;> restart;
> read "REtogDE.mpl";
Package "g-Hypergeometric Summation”, Maple V-2019
Copyright 1998-2019, Harald Boeing, Wolfram Koepf & Torsten Sprenger, University of Kassel
Package "Hypergeometric Summation™, Maple V - Maple 2019

Copyright 1998-2019, Wolfram Koepf, University of Kassel 4))

| Example 2

[> jnsum := 2~n*(a*d- b*c)An*pochhammer( p+1-1*g*(1/2), n)*hyperterm(
[-n, n+1-2*p], [-p+t1-1*g*(1/2)], *(aA2+cA2)*(x (I*(a*d b*c)-a*b-
c*d)/(aA2+cA2))/(2*(a*d b*c)), J)/IAn

jnsum := ! 2" (ad—"b C)npochhammer(—p +1-= I—q, 2)
Iqg .). 2
pochhammer(—p +1- 7,]) T
nj pochhammer( —n, j) pochhammer(n + 1 — 2 p,
— — — ]
I(az—i—cz) (x— I(ad bzc) 2ab cdj
. a +c
J) 2ad—2bc
[> Rjn := sumrecursion(jnsum, j, S(n), recursion = up);
Rin:=(l+n—p)(n+2—-2p)S(n+2)+ (3+2n—2p)(2a’°xn*—4a xpn &)

+2a’p’x+2cxn —4c’xpn+2cp’x+6aixn—6a’xp+2abn’—4abpn
+2abp’—adpg+bcpg+6cixn—6c’xp+2cdn* —4cdpn+2cdp’+4a’x
+6abn—6abp+4c’x+6cdn—6¢cdp+4ab+4cd)S(n+1)—(n+1)(—p
+2+n)(4n°—8np+4p +q +8n—8p+4) (ad—hc)*S(n)=0

> REtoDE(Rjn, S(n), X):

RootOf (_Z> + 1) q

"Warning, parameters have the values", {aJ = > —p,bl=
_ RootOf (Z2+1)q _ . RootOf (_Z> + 1) (& + ¢7)
2 P, ad—bc 9
_ RootOf (_Z° +1) (ab+cd)
ad—Dbc

"Has a solution as Jacobi", |6(x) =a’ X + > X’ +2abx+2cdx+b*+d* 1(x)=—2a’xp (4)




—2cxp+2a’x—2abp+adgq—bcqg+2cx—2cdp+2ab+2cd, A =—n(a’

2 2
+&)m+1—2phamm=m[mmmﬂf4ﬁ)q_p__mmmp§4ﬂ)q_n

) 2 2 2
RootOf (_Z'+ 1) (a"+¢’) x N RootOf (_Z"+ 1) (ab+cd) j,w(x)

ad—bc ad—bc
q arctan[ a2 x+c2dx_—i-ba b-+cd ] , , , - kn »
=e ad=be ((a®+c) X+ (2ab+2cd)x+b*+d?) T

n

:ZRwKﬁLf4—U(ad—bQ(1+n—p)Qn+1—Qp)I

n+1—2p
2
- RootOf (_Z°+ 1) (ab+cd) (ad—bo)
B ad—Dbc

RootOf (_Z" + 1) (a° + ¢?)
2
(1_ RootOf (_Z° + 1) (ab+cd) ad—be) m

ad—nbc
RootOf (_Z> + 1) (&’ —|—c

| Example 4

[> ghsum := subs([alpha = 2*beta, beta = 1], gphihyperterm([g~(-n),
alpha*beta*q~(n+1), x], [alpha*q, g~(-N)1. 9, q. §));

gpochhammer(q™", g, j) gpochhammer (2 Ba"t, d, j) gpochhammer(x, g, j) q

ghsum := : N . : (5)
gpochhammer(2 B, g, j) gpochhammer(q ™, g, j) gpochhammer(q, d, j)
[> RE := gsumrecursion(ghsum, g, j, S(n), recursion = up);
RE:=(—q¢""' +q") (2q""2B—1) (2¢"2B—1)"S(n+2) — (2¢" "B (6)

— 1) (4qN+4n+6XB2_8qN+3n+SB +4qN+2n+4B2_2qN+2n+4XB_4q3n+4B2

2
+4qN+2n+3B +2qN+2n+4B_2q3n+4B+2qN+2n+3B_qu+2n+2XB+4q2n+3B
_4qN+n+2B+4q2n+2B_2Bqn+l+XqN_qn+1)S(n+ 1) +2qn+1 (qn+1
1) 2q"B-1)B (2" " B—1)5(n)=0

> REtogde(RE, S(n), X, Q):
"Warning, parameters have the values", { {aB=1,bB=2 3, cB=2 q1 N B, f= q1 N g=0}, {aB

:q—l—N’ bB=2q1+N B, CB=2B,f:1:9:0}s {aBzzﬁ, bB=1,cB:q—1—N’f=1,g=0}, {aB
=2q' "B, bB=q7' M cB=1,f=q' ™" g=0}}




"Warning, several solutions found"

1
"Warning, parameters have the values", { {aB =1,bB=2B,f=q qN, g=0, qNB = 2N—[32 ], {aB
qa pPq

1

aq"’ 24P
=2q"Bg,bB= IN,f=qu,g=0,q“B=i”
qq q

"Warning, several solutions found"

o(x)=—(2Bg—x) (xg"=1) (¢") &% =(x)

"Has a solution as Big g-Jacobi",

_ (2d"Ba’x—2q"Bq’+2q"Ba—xq" —2Bg+1)q" , _
q—1 s

_ (q"=1) (2Bq"q—1) ,S(n,X)=Pn(1,2B,ZqHNB,qHNX,Q), P(aX)

q" (a—1)°q p(X)

1 Ny 3 3 Ny3 202 3¢ N
(@) ¢ (2B—) (qux_l)( (@) Ba'x—=(a") ax —2Bq (q)

2

k

n—+1

k

n

2
—2q"B’ X+ (V) P x+ 20" B x—=2q"Bax+ "X +2Bgx—x),

o(X) =

_ (2(d" qB—l)z(z (Nq“) qul_Nl)qN,I:[ZquLw
(2Bd"a=1)"(q"=q")q' " g

(2Bg—x) (xg"—1)

= bB=2q"Bq,f=1,g=0, qNB:L], {aB=2B,bB=1,f=1,9=0,q""=q"}, [aB

_29"Bg’x—2q¢"Bq’+2q"Bg—xq" —2Bq+1

- N 9T(X)

q'q qg(g—1)q"
kq,n:_ (qn_ln) (2Bqn2q_1) ,S(n,X)an(q_l_N,ZqHNB,ZB,X,q), P(qX)
q (q—1) p(X)

C2B(x=1) K _ (2(q")gp—1) (2(a") B’ —1)q"
2p-x K (2Bd"a—1)" (q"—q")

J1=[2Bg, g7 "q]|,

@)



(2Bg—x) (xq"—1)

G(X)=— q » T(X)
_2q"Ba’x—2q"Bq’ +2¢" Bq—xq —2pa+l , __ (a"=1) (2Bd’g—1)
a(q—1)q" o q (q—1)* ’

pax) __2B(x=1) ki
P(X) 2p—x kK,

S(n,x)=P,(2B.1.g” ", x.q),

_(2(q)ap—1) (2(q") Ba’—1) g 1=[q" g, 2Bq]], |o0) =

—(2
(2Bd"q—1)" (¢"—q") (2P

—x) (xa"=1) (a") ¢%1(x)

_ (2d"Ba’x—2q"Bq’+29"Bg—xq" —2Bg+1)q" , _
q—1 s

"—1) (2Bq"g—1 - X
_(q ) (2Bd"q )’S(n,x)zp(quﬁ-NB’ql N g™ q), p(ax)

q"(q—1)°q " p(X)

1 3 3 2

=— (2 (") B’ x—(a") ¢ X —2Bq’ (d")
(d) d (2B—x) (aq"x—1)

K

n—+1

2
—20"Bg’ ¥ + (q") q2X+2qNBq2x—2qNBqX+qu2+2BqX—X),k—

q1q+Na2BqHH,

o(x)=—(2Ba—x) (xg"=1) (")’ Ba’, 7(x)

(2@ ap-1) (2(q") q—l)qN’I:
(2Bd"g—1)" (" —q") g' ™"

"Has a solution as g-Hahn",

_ (29"Bo’x—20¢"Ba’ +2q"Bg—xq"—2Bg+1)Bq"q a,
qg—1




1
NIn(q) —In 5
B(q—l)(2Bq q—1) [ 2Bq ) N ]
- ,S 5 = 1,2 y 5 5 )
TG 1) (n,x) =Q, B In(q) aq x,q

pla%) _ 1 2 (q")' Ba’x—(q")' %
PX)  (d")d (2B—x) (aq"x—1)

2 2
=280 (M) —=2d"Bg’ X+ (") I x+20"Bg’x—2q"Bax+q"x* +2Bgx—x),

ko _ (24" aB—1) (2 (") B’ — 1) IIO L2,

K, (2Bd"g—1)" (a"—d") q CINCER
1
Nln(Q)—ln[zﬁqZJ __(2Ba=x) (xd"=1)B
_ PN o0 = - ; e
In(q) g q a4

_B(2d"Ba’x—2q"Bq’ +29"Bg—xg" —2Bg+1) , _
ad’ (qa—1) o

1
In
_B(g"—1) (2Bg"q—1) [ 1 (2q6) ] P(qX)
,S(n, x) = s X =
q (g—1)° (X =G aq” n@ ) x
_2B=1) K (2(a)7aB-1) (2(@)BE-1)d" |,
2p—x K (2Bd"q—1)"(q"—q")
1
ln[ ] N
_2q"Ba’x—2q"Bq’ +2¢" Bq—xq —2Bq+1 , __ (=1 (2Bda=1)
a(a—1)q" o q (q—1)° ’
_ p(ax) __ 2Bp(x—1) ki,
S(n,x)=Q,(2B, 1,N,x,q), S x) 2B—x Kk
n 2 n2n 2 N
_ (2" an—l)(22(q)NBqn—1)q 1=10..2,". N1l [oo = = (284
(2Bg"q—1)"(a"—q")

—x) (xa"=1) (a") ¢% 1(x)



_ (29"Bo’x—20"Bg’ +2q"Bg—xq" —2Bg+1)q" .
q—1
_(d'=1) (2Bd’a=1) ¢
q" (a—1)°q ’
1 3 3 2
=5 (2 (") Ba’x— (") a*x —2Bq’ (d")
(") a* (2B—x) (aqg"x—1)

2
—2q"B X+ (") I’ x+2q B’ x—2q"Bgx+q"x* +2Bgx—x),

P(gXx)
p(X)

1
(n,X):Qn ZqNBqa Na_laquXaq P
aq

k

n—+1

Q@ ap-1) Q@Be-1) [ 1 2,

(2Bd"a—1)" (d"—q") q 99" g qq"

Meixner

> msum = proc (b, c, X, j) hyperterm([-n, -x], [beta], 1-1/c, j})
end proc;

msum := proc(b, C, X, j) hyperterm([ —n, — x], [beta],1 — 1/c,]) end proc ®)
> RM1 := sumrecursion(msum(b, c, x, J), J, S(n), recursion = up);
RM1 —C(B+n+ 1)S(n+2)—(Bc+cn+xc+c+n—x+1)S(n+1)+ (n )
i 1)S(n) =
[> RM2 := sumrecursion(msum(beta, 1/c, -x-beta, j), j, S(n),

recursion = up);
RM2:= (B+n+1)S(n+2)— (Bc+cn+xc+c+n—x+1)S(n+1)+ (n (10)
+1)cS(n)=0
[> “recursion/compare>(RM1, RM2, S(n));
Recursions are NOT identical! (11)

> msum(beta, 1/c, -x-beta, n);
pochhammer( —n, n) pochhammer(x + B,n) (1 —c)"

12
pochhammer(B, n) n! (12)
[> denumM := msum(beta, 1/c, -x-beta, n)/pochhammer(x+beta, n);
pochhammer(—n,n) (1 —c)"
denumM := 3)
pochhammer( 3, n) n!
[> msum(b, c, X, n);
n
pochhammer( —n, n) pochhammer( —X, n) (1 - % j
14
pochhammer(, n) n! 19
> numM := msum(b, c, x, n)*(-1)"n/pochhammer(-x, n);
1 n
pochhammer(—n, n) (1 - ?) (—1)"
numM := s)

pochhammer (B, n) n!




> NRM1 :=
up);

proc;

> ksum(p,

B denumK :=

> ksum(1-

> numK :=

> CM := denumM/numM;

CM =

(1—¢)"

(2]

sumrecursion(CM*msum(b, c, x, J), J, S(n),

NRM1:= (B+n+1)S(n+2)—
+1)cS(n)=0
> “recursion/compare (NRM1, RM2, S(n));

recursion =

(Bc+cn+xc+c+n—x+1)S(n+1)+ (n

Recursions are identical.

ksum := proc(p, N, X, J) hyperterm([ —n, —Xx], [ —

> “recursion/compare (RK1, RK2, S(n));

Recursions are NOT identical!

> simplify([seq(CM*add(msum(b, ¢, X, J), J =0 .. n),
seq(add(msum(beta, 1/c, -x-beta, j), J =0 .. n), n
[0,0,0,0]
| Krawtchouk
[> ksum := proc (p, N, x, j) hyperterm([-n, -x], [-N],

1/p, §) en

NJ, 1/p,j) end proc
recursion = up);

N, X, n);
1 n
pmMmmmd—mnHmmMmmahﬂﬂw(Fj
pochhammer(—N, n) n!
ksum(p, N, x, n)*(-1)"n/pochhammer(-x, n);
n
pmMmmmd—mn)p%j(—lf
denumi = pochhammer( —N, n) n!
ps N, _X+N1 n);
n
pmMmmmm(—mn)mmMmmmau——Mn)(__p+1j
pochhammer( —N, n) n!
ksum(1l-p, N, -x+N, n)/pochhammer(x-N, n);

recursion

> RK1 := sumrecursion(ksum(p, N, %X, J), J, S(n),
RK1 := p(—n—1+N)&n+2) (Np—=2np+n—2p—x+1)S(n+1)+ (n
1) (p—1)S(n)=0
> RK2 := sumrecursion(ksum(1l-p, N, -x+N, j), J, S(n),
up);
RK2:=—(p—1)(—=n—1+N)S(n+2)+ (Np—2np+n—2p—x+1)S(n+1)
+(n+1)pS(n)=0

d

(16)

a7

(18)

(20)

@1

(22)

(23)

(24)

(25)

(26)

Ifa 1oAY



1 n
pochhammer( —n, n) ( $ j

numk = pochhammer(—N, n) n! @7)
[> CK := numK/denumK;
&zl
.
CK = —— b 28)
- —1)\"
_ (5) =
[> NRK1 := sumrecursion(CK*ksum(p, N, X, j), j, S(n), recursion =
up);
NRK1:=—(p—1) (=n—=1+N)S(n+2)+ (Np—2np+n—2p—x+1)S(n+1) (29)

+ (n+1)pS(n)=0
> “recursion/compare>(NRK1, RK2, S(n));
Recursions are identical. 30)
> simplify([seq(CK*add(ksum(p, N, X, j), J =0 .. n), n=0 .. 3)-
Seq(add(ksum(l_p1 N! _X+N1 j)! j =0 .. n)! n=20 .. 3)]);
[0,0,0,0] (1)

_Hahn

> hsum := proc (alpha, beta, N, x, j) hyperterm([-n, n+alpha+
beta+l, -x], [alpha+l, -N], 1, jJ) end proc;

hsum := proc(alpha, beta, N, X, J) 32)
hyperterm([ — n, n + alpha + beta+ 1, —x], [alpha+ 1, — N, 1,])
end proc

[> RH1 := sumrecursion(hsum(alpha, beta, N, x, j), j. S(n),
recursion = up);

RH1:= (2+oa+n) (2+2n+a+B) (n+2+a+p) (—n—=1+N)S(n+2)—(2n (33)
+34+0+PB) (N’ +NaB+2Nan+2NBn+2N—o’n—a’ x—2aBx—on’
—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3na
—6ax+P +3nB—6Bx—12xn+4N—20a+2B—8x)S(n+1)+ (n+1) (B

+n+1)(2n+4+0+pB) (2+n+a+B+N)S(n)=0

> RH2 := sumrecursion(hsum(beta, alpha, N, -x+N, j), J, S(n),
recursion = up);

RH2:= (2+B+n) (2+2n+a+B) (n+2+a+p) (—n—1+N)S(n+2)+(2n (34
+34+0+PB) (N’ +NaB+2Nan+2NBn+2N—o’n—a’ x—2aBx—on’
—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3na
—6ax+P +3nB—6Bx—12xn+4N—2a+2B—8x)S(n+1)+ (n+ 1) (o

+1+n)(2n+44+a+B) (2+n+a+B+N)Sn)=0

> “recursion/compare (RH1, RH2, S(n));
Recursions are NOT identical! (35)




> hsum(alpha, beta, N, X, n);
pochhammer( —n, n) pochhammer(n + oo+ B + 1, n) pochhammer( —x, n)

36
pochhammer( o + 1, n) pochhammer(—N, n) n! 36)

> denumH := hsum(alpha, beta, N, x, n)*(-1)"n/pochhammer(-x, n);
pochhammer( —n, n) pochhammer(n + .+ B+ 1,n) (—1)"

denumH := 37

pochhammer( o + 1, n) pochhammer(—N, n) n!
> hsum(beta, alpha, N, -x+N, n);
pochhammer( —n, n) pochhammer(n + oo+ B + 1, n) pochhammer(x — N, n)

38
pochhammer(f + 1, n) pochhammer(—N, n) n! %)

> numH21 := hsum(beta, alpha, N, -x+N, n)/pochhammer(x-N, n);
pochhammer( —n, n) pochhammer(n + o+ B+ 1,n)

numH21 := 39)

pochhammer( + 1, n) pochhammer(—N, n) n!
> CH21 := simplify(numH21/denumH);
pochhammer(o + 1,n) (—=1)7"
pochhammer (B + 1, n)

> NRH1 := sumrecursion(CH21*hsum(alpha, beta, N, x, j), j, S(n),
recursion = up);

NRH1:= (2+B+n) (2+2n+oa+B) (n+2+a+B) (—n—1+N)S(n+2)+ (2n (41)
+3+0a+p) (N +NoaB+2Nan+2NBn+2Nn—o'n—o x—2apx—on’

CH21 :=

(40)

—donx+Bn—Fx+pn’—4Bnx—4n’x+3aN+3NB+6Nn—o —3na
—6aw+§+3nB—6Bw—UXn+4N—2a+2B—8ﬂsm+ﬂ)+(W+U(a
+1+n)(2n+4+a+B) (2+n+a+B+N)Sn)=0

> “recursion/compare (NRH1, RH2, S(n));
Recursions are identical. 42)

> simplify([seq(CH21*add(hsum(alpha, beta, N, X, j), J =0 .. n), n
= 0 .. 3)-seq(add(hsum(beta, alpha, N, -x+N, J), J =0 .. n), n =
0 .. 3D:;
[0,0,0,0] (43)

| Big q-Jacobi

[> BJsummand := proc (a, b, c, X, g, j) gphihyperterm([g~(-n), a*b*
gr(n+1), x], [a*q, c*ql, 9, g, j) end proc;

BJsummand := proc(a, b, ¢, x,q, J) (44)
gphihyperterm([g~( —n),a*b*qg”(n+1),x], [a*q,c*q],q,q,])
end proc

[> RB1 := gsumrecursion(BJsummand(a, b, ¢, x, g, §J), q, J, S(n),
recursion = up);
RBL:=—(q""a—1) (q""c—1) (" "ab—1) ("7 ab—1)S(n+2) — (q°" " ab @45)
_1) (q4n+6 2Xb2_q3n+5a2b2_ 3n+5 2 3n+5a2b_ 3n+5

a q abc—q q abc+q

2n+3 .2 2n+3 2n+4 2n+4

ab+q ab+q ac

2n+4a2b

2n+4 2n+4

+q abc—q axb-+q abc+q




2n+2 2n+3 n+2

+q " ab—g"""?axb+q —q"?ab—q"ac—q""a—q""*c+x) S(n
+ 1) +qn+2 (qn+1 ) (abqn+1 ) (qn+1b_ 1) (q2n+4ab_ 1) S(n)=0

> RB2 := gsumrecursion(BJsummand(b, a, a*b/c, b*x/c, q, J), d, J, S
(n), recursion = up);

RB2:= —(q""b—1) (¢°""*ab—1) (q""ab—c) (q""*ab—1) S(n +2) (46)

_(q2n+3ab_ )b(q4n+6 2Xb2 q3n+5 2b2 q3n+5 2bc q3n+5 2b

—g’""abc+q abc—q"**axb+q

+q2n+4ab+q2n+4ac+q2n+3ab_q2n+2axb+q2n+3 anrz(,ib_anrzaC

_qn+2a_qn+2c+x) S(n+1)+qn+2 (qn+1_ )bz (qn+1C_1) (q2n+4ab
—1) (q""'a=1)s(n)=0
[> RB3 := gsumrecursion(BJsummand(c, a*b/c, a, X, d, §), d, J, S(n),
recursion = up);
RB3:= —(q""a—1) (q""c—1) (¢°"ab—1) (q""?ab—1)S(n+2) = (¢*"ab @7
_1) (q4n+6 2Xb2 q3ﬂ+5 2b2 q3n+5 2bC q3n+5 2b q3n+5abc+q2n+4 2b

+q2n+4abc_q2n+4axb+q2n+3a2b+q2n+3abc+q2n+4ab+q2n+4

+q2n+3ab_q2n+2axb+q2n+3 qn+2ab_qn+2ac_qn+2a_q C+X) S(n
+ 1) +qn+2 (qn+1 ) (abqn+l ) (qn+1b_ 1) (q2n+4ab_ 1) S(n)=0

> RB4 := gsumrecursion(BJsummand(a*b/c, c, b, b*x/c, q, J), d, J, S
(n), recursion = up);

RB4:= —(q"b—1) (q°""?ab—1) (q""*ab—c) (q""*ab—1) S(n+2) (48)

2n+3 4n+6 2 2 3n+5 2 2 3n+5 2 3n+5 2
—(qg""ab—1)b(q"" xb"—q " b*—q " bc—qg" b
3n+5 2n+4 2 2n+4 2n+4 2n+3 2 2n+3

—q abc+q ab+q abc—q axb+q ab+q abc
+q2n+4ab+q2n+4ac+q2n+3ab_q2n+2axb+q2n+3 qn+2ab_qn+2ac
_qn+2a_qn+2c+x) S(n+1)+qn+2 (qn+1_ )b2 (qn+1C_1) (q2n+4ab

—1) (q""'a—=1)S(n)=0

2n+4 2b+q2ﬂ+4 abC

2n+3 2b +q2n+3

>

[> “recursion/compare”(RB1, simplify(RB2), S(n));
Recursions are NOT identical! (49)

> “recursion/compare”(RB1, simplify(RB3), S(n));
Recursions are identical. (50)

[> “recursion/compare™(RB1, simplify(RB4), S(n));
Recursions are NOT identical! (51)

[> “recursion/compare”(RB2, simplify(RB3), S(n));
Recursions are NOT identical! (52)

> “recursion/compare”(RB2, simplify(RB4), S(n));
Recursions are identical. (53)

[> “recursion/compare”(RB3, simplify(RB4), S(n));
Recursions are NOT identical! (54)

:Obtaining Cn



> BJsummand(a, b, ¢, x, q, n);
gpochhammer(q ™", g, n) gpochhammer(abg" "', g, n) gpochhammer(x, g, n)
gpochhammer(a g, g, n) gpochhammer(c q, g, n) gpochhammer(q, g, n)

> BJsummand(b, a, a*b/c, b*x/c, q, n);

b x n

,q,n) qpochhannner(—:;—,q,nj q

abq
c

n+1 n

(35)

n+1

gpochhammer(q™", g, n) gpochhammer(ab g

(36)

gpochhammer(b g, g, n) qpochhannner( ,q,n) gpochhammer(q, g, n)

> num21 := BJsummand(b, a, a*b/c, b*x/c, q, n)*(-1)"n*gq”~binomial(n,
2)*(b/c)™n/gpochhammer (b*x/c, q, n);
n
gpochhammer(q™", g, n) gpochhammer(abq" "', q,n) q”(-—l)"q(z) ({%

jn
(57)
,q,nj gpochhammer(q, g, n)

num21 :=

gpochhammer(b g, g, n) qpochhammer( a (t;) q

> denumbj := BJsummand(a, b, c, x, q, n)*(-1)™n*g~binomial(n, 2)
/qpochhammer(x, q, n);

n
gpochhammer(q~™", g, n) gpochhammer(abq"*', g, n) q”(-—l)”q(g
gpochhammer(a g, g, n) gpochhammer(c g, g, n) gpochhammer(q, g, n)

> C21 := simplify(num21/denumbj);

denumbj :=

(38)

( b ) gpochhammer(a g, g, n) gpochhammer(cq, g, n)
C21 i= ~

(39)

gpochhammer(b g, g, n) qpochhammer( a 2 q , 0, n)

_Checking initial conditions

> qs|mpcomb([seq(CZl*add(BJsummand(a b, c, X, q, J), J = O .- n),
. 3) seq(add(BJsummand(b, a, a*b/c b*x/c a. 1), =0 ..

e
[0,0,0,0] (60)

;Comparing recurrence equations with new relation
> NRB1 := gsumrecursion(C21*BJsummand(a, b, ¢, X, q, J), 9, J, S
(n), recursion = up);

NRBl:= —(q""b—1) (¢°""*ab—1) (q""*ab—c) (q""*ab—1) S(n +2) (61)
_(q2n+3ab_ )b(q4n+6 2Xb2 q3n+5 2b2 q3n+5 2bc q3n+5 2b
_q3n+5abc+q2n+4 2b+q2”+4abc q2n+4axb+q2n+3 2b+q2”+3abc
+q2n+4ab+q2n+4ac+q2n+3ab_q2n+2axb+q2n+3 anrzab_qn+2aC

_qn+2a_qn+2c+x) S(n+1)+qn+2 (qn+1_ )bz (qn+1C_1) (q2n+4ab
—1)(q"""'a=1) S(n) =0

[> “recursion/compare>(NRB1, simplify(RB2), S(n));

Recursions are identical. (62)

> BJsummand(c, a*b/c, a, X, q, n);

(63)




gpochhammer(q™", g, n) gpochhammer(abq"*', g, n) gpochhammer(x, g, n) q"

| Little q-Jacobi

;Liitle g-Jacobi to q-Krawtchouk
> LJsummand := proc (a, b, X, g, j) gphihyperterm([gr(-n), a*b*g"
(n+1)], [a*gl., 9, g*x, j) end proc;

gpochhammer(a g, g, n) gpochhammer(c g, g, n) gpochhammer(q, g, n) (63)

[> num31 := BJsummand(c, a*b/c, a, X, q, n)*(-1)*n*g~binomial(n, 2)

/qpochhammer(x, q, n);
n
um3y . _dpochhammer(q™", g. n) gpochhammer(abg" ', g, n) q”(——l)"q(z) 64)
gpochhammer(a g, g, n) gpochhammer(c g, g, n) gpochhammer(q, g, n)

[> C31 := num31/denumbj;

C3l:=1 (65)

[> BJsummand(a*b/c, c, b, b*x/c, g, n);
gpochhammer(q™", g, n) gpochhammer(abq"*', q,n) qpochhannner(jii,q,nj q"

abg (66)
gpochhammer(b g, g, n) qpochhannner( c ,q,n) gpochhammer(q, g, n)
> num4l = BJsummand(a*b/c, c, b, b*x/c, q, n)*(-1)"n*g”~binomial(n,
2)*(b/c)™n/gpochhammer(b*x/c, q, n);
n n
gpochhammer(q~™", g, n) gpochhammer(abq" "', q,n) q”(——l)”q(z) ({?)
num4l := 2b 67)
gpochhammer(b g, g, n) qpochhannner( cq ,q,nj gpochhammer(qg, g, n)
> C41 := num4l/denumbj ;
n
( % ) gpochhammer(a g, g, n) gpochhammer(cq, g, n)
C4l = (68)
abgq
gpochhammer(b g, g, n) qpochhanwner( . ,q,n)

(> C21/C41;

1 (69)

> NRB3 := gsumrecursion(C21*BJsummand(c, a*b/c, a, X, d, j), d, J»

S(n), recursion = up);

NRB3:= —(q""?b—1) (¢°""*ab—1) (q""*ab—c) (q""*ab—1) S(n +2) (70)
_ (q2n+3ab_1)b(q4n+6asz2_q3n+5a2b2_q3n+5a2bc_q3n+5a2b
_q3ﬂ+5abc+q2n+4a2b+q2ﬂ+4abc_q2n+4axb+q2n+3a2b+q2n+3abc
+q2n+4ab+q2n+4ac+q2n+3ab_q2n+2axb+q2n+3ac_qn+2ab_qn+2ac
_qn+2a_qn+2c+x) S(I’l+ 1) +qn+2a(qn+1_ 1) b2 (qn+1C_ 1) (q2n+4ab
—1) (q""'a=1)s(n)=0

[> “recursion/compare™(RB2, simplify(NRB3), S(n));

Recursions are identical. (71)



LJsummand := proc(a, b, X, q, j) (72)
gphihyperterm([g~( —n),a*b*q"(n+1)], [a*q],q, %X, ])
end proc

> RL := gsumrecursion(LJsummand(a, b, x, q, J), g9, J, S(n),
recursion = up);

RL:=q""" (q"?a—1) (""" ab—1) (q""ab—1)S(n+2)+ (q°" 7 ab (73)
_1) (q4n+6 2Xb2 q3ﬂ+4 2b q3ﬂ+4ab_q2n+4axb+q2n+3ab_q2ﬂ+2axb
+q2n+2ab+q2n+3a+q2n+2 qn+1a_qn+l+x) S(n+1) +qn+1 (qn+1

—1)(¢""'b—1) (¢’""fab—1)S(n)=0

> gksum = proc (p, N, X, g, j) gphihyperterm([g~(-n), X, -p*g”~n],
[a~(-N), 0], g, g, j) end proc;

gksum := proc(p, N, X, q, j) (74)
gphihyperterm([g”~( —n),x, —p*qg”~n], [9"( —N),0],0,0,j)

end proc

> RK := gsumrecursion(gksum(-a*b*q, In(1/(b*g))/In(q), g*x*b, q,
). a, j, S(n), recursion = up);

ln(l_
_\ba)

RK:==(q”+'—-q n(®) ](q2”+2ab-— 1) (q""*ab—1)S(n+2) (75)

q
g ab+q "® ab

In 1—) ln[ ! J
n+1-i-—bq bg
ab+qg""lab—q MO ap+q ™ xb—q") (¢*"Pab—1)qgS(n
ln[Lj
b
2n+2 n+1 [ nt ln(qq) +2 ] 2n+4 _
] H+qg"7a(q"" —1)b\qg ab—1)(qg""""ab—1)S(n)=0
[ > recursuon/compare‘(RL, simplify(RK), S(n));
Recursions are NOT identical! (76)
> gksum(-a*b*q, In(1/(b*q))/In(q), g*x*b, g, n);
gpochhammer(q™, g, n) gpochhammer(q x b, g, n) gpochhammer(abq"q,q,n) q"

axb®—q ab+q

2n+2

+q

7
1
_(5g)
gpochhammerlq ™% g, n) gpochhammer(q, g, n)
[> denumLK := gksum(-a*b*q, In(1/(b*q))/In(q), g*x*b, q, n)*(-1)*n*
(b*g)”™n*g~binomial(n, 2)/gpochhammer(g*x*b, q, n);
n
—n n N, 14N n [2)
denumLK i gpochhammer(q~", g, n) gpochhammer(abq'qg,g,n) q" (—1)" (ba)"q (78)

"5

qpochhannner(q In() ,q,n} gpochhammer (q, g, n)




> LJsummand(a, b, x, q, n);
gpochhammer(q™, g, n) gpochhammer(abq" ", g, n) (qx)" (79)
gpochhammer(a g, g, n) gpochhammer(q, g, n)
> numlB := LJsummand(a, b, x, g, n)*gq™n/(g*x)"n;
gpochhammer(q™", g, n) gpochhammer(abq" "', q,n) q" (80)
gpochhammer(a g, g, n) gpochhammer(q, g, n)

n+1

n+1

numLB :=

>
[> CLK := simplify(numLB/denumLK);

n(n—1I)

gpochhammer(b g, q,n) (—1)" (bq)™"q
gpochhammer(aq, g, n)

RK := gsumrecursion(CLK*gksum(-a*b*q, In(1/(b*qg))/In(q), g*x*b,
, 4, J, S(n), recursion = up);

CLK := (81)

)
In lj]
NRK := qn+l_q In(q) qn+1(qn+2a_1)b(q2n+2ab_1) (qn+2ab_1)(qn+la (82)

1 1
—297 46 In+—2372 4y

|
el
a
®
><
o
[N}
e!
®
o
+
o
=3
£
®
o
+
o
=3
£
®
o

+q2n+2ab+q2n+lab_q In(q) ab+q In(q) Xb_qn (q2n+3ab
—1) (a"b=1) (" "a=1)S(n+1)+q"a(q"" = 1) (q""b
1
In| —
n+ [bq]+2
-1 lg "™ ab—1)(q"""b—1) (¢°""fab—1)S(n)=0
> “recursion/compare (RL, simplify(NRK), S(n));

Recursions are identical. (83)
7>
[> S|mpl|fy(qs|mpcomb([seq(CLK*add(qksum( a*b*q, In(l/(b*q))/ln(q),
q*x*b, q, j) j = .- n) .. 5)-seqg(add(LIsummand(a, b, x,
a. 1) - n), n=0 .. 5)]))
[0,0,0,0,0,0] (84)
| q-Laguerre

> glsum := proc (a, X, q, j) gpochhammer(g~(a+1), g, n)*

gphihyperterm([g"(-n)1. [g*(a+1)], q, -g*(n+a+tl)*x, j)
/qpochhammer(q, q, n) end proc;

glsum == proc(a, x, d, j) (85)
gpochhammer(q”(a + 1), g, n) * gphihyperterm([g~( —n) ], [q"(a+ 1)],d, — g™ (n + &
+ 1) *X, j) /gpochhammer(q, g, n)

end proc




> RIl := gsumrecursion(qlsum(a, %X, 9, J), g9, J, S(n), recursion =
up);

R” — (qn+2_ 1) S(n+2) + (_q2n+a+3x_qn+2+a_qn+2+q + 1) S(n+ 1) + (qn+a+1 (86)
—1)gS(n)=0

(> gmsum := proc (b, ¢, x, g, j) gphihyperterm([g"(-n), x], [b*d]l,
q, -g~(n+1)/c, jJ) end proc;

gmsum := proc(b, c, X, q, J) 87
gphihyperterm([g~( —n),x], [b*q], a4, —a~(n+1)/c,])

end proc

[> RM := gsumrecursion(gmsum(0, -g~(-a), -X, d, §), d, J, S(n),
recursion = up);

RM := S(n +2) + (q2n+a+3x+qn+2+a+qn+2_q_ 1) S(n + 1) + (qn+a+1 _ 1) q (qn+1(88)

—1)S(n)=0
[> “recursion/compare™ (R1l, simplify(RM), S(n));
Recursions are NOT identical! (89)
[> glsum(a, X, ¢, n);
n(n-—1)

2

gpochhammer(q ™", q,n) (—g" "' x)" (=1)"q

5 90)
gpochhammer(q, g, n)
> numgL := glsum(a, x, q, n)*(-g~(n+a+1))*n/(-g~(n+a+1)*x)"n;
n(n-—1)
—n _ 130 2 __qnta+1yn
gpochhammer(q, g, n)
> gmsum(0, -g~(-a), -X, ¢, Nn);
n+1 \N
gpochhammer(q™, g, n) gpochhammer(—x, g, n) [ q - j
q
gpochhammer(q, g, n) 2)
> denumgLM := gmsum(0, -g~(-a), -X, q, n)*g”binomial(n, 2)
/gpochhammer(-x, q, n);
qn+1 n [”J
gpochhammer(q ™", g, n) [——:;—) q'’
- q
denumalM - gpochhammer(q, g, n) ©3)
[> CgLM := gsimpcomb(numgL/denumgLM);
CqLM = : 94)

gpochhammer(q, g, n)

> NRM := gsumrecursion(CqgLM*gmsum(0, -g~(-a), -X, 9, J)> g9, J, S
(n), recursion = up);

NRM:= (q"7 = 1)S(n+2)+ (=q" P x—q"7 ™ =q"+q+1)S(n+1) (95)
| (@ 1) as(n) =0

> “recursion/compare (RIl, simplify(NRM), S(n));
Recursions are identical. (96)

B gsimpcomb([seq(CgLM*add(gmsum(0, -g~(-a), -X, q, J), J =0 .. n),




n =0 .. 5)-seq(add(glsum(a, x, g, J), J =0 .. n), n=0 .. 5)])

[0,0,0,0,0,0] o7
| Al-Salam Carlitz I
> Alsummand := proc (a, X, q, j) (-a)*n*g~binomial(n, 2)*
gphihyperterm([g™(-n), 1/x], [0], g, g*x/a, J) end proc;
Alsummand := proc(a, X, 0, J) 98)

( —a)”n*qg”binomial(n, 2) * gphihyperterm([gq~( — n), 1/x], [0],q, g *x/a, j)
end proc

[> RA1 := gsumrecursion(Alsummand(a, X, q, §), 9, J. S(n), recursion
= up);
RAL:=S(n+2)+ (q"""a+q""" =x)S(n+1)+q"a(q""" ' =1)S(n)=0 (99)
> RA2 := qgsumrecursion(Alsummand(1/a, x/a, qd, J), 9, j, S(n),
recursion = up);

RA2:=aS(n+2)+ (q""a+q" "' =x)S(n+1)+q"(q""" = 1) S(n)=0 (100)
[> “recursion/compare” (RA1, simplify(RA2), S(n));
Recursions are NOT identical! (101)

> Alsummand(a, X, q, Nn);

(-—a)nq(Z)qpochhanﬂner(Q‘ﬂ,q,n) qpochhannner(é%,q,n) (-%fi)

gpochhammer(q, g, n) (102)
> denumal := simplify(Alsummand(a, x, g, n)*(g/a)"n/(gpochhammer
(1/x, q, n)*(x*g/Za)™n));
nn-—1 n
(—a)"q * gpochhammer(q™, q,n) (é})
denumal := gpochhammer(q, g, n) (103)
[> Alsummand(1/a, x/a, d, n);
(—-l—) q(zjqpochhannner(q'“,q,n) qpochhannner(ji,q,n) (qx)"
a X (104)

gpochhammer(q, g, n)

> numal := simplify(Alsummand(1/a, x/a, q, n)*g™n/(gpochhammer(a’x,
a, M*(@*x)"n));

n(n+1) 1 n
q (__E;) gpochhammer(q™", g, n)
numal := gpochhammer(q, g, n) (105)
> CA1l := gsimpcomb(numal/denumal);
CAl := Ln (106)

a

> gsimpcomb([seq(CAl*add(Alsummand(a, X, q, J), J =0 .. n), n =0
. 3)-seq(add(Alsummand(1/a, x/a, q, J), J =0 .. n), n=0 .. 3)
);

[0,0,0,0] (107)



> NRA1 := qgsumrecursion(CAl1*Alsummand(a, X, d, J), 9, J, S(n),
recursion = up);

NRAL:=aS(n+2)+ (q"'a+q" "' =x)S(n+1)+q"(q""" ' =1)S(n)=0 (108)
> “recursion/compare> (NRAL, simplify(RA2), S(n));
Recursions are identical. (109)

:Discrete g-Hermite |
> gsumrecursion(Alsummand(-1, -xX, q, J), d, J, S(n), recursion =
up);
—S(n+2)=xS(n+1)+q" (q"""' =1) S(n)=0 (110)

> gsumrecursion(Alsummand(-1, x, 9, J), 4, J. S(n), recursion = up)

—S(n+2)+xS(n+1)+q" (q""' =1) S(n)=0 11

> “recursion/compare” (gsumrecursion(Alsummand(-1, -X, q, §), d, J,
S(n), recursion = up), gsumrecursion(Alsummand(-1, X, g9, J), Q,
j§, S(n), recursion = up), S(N));
Recursions are NOT identical! (112)

> Alsummand(-1, -X, g, n);

2

q( Jqpochhannner(q"”,q,n) qpochhannner(——é%,q,n) (qx)"

gpochhammer(q, g, n) (113)

> numdl := Alsummand(-1, -X, g, n)*g™n/(gpochhammer(-1/x, q, n)*(g*
x)n);

n

q(ZJqpochhanuner(q_”,q,n) q"

numdl = gpochhammer(q, g, n) (114)
[> Alsummand(-1, X, q, n);
n
q(ZJqpochhannner(q'“,q,n) qpochhanuner(é%,q,n) (—gx)"
(115)

gpochhammer(q, g, n)
> denumdl := Alsummand(-1, X, q, n)*(-1)"n*qgq”™n/(gpochhammer(1/x, q,
n)*(-g*x)”"n); n
q(z)qpochhannner(q_”,q,n) (—1)"qg"
gpochhammer(q, g, n)

> Cdl := simplify(numdl/denumdl);
Cdl:=(—1)"" 117
> “recursion/compare” (gsumrecursion(Cdl1*Alsummand(-1, -x, q,
3, S(n), recursion = up), gsumrecursion(Alsummand(-1, x, q,

g, 3, S(n), recursion = up), S(N));
Recursions are identical. (118)

> gsimpcomb([seq(Cdl*add(Alsummand(-1, -X, q, J), J =0 .. n), n =
0 .. 3)-seq(add(Alsummand(-1, X, q, §J), J =0 .. n), n=0 .. 3)]

denumdl :=

&/

[0,0,0,0] (119)



| Al-Salam Carlitz 11
[> A2summand := proc (a, X, 4, j) (-a)*n*g~(-binomial(n, 2))*

gphihyperterm([g™(-n), x1, [1, 9, g™n/a, j) end proc;
A2summand := proc(a, X, q, j)

( —a)”n*g”( — binomial(n, 2)) * gphihyperterm([{g"~( —n),x], [ ],9,9”n/a, )
end proc

> RA21 := gsumrecursion(CA1*A2summand(a, X, qd, j), d, j, S(n),
recursion = up);
RA21:= —q""asm+2)+q" (q"'x—a—1)S(n+ 1)+ (q""' = 1) S(n)=0
> RA22 := qsumrecursion(A2summand(1/a, x/a, d, J), 9, J, S(n),
recursion = up);
RA22:= —q"""asmm+2)+q" (q""'x—a—1)S(n+1)+ (¢""' = 1) S(n)=0
> “recursion/compare” (RA21, simplify(RA22), S(n));
Recursions are identical.
> A2summand(a, X, q, Nn);

n 2

_(n n AN
(—a)q ( Jqpochhannner(q"”,q,n) gpochhammer(x, g, n) [ji—j

n(n—1)

(—=1)"q gpochhammer(q, g, n)

denumaz := gpochhammer(q, g, n)

> A2summand(1/a, x/a, g, n);

n

n _
(-—'g'j q (2)qp06hhannner(q_n,q,n) QPOChhannner(Eg,q,n) (aq")’

n(n—1)

(—=1)"q gpochhammer(q, g, n)

> numa2 := simplify(A2summand(1/a, x/a, q, n)*(-1)"n*(1/a)"n*
g~binomial(n, 2)/qpochhammer(x/a, q, n));

_n(n-1

(_'%{j g ° gpochhammer(q™", q,n) (a(f)n (%;)

numaz = gpochhammer(q, g, n)
> CA2 := gsimpcomb(numa2/denuma?2);
CA2 = L

al’l

1), d, 3, S(n), recursion = up), S(n));
Recursions are identical.

> gsimpcomb([seq(CA2*add(A2summand(a, X, d, j), § =0 .. n), n

> denuma2 := simplify(A2summand(a, x, q, n)*(-1)"n*g”~binomial(n,
/gpochhammer(x, q, n));
_n(n-1 noan
(—a)"q * gpochhammer(q™", q,n) [1%—J

> “recursion/compare” (gsumrecursion(Cdl*A2summand(-1, -1*x, q, j),
q, J. S(n), recursion = up), gsumrecursion(A2summand(-1, 1*x, q,

. 3)-seq(add(A2summand(1/a, x/a, 9, J), J =0 .. n), n =0 ..

(120)

(121)

(122)

(123)

(124)

2)

(125)

(126)

(127)

(128)

(129)



D:
[0,0,0,0] (130)

_Discrete q-Hermite 11

[> qs|mpcomb([seq(Cdl*add(AZSummand( -1*%X, q, J), J =0 .. n), n
.. 3)-seq(add(A2summand(-1, I*x q, J) J =0 n), n =0 .
3)])
[0,0,0,0] 131)
| q-Meixner

> gMsummand := proc (b, c, x, g, J) gphihyperterm([g~(-n), x], [b*
al. 9, -g*(n+l)/c, j) end proc;

gMsummand := proc(b, C, X, q, j) (132)
gphihyperterm([g~( —n),x], [b*q],q, —g*(n+1)/c,])
end proc

> RM1 := qgsumrecursion(gMsummand(b, ¢, X, q, J), d, J, S(n),
recursion = up);

RM1 := (qn+2b—1)cS(n+2)+(—q””x—q”“bc—q”+2c+q”+2+cq+C) S(n (133)
D+g(d" +c) (0" = 1) S(n)=0

> RM2 := gsumrecursion(gMsummand(-1/c, -1/b, -x/(b*c), q, §), 9. J.
S(n), recursion = up);

RM?2 := (qn+2_|_c) S(n_|_2) + (q2n+3x_+_qn+2bc_|_qn+2 qn+2_cq_c) S(n+ 1) (134)
+q (""" =1)c(q" b —=1)S(n)=0

> “recursion/compare” (RM1, simplify(RM2), S(n));
Recursions are NOT identical! (135)

> gMsummand(b, c, X, g, n);

n+1 \N
gpochhammer(q™", g, n) gpochhammer(x, g, n) (" qc ]

gpochhammer(b g, g, n) gpochhammer(q, g, n) (136)
> denumgm := gMsummand(b, c, x, g, n)*(-1)”n*g~binomial(n, 2)
/qpochhammer(x, q, n);
qn+1 n (”)
gpochhammer(q™", g, n) (—— . ) (—1)"q"
denumgm := gpochhammer(b g, g, n) gpochhammer(q, g, n) (137
> gMsummand(-1/c, -1/b, -x/(b*c), q, n);
gpochhammer(q™, g, n) qpochhannner(-—-é%;,q,n) (q""'b)"
(138)

qpochhannner(——{},q,n) gpochhammer(q, g, n)

> numgm := gMsummand(-1/c, -1/b, -x/(b*c), q, n)*(-1)*n*(-1/(b*c))
An*g~binomial(n, 2)/qpochhammer(-x/(b*c), q, n);

(139)




no(n
gpochhammer(q™, q,n) (¢""'b)" (—=1)" (—-155-) q(i

numgm := (139)
qpochhannner(—-{},q,n} gpochhammer(q, g, n)
B CgM := simplify(numgm/denumgm) ;
n n+1 n
(q""'b)" (——I;E-) (-— qc j gpochhammer(b g, g, n)
CgM = (140)

qpochhannner(——{%,q,n)

> gsimpcomb((b*q”(n+1)) n*(-1/(b*c)) n* (g (n+1)/c)(-n)) ;

1 (141)

[> NRM1 := gsumrecursion(CgM*gMsummand(b, c, X, q, §), d, §, S(n),
recursion = up);

NRM1:= (q""*+c)S(n+2)+ (" x+q" 7 bc+q" c—q""?—cqg—c) S(n+1) (142)

+q(q"" = 1)c(d""'b—1)S(n)=0
[> “recursion/compare> (NRM1, simplify(RM2), S(n));
Recursions are identical. (143)

> qs|mpcomb([seq(CqM*add(quummand(b C, X, 0, 1) J =0 .. n), n=
.- 3) seq(add(quummand( 1/c, -1/b, —x/(b*c), , J), J =0 .
Ir\) AD:;
[0,0,0,0] (144)

| q-Krawtchouk

;Checking Big g-Jacobi and g-Krawtchouck

> gksum := proc (p, N, X, g, J) gphihyperterm([g"(-n), X, -p*g”~n],
[a~(-N), 0], g, g, j) end proc;

gksum = proe(p, N, X, g, j) (145)
gphihyperterm([g~( —n),x, —p*qg”n], [q*( —N),0], 0,0, j)

end proc

> RK := gsumrecursion(gksum(p, N, X, g, J), d, j, S(n), recursion =

up);

RK:=—(q""'p+1) (""" =q") (pq" " +1)s(n+2) = (¢""p (146)
+1) (q4n+N+4Xp2 q3n+N+3p2+qN+2n+3Xp+q3n+3p_qN+2n+3p_qN+2n+2p
+q2n+N+1Xp_q2n+2p_q2n+1p_+_qn+N+1p_qn+1_|_XqN) S(n+1)+ (qn+N+1p
+1) g™ (" p+ 1) p(d" T 1) S(n)=0

> gksum(p, N, X, q, n);
gpochhammer(q™", g, n) gpochhammer(x, g, n) gpochhammer( —pq", g, n) g"
qpochhannner(q_N,q,n) gpochhammer(q, g, n)

> denumgK := gksum(p, N, X, q, n)*(-1)*n*g~binomial(n, 2)
/qpochhammer(x, q, n);

(147)

(148)



2

n
gpochhammer(q~", g, n) gpochhammer(—pq",q,n) g" (—1)" q[ )

denumgK := v (148)
gpochhammer(q™", g, n) gpochhammer(q, g, n)
> BJIsummand(g~(-N-1), -g”™N*p, O, X, ¢, N);
gpochhammer(q™", g, n) gpochhammer(—q~' " q"pq"*', q, n) gpochhammer(x, g, n) q" (149)
gpochhammer(q~' ~" g, g, n) gpochhammer(q, g, n)
[> numBK := BJsummand(gq~(-N-1), -g™N*p, 0, x, q, n)*(-1)"n*
g~binomial(n, 2)/gpochhammer(x, g, n);
n
-n _ I —=N_N n+1 n,_ 13N (2)
qumBK . dpochhammer(g ,q,n)quCﬁ?TEﬁwr( O apd .an)d (=D
gpochhammer( q d, g, n) gpochhammer(q, g, n)
[> CBK := simplify(numBK/denumgK);
CBK := 1 151)

> RBK := gsumrecursion(BJsummand(g~(-N-1), -g™N*p, O, X, g9, J), Q,
J, S(n), recursion = up);

RBK := (¢’""'p+1) (=q"""+q") (pg""" +1)S(n+2)— (¢*"p (152)
+ 1) (q4n+N+4Xp2 q3n+N+3 p2+qN+2n+3Xp+q3n+3p_qN+2n+3p_qN+2n+2p
+q2n+N+1Xp_q2n+2p_q2n+1p+qn+N+1p_qn+1+XqN) S(I’l+1)+ (qn+N+1p

+1) " (@ p+ 1) p (g = 1) S(n)=0
[> “recursion/compare” (RBK, RK, S(n));

Recursions are identical. (153)
> sumpl|fy([seq(add(BJsummand(qA( N-1), -g™"N*p, 0, X, g9, J), J =0
. n), .. 5)-seq(add(gksum(p, N, X, 9, J), J =0 .. n), n =
- 5)])
[0,0,0,0,0,0] (154)

:Little g-Jacobi and g-Krawtchouk

> RLK := gsumrecursion(LJsummand(-g™N*p, gq~(-N-1), x*g”N, g9, J), Q,
J, S(n), recursion = up);

RLK = —¢" "' (" 'p+1) (""" p+1) (pa""' +1)S(n+2) = (¢’"p (155)

+ 1) (q4n+N+4Xp2 q3n+N+3 p2+qN+2n+3Xp+q3n+3p_qN+2n+3p_qN+2n+2p

2n+N+1 2n+2 2n+1

+9q xp—a " p=a"p+d" ™" p—q"" +xq") S(n+1)

+d" (" p+ 1) p (" = 1) (a" =) S(n)=0
[> “recursion/compare” (RLK, RK, S(n));
Recursions are NOT identical! (156)
> LIsummand(-g™N*p, g~(-N-1), x*g”™N, q, n);

—1—N _N

gpochhammer(q ™", g, n) gpochhammer( —q a'pq" ' a,n) (ag"x)"
gpochhammer( —q" p g, g, n) gpochhammer(q, g, n)

> numlK := LIsummand(-g”™N*p, g~(-N-1), x*g™N, g, n)*(@™(1+N))*n/(g*
X*g™N)"n;

(157)

gpochhammer(q ™, g, n) gpochhammer(—q~' "Ngq"pq" "' a,n) (g' )"
gpochhammer( —q" p g, g, n) gpochhammer(q, g, n)

numLK := (158)




> CKL := simplify(numLK/denumgK) ;
_n(n+1
2

l-i-N)n

(q gpochhammer(q~™", g, n)
gpochhammer( —q' *"p, g, n)

> NRK := gsumrecursion((-1)"*n*(g”™N)"n*qpochhammer(g*(-N), q, n)*
gksum(p, N, X, q, jJ)/(gpochhammer(-p*g~(1+N), q, n)*g”~binomial(n,
2)), 9, 3, S(n), recursion = up);

NRK == —¢" "' (¢®""'p+1) (""" p+1) (pqd""' +1)Sn+2)— (" p (160)

4n+N-+4 2 3n+N+3 2 N+2n+3 3n+3 N+2n+3 N+2n+2
+1) (q Xp~ —q P +q xp+q " "p—q pP—g p
2n+N+1 2n+2 2n+1 n+N+1 n+1

+q xp—a"p—a""p+qg p—a" " +xq") S(n+1)
+d" (" p+ 1) p (" = 1) (a" =) S(n)=0
[> “recursion/compare™ (RLK, NRK, S(n));
Recursions are identical. (161)
> simplify([seq(CKL*add(gksum(p, N, X, d, j), J =0 .. n), n ..
3)-seq(add(LIsummand(-g™"N*p, g~(-N-1), x*g”N, q, j), § = 0 .. n),
n=20..3);

oKL = (=1 3 (159)

0,(——qpochhannner(——q1+Np,q,1) gpochhammer(q, g, 1) —-qpochhannner[?%,q, (162)

1) (q q" gpochhammer(x, g, 1) + q' ™ x) gpochhammer(—qp, g, 1)

— gpochhammer(q ™™, q, 1) qpochhannner(q,q,1)qN)///(qpochhannner(—-q“*Np,q,

1) gpochhammer(q, g, 1)), [qpochhannner(q,q,Z) qpochhanwner(—%;,q,
q

N

lj (gpochhammer(x, g, 1) gpochhammer(q ™", g, 2) gpochhammer(—q' *"p,q, 1) ¢

1+N)

— gpochhammer(q ™, g, 1) gpochhammer(—q' *"p, q,2) xq gpochhammer( —p o,

q,1) — (qpochhanwner(—%;,q,zj (q° 2" x* — gpochhammer(x, q,
q

—N

2) q' ") gpochhammer( —p o, g, 2) — gpochhammer(q, g, 2) (gpochhammer(q ™", q,




2) q—] +2N _ quChhammer( _ql +N p, g, 2) ) J quChhammer( _q1 N P, q,

1) gpochhammer(q, g, 1) qpochhammer(q_N, q,1) ) / (gpochhammer( —q' N, q,

2) gpochhammer(q~™, g, 1) gpochhammer(q, g, 2) gpochhammer( —q' " p, q,

1) gpochhammer(qg, g, 1)), [—qpochhammer(q, g, 2) gpochhammer(q, q,

3) qpochhammer( é q, 1) gpochhammer(q ™, g, 2) gpochhammer( —q' *"p, q,

2) (q' ™" gpochhammer(q~™, g, 1) gpochhammer( —q' *" p, g, 3) x + gpochhammer(x, g,

—2+3N

1) gpochhammer(q ", q,3) q gpochhammer( —q' *™p, g, 1)) gpochhammer (

—pq’,q,1) — gpochhammer( —q' *"p, g, 1) gpochhammer(q~™", g, 1) gpochhammer (q,
g, 1) (qpochhammer(q, g, 3) qpochhammer[%, g, 2) (qur2N qpochhammer(q_N, g,
q

2) gpochhammer( —q' "V p, g, 3) x* + gpochhammer (x, g, 2) gpochhammer(q~™", g,
3) q~' "’ gpochhammer( —q' *"p, g, 2)) gpochhammer( —p ¢*, g, 2)
+ (qpochhammer(é, q, 3] (q° 7*™x’ + gpochhammer(x, g, 3) ¢’ ') gpochhammer(

3 —N -3 +3N
—pq’,d,3) + gpochhammer(q, g, 3) (gpochhammer(q™", d,3) g
+ gpochhammer( —q' " p, q,3)) J gpochhammer(q, g, 2) gpochhammer(q ™", g,

2) gpochhammer( —q' *"p, g, 2) J ) / (gpochhammer( —q' ™" p, q,

3) gpochhammer(q~™", g, 1) gpochhammer(q ™", g, 2) gpochhammer(q, g,

1+N

3) gpochhammer ( p, g, 1) gpochhammer(q, g, 1) gpochhammer(q, q,

—q
2) gpochhammer(—q' “"p, q,2) ) ]

q-Hahn



> ghahnsummand := proc (alpha, beta, N, X, q, k) gphihyperterm([g"
(-n), alpha*beta*g™(n+1), x], [alpha*q, g~(-N)], g, g, k) end
proc;

ghahnsummand := proc(alpha, beta, N, X, g, K) (163)

gphihyperterm([g”( — n), alpha* beta* g”(n + 1), X], [alpha*qg, g9~ ( —N) ], g, g, k)

end proc

[> RE1 := gsumrecursion(ghahnsummand(alpha, beta, N, x, q, k), q, Kk,
S(n), recursion = up);

REL:= (0orq" “B—1) (=a""' +q") (aq" = 1) (ag" ™ p—1)S(n+2) (164)
_ (aq2n+3B_ 1) ((quN+4n+6XB2_(x2qN+3n+5 BZ—OCZqN+3n+5B+OCqu+2n+4B
B"‘(qu B+an+2n+4B_aq

XB+OCq2n+3B—Och+n+2B+Ocq2n+2B+0Lq2n+3
n+1

N+2n+4 3n+4 N+2n+3

—ag xB—oq
B_an+2n+2

_an+n+2+aq2n+2_aqn+l +XqN_qn+1) S(n+ 1) +0an+1 (q

—1) (0g®"™*Bp—=1) (ag" "B —1) (Bg" "' = 1) S(n)=0

3n+4B

N+2n+3
+O€q+n

> RE2 := gsumrecursion(ghahnsummand(beta, alpha, -(In(qQ)*N-In(1/
(alpha*beta*g”™2)))/In(q), g”™N*beta*qg*x, q, k), qgq, k, S(n),
recursion = up);
In[ ! ]
oBg?

RE2 := ((an—i-zB_ 1) (qn—i-N+1_q In(q) ] (aq2n+2B_ 1) (qn+2B_ 1) S(n—|—2) (165)

ln[ 12] ln[ 12) ln[ 12]
N+4n+%+6 3 %+N+2n+4 , o, 3n+ 10(([2? +4
+qlog ! xp —aq xB —aqg ! B
1 1
In In
n (fﬁqzj e 3n+N+3 o2 [1(Xquj TN 3n+N+3
—0g n(q) B_(an B—Oﬁq n(q) XB_(an B
1 1 1
1 1 In
2n+—n[“ﬁq2) +3 2n+—n(aﬁq2) +2 2n+—[°‘5q2] +3
In(q) 2 In(q) 2 In(q) N+2n+2
+ a.q a B+ aq B+ aq B+ oaq B
1 1
In In
2n+M +2 n+M +1
+aq In(q) B+0Lq2n+N+l B+qN+2n+2B+q2n+N+l B_aq In(q) B
1 1
In In
[1an2] N nt [fﬁqzj + +N +N 2n+3
+q " xB-q " B—q""B—q""") (g " B—1)S(n+1)
1
ln(
anzj
+ n+1 n+1 n+1 n+ In(q) 2 N 2n+4
g (¢ —1) (g —1) (—og B+a)B(og" " B—1)S(n)
=0

> RE2 := simplify(RE2);
(166)




war | BN (@B s a6
1

+ _((_B(X(X—(x— 1) qN+2n+2+BOC(Oc+ 1) q2n+N+1 —BOLZ (B+ 1) q3n+N+3
(04

+O€2q4n+N+4B2X—OCB(OC+1)q2+3n+O((B+1)q2n+1—qN+2nBXO(—OC(B
+1) "N+ (mo—1) "' +a(B+1) g "+q" *x)S(n+1) (ag”" T B—1)q)
+ (og"" =1) (" =" B(ag®" " B—1)S(n)q"q(g"qg—1) =0

RE2 := (aqn+2B_ 1) (qn-i-N-H _

> “recursion/compare (RE1, RE2, S(n));
Recursions are NOT identical! (167)

[> RE3 := gsumrecursion(ghahnsummand(1/(g*q”~N), alpha*beta*q*g”N, In
(1/(alpha*q))/In(@), x, g, k), g, k, S(n), recursion = up);

1
o]
oq
RE3:= —(aq" B —1) (q““—q e ](ocq““B—l) (¢ =q") s(n+2) (168)
In L In L In L
4n+N+ I[O“‘] +6 3n+N+ (O‘QJ +5 N+2n+ l(“q] +4
— o' q n(q) XB — o q n(q) B —oq n(q) XB
In L In L In L
N l(n?‘qq)] N+2n+ En?qq)j N+2n+ [n‘(xq?) +3
o.q p—oaq p+oaq B+oaq B
1 1
Inf — In| —

N+2nt l[n?q(;] 2 3n+3 N+2n+3 2 l(n?q?j 3

—aq Xxp—oq "B+ aq B+oq §
1 1
Inf — Inf —

N+2n+2 2n+ lna?] +2 NN I(HO‘QJ 2n+2 2n+1 n+N+1

+ o B+ aq W B-oaq W B+ " g =g
1 1
I ) D )

—q In(q) +q In(q) X_qn (ocq2”+3[3—1)5(n+1)—|—q”(q”+1

lnL
_ [ n+ l(n((lqc;]—i_2 _ J 2n+4 o N+n+2 o _
I 1) lag B—1) (ag """ B—1) (g B—1)S(n)=0
[> RE3 := simplify(RE3);

RE3 := _((an—i-zB_ 1) (qn—i-l_

O%qj (g2 p—1) (""" —q") S(n+2) (169)

—L(stn+1) (=Bo(x—a—1) g " + Bo(a+1)d" 2" = po’ (B
o

+1) q3n+N+4+aqu+5+4nXB2—q2n+N+1XBOC+06([3+ 1) q2n+1+a(B

+1)q2n+2—0c[3(oc+1) q3”+3—oc([3+1)q”+N+1+q_1+NX— (oc—i-l)q”)

(g’ B=1))+ (Ba" ™' =1) (g™ B—1) (ag" " *B=1) S(n) (¢""""




—q') =0
> “recursion/compare”(RE1, RE3, S(n));

Recursions are identical. (170)
[> “recursion/compare™(RE2, RE3, S(h));
Recursions are NOT identical! (171)

> RE4 := gsumrecursion(ghahnsummand(alpha*beta*g*g”™N, 1/(g*g”™N), In
(1/(beta*q))/In(q), g™N*beta*gq*x, g, k), g, k, S(n), recursion =
up);

1
ln(—j
qp
RE4:= (0q" B —1) (Bag ™" ™" —1) (q”“—q e ](aq““ﬁ—l)s(nﬂ) 172)
1 1
In| — In| —
s [ 4n+N+ l[n?qﬁ)] +6 3n+N+ I[?qﬁ)] +5
+q (g " B—1) (o q xB —o'q B
1 1
In| — In| —
5 , N+2n+ [qﬁ] +4 N+2n+ [qBJ +4
o q3n+N+4B +a q hl(q) [_)) _aq ln(q) XB
In L In € In L
5 l(q[i] 5, N+2n+ qu] +3 N+2n+ l(q[i] +2
-0 q n(q) B+0ﬂq n(q B_aq n(q XB
In L In 1
N+2n+3 3n+3 2n+ l(qB] *+3 N+2n+2 N+ Eqﬁ] +2
+oq B—oag " B+aqg MY B+og B—oq "B
In i In 1
* l(n?qﬁ)]-i_ 2n+2 n+N-+1 2n+1 Nl l(n?qﬁ]
+aq p+oag "Pp—q po+g " Ppa—agq B
1 1
ln[aB] N n+m[<ﬂ3] 4

+q " xB-d S(n+1)+aq”+2(Q”+l—1)[aq " p—1) (q"

| =) B(ag"B—1)S(n)=0
> RE4 := simplify(RE4);
1

RE4:= (aq"?B—1) (Bag ™M —1) (q”“ — q_BJ (aq®""?B—1)S(n+2)+S(n (173)

+1) (—BOL(X—OL—I) qN+2n+3+Ba(a+l)qN+2n+2_Ba2(B+1)q3n+N+4
+(quN+5+4nXB2_q2n+N+lXB(X+(X(B+1)q2n+l+0(-([3+1)q2n+2_(1|3(0€
+1)q3”+3—0c([3+1)qn+N+1+q_l+Nx— (OC+1) qn)q ((qun+3B—1)

+o(ag™ =1) (" =q") B (ag®" " B—1)S(n)q"q* (q"q—1) =0
> “recursion/compare”(RE1, RE4, S(n));

Recursions are NOT identical! (174)
[> “recursion/compare™(RE2, RE4, S(nh));
Recursions are identical. 175)

> “recursion/compare (RE3, RE4, S(n));
Recursions are NOT identical! (176)




| Obtaining the relations
> ghahnsummand(alpha, beta, N, X, q, n);
gpochhammer(q~™", g, n) gpochhammer(a.pq"*', g, n) gpochhammer(x, g, n) q"
gpochhammer(a.q, g, n) gpochhammer(q~™", g, n) gpochhammer(q, g, n)

> denumh := ghahnsummand(alpha, beta, N, x, g, n)*(-1)”n*g”~binomial
(n, 2)/qpochhammer(x, q, n);

177)

2

gpochhammer(q ™", g, n) gpochhammer(a.fq" ', g, n) q”(——l)”q(:

denumh := mr a78)
gpochhammer(a. g, g, n) gpochhammer(q~", g, n) gpochhammer(q, g, n)
> simplify(ghahnsummand(beta, alpha, -(In(q)*N-In(1/(alpha*beta*
a"2)))/In(q) ., g*N*beta*gq*x, g, n));
gpochhammer(q™", g, n) gpochhammer(oaBq"*', g, n) gpochhammer(q' *x B, q,n) q" (179
N+2

gpochhammer (P g, g, n) gpochhammer(B o.q -, g, n) gpochhammer(q, g, n)

> numh2l := simplify(simplify(ghahnsummand(beta, alpha, -(In(gq)*N-

In(1/(alpha*beta*g”™2)))/In(q), g”™N*beta*qg*x, q, n))*(-1)"n*

beta™n*g™((1/2)*(2*N+n+1)*n)/gpochhammer (g™(1+N)*beta*x, g, n));
n(3+2N+n)

umhap i (=D"d ’ B" gpochhammer(q~", g, n) gpochhammer(a.pq" "', g, n) (180)
] gpochhammer (g, g, n) gpochhammer(B g, g, n) gpochhammer(Bo.q" *2 g, n)
[> Ch21 := simplify(numh21/denumh);
N n(l+N) —N
Ch21 := Ba gpochhammer(q™", g, n) qpochhannngggxq,q,n) (181)
gpochhammer(B g, g, n) gpochhammer(Ba.q -, q,n)

> simplify([seq(Ch21*add(qhahnsummand(alpha beta, N, X, q, J), J =

0 n), n = .- 1)-seq(add(ghahnsummand(beta, alpha —(In(q)*N—
In(l/(alpha*beta* ~2)))/In(q), g™N*beta*g*x, g, J), J = 0 .. n)
n_o = )])1

[0,(qpochhannner(;;,q,lj (gpochhammer(x, g, 1) B g

N-+2 1+N

— g gpochhammer(q """ xB,q, (182)

N

1)) qpochhannner(alqu,q,l) + gpochhammer(q, g, 1) (gpochhammer(q™", g,

1 +N

1) gpochhammer(a.q,q, 1) pg' *" — gpochhammer(B g, g, 1) gpochhammer (B o g™ 2, g,

1)))///(qpochhannner(Bq,q,1) gpochhammer(B o.q" 2 g, 1) gpochhammer(q, g, 1))

> NRE1 := gsumrecursion(Ch2l1*ghahnsummand(alpha, beta, N, x, q, k),
q, k, S(n), recursion = up);

NREL = (aq"™*B—1) (Bag "™ —1) (aq®"™p—1) (¢"*p—1) S(n+2) (183)
+QI3(0€CI2“+3B— 1) ((xqu+4n+6XB — qN+3n+5 BZ—OCZQNHHSB

N2 o xp—o " p+og B+ ag

N+2n+3B_Och+2n+2Xl3_|_aq2n+3B_an+n+2B

2n+3 N+n+2 2n+2 n+1

+ oq —oq + o —oq" " Hxg =q"")S(n+ 1) +ag" " ("
—1) (ad""' = 1) (¢"=a") B (aq’""*B—1) S(n)=0

N+2n+4 3n+4 N+2n+3 N+2n+4B

2
+ o q

—oq "B+ og + o’ "B



> “recursion/compare (NRE1, RE2, S(n));
Recursions are identical. (184)
[> simplify(ghahnsummand(1/(g*g~N), alpha*beta*q*g”N, In(1/(alpha*q)
)/In(@), x, g, n));
gpochhammer(q™", g, n) gpochhammer(oBq" ", g, n) gpochhammer(x, g, n) q"
gpochhammer(a.q, g, n) gpochhammer(q~™", g, n) gpochhammer(q, g, n)

> numh31 := simplify(ghahnsummand(1/(g*g”™N), alpha*beta*q*qg™N, In
(1/(alpha*qg))/In(q), X, g, nN))*(-D™n*gbinomial(n, 2)
/qpochhammer(x, q, n);

n+1

(185)

n
gpochhammer(q~™", g, n) gpochhammer(apq"*', g, n) q”(——l)”q(z)

numh31 := — (186)
gpochhammer( o g, g, n) gpochhammer(q™", g, n) gpochhammer(q, g, n)
[> Ch31 := numh31/denumh;
Ch3l = 1 (187)
;Big g-Jacobi and g-Hahn
> ghahnsummand(a, b, In(1/(c*q))/In(q), X, q, n);
gpochhammer(q™", g, n) gpochhammer(ab q" "', g, n) gpochhammer(x, g, n) q" (188)

")

gpochhammer(aqg, g, n) qpochhannner[q n(®) ,q,n] gpochhammer(q, g, n)
[> denumBH := ghahnsummand(a, b, In(1/(c*q))/In(qQ), X, g, n)*(-1)"n*
gbinomial(n, 2)/qpochhammer(x, q, n);

2

n
gpochhammer(q™", g, n) gpochhammer(abq"*', g, n) q”(-—l)”q(:

denumBH := ; (189)
[ (e ]
gpochhammer(a g, g, n) gpochhammer{ q n(@) , g, n ) gpochhammer(q, g, n)
> numBH := BJsummand(a, b, c, x, g, n)*(-1)"n*g~binomial(n, 2)
/gpochhammer(x, q, n);
n
JUMBH i gpochhammer(q ™", g, n) gpochhammer(abg"*',q,n) g" (—1)" q(2j (190)

gpochhammer(a g, g, n) gpochhammer(c g, g, n) gpochhammer(q, g, n)
> CBH := simplity(numBH/denumBH) ;
CBH =1 (191)

> Rbh := gsumrecursion(ghahnsummand(a, b, In(1/(c*q))/In(q), X, Q,
). a, j, S(n), recursion = up);

1
"(5q)
Rbh:= —(q""a—1) ("' —=q "@ ) (¢""*ab—1) (q""*ab—1) S(n+2) (192)
In nE In L In n
n+—(cq)+6 3n+_[cq]+5 3n+ (Cq)—i-s
(q2n+3ab 1) q In(q) asz —q In(q) az b2—q In(q) a2b




—1)(q""'b=1) (¢°""ab—1) S(n) =0
> “recursion/compare (RB1, simplify(Rbh), S(n));

Recursions are identical. (193)
I|fy([seq(add(qhahnsummand(a b, In(l/(c*q))/ln(q), X, (, ,
O .- n), n =0 .. 5)- seq(add(BJsummand(a b, c, X, q, J), J =

- M, n=0..51D;

sim

J =

0

[0,0,0,0,0,0] (194)

;q—Hahn to Big g-Jacobi

> ghahnsummand(alpha, beta, N, X, q, n);

gpochhammer(q ™", g, n) gpochhammer(c:B """, g, n) gpochhammer(x, g, n) g
gpochhammer(o.q, g, n) gpochhammer(q ™", g, n) gpochhammer(q, g, n)

> numHB := ghahnsummand(alpha, beta, N, x, g, n)*(-1)”n*g”~binomial
(n, 2)/qpochhammer(x, q, n);

n

(195)

gpochhammer(q™", g, n) gpochhammer(a.pq" "', q,n) q”(——l)"q(z)

NUMHB := mr (196)
gpochhammer(a. g, g, n) gpochhammer(q~", g, n) gpochhammer(q, g, n)
> BJsummand(alpha, beta, g~(-N-1), X, q, n);
gpochhammer(q~™", g, n) gpochhammer(opq"*', g, n) gpochhammer(x, g, n) q"
1N 197)
gpochhammer( o g, g, n) gpochhammer( g d, g, n) gpochhammer(q, g, n)
[> denumHB := BJsummand(alpha, beta, g~(-N-1), x, g, n)*(-1)"n*
g~binomial(n, 2)/gpochhammer(x, g, n);
n
. gpochhammer(q™", g, n) gpochhammer(a.fq" "', q,n) q”(——l)”q[g
denumHB := S (198)

gpochhammer(c. g, g, n) gpochhammer (g
[> CHB := simplify(numHB/denumHB);
CHB :=1 (199)

B RBH := gsumrecursion(BJsummand(alpha, beta, g~"(-N-1), x, d, J),
d, J, S(n), recursion = up);
RBH := (aq" B —1) (=¢""" +3") (ag" ™ =1) (aq"*p—1) S(n+2) (200)
_ (aq2”+3B— 1) ((xqu+4n+6XB aqu+3n+5 BZ—OcquHnHB-i-Och
_(qu+2n+4XB (X q N+2n+3 N+2n+4

N+2n+3 N+2n+2
n B_aq n

g, g, n) gpochhammer(q, g, n)

N+2n+4B

3n+4 3n+4B

B+aq B—oaq

B+ aq2n+2

B+ oq

2n+3 N-+n+2
n B_aq n

+ ouq XB+ aq B+ oqg "t



V V. V

_an+n+2+aq2n+2 OCqn+1 qu—q"“)S(n+1)+ocq”+1(q”“

—1) (aq" ™ B—1) (ag" " B—1) (Bg""' = 1) S(n) =0

“recursion/compare (RE1l, simplify(RBH), S(n));
Recursions are identical. (201)
simplify([seq(add(ghahnsummand(alpha, beta, N, x, q, jJ), J =0
n), n =0 .. 5)- seq(add(BJsummand(alpha beta qA( N-1), X, d,
). 31=0..n), - 9)DD:;
[0,0,0,0,0,0] (202)



