(8)

(9)(9)

=
2 qN β q2 xL 2 qN β q2 C 2 qN β qL x qNL 2 β qC 1  qN

qL 1
, λq, n =

L
qn L 1  2 β qn qL 1

qn qL 1 2 q
, S n, x = Qn 2 qN β q,

1

q qN , L1, q qN x, q ,
ρ q x

ρ x

=
1

qN 2
 q3 2 βL x  q qN xL 1

2 qN 3
 β q3 xL qN 3

 q2 x2 L 2 β q3 qN 2

L 2 qN β q2 x2 C qN 2
 q2 xC 2 qN β q2 xL 2 qN β q xC qN x2 C 2 β q xL x ,

knC1

kn

=
2 qn 2

 q βL 1  2 qn 2
 β q2 L 1

2 β qn qL 1
2
 qNL qn  q

, I = 0,
1

q qN ,
2

q qN , "...", L
1

q qN

Meixner 
msum := proc (b, c, x, j) hyperterm([-n, -x], [beta], 1-1/c, j) 
end proc;

msum d proc b, c, x, j hyperterm L n, L x , beta , 1 L 1 / c, j end proc

RM1 := sumrecursion(msum(b, c, x, j), j, S(n), recursion = up);
RM1 d c βC nC 1  S nC 2 L β cC c nC x cC cC nL xC 1  S nC 1 C n

C 1  S n = 0

RM2 := sumrecursion(msum(beta, 1/c, -x-beta, j), j, S(n), 
recursion = up);

RM2 d βC nC 1  S nC 2 L β cC c nC x cC cC nL xC 1  S nC 1 C n

C 1  c S n = 0

`recursion/compare`(RM1, RM2, S(n));
Recursions are NOT identical!

msum(beta, 1/c, -x-beta, n);
pochhammer Ln, n  pochhammer xC β, n  1L c n

pochhammer β, n  n!

denumM := msum(beta, 1/c, -x-beta, n)/pochhammer(x+beta, n);

denumMd
pochhammer Ln, n  1L c n

pochhammer β, n  n!

msum(b, c, x, n);

pochhammer Ln, n  pochhammer Lx, n  1L
1
c

n

pochhammer β, n  n!

numM := msum(b, c, x, n)*(-1)^n/pochhammer(-x, n);

numM d
pochhammer Ln, n  1L

1
c

n

 L1 n

pochhammer β, n  n!
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(27)(27)
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(26)(26)
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(21)(21)

(23)(23)

(19)(19)
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(16)(16)

(18)(18)

(17)(17)
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CM := denumM/numM;

CM d
1L c n

1L
1
c

n

 L1 n

NRM1 := sumrecursion(CM*msum(b, c, x, j), j, S(n), recursion = 
up);

NRM1 d βC nC 1  S nC 2 L β cC c nC x cC cC nL xC 1  S nC 1 C n

C 1  c S n = 0

`recursion/compare`(NRM1, RM2, S(n));
Recursions are identical.

simplify([seq(CM*add(msum(b, c, x, j), j = 0 .. n), n = 0 .. 3)-
seq(add(msum(beta, 1/c, -x-beta, j), j = 0 .. n), n = 0 .. 3)]);

0, 0, 0, 0

Krawtchouk 
ksum := proc (p, N, x, j) hyperterm([-n, -x], [-N], 1/p, j) end 
proc;

ksum d proc p, N, x, j hyperterm L n, L x , LN , 1 / p, j end proc

RK1 := sumrecursion(ksum(p, N, x, j), j, S(n), recursion = up);
RK1 dLp LnL 1CN  S nC 2 C N pL 2 n pC nL 2 pL xC 1  S nC 1 C n

C 1  pL 1  S n = 0

RK2 := sumrecursion(ksum(1-p, N, -x+N, j), j, S(n), recursion = 
up);

RK2 dL pL 1  LnL 1CN  S nC 2 C N pL 2 n pC nL 2 pL xC 1  S nC 1

C nC 1  p S n = 0

`recursion/compare`(RK1, RK2, S(n));
Recursions are NOT identical!

ksum(p, N, x, n);

pochhammer Ln, n  pochhammer Lx, n  
1
p

n

pochhammer LN, n  n!

denumK := ksum(p, N, x, n)*(-1)^n/pochhammer(-x, n);

denumKd
pochhammer Ln, n  

1
p

n

 L1 n

pochhammer LN, n  n!

ksum(1-p, N, -x+N, n);

pochhammer Ln, n  pochhammer xLN, n  
1

LpC 1

n

pochhammer LN, n  n!

numK := ksum(1-p, N, -x+N, n)/pochhammer(x-N, n);



(28)(28)

(30)(30)

(27)(27)

(31)(31)

(33)(33)

(34)(34)
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> > 

(32)(32)

> > 

> > 

> > 

> > 

> > 

(29)(29)

(35)(35)

numK d
pochhammer Ln, n  

1
LpC 1

n

pochhammer LN, n  n!

CK := numK/denumK;

CK d

1
LpC 1

n

1
p

n

 L1 n

NRK1 := sumrecursion(CK*ksum(p, N, x, j), j, S(n), recursion = 
up);

NRK1 dL pL 1  LnL 1CN  S nC 2 C N pL 2 n pC nL 2 pL xC 1  S nC 1

C nC 1  p S n = 0

`recursion/compare`(NRK1, RK2, S(n));
Recursions are identical.

simplify([seq(CK*add(ksum(p, N, x, j), j = 0 .. n), n = 0 .. 3)-
seq(add(ksum(1-p, N, -x+N, j), j = 0 .. n), n = 0 .. 3)]);

0, 0, 0, 0

Hahn
hsum := proc (alpha, beta, N, x, j) hyperterm([-n, n+alpha+
beta+1, -x], [alpha+1, -N], 1, j) end proc;

hsum d proc alpha, beta, N, x, j

hyperterm L n, nC alphaC betaC 1, L x , alphaC 1, LN , 1, j

end proc

RH1 := sumrecursion(hsum(alpha, beta, N, x, j), j, S(n), 
recursion = up);

RH1d 2CαC n  2C 2 nCαC β  nC 2CαC β  LnL 1CN  S nC 2 L 2 n

C 3CαC β  N α
2
CN α βC 2 N α nC 2 N β nC 2 N n2 Lα

2
 nLα

2
 xL 2 α β xLα n2

L 4 α n xC β
2
 nL β

2
 xC β n2 L 4 β n xL 4 n2 xC 3 α NC 3 N βC 6 N nLα

2
L 3 n α

L 6 α xC β
2
C 3 n βL 6 β xL 12 x nC 4 NL 2 αC 2 βL 8 x  S nC 1 C nC 1  β

C nC 1  2 nC 4CαC β  2C nCαC βCN  S n = 0

RH2 := sumrecursion(hsum(beta, alpha, N, -x+N, j), j, S(n), 
recursion = up);

RH2d 2C βC n  2C 2 nCαC β  nC 2CαC β  LnL 1CN  S nC 2 C 2 n

C 3CαC β  N α
2
CN α βC 2 N α nC 2 N β nC 2 N n2 Lα

2
 nLα

2
 xL 2 α β xLα n2

L 4 α n xC β
2
 nL β

2
 xC β n2 L 4 β n xL 4 n2 xC 3 α NC 3 N βC 6 N nLα

2
L 3 n α

L 6 α xC β
2
C 3 n βL 6 β xL 12 x nC 4 NL 2 αC 2 βL 8 x  S nC 1 C nC 1  α

C 1C n  2 nC 4CαC β  2C nCαC βCN  S n = 0

`recursion/compare`(RH1, RH2, S(n));
Recursions are NOT identical!
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hsum(alpha, beta, N, x, n);
pochhammer Ln, n  pochhammer nCαC βC 1, n  pochhammer Lx, n

pochhammer αC 1, n  pochhammer LN, n  n!

denumH := hsum(alpha, beta, N, x, n)*(-1)^n/pochhammer(-x, n);

denumH d
pochhammer Ln, n  pochhammer nCαC βC 1, n  L1 n

pochhammer αC 1, n  pochhammer LN, n  n!

hsum(beta, alpha, N, -x+N, n);
pochhammer Ln, n  pochhammer nCαC βC 1, n  pochhammer xLN, n

pochhammer βC 1, n  pochhammer LN, n  n!

numH21 := hsum(beta, alpha, N, -x+N, n)/pochhammer(x-N, n);

numH21 d
pochhammer Ln, n  pochhammer nCαC βC 1, n

pochhammer βC 1, n  pochhammer LN, n  n!

CH21 := simplify(numH21/denumH);

CH21 d
pochhammer αC 1, n  L1 Ln

pochhammer βC 1, n

NRH1 := sumrecursion(CH21*hsum(alpha, beta, N, x, j), j, S(n), 
recursion = up);

NRH1 d 2C βC n  2C 2 nCαC β  nC 2CαC β  LnL 1CN  S nC 2 C 2 n

C 3CαC β  N α
2
CN α βC 2 N α nC 2 N β nC 2 N n2 Lα

2
 nLα

2
 xL 2 α β xLα n2

L 4 α n xC β
2
 nL β

2
 xC β n2 L 4 β n xL 4 n2 xC 3 α NC 3 N βC 6 N nLα

2
L 3 n α

L 6 α xC β
2
C 3 n βL 6 β xL 12 x nC 4 NL 2 αC 2 βL 8 x  S nC 1 C nC 1  α

C 1C n  2 nC 4CαC β  2C nCαC βCN  S n = 0

`recursion/compare`(NRH1, RH2, S(n));
Recursions are identical.

simplify([seq(CH21*add(hsum(alpha, beta, N, x, j), j = 0 .. n), n
= 0 .. 3)-seq(add(hsum(beta, alpha, N, -x+N, j), j = 0 .. n), n =
0 .. 3)]);

0, 0, 0, 0

Big q-Jacobi
BJsummand := proc (a, b, c, x, q, j) qphihyperterm([q^(-n), a*b*
q^(n+1), x], [a*q, c*q], q, q, j) end proc;

BJsummand d proc a, b, c, x, q, j

qphihyperterm q^ L n , a * b * q^ nC 1 , x , a * q, c * q , q, q, j

end proc

RB1 := qsumrecursion(BJsummand(a, b, c, x, q, j), q, j, S(n), 
recursion = up);

RB1 dL qnC2 aL 1  qnC2 cL 1  q2 nC2 a bL 1  qnC2 a bL 1  S nC 2 L q2 nC3 a b

L 1  q4 nC6 a2 x b2 L q3 nC5 a2 b2 L q3 nC5 a2 b cL q3 nC5 a2 bL q3 nC5 a b cC q2 nC4 a2 b

C q2 nC4 a b cL q2 nC4 a x bC q2 nC3 a2 bC q2 nC3 a b cC q2 nC4 a bC q2 nC4 a c
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(47)(47)
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(46)(46)
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> > 
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C q2 nC3 a bL q2 nC2 a x bC q2 nC3 a cL qnC2 a bL qnC2 a cL qnC2 aL qnC2 cC x  S n

C 1 C qnC2 a qnC1 L 1  a b qnC1 L c  qnC1 bL 1  q2 nC4 a bL 1  S n = 0

RB2 := qsumrecursion(BJsummand(b, a, a*b/c, b*x/c, q, j), q, j, S
(n), recursion = up);

RB2 dL qnC2 bL 1  q2 nC2 a bL 1  qnC2 a bL c  qnC2 a bL 1  S nC 2

L q2 nC3 a bL 1  b q4 nC6 a2 x b2 L q3 nC5 a2 b2 L q3 nC5 a2 b cL q3 nC5 a2 b

L q3 nC5 a b cC q2 nC4 a2 bC q2 nC4 a b cL q2 nC4 a x bC q2 nC3 a2 bC q2 nC3 a b c

C q2 nC4 a bC q2 nC4 a cC q2 nC3 a bL q2 nC2 a x bC q2 nC3 a cL qnC2 a bL qnC2 a c

L qnC2 aL qnC2 cC x  S nC 1 C qnC2 a qnC1 L 1  b2 qnC1 cL 1  q2 nC4 a b

L 1  qnC1 aL 1  S n = 0

RB3 := qsumrecursion(BJsummand(c, a*b/c, a, x, q, j), q, j, S(n),
recursion = up);

RB3 dL qnC2 aL 1  qnC2 cL 1  q2 nC2 a bL 1  qnC2 a bL 1  S nC 2 L q2 nC3 a b

L 1  q4 nC6 a2 x b2 L q3 nC5 a2 b2 L q3 nC5 a2 b cL q3 nC5 a2 bL q3 nC5 a b cC q2 nC4 a2 b

C q2 nC4 a b cL q2 nC4 a x bC q2 nC3 a2 bC q2 nC3 a b cC q2 nC4 a bC q2 nC4 a c

C q2 nC3 a bL q2 nC2 a x bC q2 nC3 a cL qnC2 a bL qnC2 a cL qnC2 aL qnC2 cC x  S n

C 1 C qnC2 a qnC1 L 1  a b qnC1 L c  qnC1 bL 1  q2 nC4 a bL 1  S n = 0

RB4 := qsumrecursion(BJsummand(a*b/c, c, b, b*x/c, q, j), q, j, S
(n), recursion = up);

RB4 dL qnC2 bL 1  q2 nC2 a bL 1  qnC2 a bL c  qnC2 a bL 1  S nC 2

L q2 nC3 a bL 1  b q4 nC6 a2 x b2 L q3 nC5 a2 b2 L q3 nC5 a2 b cL q3 nC5 a2 b

L q3 nC5 a b cC q2 nC4 a2 bC q2 nC4 a b cL q2 nC4 a x bC q2 nC3 a2 bC q2 nC3 a b c

C q2 nC4 a bC q2 nC4 a cC q2 nC3 a bL q2 nC2 a x bC q2 nC3 a cL qnC2 a bL qnC2 a c

L qnC2 aL qnC2 cC x  S nC 1 C qnC2 a qnC1 L 1  b2 qnC1 cL 1  q2 nC4 a b

L 1  qnC1 aL 1  S n = 0

`recursion/compare`(RB1, simplify(RB2), S(n));
Recursions are NOT identical!

`recursion/compare`(RB1, simplify(RB3), S(n));
Recursions are identical.

`recursion/compare`(RB1, simplify(RB4), S(n));
Recursions are NOT identical!

`recursion/compare`(RB2, simplify(RB3), S(n));
Recursions are NOT identical!

`recursion/compare`(RB2, simplify(RB4), S(n));
Recursions are identical.

`recursion/compare`(RB3, simplify(RB4), S(n));
Recursions are NOT identical!

Obtaining Cn
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(58)(58)

BJsummand(a, b, c, x, q, n);
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer a q, q, n  qpochhammer c q, q, n  qpochhammer q, q, n

BJsummand(b, a, a*b/c, b*x/c, q, n);

qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qpochhammer
b x
c

, q, n  qn

qpochhammer b q, q, n  qpochhammer
a b q

c
, q, n  qpochhammer q, q, n

num21 := BJsummand(b, a, a*b/c, b*x/c, q, n)*(-1)^n*q^binomial(n,
2)*(b/c)^n/qpochhammer(b*x/c, q, n);

num21 d
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qn L1 n q

n
2  

b
c

n

qpochhammer b q, q, n  qpochhammer
a b q

c
, q, n  qpochhammer q, q, n

denumbj := BJsummand(a, b, c, x, q, n)*(-1)^n*q^binomial(n, 2)
/qpochhammer(x, q, n);

denumbj d
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qn L1 n q

n
2

qpochhammer a q, q, n  qpochhammer c q, q, n  qpochhammer q, q, n

C21 := simplify(num21/denumbj);

C21 d

b
c

n

 qpochhammer a q, q, n  qpochhammer c q, q, n

qpochhammer b q, q, n  qpochhammer
a b q

c
, q, n

Checking initial conditions
qsimpcomb([seq(C21*add(BJsummand(a, b, c, x, q, j), j = 0 .. n), 
n = 0 .. 3)-seq(add(BJsummand(b, a, a*b/c, b*x/c, q, j), j = 0 ..
n), n = 0 .. 3)]);

0, 0, 0, 0

Comparing recurrence equations with new relation
NRB1 := qsumrecursion(C21*BJsummand(a, b, c, x, q, j), q, j, S
(n), recursion = up);

NRB1 dL qnC2 bL 1  q2 nC2 a bL 1  qnC2 a bL c  qnC2 a bL 1  S nC 2

L q2 nC3 a bL 1  b q4 nC6 a2 x b2 L q3 nC5 a2 b2 L q3 nC5 a2 b cL q3 nC5 a2 b

L q3 nC5 a b cC q2 nC4 a2 bC q2 nC4 a b cL q2 nC4 a x bC q2 nC3 a2 bC q2 nC3 a b c

C q2 nC4 a bC q2 nC4 a cC q2 nC3 a bL q2 nC2 a x bC q2 nC3 a cL qnC2 a bL qnC2 a c

L qnC2 aL qnC2 cC x  S nC 1 C qnC2 a qnC1 L 1  b2 qnC1 cL 1  q2 nC4 a b

L 1  qnC1 aL 1  S n = 0

`recursion/compare`(NRB1, simplify(RB2), S(n));
Recursions are identical.

BJsummand(c, a*b/c, a, x, q, n);
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qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer a q, q, n  qpochhammer c q, q, n  qpochhammer q, q, n

num31 := BJsummand(c, a*b/c, a, x, q, n)*(-1)^n*q^binomial(n, 2)
/qpochhammer(x, q, n);

num31 d
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qn L1 n q

n
2

qpochhammer a q, q, n  qpochhammer c q, q, n  qpochhammer q, q, n

C31 := num31/denumbj;
C31 d 1

BJsummand(a*b/c, c, b, b*x/c, q, n);

qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qpochhammer
b x
c

, q, n  qn

qpochhammer b q, q, n  qpochhammer
a b q

c
, q, n  qpochhammer q, q, n

num41 := BJsummand(a*b/c, c, b, b*x/c, q, n)*(-1)^n*q^binomial(n,
2)*(b/c)^n/qpochhammer(b*x/c, q, n);

num41 d
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qn L1 n q

n
2  

b
c

n

qpochhammer b q, q, n  qpochhammer
a b q

c
, q, n  qpochhammer q, q, n

C41 := num41/denumbj;

C41 d

b
c

n

 qpochhammer a q, q, n  qpochhammer c q, q, n

qpochhammer b q, q, n  qpochhammer
a b q

c
, q, n

C21/C41;
1

NRB3 := qsumrecursion(C21*BJsummand(c, a*b/c, a, x, q, j), q, j, 
S(n), recursion = up);

NRB3 dL qnC2 bL 1  q2 nC2 a bL 1  qnC2 a bL c  qnC2 a bL 1  S nC 2

L q2 nC3 a bL 1  b q4 nC6 a2 x b2 L q3 nC5 a2 b2 L q3 nC5 a2 b cL q3 nC5 a2 b

L q3 nC5 a b cC q2 nC4 a2 bC q2 nC4 a b cL q2 nC4 a x bC q2 nC3 a2 bC q2 nC3 a b c

C q2 nC4 a bC q2 nC4 a cC q2 nC3 a bL q2 nC2 a x bC q2 nC3 a cL qnC2 a bL qnC2 a c

L qnC2 aL qnC2 cC x  S nC 1 C qnC2 a qnC1 L 1  b2 qnC1 cL 1  q2 nC4 a b

L 1  qnC1 aL 1  S n = 0

`recursion/compare`(RB2, simplify(NRB3), S(n));
Recursions are identical.

Little q-Jacobi
Liitle q-Jacobi to q-Krawtchouk
LJsummand := proc (a, b, x, q, j) qphihyperterm([q^(-n), a*b*q^
(n+1)], [a*q], q, q*x, j) end proc;
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LJsummand d proc a, b, x, q, j

qphihyperterm q^ L n , a * b * q^ nC 1 , a * q , q, q * x, j

end proc

RL := qsumrecursion(LJsummand(a, b, x, q, j), q, j, S(n), 
recursion = up);

RL d qnC1 qnC2 aL 1  q2 nC2 a bL 1  qnC2 a bL 1  S nC 2 C q2 nC3 a b

L 1  q4 nC6 a2 x b2 L q3 nC4 a2 bL q3 nC4 a bL q2 nC4 a x bC q2 nC3 a bL q2 nC2 a x b

C q2 nC2 a bC q2 nC3 aC q2 nC2 aL qnC1 aL qnC1 C x  S nC 1 C qnC1 a qnC1

L 1  qnC1 bL 1  q2 nC4 a bL 1  S n = 0

qksum := proc (p, N, x, q, j) qphihyperterm([q^(-n), x, -p*q^n], 
[q^(-N), 0], q, q, j) end proc;

qksum d proc p, N, x, q, j

qphihyperterm q^ L n , x, L p * q^n , q^ LN , 0 , q, q, j

end proc

RK := qsumrecursion(qksum(-a*b*q, ln(1/(b*q))/ln(q), q*x*b, q, 
j), q, j, S(n), recursion = up);

RK d qnC1 L q

ln
1

b q
ln q  q2 nC2 a bL 1  qnC2 a bL 1  S nC 2

L q
4 nC

ln
1

b q
ln q

C6

 a2 x b3 L q
3 nC

ln
1

b q
ln q

C4

 a2 b2 L q

ln
1

b q
ln q

C2 nC4

 a x b2

L q

ln
1

b q
ln q

C2 nC2

 a x b2 L q3 nC3 a bC q

ln
1

b q
ln q

C2 nC3

 a bC q

ln
1

b q
ln q

C2 nC2

 a b

C q2 nC2 a bC q2 nC1 a bL q
nC1C

ln
1

b q
ln q  a bC q

ln
1

b q
ln q  x bL qn  q2 nC3 a bL 1  q S n

C 1 C q2 nC2 a qnC1 L 1  b q
nC

ln
1

b q
ln q

C2

 a bL 1  q2 nC4 a bL 1  S n = 0

`recursion/compare`(RL, simplify(RK), S(n));
Recursions are NOT identical!

qksum(-a*b*q, ln(1/(b*q))/ln(q), q*x*b, q, n);
qpochhammer qLn, q, n  qpochhammer q x b, q, n  qpochhammer a b qn q, q, n  qn

qpochhammer q
L

ln
1

b q
ln q , q, n  qpochhammer q, q, n

denumLK := qksum(-a*b*q, ln(1/(b*q))/ln(q), q*x*b, q, n)*(-1)^n*
(b*q)^n*q^binomial(n, 2)/qpochhammer(q*x*b, q, n);

denumLK d
qpochhammer qLn, q, n  qpochhammer a b qn q, q, n  qn L1 n b q n q

n
2

qpochhammer q
L

ln
1

b q
ln q , q, n  qpochhammer q, q, n
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LJsummand(a, b, x, q, n);
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  q x n

qpochhammer a q, q, n  qpochhammer q, q, n

numLB := LJsummand(a, b, x, q, n)*q^n/(q*x)^n;

numLB d
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qn

qpochhammer a q, q, n  qpochhammer q, q, n

CLK := simplify(numLB/denumLK);

CLK d
qpochhammer b q, q, n  L1 Ln b q Ln q

L
n nL1

2

qpochhammer a q, q, n

NRK := qsumrecursion(CLK*qksum(-a*b*q, ln(1/(b*q))/ln(q), q*x*b, 
q, j), q, j, S(n), recursion = up);

NRK d qnC1 L q

ln
1

b q
ln q  qnC1 qnC2 aL 1  b q2 nC2 a bL 1  qnC2 a bL 1  qnC1 a

L 1  S nC 2 C q
4 nC

ln
1

b q
ln q

C6

 a2 x b3 L q
3 nC

ln
1

b q
ln q

C4

 a2 b2 L q

ln
1

b q
ln q

C2 nC4

 a x b2

L q

ln
1

b q
ln q

C2 nC2

 a x b2 L q3 nC3 a bC q

ln
1

b q
ln q

C2 nC3

 a bC q

ln
1

b q
ln q

C2 nC2

 a b

C q2 nC2 a bC q2 nC1 a bL q
nC1C

ln
1

b q
ln q  a bC q

ln
1

b q
ln q  x bL qn  q2 nC3 a b

L 1  qnC2 bL 1  qnC1 aL 1  S nC 1 C qn a qnC1 L 1  qnC2 b

L 1  q
nC

ln
1

b q
ln q

C2

 a bL 1  qnC1 bL 1  q2 nC4 a bL 1  S n = 0

`recursion/compare`(RL, simplify(NRK), S(n));
Recursions are identical.

simplify(qsimpcomb([seq(CLK*add(qksum(-a*b*q, ln(1/(b*q))/ln(q), 
q*x*b, q, j), j = 0 .. n), n = 0 .. 5)-seq(add(LJsummand(a, b, x,
q, j), j = 0 .. n), n = 0 .. 5)]));

0, 0, 0, 0, 0, 0

q-Laguerre
qlsum := proc (a, x, q, j) qpochhammer(q^(a+1), q, n)*
qphihyperterm([q^(-n)], [q^(a+1)], q, -q^(n+a+1)*x, j)
/qpochhammer(q, q, n) end proc;

qlsum d proc a, x, q, j

qpochhammer q^ aC 1 , q, n * qphihyperterm q^ L n , q^ aC 1 , q, L q^ nC a

C 1 * x, j / qpochhammer q, q, n

end proc
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Rll := qsumrecursion(qlsum(a, x, q, j), q, j, S(n), recursion = 
up);

Rlld qnC2 L 1  S nC 2 C Lq2 nCaC3 xL qnC2Ca L qnC2 C qC 1  S nC 1 C qnCaC1

L 1  q S n = 0

qmsum := proc (b, c, x, q, j) qphihyperterm([q^(-n), x], [b*q], 
q, -q^(n+1)/c, j) end proc;

qmsum d proc b, c, x, q, j

qphihyperterm q^ L n , x , b * q , q, L q^ nC 1 / c, j

end proc

RM := qsumrecursion(qmsum(0, -q^(-a), -x, q, j), q, j, S(n), 
recursion = up);

RM d S nC 2 C q2 nCaC3 xC qnC2Ca C qnC2 L qL 1  S nC 1 C qnCaC1 L 1  q qnC1

L 1  S n = 0

`recursion/compare`(Rll, simplify(RM), S(n));
Recursions are NOT identical!

qlsum(a, x, q, n);

qpochhammer qLn, q, n  LqnCaC1 x
n
 L1 n q

n nL1
2

qpochhammer q, q, n 2

numqL := qlsum(a, x, q, n)*(-q^(n+a+1))^n/(-q^(n+a+1)*x)^n;

numqL d
qpochhammer qLn, q, n  L1 n q

n nL1
2  LqnCaC1 n

qpochhammer q, q, n 2

qmsum(0, -q^(-a), -x, q, n);

qpochhammer qLn, q, n  qpochhammer Lx, q, n  
qnC1

qLa

n

qpochhammer q, q, n

denumqLM := qmsum(0, -q^(-a), -x, q, n)*q^binomial(n, 2)
/qpochhammer(-x, q, n);

denumqLM d

qpochhammer qLn, q, n  
qnC1

qLa

n

 q
n
2

qpochhammer q, q, n

CqLM := qsimpcomb(numqL/denumqLM);

CqLM d
1

qpochhammer q, q, n

NRM := qsumrecursion(CqLM*qmsum(0, -q^(-a), -x, q, j), q, j, S
(n), recursion = up);

NRM d qnC2 L 1  S nC 2 C Lq2 nCaC3 xL qnC2Ca L qnC2 C qC 1  S nC 1

C qnCaC1 L 1  q S n = 0

`recursion/compare`(Rll, simplify(NRM), S(n));
Recursions are identical.

qsimpcomb([seq(CqLM*add(qmsum(0, -q^(-a), -x, q, j), j = 0 .. n),
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n = 0 .. 5)-seq(add(qlsum(a, x, q, j), j = 0 .. n), n = 0 .. 5)])
;

0, 0, 0, 0, 0, 0

Al-Salam Carlitz I
A1summand := proc (a, x, q, j) (-a)^n*q^binomial(n, 2)*
qphihyperterm([q^(-n), 1/x], [0], q, q*x/a, j) end proc;

A1summand d proc a, x, q, j

L a ^n * q^binomial n, 2 * qphihyperterm q^ L n , 1 / x , 0 , q, q * x / a, j

end proc

RA1 := qsumrecursion(A1summand(a, x, q, j), q, j, S(n), recursion
= up);

RA1 d S nC 2 C qnC1 aC qnC1 L x  S nC 1 C qn a qnC1 L 1  S n = 0

RA2 := qsumrecursion(A1summand(1/a, x/a, q, j), q, j, S(n), 
recursion = up);

RA2 d a S nC 2 C qnC1 aC qnC1 L x  S nC 1 C qn qnC1 L 1  S n = 0

`recursion/compare`(RA1, simplify(RA2), S(n));
Recursions are NOT identical!

A1summand(a, x, q, n);

La n q
n
2  qpochhammer qLn, q, n  qpochhammer

1
x

, q, n  
q x
a

n

qpochhammer q, q, n

denuma1 := simplify(A1summand(a, x, q, n)*(q/a)^n/(qpochhammer
(1/x, q, n)*(x*q/a)^n));

denuma1d
La n q

n nL1
2  qpochhammer qLn, q, n  

q
a

n

qpochhammer q, q, n

A1summand(1/a, x/a, q, n);

L
1
a

n

 q
n
2  qpochhammer qLn, q, n  qpochhammer

a
x

, q, n  q x n

qpochhammer q, q, n

numa1 := simplify(A1summand(1/a, x/a, q, n)*q^n/(qpochhammer(a/x,
q, n)*(q*x)^n));

numa1 d
q

n nC1
2  L

1
a

n

 qpochhammer qLn, q, n

qpochhammer q, q, n

CA1 := qsimpcomb(numa1/denuma1);

CA1 d
1

an

qsimpcomb([seq(CA1*add(A1summand(a, x, q, j), j = 0 .. n), n = 0 
.. 3)-seq(add(A1summand(1/a, x/a, q, j), j = 0 .. n), n = 0 .. 3)
]);

0, 0, 0, 0
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NRA1 := qsumrecursion(CA1*A1summand(a, x, q, j), q, j, S(n), 
recursion = up);

NRA1 d a S nC 2 C qnC1 aC qnC1 L x  S nC 1 C qn qnC1 L 1  S n = 0

`recursion/compare`(NRA1, simplify(RA2), S(n));
Recursions are identical.

Discrete q-Hermite I
qsumrecursion(A1summand(-1, -x, q, j), q, j, S(n), recursion = 
up);

LS nC 2 L x S nC 1 C qn qnC1 L 1  S n = 0

qsumrecursion(A1summand(-1, x, q, j), q, j, S(n), recursion = up)
;

LS nC 2 C x S nC 1 C qn qnC1 L 1  S n = 0

`recursion/compare`(qsumrecursion(A1summand(-1, -x, q, j), q, j, 
S(n), recursion = up), qsumrecursion(A1summand(-1, x, q, j), q, 
j, S(n), recursion = up), S(n));

Recursions are NOT identical!

A1summand(-1, -x, q, n);

q
n
2  qpochhammer qLn, q, n  qpochhammer L

1
x

, q, n  q x n

qpochhammer q, q, n

numd1 := A1summand(-1, -x, q, n)*q^n/(qpochhammer(-1/x, q, n)*(q*
x)^n);

numd1 d
q

n
2  qpochhammer qLn, q, n  qn

qpochhammer q, q, n

A1summand(-1, x, q, n);

q
n
2  qpochhammer qLn, q, n  qpochhammer

1
x

, q, n  Lq x n

qpochhammer q, q, n

denumd1 := A1summand(-1, x, q, n)*(-1)^n*q^n/(qpochhammer(1/x, q,
n)*(-q*x)^n);

denumd1d
q

n
2  qpochhammer qLn, q, n  L1 n qn

qpochhammer q, q, n

Cd1 := simplify(numd1/denumd1);
Cd1 d L1 Ln

`recursion/compare`(qsumrecursion(Cd1*A1summand(-1, -x, q, j), q,
j, S(n), recursion = up), qsumrecursion(A1summand(-1, x, q, j), 
q, j, S(n), recursion = up), S(n));

Recursions are identical.

qsimpcomb([seq(Cd1*add(A1summand(-1, -x, q, j), j = 0 .. n), n = 
0 .. 3)-seq(add(A1summand(-1, x, q, j), j = 0 .. n), n = 0 .. 3)]
);

0, 0, 0, 0
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Al-Salam Carlitz II
A2summand := proc (a, x, q, j) (-a)^n*q^(-binomial(n, 2))*
qphihyperterm([q^(-n), x], [], q, q^n/a, j) end proc;

A2summand d proc a, x, q, j

L a ^n * q^ L binomial n, 2 * qphihyperterm q^ L n , x , , q, q^n / a, j

end proc

RA21 := qsumrecursion(CA1*A2summand(a, x, q, j), q, j, S(n), 
recursion = up);
RA21 dLq2 nC1 a S nC 2 C qn qnC1 xL aL 1  S nC 1 C qnC1 L 1  S n = 0

RA22 := qsumrecursion(A2summand(1/a, x/a, q, j), q, j, S(n), 
recursion = up);
RA22 dLq2 nC1 a S nC 2 C qn qnC1 xL aL 1  S nC 1 C qnC1 L 1  S n = 0

`recursion/compare`(RA21, simplify(RA22), S(n));
Recursions are identical.

A2summand(a, x, q, n);

La n q
L

n
2  qpochhammer qLn, q, n  qpochhammer x, q, n  

qn

a

n

L1 n q

n nL1
2  qpochhammer q, q, n

denuma2 := simplify(A2summand(a, x, q, n)*(-1)^n*q^binomial(n, 2)
/qpochhammer(x, q, n));

denuma2d
La n q

L
n nL1

2  qpochhammer qLn, q, n  
qn

a

n

qpochhammer q, q, n

A2summand(1/a, x/a, q, n);

L
1
a

n

 q
L

n
2  qpochhammer qLn, q, n  qpochhammer

x
a

, q, n  a qn n

L1 n q

n nL1
2  qpochhammer q, q, n

numa2 := simplify(A2summand(1/a, x/a, q, n)*(-1)^n*(1/a)^n*
q^binomial(n, 2)/qpochhammer(x/a, q, n));

numa2 d
L

1
a

n

 q
L

n nL1
2  qpochhammer qLn, q, n  a qn n

 
1
a

n

qpochhammer q, q, n

CA2 := qsimpcomb(numa2/denuma2);

CA2 d
1

an

`recursion/compare`(qsumrecursion(Cd1*A2summand(-1, -I*x, q, j), 
q, j, S(n), recursion = up), qsumrecursion(A2summand(-1, I*x, q, 
j), q, j, S(n), recursion = up), S(n));

Recursions are identical.

qsimpcomb([seq(CA2*add(A2summand(a, x, q, j), j = 0 .. n), n = 0 
.. 3)-seq(add(A2summand(1/a, x/a, q, j), j = 0 .. n), n = 0 .. 3)
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(136)(136)
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]);
0, 0, 0, 0

Discrete q-Hermite II
qsimpcomb([seq(Cd1*add(A2summand(-1, -I*x, q, j), j = 0 .. n), n 
= 0 .. 3)-seq(add(A2summand(-1, I*x, q, j), j = 0 .. n), n = 0 ..
3)]);

0, 0, 0, 0

q-Meixner
qMsummand := proc (b, c, x, q, j) qphihyperterm([q^(-n), x], [b*
q], q, -q^(n+1)/c, j) end proc;

qMsummandd proc b, c, x, q, j

qphihyperterm q^ L n , x , b * q , q, L q^ nC 1 / c, j

end proc

RM1 := qsumrecursion(qMsummand(b, c, x, q, j), q, j, S(n), 
recursion = up);

RM1 d qnC2 bL 1  c S nC 2 C Lq2 nC3 xL qnC2 b cL qnC2 cC qnC2 C c qC c  S n

C 1 C q qnC1 C c  qnC1 L 1  S n = 0

RM2 := qsumrecursion(qMsummand(-1/c, -1/b, -x/(b*c), q, j), q, j,
S(n), recursion = up);

RM2 d qnC2 C c  S nC 2 C q2 nC3 xC qnC2 b cC qnC2 cL qnC2 L c qL c  S nC 1

C q qnC1 L 1  c qnC1 bL 1  S n = 0

`recursion/compare`(RM1, simplify(RM2), S(n));
Recursions are NOT identical!

qMsummand(b, c, x, q, n);

qpochhammer qLn, q, n  qpochhammer x, q, n  L
qnC1

c

n

qpochhammer b q, q, n  qpochhammer q, q, n

denumqm := qMsummand(b, c, x, q, n)*(-1)^n*q^binomial(n, 2)
/qpochhammer(x, q, n);

denumqm d
qpochhammer qLn, q, n  L

qnC1

c

n

 L1 n q
n
2

qpochhammer b q, q, n  qpochhammer q, q, n

qMsummand(-1/c, -1/b, -x/(b*c), q, n);

qpochhammer qLn, q, n  qpochhammer L
x

b c
, q, n  qnC1 b

n

qpochhammer L
q
c

, q, n  qpochhammer q, q, n

numqm := qMsummand(-1/c, -1/b, -x/(b*c), q, n)*(-1)^n*(-1/(b*c))
^n*q^binomial(n, 2)/qpochhammer(-x/(b*c), q, n);
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(144)(144)

(148)(148)
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> > 
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> > 

> > 
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numqm d
qpochhammer qLn, q, n  qnC1 b

n
 L1 n L

1
b c

n

 q
n
2

qpochhammer L
q
c

, q, n  qpochhammer q, q, n

CqM := simplify(numqm/denumqm);

CqM d
qnC1 b

n
 L

1
b c

n

 L
qnC1

c

Ln

 qpochhammer b q, q, n

qpochhammer L
q
c

, q, n

qsimpcomb((b*q^(n+1))^n*(-1/(b*c))^n*(-q^(n+1)/c)^(-n));
1

NRM1 := qsumrecursion(CqM*qMsummand(b, c, x, q, j), q, j, S(n), 
recursion = up);

NRM1 d qnC2 C c  S nC 2 C q2 nC3 xC qnC2 b cC qnC2 cL qnC2 L c qL c  S nC 1

C q qnC1 L 1  c qnC1 bL 1  S n = 0

`recursion/compare`(NRM1, simplify(RM2), S(n));
Recursions are identical.

qsimpcomb([seq(CqM*add(qMsummand(b, c, x, q, j), j = 0 .. n), n =
0 .. 3)-seq(add(qMsummand(-1/c, -1/b, -x/(b*c), q, j), j = 0 .. 
n), n = 0 .. 3)]);

0, 0, 0, 0

q-Krawtchouk
Checking Big q-Jacobi and q-Krawtchouck
qksum := proc (p, N, x, q, j) qphihyperterm([q^(-n), x, -p*q^n], 
[q^(-N), 0], q, q, j) end proc;

qksum d proc p, N, x, q, j

qphihyperterm q^ L n , x, L p * q^n , q^ LN , 0 , q, q, j

end proc

RK := qsumrecursion(qksum(p, N, x, q, j), q, j, S(n), recursion =
up);

RK dL q2 nC1 pC 1  qnC1 L qN  p qnC1 C 1  S nC 2 L q2 nC2 p

C 1  q4 nCNC4 x p2 L q3 nCNC3 p2 C qNC2 nC3 x pC q3 nC3 pL qNC2 nC3 pL qNC2 nC2 p

C q2 nCNC1 x pL q2 nC2 pL q2 nC1 pC qnCNC1 pL qnC1 C x qN  S nC 1 C qnCNC1 p

C 1  q2 nC1 q2 nC3 pC 1  p qnC1 L 1  S n = 0

qksum(p, N, x, q, n);
qpochhammer qLn, q, n  qpochhammer x, q, n  qpochhammer Lp qn, q, n  qn

qpochhammer qLN, q, n  qpochhammer q, q, n

denumqK := qksum(p, N, x, q, n)*(-1)^n*q^binomial(n, 2)
/qpochhammer(x, q, n);
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(150)(150)
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denumqKd
qpochhammer qLn, q, n  qpochhammer Lp qn, q, n  qn L1 n q

n
2

qpochhammer qLN, q, n  qpochhammer q, q, n

BJsummand(q^(-N-1), -q^N*p, 0, x, q, n);
qpochhammer qLn, q, n  qpochhammer LqL1LN qN p qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer qL1LN q, q, n  qpochhammer q, q, n

numBK := BJsummand(q^(-N-1), -q^N*p, 0, x, q, n)*(-1)^n*
q^binomial(n, 2)/qpochhammer(x, q, n);

numBK d
qpochhammer qLn, q, n  qpochhammer LqL1LN qN p qnC1, q, n  qn L1 n q

n
2

qpochhammer qL1LN q, q, n  qpochhammer q, q, n

CBK := simplify(numBK/denumqK);
CBK d 1

RBK := qsumrecursion(BJsummand(q^(-N-1), -q^N*p, 0, x, q, j), q, 
j, S(n), recursion = up);

RBK d q2 nC1 pC 1  LqnC1 C qN  p qnC1 C 1  S nC 2 L q2 nC2 p

C 1  q4 nCNC4 x p2 L q3 nCNC3 p2 C qNC2 nC3 x pC q3 nC3 pL qNC2 nC3 pL qNC2 nC2 p

C q2 nCNC1 x pL q2 nC2 pL q2 nC1 pC qnCNC1 pL qnC1 C x qN  S nC 1 C qnCNC1 p

C 1  q2 nC1 q2 nC3 pC 1  p qnC1 L 1  S n = 0

`recursion/compare`(RBK, RK, S(n));
Recursions are identical.

simplify([seq(add(BJsummand(q^(-N-1), -q^N*p, 0, x, q, j), j = 0 
.. n), n = 0 .. 5)-seq(add(qksum(p, N, x, q, j), j = 0 .. n), n =
0 .. 5)]);

0, 0, 0, 0, 0, 0

Little q-Jacobi and q-Krawtchouk
RLK := qsumrecursion(LJsummand(-q^N*p, q^(-N-1), x*q^N, q, j), q,
j, S(n), recursion = up);

RLK dLqnC1 q2 nC1 pC 1  qNCnC2 pC 1  p qnC1 C 1  S nC 2 L q2 nC2 p

C 1  q4 nCNC4 x p2 L q3 nCNC3 p2 C qNC2 nC3 x pC q3 nC3 pL qNC2 nC3 pL qNC2 nC2 p

C q2 nCNC1 x pL q2 nC2 pL q2 nC1 pC qnCNC1 pL qnC1 C x qN  S nC 1

C qnC1 q2 nC3 pC 1  p qnC1 L 1  qn L qN  S n = 0

`recursion/compare`(RLK, RK, S(n));
Recursions are NOT identical!

LJsummand(-q^N*p, q^(-N-1), x*q^N, q, n);

qpochhammer qLn, q, n  qpochhammer LqL1LN qN p qnC1, q, n  q qN x
n

qpochhammer LqN p q, q, n  qpochhammer q, q, n

numLK := LJsummand(-q^N*p, q^(-N-1), x*q^N, q, n)*(q^(1+N))^n/(q*
x*q^N)^n;

numLK d
qpochhammer qLn, q, n  qpochhammer LqL1LN qN p qnC1, q, n  q1CN n

qpochhammer LqN p q, q, n  qpochhammer q, q, n
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> > 

> > 
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> > 
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CKL := simplify(numLK/denumqK);

CKL d
L1 Ln q

L
n nC1

2  q1CN n
 qpochhammer qLN, q, n

qpochhammer Lq1CN p, q, n

NRK := qsumrecursion((-1)^n*(q^N)^n*qpochhammer(q^(-N), q, n)*
qksum(p, N, x, q, j)/(qpochhammer(-p*q^(1+N), q, n)*q^binomial(n,
2)), q, j, S(n), recursion = up);

NRK dLqnC1 q2 nC1 pC 1  qNCnC2 pC 1  p qnC1 C 1  S nC 2 L q2 nC2 p

C 1  q4 nCNC4 x p2 L q3 nCNC3 p2 C qNC2 nC3 x pC q3 nC3 pL qNC2 nC3 pL qNC2 nC2 p

C q2 nCNC1 x pL q2 nC2 pL q2 nC1 pC qnCNC1 pL qnC1 C x qN  S nC 1

C qnC1 q2 nC3 pC 1  p qnC1 L 1  qn L qN  S n = 0

`recursion/compare`(RLK, NRK, S(n));
Recursions are identical.

simplify([seq(CKL*add(qksum(p, N, x, q, j), j = 0 .. n), n = 0 ..
3)-seq(add(LJsummand(-q^N*p, q^(-N-1), x*q^N, q, j), j = 0 .. n),
n = 0 .. 3)]);

0, Lqpochhammer Lq1CN p, q, 1  qpochhammer q, q, 1 L qpochhammer
1
q

, q,

1  q qN qpochhammer x, q, 1 C q1CN x  qpochhammer Lq p, q, 1

L qpochhammer qLN, q, 1  qpochhammer q, q, 1  qN qpochhammer Lq1CN p, q,

1  qpochhammer q, q, 1 , qpochhammer q, q, 2  qpochhammer
1

q2 , q,

1  qpochhammer x, q, 1  qpochhammer qLN, q, 2  qpochhammer Lq1CN p, q, 1  q2 N

L qpochhammer qLN, q, 1  qpochhammer Lq1CN p, q, 2  x q1CN  qpochhammer Lp q2,

q, 1 L qpochhammer
1

q2 , q, 2  q2C2 N x2 L qpochhammer x, q,

2  q1C2 N  qpochhammer Lp q2, q, 2 L qpochhammer q, q, 2  qpochhammer qLN, q,



2  qL1C2 NL qpochhammer Lq1CN p, q, 2  qpochhammer Lq1CN p, q,

1  qpochhammer q, q, 1  qpochhammer qLN, q, 1 qpochhammer Lq1CN p, q,

2  qpochhammer qLN, q, 1  qpochhammer q, q, 2  qpochhammer Lq1CN p, q,

1  qpochhammer q, q, 1 , Lqpochhammer q, q, 2  qpochhammer q, q,

3  qpochhammer
1

q3 , q, 1  qpochhammer qLN, q, 2  qpochhammer Lq1CN p, q,

2  q1CN qpochhammer qLN, q, 1  qpochhammer Lq1CN p, q, 3  xC qpochhammer x, q,

1  qpochhammer qLN, q, 3  qL2C3 N qpochhammer Lq1CN p, q, 1  qpochhammer

Lp q3, q, 1 L qpochhammer Lq1CN p, q, 1  qpochhammer qLN, q, 1  qpochhammer q,

q, 1  qpochhammer q, q, 3  qpochhammer
1

q3 , q, 2  q2C2 N qpochhammer qLN, q,

2  qpochhammer Lq1CN p, q, 3  x2 C qpochhammer x, q, 2  qpochhammer qLN, q,

3  qL1C3 N qpochhammer Lq1CN p, q, 2  qpochhammer Lp q3, q, 2

C qpochhammer
1

q3 , q, 3  q3C3 N x3 C qpochhammer x, q, 3  q3 N  qpochhammer

Lp q3, q, 3 C qpochhammer q, q, 3  qpochhammer qLN, q, 3  qL3C3 N

C qpochhammer Lq1CN p, q, 3  qpochhammer q, q, 2  qpochhammer qLN, q,

2  qpochhammer Lq1CN p, q, 2 qpochhammer Lq1CN p, q,

3  qpochhammer qLN, q, 1  qpochhammer qLN, q, 2  qpochhammer q, q,

3  qpochhammer Lq1CN p, q, 1  qpochhammer q, q, 1  qpochhammer q, q,

2  qpochhammer Lq1CN p, q, 2

q-Hahn
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(165)(165)
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qhahnsummand := proc (alpha, beta, N, x, q, k) qphihyperterm([q^
(-n), alpha*beta*q^(n+1), x], [alpha*q, q^(-N)], q, q, k) end 
proc;

qhahnsummand d proc alpha, beta, N, x, q, k

qphihyperterm q^ L n , alpha* beta* q^ nC 1 , x , alpha* q, q^ LN , q, q, k

end proc

RE1 := qsumrecursion(qhahnsummand(alpha, beta, N, x, q, k), q, k,
S(n), recursion = up);

RE1 d α qnC2 βL 1  LqnC1 C qN  α qnC2 L 1  α q2 nC2 βL 1  S nC 2

L α q2 nC3 βL 1  α
2
 qNC4 nC6 x β

2
Lα

2
 qNC3 nC5 β

2
Lα

2
 qNC3 nC5 βCα

2
 qNC2 nC4 β

Lα qNC2 nC4 x βLα
2
 q3 nC4 βCα

2
 qNC2 nC3 βCα qNC2 nC4 βLα q3 nC4 β

Cα qNC2 nC3 βLα qNC2 nC2 x βCα q2 nC3 βLα qNCnC2 βCα q2 nC2 βCα q2 nC3

Lα qNCnC2 Cα q2 nC2 Lα qnC1 C x qNL qnC1  S nC 1 Cα qnC1 qnC1

L 1  α q2 nC4 βL 1  α qNCnC2 βL 1  β qnC1 L 1  S n = 0

RE2 := qsumrecursion(qhahnsummand(beta, alpha, -(ln(q)*N-ln(1/
(alpha*beta*q^2)))/ln(q), q^N*beta*q*x, q, k), q, k, S(n), 
recursion = up);

RE2 d α qnC2 βL 1  qnCNC1 L q

ln
1

α β q2

ln q  α q2 nC2 βL 1  qnC2 βL 1  S nC 2

C q α
2
 q

NC4 nC

ln
1

α β q2

ln q
C6

 x β
3
Lα q

ln
1

α β q2

ln q
CNC2 nC4

 x β
2
Lα

2
 q

3 nC

ln
1

α β q2

ln q
C4

 β
2

Lα q
3 nC

ln
1

α β q2

ln q
C4

 β
2
Lα q3 nCNC3 β

2
Lα q

ln
1

α β q2

ln q
CNC2 nC2

 x β
2
Lα q3 nCNC3 β

Cα q
2 nC

ln
1

α β q2

ln q
C3

 β
2
Cα q

2 nC

ln
1

α β q2

ln q
C2

 β
2
Cα q

2 nC

ln
1

α β q2

ln q
C3

 βCα qNC2 nC2 β

Cα q
2 nC

ln
1

α β q2

ln q
C2

 βCα q2 nCNC1 βC qNC2 nC2 βC q2 nCNC1 βLα q
nC

ln
1

α β q2

ln q
C1

 β

C q

ln
1

α β q2

ln q
CN

 x βL q
nC

ln
1

α β q2

ln q
C1

 βL qnCN βL qnCN  α q2 nC3 βL 1  S nC 1

C qnC1 qnC1 L 1  α qnC1 L 1  Lα q
nC

ln
1

α β q2

ln q
C2

 βC qN  β α q2 nC4 βL 1  S n

= 0

RE2 := simplify(RE2);
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RE2 d α qnC2 βL 1  qnCNC1 L
1

α β q2  α q2 nC2 βL 1  qnC2 βL 1  S nC 2

C
1

α
Lβ α xLαL 1  qNC2 nC2 C β α αC 1  q2 nCNC1 L β α

2
 βC 1  q3 nCNC3

Cα
2
 q4 nCNC4 β

2
 xLα β αC 1  q2C3 n Cα βC 1  q2 nC1 L qNC2 n β x αLα β

C 1  qnCNC LαL 1  qnL1 Cα βC 1  q2 n C qNL2 x  S nC 1  α q2 nC3 βL 1  q

C α qnC1 L 1  qNL qn  β α q2 nC4 βL 1  S n  qn q qn qL 1 = 0

`recursion/compare`(RE1, RE2, S(n));
Recursions are NOT identical!

RE3 := qsumrecursion(qhahnsummand(1/(q*q^N), alpha*beta*q*q^N, ln
(1/(alpha*q))/ln(q), x, q, k), q, k, S(n), recursion = up);

RE3 dL α qnC2 βL 1  qnC1 L q

ln
1

α q
ln q  α q2 nC2 βL 1  qnC1 L qN  S nC 2

L α
2
 q

4 nCNC

ln
1

α q
ln q

C6

 x β
2
Lα

2
 q

3 nCNC

ln
1

α q
ln q

C5

 β
2
Lα q

NC2 nC

ln
1

α q
ln q

C4

 x β

Lα q3 nCNC4 βLα q
3 nC

ln
1

α q
ln q

C4

 βCα q
NC2 nC

ln
1

α q
ln q

C4

 βCα q
NC2 nC

ln
1

α q
ln q

C3

 β

Lα q
NC2 nC

ln
1

α q
ln q

C2

 x βLα q3 nC3 βCα qNC2 nC3 βCα q
2 nC

ln
1

α q
ln q

C3

 β

Cα qNC2 nC2 βCα q
2 nC

ln
1

α q
ln q

C2

 βLα q
nCNC

ln
1

α q
ln q

C2

 βC q2 nC2 C q2 nC1 L qnCNC1

L q
nC

ln
1

α q
ln q

C1

C q

ln
1

α q
ln q

CN

 xL qn  α q2 nC3 βL 1  S nC 1 C qn qnC1

L 1  α q
nC

ln
1

α q
ln q

C2

 βL 1  α q2 nC4 βL 1  α qNCnC2 βL 1  S n = 0

RE3 := simplify(RE3);

RE3 dL α qnC2 βL 1  qnC1 L
1

α q
 α q2 nC2 βL 1  qnC1 L qN  S nC 2

L
1

α
S nC 1  Lβ α xLαL 1  qNC2 nC3 C β α αC 1  qNC2 nC2 L β α

2
 β

C 1  q3 nCNC4 Cα
2
 qNC5C4 n x β

2
L q2 nCNC1 x β αCα βC 1  q2 nC1 Cα β

C 1  q2 nC2 Lα β αC 1  q3 nC3 Lα βC 1  qnCNC1 C qL1CN xL αC 1  qn

 α q2 nC3 βL 1 C β qnC1 L 1  α q2 nC4 βL 1  α qNCnC2 βL 1  S n  q2 nC1



> > 

> > 

(174)(174)

(172)(172)

> > 

(176)(176)

> > 

(173)(173)

> > 

(175)(175)

> > 

(170)(170)

> > 

(171)(171)

L qn = 0

`recursion/compare`(RE1, RE3, S(n));
Recursions are identical.

`recursion/compare`(RE2, RE3, S(n));
Recursions are NOT identical!

RE4 := qsumrecursion(qhahnsummand(alpha*beta*q*q^N, 1/(q*q^N), ln
(1/(beta*q))/ln(q), q^N*beta*q*x, q, k), q, k, S(n), recursion = 
up);

RE4 d α qnC2 βL 1  β α q3CnCNL 1  qnC1 L q

ln
1

q β
ln q  α q2 nC2 βL 1  S nC 2

C q α q2 nC3 βL 1  α
2
 q

4 nCNC

ln
1

q β
ln q

C6

 x β
3
Lα

2
 q

3 nCNC

ln
1

q β
ln q

C5

 β
2

Lα
2
 q3 nCNC4 β

2
Cα

2
 q

NC2 nC

ln
1

q β
ln q

C4

 β
2
Lα q

NC2 nC

ln
1

q β
ln q

C4

 x β
2

Lα
2
 q

3 nC

ln
1

q β
ln q

C4

 β
2
Cα

2
 q

NC2 nC

ln
1

q β
ln q

C3

 β
2
Lα q

NC2 nC

ln
1

q β
ln q

C2

 x β
2

Cα qNC2 nC3 βLα q3 nC3 βCα q
2 nC

ln
1

q β
ln q

C3

 βCα qNC2 nC2 βLα q
nCNC

ln
1

q β
ln q

C2

 β

Cα q
2 nC

ln
1

q β
ln q

C2

 βCα q2 nC2 βL qnCNC1 β αC q2 nC1 β αLα q
nC1C

ln
1

q β
ln q  β

C q

ln
1

q β
ln q

CN

 x βL qn  S nC 1 Cα qnC2 qnC1 L 1  α q
nC

ln
1

q β
ln q

C2

 βL 1  qN

L qn  β α q2 nC4 βL 1  S n = 0

RE4 := simplify(RE4);

RE4 d α qnC2 βL 1  β α q3CnCNL 1  qnC1 L
1

q β
 α q2 nC2 βL 1  S nC 2 C S n

C 1  Lβ α xLαL 1  qNC2 nC3 C β α αC 1  qNC2 nC2 L β α
2
 βC 1  q3 nCNC4

Cα
2
 qNC5C4 n x β

2
L q2 nCNC1 x β αCα βC 1  q2 nC1 Cα βC 1  q2 nC2 Lα β α

C 1  q3 nC3 Lα βC 1  qnCNC1 C qL1CN xL αC 1  qn  q α q2 nC3 βL 1

Cα α qnC1 L 1  qNL qn  β α q2 nC4 βL 1  S n  qn q2 qn qL 1 = 0

`recursion/compare`(RE1, RE4, S(n));
Recursions are NOT identical!

`recursion/compare`(RE2, RE4, S(n));
Recursions are identical.

`recursion/compare`(RE3, RE4, S(n));
Recursions are NOT identical!



(180)(180)

(183)(183)

> > 

> > 

(178)(178)

(182)(182)

> > 

> > 

> > 

(181)(181)

(179)(179)

> > 

> > 

(177)(177)

Obtaining the relations
qhahnsummand(alpha, beta, N, x, q, n);

qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer α q, q, n  qpochhammer qLN, q, n  qpochhammer q, q, n

denumh := qhahnsummand(alpha, beta, N, x, q, n)*(-1)^n*q^binomial
(n, 2)/qpochhammer(x, q, n);

denumhd
qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qn L1 n q

n
2

qpochhammer α q, q, n  qpochhammer qLN, q, n  qpochhammer q, q, n

simplify(qhahnsummand(beta, alpha, -(ln(q)*N-ln(1/(alpha*beta*
q^2)))/ln(q), q^N*beta*q*x, q, n));
qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qpochhammer q1CN x β, q, n  qn

qpochhammer β q, q, n  qpochhammer β α qNC2, q, n  qpochhammer q, q, n

numh21 := simplify(simplify(qhahnsummand(beta, alpha, -(ln(q)*N-
ln(1/(alpha*beta*q^2)))/ln(q), q^N*beta*q*x, q, n))*(-1)^n*
beta^n*q^((1/2)*(2*N+n+1)*n)/qpochhammer(q^(1+N)*beta*x, q, n));

numh21 d
L1 n q

n 3C2 NCn
2  β

n
 qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n

qpochhammer q, q, n  qpochhammer β q, q, n  qpochhammer β α qNC2, q, n

Ch21 := simplify(numh21/denumh);

Ch21 d
β

n
 qn 1CN  qpochhammer qLN, q, n  qpochhammer α q, q, n

qpochhammer β q, q, n  qpochhammer β α qNC2, q, n

simplify([seq(Ch21*add(qhahnsummand(alpha, beta, N, x, q, j), j =
0 .. n), n = 0 .. 1)-seq(add(qhahnsummand(beta, alpha, -(ln(q)*N-
ln(1/(alpha*beta*q^2)))/ln(q), q^N*beta*q*x, q, j), j = 0 .. n), 
n = 0 .. 1)]);

0, qpochhammer
1
q

, q, 1  qpochhammer x, q, 1  β qNC2 L q qpochhammer q1CN x β, q,

1  qpochhammer α β q2, q, 1 C qpochhammer q, q, 1  qpochhammer qLN, q,

1  qpochhammer α q, q, 1  β q1CNL qpochhammer β q, q, 1  qpochhammer β α qNC2, q,

1 qpochhammer β q, q, 1  qpochhammer β α qNC2, q, 1  qpochhammer q, q, 1

NRE1 := qsumrecursion(Ch21*qhahnsummand(alpha, beta, N, x, q, k),
q, k, S(n), recursion = up);

NRE1 d α qnC2 βL 1  β α q3CnCNL 1  α q2 nC2 βL 1  qnC2 βL 1  S nC 2

C q β α q2 nC3 βL 1  α
2
 qNC4 nC6 x β

2
Lα

2
 qNC3 nC5 β

2
Lα

2
 qNC3 nC5 β

Cα
2
 qNC2 nC4 βLα qNC2 nC4 x βLα

2
 q3 nC4 βCα

2
 qNC2 nC3 βCα qNC2 nC4 β

Lα q3 nC4 βCα qNC2 nC3 βLα qNC2 nC2 x βCα q2 nC3 βLα qNCnC2 βCα q2 nC2 β

Cα q2 nC3 Lα qNCnC2 Cα q2 nC2 Lα qnC1 C x qNL qnC1  S nC 1 Cα qnC3 qnC1

L 1  α qnC1 L 1  qNL qn  β
2
 α q2 nC4 βL 1  S n = 0



(192)(192)

(184)(184)

> > 

(188)(188)

(189)(189)

(190)(190)

> > 

> > 

> > 

(191)(191)

> > 

> > 

(186)(186)

> > 

> > 

(185)(185)

> > 

(187)(187)

`recursion/compare`(NRE1, RE2, S(n));
Recursions are identical.

simplify(qhahnsummand(1/(q*q^N), alpha*beta*q*q^N, ln(1/(alpha*q)
)/ln(q), x, q, n));

qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer α q, q, n  qpochhammer qLN, q, n  qpochhammer q, q, n

numh31 := simplify(qhahnsummand(1/(q*q^N), alpha*beta*q*q^N, ln
(1/(alpha*q))/ln(q), x, q, n))*(-1)^n*q^binomial(n, 2)
/qpochhammer(x, q, n);

numh31 d
qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qn L1 n q

n
2

qpochhammer α q, q, n  qpochhammer qLN, q, n  qpochhammer q, q, n

Ch31 := numh31/denumh;
Ch31 d 1

Big q-Jacobi and q-Hahn
qhahnsummand(a, b, ln(1/(c*q))/ln(q), x, q, n);

qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer a q, q, n  qpochhammer q
L

ln
1

c q
ln q , q, n  qpochhammer q, q, n

denumBH := qhahnsummand(a, b, ln(1/(c*q))/ln(q), x, q, n)*(-1)^n*
q^binomial(n, 2)/qpochhammer(x, q, n);

denumBHd
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qn L1 n q

n
2

qpochhammer a q, q, n  qpochhammer q
L

ln
1

c q
ln q , q, n  qpochhammer q, q, n

numBH := BJsummand(a, b, c, x, q, n)*(-1)^n*q^binomial(n, 2)
/qpochhammer(x, q, n);

numBH d
qpochhammer qLn, q, n  qpochhammer a b qnC1, q, n  qn L1 n q

n
2

qpochhammer a q, q, n  qpochhammer c q, q, n  qpochhammer q, q, n

CBH := simplify(numBH/denumBH);
CBH d 1

Rbh := qsumrecursion(qhahnsummand(a, b, ln(1/(c*q))/ln(q), x, q, 
j), q, j, S(n), recursion = up);

Rbh dL qnC2 aL 1  qnC1 L q

ln
1

c q
ln q  q2 nC2 a bL 1  qnC2 a bL 1  S nC 2

L q2 nC3 a bL 1  q
4 nC

ln
1

c q
ln q

C6

 a2 x b2 L q
3 nC

ln
1

c q
ln q

C5

 a2 b2 L q
3 nC

ln
1

c q
ln q

C5

 a2 b

L q3 nC4 a2 bC q
2 nC

ln
1

c q
ln q

C4

 a2 bL q
2 nC

ln
1

c q
ln q

C4

 a x bL q3 nC4 a b



(195)(195)

> > 

(199)(199)

> > 

> > 

(196)(196)

(194)(194)

(197)(197)

> > 

(200)(200)

(193)(193)

> > 

(198)(198)

> > 

> > 

> > 

C q
2 nC

ln
1

c q
ln q

C3

 a2 bC q
2 nC

ln
1

c q
ln q

C4

 a bC q
2 nC

ln
1

c q
ln q

C3

 a bL q
2 nC

ln
1

c q
ln q

C2

 a x b

C q2 nC3 a bC q2 nC2 a bC q2 nC3 aL q
nC

ln
1

c q
ln q

C2

 a bC q2 nC2 aL q
nC

ln
1

c q
ln q

C2

 a

L qnC1 aL qnC1 C x q

ln
1

c q
ln q  S nC 1 C qnC1 a qnC1 L 1  q

nC
ln

1
c q

ln q
C2

 a b

L 1  qnC1 bL 1  q2 nC4 a bL 1  S n = 0

`recursion/compare`(RB1, simplify(Rbh), S(n));
Recursions are identical.

simplify([seq(add(qhahnsummand(a, b, ln(1/(c*q))/ln(q), x, q, j),
j = 0 .. n), n = 0 .. 5)-seq(add(BJsummand(a, b, c, x, q, j), j =
0 .. n), n = 0 .. 5)]);

0, 0, 0, 0, 0, 0

q-Hahn to Big q-Jacobi
qhahnsummand(alpha, beta, N, x, q, n);

qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer α q, q, n  qpochhammer qLN, q, n  qpochhammer q, q, n

numHB := qhahnsummand(alpha, beta, N, x, q, n)*(-1)^n*q^binomial
(n, 2)/qpochhammer(x, q, n);

numHB d
qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qn L1 n q

n
2

qpochhammer α q, q, n  qpochhammer qLN, q, n  qpochhammer q, q, n

BJsummand(alpha, beta, q^(-N-1), x, q, n);
qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qpochhammer x, q, n  qn

qpochhammer α q, q, n  qpochhammer qL1LN q, q, n  qpochhammer q, q, n

denumHB := BJsummand(alpha, beta, q^(-N-1), x, q, n)*(-1)^n*
q^binomial(n, 2)/qpochhammer(x, q, n);

denumHBd
qpochhammer qLn, q, n  qpochhammer α β qnC1, q, n  qn L1 n q

n
2

qpochhammer α q, q, n  qpochhammer qL1LN q, q, n  qpochhammer q, q, n

CHB := simplify(numHB/denumHB);
CHB d 1

RBH := qsumrecursion(BJsummand(alpha, beta, q^(-N-1), x, q, j), 
q, j, S(n), recursion = up);

RBH d α qnC2 βL 1  LqnC1 C qN  α qnC2 L 1  α q2 nC2 βL 1  S nC 2

L α q2 nC3 βL 1  α
2
 qNC4 nC6 x β

2
Lα

2
 qNC3 nC5 β

2
Lα

2
 qNC3 nC5 βCα

2
 qNC2 nC4 β

Lα qNC2 nC4 x βLα
2
 q3 nC4 βCα

2
 qNC2 nC3 βCα qNC2 nC4 βLα q3 nC4 β

Cα qNC2 nC3 βLα qNC2 nC2 x βCα q2 nC3 βLα qNCnC2 βCα q2 nC2 βCα q2 nC3



(201)(201)

> > 

> > 
> > 
> > 
> > 

> > 

> > 

> > 
> > 

> > 

> > 
> > 

(202)(202)

Lα qNCnC2 Cα q2 nC2 Lα qnC1 C x qNL qnC1  S nC 1 Cα qnC1 qnC1

L 1  α q2 nC4 βL 1  α qNCnC2 βL 1  β qnC1 L 1  S n = 0

`recursion/compare`(RE1, simplify(RBH), S(n));
Recursions are identical.

simplify([seq(add(qhahnsummand(alpha, beta, N, x, q, j), j = 0 ..
n), n = 0 .. 5)-seq(add(BJsummand(alpha, beta, q^(-N-1), x, q, 
j), j = 0 .. n), n = 0 .. 5)]);

0, 0, 0, 0, 0, 0


