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restart; 
read "hsum17.mpl";

Package "Hypergeometric Summation", Maple V - Maple 17
Copyright 1998-2013, Wolfram Koepf, University of Kassel

Digits:=100:
 

The first procedure for the classical orthogonal polynomials of a 
continuous and discrete variable

Mixedrec:=proc(F,k,Sn,shift0,alpha,shift1,beta,shift2)
local n,S,bb,sigma,rat,p,q,r,upd,deg,f,i,j,jj,l,var,req,sol,num,
den,J,a; 
if type(Sn,function) then S:=op(0,Sn); n:=op(1,Sn) else n:=Sn end
if;
  a:=subs({n=n-shift0, alpha=alpha+shift1,beta=beta+shift2},F)-
sigma[1]*F-sigma[2]*subs(n=n-1,F);
  rat:=ratio(a,k);
  if not type(rat,ratpoly(anything,k)) then
    error `Algorithm not applicable`
  end if;
  p:=1: q:=subs(k=k-1,numer(rat)): r:=subs(k=k-1,denom(rat)):
  upd:=update(p,q,r,k);
  p:=op(1,upd): q:=op(2,upd): r:=op(3,upd):
  deg:=degreebound(p,q,r,k);
  if deg>=0 then
    f:=add(bb[j]*k^j,j=0..deg);
    var:={seq(sigma[jj],jj=1..2),seq(bb[jj],jj=0..deg)};
    req:=collect(subs(k=k+1,q)*f-r*subs(k=k-1,f)-p,k);
    sol:={solve({coeffs(req,k)},var)};
    if not(sol={} or {seq(op(2,op(l,op(1,sol))),l=1..nops(op(1,
sol)))}={0}) then
      req:=sigma[1]*S(n,alpha,beta)+sigma[2]*S(n-1,alpha,beta);
      req:=subs(op(1,sol),req);
      return subs(op(1,sol),S(n-shift0,alpha+shift1,beta+shift2))
=map(factor,req);
    end if;
  end if;
error cat(`Algorithm fails`);
end:

the Laguerre polynomials
Laguerre :=  (n, alpha, x) -> pochhammer(alpha+1, n)/n!*add
(hyperterm([-n],[alpha+1],x,k), k = 0 .. n);

FLag:=pochhammer(alpha+1, n)/n!*(hyperterm([-n],[alpha+1],x,k))
;
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The weight function  
rhoLaguerre:=(alpha)->exp(-x)*x^alpha

cLag:=simplify(rhoLaguerre(alpha+s)/rhoLaguerre(alpha))

The mixed recurrence equation for m=3, k=6 (equation (6) of the manuscript)
recLag:=Mixedrec(FLag,k,L(n),3,alpha,6,0,0):
recLag1:=denom(rhs(recLag))*lhs(recLag)  =collect(numer(rhs
(recLag)),[L(n, alpha, 0),L(n-1, alpha, 0),x],factor)

The polynomial coefficient of 
GLag[3,6]:=op([2,2],recLag1)/L(n-1, alpha, 0)

The bound (7) of the manuscript which is accurate  for x_{n,1}
bound81:=(-coeff(GLag[3,6],x,1)/(2*coeff(GLag[3,6],x,2))-sqrt((
(coeff(GLag[3,6],x,1)^2-4*coeff(GLag[3,6],x,0)*coeff(GLag[3,6],
x,2))))/(2*coeff(GLag[3,6],x,2)))

The mixed recurrence equation for m=4, k=0
recLag2:=Mixedrec(FLag,k,L(n),4,alpha,0,0,0)
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recLag21:=denom(rhs(recLag2))*lhs(recLag2)  =collect(numer(rhs
(recLag2)),[L(n, alpha, 0),L(n-1, alpha, 0),x],factor)

The polynomial  (9) of the manuscript whose largest zero is a lower bound for x_{n,n}
EQ7:=op([2,2],recLag21)/L(n-1, alpha, 0)

The mixed recurrence equation for m=4, k=8
recLag3:=Mixedrec(FLag,k,L(n),4,alpha,8,0,0):
recLag31:=denom(rhs(recLag3))*lhs(recLag3)  =collect(numer(rhs
(recLag3)),[L(n, alpha, 0),L(n-1, alpha, 0),x],factor)

The polynomial  (8) whose smallest  zero is an upper bound for x_{n,1}
EQ48:=op([2,2],recLag31)/L(n-1, alpha, 0)

The mixed recurrence equation for m=7, k=0
recLag4:=Mixedrec(FLag,k,L(n),7,alpha,0,0,0):
recLag41:=denom(rhs(recLag4))*lhs(recLag4)  =collect(numer(rhs
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(recLag4)),[L(n, alpha, 0),L(n-1, alpha, 0),x],factor)

The polynomial  whose largest zero is a lower bound for x_{n,n}
EQ71:=op([2,2],recLag41)/L(n-1, alpha, 0)

Comparison between the bounds and the extreme zeros
xnlag0:= sort([solve(expand(Laguerre(10, -0.5, x)),x)]):
extzerolag:=evalf[15]([min(xnlag0),max(xnlag0)])
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lag48:=unapply(EQ48,[n,alpha,x]):
evalf[15](min([solve(lag48(10,-0.5,x),x)]))

0.0601920633241655
lag36:=unapply(bound81,[n,alpha]):
evalf[15](lag36(10,-0.5))

0.060192894387140
boundGupta:=(n,alpha)->(alpha+1)*(alpha+2)*(alpha+4)*(2*n+
alpha+1)/((alpha+1)^2*(alpha+2)+(5*alpha+11)*n*(n+alpha+1) )

evalf[15](boundGupta(10, -0.5))
0.0602687946241075

lag40:=unapply(EQ7,[n,alpha,x]):
evalf[15](max([solve(lag40(10,-0.5,x),x)]))

28.4690066850468
lag70:=unapply(EQ71,[n,alpha,x]):
evalf[15](max([solve(lag70(10,-0.5,x),x)]))

29.0247866350679

the Jacobi polynomials

Jacobi := (n, alpha, beta, x) -> pochhammer(alpha+1, n)/n!*add
(hyperterm([-n,n+alpha+beta+1],[alpha+1],(1-x)/2,k), k = 0 .. 
n);

FJac:=pochhammer(alpha+1, n)/n!*(hyperterm([-n,n+alpha+beta+1],
[alpha+1],(1-x)/2,k))

The weight function  
rhoJacobi:=(alpha,beta)->(1-x)^alpha*(1+x)^beta

cJac:=simplify(rhoJacobi(alpha+s,beta+t)/rhoJacobi(alpha,beta))

The mixed recurrence equation involving  
recJac1:=Mixedrec(FJac,k,L(n),3,alpha,0,beta,6):
recJac11:=denom(rhs(recJac1))*lhs(recJac1)  =collect(numer(rhs
(recJac1)),[L(n, alpha, beta),L(n-1, alpha, beta),x],factor)
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GJac[3,0,6]:=simplify(op([2,2],recJac11)/L(n-1, alpha, beta)/(
(16*(beta+3))*(beta+n))):
bound1Jac:=(-coeff(GJac[3,0,6],x,1)-sqrt(((coeff(GJac[3,0,6],x,
1)^2-4*coeff(GJac[3,0,6],x,0)*coeff(GJac[3,0,6],x,2)))))/(2*
coeff(GJac[3,0,6],x,2))
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The mixed recurrence equation involving 
recJac2:=Mixedrec(FJac,k,L(n),3,alpha,6,beta,0):
recJac21:=denom(rhs(recJac2))*lhs(recJac2)  =collect(numer(rhs
(recJac2)),[L(n, alpha, beta),L(n-1, alpha, beta),x],factor)
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Gjac[3,6,0]:=simplify(op([2,2],recJac21)/L(n-1, alpha, beta)/(
(16*(alpha+3))*(alpha+n))):
bound2Jac:=(-coeff(Gjac[3,6,0],x,1)+sqrt(((coeff(Gjac[3,6,0],x,
1)^2-4*coeff(Gjac[3,6,0],x,0)*coeff(Gjac[3,6,0],x,2)))))/(2*
coeff(Gjac[3,6,0],x,2))
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Comparison between the bounds and the extreme zeros
xnJac0:= sort([solve(expand(Jacobi(12, 30.9,-0.8, x)),x)]):
extzerolag:=evalf[15]([min(xnJac0),max(xnJac0)])

Jac306:=unapply(bound1Jac,[n,alpha,beta]):
evalf[15](Jac306(12,30.9,-0.8))

Jac360:=unapply(bound2Jac,[n,alpha,beta]):
evalf[15](Jac360(12,30.9,-0.8))

0.108318796166866

the Gegenbauer polynomials
Gegenbauer :=(n, alpha, x) ->  pochhammer(alpha, n)*2^n*x^n/n!*
add(hyperterm([-n/2,-n/2+1/2],[-n-alpha+1],1/x^2,k), k = 0 .. 
n);

FGe:=pochhammer(alpha, n)*2^n*x^n/n!*(hyperterm([-n/2,-
n/2+1/2],[-n-alpha+1],1/x^2,k));

The weight function
rhoGegenbauer:=(lambda)->(1-x^2)^(lambda-1/2)

cGegen:=simplify(rhoGegenbauer(lambda+s)/rhoGegenbauer(lambda))

Mixed recurrence equation involving   giving a lower bound of x_(n,n): The 
zeros are symetric about the origin when n is odd
recGeg1:=Mixedrec(FGe,k,L(n),6,alpha,6,0,0):
recGeg11:=denom(rhs(recGeg1))*lhs(recGeg1)  =collect(numer(rhs
(recGeg1)),[L(n, alpha, 0),L(n-1, alpha, 0),x],factor)
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GGegen[5]:=collect(op([2,2],recGeg11)/L(n-1, alpha, 0)/((2*
alpha+5)*(n+2*alpha-1)*x),[x,alpha],factor):
boundGegen:=sqrt((-coeff(GGegen[5],x,2)+sqrt(((coeff(GGegen[5],
x,2)^2-4*coeff(GGegen[5],x,0)*coeff(GGegen[5],x,4)))))/(2*coeff
(GGegen[5],x,4)))

Comparison between the bounds and the extreme zeros
xngeg0:= sort([solve(expand(Gegenbauer(51, 30.9, x)),x)]):
xngeg1:=evalf[15](xngeg0):
extzerogeg:=[min(op(xngeg1)),max(op(xngeg1))]

gegen66:=unapply(boundGegen,[n,alpha]):
evalf[15](gegen66(51,30.9))

0.889358028044289
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the Hermite polynomials
Hermitep := (n, x) -> 2^n*x^n*add(hyperterm([-n/2,-n/2+1/2],[],
-1/x^2,k), k = 0 .. n) ;

FHerm:=2^n*x^n*(hyperterm([-n/2,-n/2+1/2],[],-1/x^2,k)) ;

Mixed recurrence equation for m=6
recHerm1:=Mixedrec(FHerm,k,L(n),6,0,0,0,0):
recHerm11:=denom(rhs(recHerm1))*lhs(recHerm1)  =collect(numer
(rhs(recHerm1)),[L(n, 0, 0),L(n-1, 0, 0),x],factor)

GHerm[6]:=op([2,2],recHerm11)/L(n-1, 0, 0)/x

boundHerm:=sqrt((-coeff(GHerm[6],x,2)+sqrt(((coeff(GHerm[6],x,
2)^2-4*coeff(GHerm[6],x,0)*coeff(GHerm[6],x,4)))))/(2*coeff
(GHerm[6],x,4)))

Comparison between the bounds and the extreme zeros
xnHer0:= sort([solve(expand(Hermitep(50,x)),x)]):
extzeroHerm:=evalf[15]([min(xnHer0),max(xnHer0)])

Herm:=unapply(boundHerm,n):
evalf[15](Herm(50))

8.44214005143300

the Bessel polynomials
Bessel :=  (n, alpha, x) -> add(hyperterm([-n,n+alpha+1],[],-
x/2,k), k = 0 .. n) ;

FBess:=hyperterm([-n,n+alpha+1],[],-x/2,k)
The weight function
rhoBessel:=alpha->x^alpha*exp(-2/x)
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cBess:=simplify(rhoBessel(alpha+s)/rhoBessel(alpha))

Mixed recurrence equation for m=3, k=0  giving a lower bound of x_(n,n)
recBess1:=Mixedrec(FBess,k,L(n),3,alpha,0,0,0):
recBess11:=denom(rhs(recBess1))*lhs(recBess1)  =collect(numer
(rhs(recBess1)),[L(n, alpha, 0),L(n-1, alpha, 0),x],factor)

GBess[3,0]:=simplify(op([2,2],recBess11)/L(n-1, alpha, 0)/(2*
n-2+alpha)):
boundBess1:=-coeff(GBess[3,0],x,1)/(2*coeff(GBess[3,0],x,2))+
sqrt(((coeff(GBess[3,0],x,1)^2-4*coeff(GBess[3,0],x,0)*coeff
(GBess[3,0],x,2))))/(2*coeff(GBess[3,0],x,2))

Mixed recurrence equation for m=3, k=6  giving an upper bound of x_(n,1)
recBess2:=Mixedrec(FBess,k,L(n),3,alpha,6,0,0):
recBess21:=denom(rhs(recBess2))*lhs(recBess2)  =collect(numer
(rhs(recBess2)),[L(n, alpha, 0),L(n-1, alpha, 0),x],factor)

GBess[3,6]:=(op([2,2],recBess21)/L(n-1, alpha, 0))

boundBess2:=(-coeff(GBess[3,6],x,1)-sqrt(((coeff(GBess[3,6],x,
1)^2-4*coeff(GBess[3,6],x,0)*coeff(GBess[3,6],x,2)))))/(2*coeff
(GBess[3,6],x,2))
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Comparison between the bounds and the extreme zeros
xnBes0:= sort([solve(simpcomb(Bessel(10,-305,x)),x)]):
extzeroHerm:=evalf[15]([min(xnBes0),max(xnBes0)])

Bess1:=unapply(boundBess1,[n,alpha]):
evalf[15](Bess1(10,-305))

0.00866036554136563
Bess2:=unapply(boundBess2,[n,alpha]):
evalf[15](Bess2(10,-305))

0.00565992674042895

the Hahn polynomials
Hahn:=(n,x,alpha,beta,N)->add(hyperterm([-n,-x,n+1+alpha+beta],
[alpha+1,-N],1,m),m=0..n);

FHahn:=(hyperterm([-n,-x,n+1+alpha+beta],[alpha+1,-N],1,k));
The weight function
rhoHahn:=(alpha,beta)->binomial(alpha+x,x)*binomial(beta+N-x,N-
x)

cHahn:=pochhammer(alpha+x+1,s)/pochhammer(alpha+1,s)*pochhammer
(beta+N-x+1,t)/pochhammer(beta+1,t);

simplify(rhoHahn(alpha+s,beta+t)/rhoHahn(alpha,beta)-cHahn)
0

Mixed recurrence equation involving  giving a lower bound of x_(n,n)
recHahn1:=Mixedrec(FHahn,k,L(n),3,alpha,0,beta,6):
recHahn11:=denom(rhs(recHahn1))*lhs(recHahn1)  =collect(numer
(rhs(recHahn1)),[L(n, alpha, beta),L(n-1, alpha, beta),x],
factor):
GHahn[3,0,6]:=collect(op([2,2],recHahn11)/L(n-1, alpha, beta)/(
(beta+n)*(n+1+N+alpha+beta)),[x,n],factor):
boundHahn1:=(-coeff(GHahn[3,0,6],x,1)+sqrt(((coeff(GHahn[3,0,
6],x,1)^2-4*coeff(GHahn[3,0,6],x,0)*coeff(GHahn[3,0,6],x,2)))))
/(2*coeff(GHahn[3,0,6],x,2)):

Mixed recurrence equation for ( )  giving an upper bound of x_(n,1)
recHahn2:=Mixedrec(FHahn,k,L(n),3,alpha,6,beta,0):

Warning,  computation interrupted
recHahn21:=denom(rhs(recHahn2))*lhs(recHahn2)  =collect(numer
(rhs(recHahn2)),[L(n, alpha, beta),L(n-1, alpha, beta),x],
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factor)
Comparison between the bounds and the extreme zeros
xnHahn0:= sort([solve(simpcomb(Hahn(5,x,200,2,30)),x)]):
xnHahn1:=evalf[15](xnHahn0):
extzeroHahn:=[min(op(xnHahn1)),max(op(xnHahn1))]

Hahn306:=unapply(boundHahn1,[n,alpha,beta,N]):
evalf[15](Hahn306(5,200,2,30) )

28.4168327719773
Hahn360:=unapply(recHahn21,[n,alpha,beta,N]):
evalf[15](Hahn306(5,200,2,30) )

the Meixner polynomials
Meixner:=(n,x,gamma,mu)->add(hyperterm([-n,-x],[gamma],1-1/mu,
m),m=0..n );

FMeix:=(hyperterm([-n,-x],[gamma],1-1/mu,k) )
The weight function
rhoMeix:=(beta,c)->pochhammer(beta,x)*c^x/x!

cMeix:=pochhammer(beta+x,s)/pochhammer(beta,s)

simpcomb(rhoMeix(beta+s,c)/rhoMeix(beta,c)- cMeix)
0

Mixed recurrence equation involving    giving a lower bound of x_(n,n)
recMeix1:=Mixedrec(FMeix,k,M(n),3,gamma,0,mu,0):
recMeix11:=denom(rhs(recMeix1))*lhs(recMeix1)  =collect(numer
(rhs(recMeix1)),[M(n, gamma, mu),M(n-1, gamma, mu),x],factor)

GMeix[3,0,0]:=op([2,2],recMeix11)/M(n-1, gamma, mu)
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boundMeix1:=-coeff(GMeix[3,0,0],x,1)/(2*coeff(GMeix[3,0,0],x,2)
)+sqrt(((coeff(GMeix[3,0,0],x,1)^2-4*coeff(GMeix[3,0,0],x,0)*
coeff(GMeix[3,0,0],x,2))))/(2*coeff(GMeix[3,0,0],x,2))

Mixed recurrence equation involving   giving an upper bound of x_(n,1)
recMeix2:=Mixedrec(FMeix,k,M(n),3,gamma,6,mu,0):
recMeix21:=denom(rhs(recMeix2))*lhs(recMeix2)  =collect(numer
(rhs(recMeix2)),[M(n, gamma, mu),M(n-1, gamma, mu),x],factor):
GMeix[3,6]:= collect(op([2,2],recMeix21)/M(n-1, gamma, mu)/
(gamma*(gamma+5)*(gamma+4)*(gamma+3)*(gamma+2)*(gamma+1)),x,
factor)

boundMeix2:=(-coeff(GMeix[3,6],x,1)-sqrt(((coeff(GMeix[3,6],x,
1)^2-4*coeff(GMeix[3,6],x,0)*coeff(GMeix[3,6],x,2)))))/(2*coeff
(GMeix[3,6],x,2))



(1.2)(1.2)

(2.7)(2.7)

(7.9)(7.9)

(2.6)(2.6)

> > 

(3.4)(3.4)

(1.8)(1.8)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

> > 

(1.15)(1.15)

(2.5)(2.5)

(7.7)(7.7)

> > 



> > 

(7.11)(7.11)

(1.2)(1.2)

(2.7)(2.7)

(8.6)(8.6)

(7.10)(7.10)

> > 

(2.6)(2.6)

(3.4)(3.4)

> > 

> > 

> > 

> > 

> > 

> > 

(8.4)(8.4)

(8.5)(8.5)

(7.9)(7.9)

> > 

(1.8)(1.8)

> > 

> > 

(8.3)(8.3)

> > 

> > 

(8.2)(8.2)

(5.3)(5.3)

(1.13)(1.13)

> > 
> > 

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(7.7)(7.7)

> > 

(7.12)(7.12)

> > 

(8.1)(8.1)

Comparison between the bounds and the extreme zeros
xnMeix0:= sort([solve(simpcomb(Meixner(10,x,0.09,0.99)),x)]):
extzeroMeix:=evalf[15]([min(xnMeix0),max(xnMeix0)])

Meix300:=unapply(boundMeix1 ,[n,gamma,mu]):
evalf[15](Meix300(10,0.09,0.99) )

2555.23118013068
Meix360:=unapply(boundMeix2 ,[n,gamma,mu]):
evalf[15](Meix360(10,0.09,0.99) )

0.886768650875350

the Charlier polynomials
Charlier:=(n,x,alpha)->add(hyperterm([-n,-x],[],-1/alpha,k) ,k=
0..n );

FChar:=(hyperterm([-n,-x],[],-1/alpha,k));

The weight function
rhoCharlier:=alpha->alpha^x/x!

cCharlier:=simplify(rhoCharlier(alpha+s)/rhoCharlier(alpha))

cCharlier is not  a polynomial of the variable x. Therefore Theorem 1 can not be applied. We can 
only use Equation (2)

Mixed recurrence equation for m=3, k=0
recChar:=Mixedrec(FChar,k,S(n),3,alpha,0,0,0):
recChar1:=denom(rhs(recChar))*lhs(recChar)  =collect(numer(rhs
(recChar)),[S(n, alpha, 0),S(n-1, alpha, 0),x],factor)

GChar[3,0,0]:=op([2,2],recChar1)/S(n-1, alpha, 0)



(1.2)(1.2)

(2.7)(2.7)

(2.6)(2.6)

(3.4)(3.4)

(9.4)(9.4)

> > 

> > 

(8.9)(8.9)

> > 

(9.1)(9.1)

(8.7)(8.7)

> > 

> > 

> > 

> > 

(9.5)(9.5)

(8.8)(8.8)

(9.3)(9.3)

(7.9)(7.9)

> > 

(1.8)(1.8)

> > 

> > 

(9.2)(9.2)

> > 

(5.3)(5.3)

> > 

(1.13)(1.13)

> > 

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(7.7)(7.7)

> > 

> > 

boundChar:=[solve(GChar[3,0,0],x)]

Comparison of the bounds and the extreme zeros
xnChar:= sort([solve(simpcomb(Charlier(20,x,0.5)),x)]):
extzeroChar:=evalf[15]([min(xnChar),max(xnChar)])

Char300:=unapply(boundChar ,[n,alpha]):
sort(evalf[15](Char300(20,0.5) ))

the Krawtchouk polynomials
Krawtchouk:=(n,x,p,N)->add(hyperterm([-n,-x],[-N],1/p,k)  ,k=0.
.n );

FKrawt:=(hyperterm([-n,-x],[-N],1/p,k));

For this polynomial family, 0<p<1 and 0<= x<=N, so we cannot do a shift on p or N. Theorem 1 is 
therefore not applicable and we use only Equation (2).
recKraw:=Mixedrec(FKrawt,k,M(n),3,p,0,N,0):
recKraw1:=denom(rhs(recKraw))*lhs(recKraw)  =collect(numer(rhs
(recKraw)),[M(n, p, N),M(n-1, p, N),x],factor)

GKraw[3,0,0]:=op([2,2],recKraw1)/M(n-1, p, N)

boundKraw:=[solve(GKraw[3,0,0],x)]



(1.2)(1.2)

(2.7)(2.7)

> > 

(2.6)(2.6)

> > 

(3.4)(3.4)

(2)(2)

(9.6)(9.6)

(8.7)(8.7)

> > 

> > 

> > 

> > 

(9.5)(9.5)

(7.9)(7.9)

> > 

(1.8)(1.8)

> > 

> > 

(9.7)(9.7)

(5.3)(5.3)

(1.13)(1.13)

> > 

(2.4)(2.4)

> > 

> > 

(1.15)(1.15)

(2.5)(2.5)

(7.7)(7.7)

> > 

Comparison of the bounds and the extreme zeros
xnKraw:= sort([solve(simpcomb(Krawtchouk(25,x,0.5,40)),x)]):
extzeroKraw:=evalf[15]([min(xnKraw),max(xnKraw)])

Kraw300:=unapply(boundKraw ,[n,p,N]):
sort(evalf[15](Kraw300(25,0.5,40) ))

read `qsum17.mpl`:
Package "q-Hypergeometric Summation", Maple V-17

Copyright 1998-2013, Harald Boeing & Wolfram Koepf, University of Kassel

The second procedure for the classical q-orthogonal polynomials
_qsum_local_specialsolution:= false:
qMixRec:=proc(F,q,k,Sn,shift0,alpha,shift1,beta,shift2)

local zeit,pp,qq,rr,Rat,evalS,z,lo,hi,sigma,sigmasol,
Poly,K,j,J,\

PQR,f,rec,S,n;
   zeit:= time();        
     lo:=1; hi:=5;
     S:=op(0,Sn); n:=op(1,Sn); 

sigmasol:= NULL;
for J from 1 to hi while (sigmasol = NULL) do

        Poly:=qsimpcomb(subs({n=n-shift0, alpha=alpha*q^shift1,
beta=beta*q^shift2},F)-add(sigma[j]*subs(n=n-j,F),j=0..J));

Rat:= `power/subs`({q^k=K,q^n=N,q^(-n)=1/N},
qratio(Poly,k));

if has(Rat,{k,qpochhammer}) then
ERROR(`Algorithm not applicable.`);

fi;
if (J < lo) then next; fi;

        pp:=1: qq:=numer(Rat): rr:=denom(Rat):
PQR:= `qgosper/update`(pp,qq,rr,q,K);
f:= `qgosper/findf`(op(PQR),q,K,[seq(sigma

[j],j=0..J)],'sigmasol');
od;
if (sigmasol = NULL) then

                ERROR(cat(`Found no q-derivative rule of order 
smaller than `,J,`.`));

fi;
rec:= subs(sigmasol, add(sigma[j]*S(n-j,alpha,beta), j=



> > 

(1.2)(1.2)

(2.7)(2.7)

> > 

(2.6)(2.6)

(10.4)(10.4)

> > 

(3.4)(3.4)

> > 

(10.6)(10.6)

> > 

(8.7)(8.7)

> > 

> > 

> > 

(9.5)(9.5)

> > 

(10.5)(10.5)

(7.9)(7.9)

> > 

(1.8)(1.8)

(10.7)(10.7)

(10.2)(10.2)

> > 
(5.3)(5.3)

(1.13)(1.13)

> > 

(2.4)(2.4)

(10.1)(10.1)

> > 

(1.15)(1.15)

(2.5)(2.5)

> > 

(7.7)(7.7)

(10.3)(10.3)

> > 

> > 

0..J-1));
    rec:=combine(map(factor, subs({N=q^n,K=q^k},rec)),power);

if (_qsum_profile) then
printf(`CPU-time: %.1f seconds`, time()-zeit);

fi;
RETURN(S(n-shift0,alpha*q^shift1,beta*q^shift2)=rec);

end:

the big q-Jacobi polynomials
bqj:=(n,alpha,beta,gamma,x,q)->add(qphihyperterm([q^(-n),alpha*
beta*q^(n+1),x],[alpha*q,gamma*q],q,q,k),k=0..n);

Fbqj:=(qphihyperterm([q^(-n),alpha*beta*q^(n+1),x],[alpha*q,
gamma*q],q,q,k));

The weight function
rhoBQJ:=(alpha,beta,gamma)->qpochhammer(x/alpha,q,infinity)*
qpochhammer(x/gamma,q,infinity)/qpochhammer(x,q,infinity)
/qpochhammer(beta*x/gamma,q,infinity)

cBQJ:=(s,t)->rhoBQJ(alpha*q^s,beta*q^t,gamma)/rhoBQJ(alpha,
beta,gamma)

cBQJ1:=(s,t)->qpochhammer(x/(alpha*q^s), q, s)*qpochhammer
(beta*x/gamma, q, t)

qsimpcomb([seq(seq(cBQJ1(s,t)-qsimpcomb(cBQJ(s,t)),s=0..5),t=0.
.5)])

Mixed recurrence equation involving    giving an upper bound of x_(n,1)
recBQJ1:=qMixRec(Fbqj,q,k,S(n),2,alpha,0,beta,4):
recBQJ11:=denom(rhs(recBQJ1))*lhs(recBQJ1)  =collect(numer(rhs
(recBQJ1)),[S(n, alpha, beta),S(n-1, alpha, beta),x],qsimpcomb)
:
boundBQJ1:=combine((solve(op([2,2],recBQJ11)/S(n-1, alpha, 
beta),x)),power)



(1.2)(1.2)

(2.7)(2.7)

(2.6)(2.6)

> > 

(3.4)(3.4)

(8.7)(8.7)

> > 

> > 

(9.5)(9.5)

(7.9)(7.9)

> > 

(1.8)(1.8)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(7.7)(7.7)

> > 



(1.2)(1.2)

(2.7)(2.7)

(2.6)(2.6)

> > 

(3.4)(3.4)

(8.7)(8.7)

> > 

> > 

> > 

(9.5)(9.5)

(7.9)(7.9)

> > 

> > 

(1.8)(1.8)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

Mixed recurrence equation involving  giving a lower bound of x_(n,n)
recBQJ2:=qMixRec(Fbqj,q,k,S(n),2,alpha,4,beta,0):
recBQJ21:=denom(rhs(recBQJ2))*lhs(recBQJ2)  =collect(numer(rhs
(recBQJ2)),[S(n, alpha, beta),S(n-1, alpha, beta),x],qsimpcomb)
:
boundBQJ2:=combine(solve(op([2,2],recBQJ21),x),power)



(10.11)(10.11)

(1.2)(1.2)

(2.7)(2.7)

(2.6)(2.6)

> > 

(3.4)(3.4)

> > 

> > 

(10.10)(10.10)

(10.9)(10.9)

(8.7)(8.7)

> > 

> > 

> > 

> > 

(9.5)(9.5)

(7.9)(7.9)

> > 

> > 

(1.8)(1.8)

(11.1)(11.1)

(10.7)(10.7)

> > 

> > 

> > 

> > 

(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 

Comparison between the bounds and the extreme zeros
xnbqj:= sort([solve(expand(bqj(25,0.1,0.2,-0.05,x,0.99)),x)]):
xnbqj1:=evalf[15](xnbqj):
extzerobqj:=[min(op(xnbqj1)),max(op(xnbqj1))]

Bqj204:=unapply(boundBQJ1,[n,alpha,beta,gamma,q]):
evalf[15](Bqj204(25,0.1,0.2,-0.05,0.99))

0.0197659017069492
Bqj240:=unapply(boundBQJ2,[n,alpha,beta,gamma,q]):
evalf[15](Bqj240(25,0.1,0.2,-0.05,0.99))

0.0855694053208267

the q-Hahn  polynomials
QH:=(n,alpha,beta,N,x,q)->add(qphihyperterm([q^(-n),alpha*beta*
q^(n+1),x],[alpha*q,q^(-N)],q,q,k),k=0..n);

Fqh:=(qphihyperterm([q^(-n),alpha*beta*q^(n+1),x],[alpha*q,q^(-
NN)],q,q,k));

The weight function



(1.2)(1.2)

(2.7)(2.7)

(2.6)(2.6)

> > 

(3.4)(3.4)

> > 

(11.3)(11.3)

> > 

(11.5)(11.5)

(11.4)(11.4)

(8.7)(8.7)

> > 

(11.6)(11.6)

> > 

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

> > 

(11.2)(11.2)

(1.8)(1.8)

(10.7)(10.7)

> > 

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

x in QH is q^{-x} in the weight function
rhoQH:=(alpha,beta,N)->qpochhammer(alpha*q,q,x)*qpochhammer(q^
(-N),q,x)/qpochhammer(q,q,x)/qpochhammer(1/beta/q^N,q,x)*
(alpha*beta*q)^(-x)

cQH:=(s,t)->(qpochhammer(alpha*q*q^x,q,s)/qpochhammer(alpha*q,
q,s))*qpochhammer(1/(beta*q^N)*q^(x-t),q,t)/qpochhammer(1/
(beta*q^N)/q^t,q,t)*1/(q^(s*x)*q^(t*x))

qsimplify(rhoQH(alpha*q^s,beta*q^t,N)/rhoQH(alpha,beta,N)-cQH
(s,t))

0
cQH is a polynomial of degree s+t of the variable q^(-x). For example
qsimpcomb(cQH(2,3))

Mixed recurrence equation involving    giving a lower bound of x_(n,n)
recQH1:=subs(NN=N,qMixRec(Fqh,q,k,S(n),2,alpha,0,beta,4)):
recQH11:=denom(rhs(recQH1))*lhs(recQH1)  =collect(numer(rhs
(recQH1)),[S(n, alpha, beta),S(n-1, alpha, beta),x],qsimpcomb):
boundQH1:=combine((solve(op([2,2],recQH11)/S(n-1, alpha, beta),
x)),power)



(1.2)(1.2)

(2.7)(2.7)

(2.6)(2.6)

> > 

(3.4)(3.4)

(8.7)(8.7)

> > 

(11.6)(11.6)

> > 

(9.5)(9.5)

(7.9)(7.9)

> > 

(1.8)(1.8)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 



(1.2)(1.2)

(2.7)(2.7)

(2.6)(2.6)

> > 

(3.4)(3.4)

> > 

> > 

(8.7)(8.7)

> > 

(11.6)(11.6)

> > 

> > 

(9.5)(9.5)

(7.9)(7.9)

> > 

(1.8)(1.8)

(11.7)(11.7)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 

Mixed recurrence equation involving    giving an upper bound of x_(n,1)
recQH2:=subs(NN=N,qMixRec(Fqh,q,k,S(n),2,alpha,4,beta,0)):
recQH21:=denom(rhs(recQH2))*lhs(recQH2)  =collect(numer(rhs
(recQH2)),[S(n, alpha, beta),S(n-1, alpha, beta),x],qsimpcomb):
boundQH2:=combine((solve(op([2,2],recQH21)/S(n-1, alpha, beta),
x)),power)



(1.2)(1.2)

(2.7)(2.7)

> > 

(2.6)(2.6)

> > 

(3.4)(3.4)

> > 
> > 

(11.8)(11.8)

> > 

(8.7)(8.7)

> > 

> > 

> > 

(11.6)(11.6)

> > 

> > 

(9.5)(9.5)

(12.1)(12.1)

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(11.7)(11.7)

(10.7)(10.7)

> > 

> > 

(5.3)(5.3)

(1.13)(1.13)

(11.10)(11.10)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

(11.9)(11.9)

> > 

Comparison between the bounds and the extreme zeros
xnqh:= sort([solve(expand(QH(7,0.5,0.9,10,x,0.9)),x)]):
evalf[15]([min(xnqh),max(xnqh)])

QH204:=unapply(boundQH1,[n,alpha,beta,N,q]):
evalf[15](QH204(7,0.5,0.9,10,0.9))

1.83394847461674
QH240:=unapply(boundQH2,[n,alpha,beta,N,q]):
evalf[15](QH240(7,0.5,0.9,10,0.9))

1.30810416837332

the little q-Jacobi polynomials
LQJ:=(n,alpha,beta,x,q)->add(qphihyperterm([q^(-n),alpha*beta*
q^(n+1)],[alpha*q],q,q*x,k),k=0..n);

Flqj:=(qphihyperterm([q^(-n),alpha*beta*q^(n+1)],[alpha*q],q,q*
x,k));



(12.4)(12.4)

(1.2)(1.2)

(2.6)(2.6)

(12.5)(12.5)

> > 

(3.4)(3.4)

> > 

> > 
> > 

> > 

(8.7)(8.7)

(11.6)(11.6)

> > 

(11.7)(11.7)

> > 

(1.13)(1.13)

(2.4)(2.4)

(10.8)(10.8)

(7.7)(7.7)

(12.6)(12.6)

> > 

(2.7)(2.7)

(12.7)(12.7)

> > 

> > 

(9.5)(9.5)

(7.9)(7.9)

(12.2)(12.2)

(1.8)(1.8)

(10.7)(10.7)

(12.3)(12.3)

> > 

(5.3)(5.3)

> > 

> > 

(1.15)(1.15)

(12.8)(12.8)

(2.5)(2.5)

> > 
The weight function
rhoLQJ:=(alpha,beta)->qpochhammer(beta*q,q,k)*(alpha*q)
^k/qpochhammer(q,q,k)

cLQJ1:=qsimplify(rhoLQJ(alpha*q^s,beta*q^t)/rhoLQJ(alpha,beta))

cLQJ:=qpochhammer(beta*q*q^k, q, t)*q^(s*k)/qpochhammer(beta*q,
q,t)

cLQJ is a polynomial of degree s+t of the variable q^k.

Mixed recurrence equation (11) of the manuscript involving  giving an upper 
bound of x_(n,1)
recLQJ1:=qMixRec(Flqj,q,k,S(n),2,alpha,4,beta,0):
recLQJ11:=combine(denom(rhs(recLQJ1))*lhs(recLQJ1)  =collect
(numer(rhs(recLQJ1)),[S(n, alpha, beta),S(n-1, alpha, beta),x],
qsimpcomb),power)

GLQJ[2,4]:=op([2,2],recLQJ11)/S(n-1, alpha, beta)

Bound (12) of the manuscript
Eq9:=combine(factor(solve(op([2,2],recLQJ11),x)),power)



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

> > 

(8.7)(8.7)

> > 

(11.6)(11.6)

> > 

> > 

(9.5)(9.5)

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(11.7)(11.7)

(10.7)(10.7)

> > 

> > 
(5.3)(5.3)

(1.13)(1.13)

(12.9)(12.9)

(2.4)(2.4)

> > 

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 

Mixed recurrence equation involving    giving an upper bound of x_(n,1)
recLQJ2:=qMixRec(Flqj,q,k,S(n),3,alpha,6,beta,0):
recLQJ21:=combine(denom(rhs(recLQJ2))*lhs(recLQJ2)  =collect
(numer(rhs(recLQJ2)),[S(n, alpha, beta),S(n-1, alpha, beta),x],
qsimpcomb),power)

GLQJ[3,6]:=collect(op([2,2],recLQJ21)/S(n-1, alpha, beta)/(
(alpha*q-1)*(alpha*q^2-1)*(alpha*q^4-1)*(alpha*q^6-1)*(alpha*
q^5-1)*(alpha*q^3-1)^2),x,factor):

We get here the upper bound for x_{n,1} given by  
boundLQJC2:=(-coeff(GLQJ[3,6],x,1)-sqrt(((coeff(GLQJ[3,6],x,1)
^2-4*coeff(GLQJ[3,6],x,0)*coeff(GLQJ[3,6],x,2)))))/(2*coeff
(GLQJ[3,6],x,2))



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

> > 

(3.4)(3.4)

(8.7)(8.7)

> > 

> > 

(11.6)(11.6)

(12.11)(12.11)

> > 

> > 

(9.5)(9.5)

(12.12)(12.12)

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(11.7)(11.7)

> > 

(10.7)(10.7)

> > 

> > 

(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

Comparison between the bounds and the extreme zeros
xnLQJ:= sort([solve(expand(subs({alpha=0.5,beta=-10,q=0.6},LQJ
(30,alpha,beta,x,q))),x)]):
extzeroxnLQJ:=evalf[15]([min(xnLQJ) ,max(xnLQJ)]);

LQj240:=unapply(Eq9 ,[n,alpha,beta,q]):
evalf[15](LQj240(30,0.5,-10,0.6))

LQj360:=unapply(boundLQJC2,[n,alpha,beta,q]):
evalf[15](LQj360(30,0.5,-10,0.6))



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(8.7)(8.7)

> > 

(11.6)(11.6)

> > 
> > 

> > 

> > 

> > 

(11.7)(11.7)

> > 

(1.13)(1.13)

(2.4)(2.4)

(10.8)(10.8)

(7.7)(7.7)

> > 

(13.3)(13.3)

(2.7)(2.7)

(13.4)(13.4)

(13.2)(13.2)

(13.1)(13.1)

> > 

(13.5)(13.5)

> > 

(9.5)(9.5)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

(5.3)(5.3)

> > 

(1.15)(1.15)

(2.5)(2.5)

> > 

the q-Meixner polynomials
QM:=(n,beta,gamma,x,q)->add(qphihyperterm([q^(-n),x],[beta*q],
q,-q^(n+1)/gamma,k),k=0..n);

Fqm:=(qphihyperterm([q^(-n),x],[beta*q],q,-q^(n+1)/gamma,k));
The weight function
rhoQM:=(beta,gamma)->qpochhammer(beta*q,q,x)*gamma^x*q^binomial
(x,2)/qpochhammer(q,q,x)/qpochhammer(-beta*gamma*q,q,x)

cQM:=qsimplify(rhoQM(beta,gamma*q^(-s))/rhoQM(beta,gamma))

cQM is a polynomial of degree s of the variable q^{-x}
subs(q^x=1/x,cQM)

Mixed recurrence equation involving   giving a lower bound of x_(n,n)
recQM1:=qMixRec(Fqm,q,k,S(n),3,beta,0,gamma,0):
recQM11:=combine(denom(rhs(recQM1))*lhs(recQM1)  =collect(numer
(rhs(recQM1)),[S(n, beta, gamma),S(n-1, beta, gamma),x],
qsimpcomb),power)

GQM[3,0]:=op([2,2],recQM11)/S(n-1, beta, gamma):



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(13.7)(13.7)

> > 

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(11.7)(11.7)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 
> > 

> > 

boundQM1:=combine((-coeff(GQM[3,0],x,1)+sqrt(((coeff(GQM[3,0],
x,1)^2-4*coeff(GQM[3,0],x,0)*coeff(GQM[3,0],x,2)))))/(2*coeff
(GQM[3,0],x,2)),power)

Mixed recurrence equation involving   giving an upper bound of x_(n,1)
recQM2:=qMixRec(Fqm,q,k,S(n),3,beta,0,gamma,-6):
recQM21:=combine(denom(rhs(recQM2))*lhs(recQM2)  =collect(numer
(rhs(recQM2)),[S(n, beta, gamma),S(n-1, beta, gamma),x],
qsimpcomb),power):
GQM[3,6]:=collect(op([2,2],recQM21)/S(n-1, beta, gamma)/(q^n+
gamma),x,factor):
boundQM2:=combine((-coeff(GQM[3,6],x,1)-sqrt(((coeff(GQM[3,6],
x,1)^2-4*coeff(GQM[3,6],x,0)*coeff(GQM[3,6],x,2)))))/(2*coeff
(GQM[3,6],x,2)),power)



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(13.7)(13.7)

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(11.7)(11.7)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(13.7)(13.7)

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(11.7)(11.7)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(13.7)(13.7)

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(11.7)(11.7)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(13.7)(13.7)

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(11.7)(11.7)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(8.7)(8.7)

> > 

(13.9)(13.9)

(11.6)(11.6)

(13.10)(13.10)

(13.6)(13.6)

> > 

> > 

> > 

(11.7)(11.7)

> > 

(1.13)(1.13)

(2.4)(2.4)

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

> > 

(14.3)(14.3)

(14.2)(14.2)

(2.7)(2.7)

> > 

> > 

> > 

(13.7)(13.7)

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

(12.2)(12.2)

(1.8)(1.8)

(14.1)(14.1)

(12.13)(12.13)

(10.7)(10.7)

(5.3)(5.3)

(13.8)(13.8)

> > 

(1.15)(1.15)

(2.5)(2.5)

> > 

> > 

Comparison between the bounds and the extreme zeros
xnQM:= sort([solve(expand(subs({beta=0.1,gamma=0.5,q=0.9},QM
(10,beta,gamma,x,q))),x)]):
extzeroxnQM:=evalf[15]([min(xnQM) ,max(xnQM)]);

QM300:=unapply(boundQM1,[n,beta,gamma,q]):
evalf[15](QM300(10,0.1,0.5,0.9) )

10.7793371973647
QM30m6:=unapply(boundQM2,[n,beta,gamma,q]):
evalf[15](QM30m6(10,0.1,0.5,0.9) )

1.26513833534888

the quantum q-Krawtchouk polynomials
QQK:=(n,p,N,x,q)->add(qphihyperterm([q^(-n),x],[q^(-N)],q,p*q^
(n+1),k),k=0..n);

Fqqk:=(qphihyperterm([q^(-n),x],[q^(-NN)],q,p*q^(n+1),k));

For this polynomial family,   and , so we cannot do a shift on  or . Theorem 1 
is therefore not applicable and we use only Equation (2).
recQQK:=subs(NN=N,qMixRec(Fqqk,q,k,S(n),3,p,0,NN,0)):
recQQK1:=combine(denom(rhs(recQQK))*lhs(recQQK)  =collect(numer
(rhs(recQQK)),[S(n, p, N),S(n-1, p, N),x],qsimpcomb),power)



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

> > 

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

(14.9)(14.9)
> > 

> > 

> > 

(11.7)(11.7)

> > 

> > 

> > 

(1.13)(1.13)

> > 

(2.4)(2.4)

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

(2.7)(2.7)

> > 

(13.7)(13.7)

(14.6)(14.6)

> > 

(14.8)(14.8)

(14.4)(14.4)

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

(14.5)(14.5)

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

(5.3)(5.3)

(14.7)(14.7)

> > 

(1.15)(1.15)

(2.5)(2.5)

> > 

Gqqk[3,0]:=op([2,2],recQQK1)/S(n-1, p, N):
boundqqk1:=combine((-coeff(Gqqk[3,0],x,1)-sqrt(((coeff(Gqqk[3,
0],x,1)^2-4*coeff(Gqqk[3,0],x,0)*coeff(Gqqk[3,0],x,2)))))/(2*
coeff(Gqqk[3,0],x,2)),power)

boundqqk2:=combine((-coeff(Gqqk[3,0],x,1)+sqrt(((coeff(Gqqk[3,
0],x,1)^2-4*coeff(Gqqk[3,0],x,0)*coeff(Gqqk[3,0],x,2)))))/(2*
coeff(Gqqk[3,0],x,2)),power)

Comparison between the bounds and the extreme zeros
hypqqk:=(n,p,N,q)->p > q^(-N) and n<=N

hypqqk(20,50,30,0.9)
true

xnQQK:= sort([solve(expand(subs({p=50,N=30,q=0.9},qsimpcomb(QQK
(20,p,N,x,q)))),x)]):
extzeroxnQQK:=evalf[15]([min(xnQQK) ,max(xnQQK)]);

QQK300:=unapply([boundqqk1,boundqqk2 ],[n,p,N,q]):
evalf[15](QQK300(20,50,30,0.9) )



> > 

(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(15.4)(15.4)

(15.2)(15.2)

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

> > 

(15.5)(15.5)

> > 

> > 

(15.1)(15.1)

(11.7)(11.7)

> > 

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

(2.7)(2.7)

(13.7)(13.7)

> > 

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

(5.3)(5.3)

> > 

(15.3)(15.3)

> > 

(1.15)(1.15)

(2.5)(2.5)

> > 

the q-Krawtchouk polynomials
QK:=(n,p,N,x,q)->add(qphihyperterm([q^(-n),x,-p*q^n],[q^(-N),
0],q,q,k),k=0..n);

Fqk:=(qphihyperterm([q^(-n),x,-p*q^n],[q^(-N),0],q,q,k));
The weight function
rhoQK:=(p,N)->qpochhammer(q^(-N),q,x)*(-p)^(-x)/qpochhammer(q,
q,x)

cQK:=qsimplify(rhoQK(p*q^s,N)/rhoQK(p,N));

cQK is a polynomial of degree s in the variable q^{-x}
Mixed recurrence equation involving (   giving a lower bound of x_(n,n)
recQK1:=subs(NN=N,qMixRec(subs(N=NN,Fqk),q,k,S(n),3,p,0,NN,0)):
recQK11:=combine(denom(rhs(recQK1))*lhs(recQK1)  =collect(numer
(rhs(recQK1)),[S(n, p, N),S(n-1, p, N),x],qsimpcomb),power)

GQK[3,0]:=collect(op([2,2],recQK11)/S(n-1, p, N)/(q^(2*n)*p+
q^3),x,simplify):
boundQK1:=(-coeff(GQK[3,0],x,1)+sqrt(((coeff(GQK[3,0],x,1)^2-4*
coeff(GQK[3,0],x,0)*coeff(GQK[3,0],x,2)))))/(2*coeff(GQK[3,0],
x,2))



(1.2)(1.2)

(2.7)(2.7)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(13.7)(13.7)

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(9.5)(9.5)

(15.5)(15.5)

> > 

(7.9)(7.9)

> > 

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(11.7)(11.7)

(10.7)(10.7)

> > 
(5.3)(5.3)

(1.13)(1.13)

(2.4)(2.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

Mixed recurrence equation for ( )  giving an upper bound of x_(n,1)



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

> > 

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

(11.7)(11.7)

> > 

(1.13)(1.13)

(2.4)(2.4)

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

(2.7)(2.7)

> > 

(13.7)(13.7)

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

(15.6)(15.6)

(5.3)(5.3)

> > 

> > 

(1.15)(1.15)

(2.5)(2.5)

recQK2:=subs(NN=N,qMixRec(subs(N=NN,Fqk),q,k,S(n),3,p,6,NN,0)):
recQK21:=combine(denom(rhs(recQK2))*lhs(recQK2)  =collect(numer
(rhs(recQK2)),[S(n, p, N),S(n-1, p, N),x],qsimpcomb),power)

GQK[3,6]:=collect(op([2,2],recQK21)/S(n-1, p, N)/((q^(N+3)*p+1)
*(q^(n+N)*p+1)),x,qsimpcomb):
boundQK2:=combine((-coeff(GQK[3,6],x,1)-sqrt(((coeff(GQK[3,6],
x,1)^2-4*coeff(GQK[3,6],x,0)*coeff(GQK[3,6],x,2)))))/(2*coeff
(GQK[3,6],x,2)),power)



(1.2)(1.2)

(12.10)(12.10)

> > 

(2.6)(2.6)

> > 

(3.4)(3.4)

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

(15.8)(15.8)

(15.7)(15.7)

> > 

(16.2)(16.2)

(11.7)(11.7)

> > 

(1.13)(1.13)

(16.1)(16.1)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

(2.7)(2.7)

(15.9)(15.9)
> > 

> > 

(13.7)(13.7)

> > 

> > 

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

(12.2)(12.2)

> > 

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

(5.3)(5.3)

(15.10)(15.10)

> > 

> > 

(1.15)(1.15)

(2.5)(2.5)

> > 
Comparison between the bounds and the extreme zeros
xnQK:= sort([solve(expand(subs({p=1,N=20,q=0.85},QK(20,p,N,x,q)
)),x)]):
extzeroxnQK:=evalf[15]([min(xnQK) ,max(xnQK)]);

QK300:=unapply(boundQK1,[n,p,N,q]):
evalf[15](QK300(20,1,20,0.85))

1.56109321132226
QK360:=unapply(boundQK2,[n,p,N,q]):
evalf[15](QK360(20,1,20,0.85))

1.14539498081829

the affine q-Krawtchouk polynomials
AQK:=(n,p,N,x,q)->add(qphihyperterm([q^(-n),x,0],[p*q,q^(-N)],
q,q,k),k=0..n);

Faqk:=(qphihyperterm([q^(-n),x,0],[p*q,q^(-NN)],q,q,k));

The weight function 



(1.2)(1.2)

(12.10)(12.10)

> > 

(2.6)(2.6)

> > 

> > 

(3.4)(3.4)

(16.3)(16.3)

(8.7)(8.7)

(16.5)(16.5)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

(11.7)(11.7)

> > 

> > 

(16.4)(16.4)

(1.13)(1.13)

> > 

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

(2.7)(2.7)

(16.6)(16.6)

(13.7)(13.7)

> > 

> > 

> > 

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

(5.3)(5.3)

> > 

> > 

> > 

(1.15)(1.15)

(2.5)(2.5)

rhoAQK:=(p,N)->qpochhammer(p*q,q,x)*qpochhammer(q,q,N)*(p*q)^(-
x)/qpochhammer(q,q,x)/qpochhammer(q,q,N-x)

cAQK:=qsimplify(rhoAQK(p*q^s,N)/rhoAQK(p,N))

cAQK is a polynomial of degree s of the variable q^{-x}
Mixed recurrence equation involving   giving a lower bound of x_(n,n)
recAQK1:=subs(NN=N,qMixRec(Faqk,q,k,S(n),3,p,0,NN,0)):
recAQK11:=combine(denom(rhs(recAQK1))*lhs(recAQK1)  =collect
(numer(rhs(recAQK1)),[S(n, p, N),S(n-1, p, N),x],qsimpcomb),
power)

GAQK[3,0]:=collect(op([2,2],recAQK11)/S(n-1, p, N),x,simplify):
boundAQK1:=(-coeff(GAQK[3,0],x,1)+sqrt(((coeff(GAQK[3,0],x,1)^2
-4*coeff(GAQK[3,0],x,0)*coeff(GAQK[3,0],x,2)))))/(2*coeff(GAQK
[3,0],x,2))

Mixed recurrence equation involving (   giving an upper bound of x_(n,1)
recAQK2:=subs(NN=N,qMixRec(Faqk,q,k,S(n),3,p,6,NN,0)):
recAQK21:=combine(denom(rhs(recAQK2))*lhs(recAQK2)  =collect
(numer(rhs(recAQK2)),[S(n, p, N),S(n-1, p, N),x],qsimpcomb),
power):
GAQK[3,6]:=collect(op([2,2],recAQK21)/S(n-1, p, N)/((p*q^6-1)*
(p*q^5-1)*(p*q^2-1)*(p*q^3-1)*(p*q-1)*(p*q^4-1)),x,simplify):
boundAQK2:=(-coeff(GAQK[3,6],x,1)+sqrt(((coeff(GAQK[3,6],x,1)^2
-4*coeff(GAQK[3,6],x,0)*coeff(GAQK[3,6],x,2)))))/(2*coeff(GAQK



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

> > 

> > 

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

> > 

(17.2)(17.2)

(16.8)(16.8)

(11.7)(11.7)

> > 

> > 

(1.13)(1.13)

(16.9)(16.9)

(2.4)(2.4)

> > 

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

(2.7)(2.7)

> > 

> > 

> > 

(13.7)(13.7)

> > 

> > 

> > 

> > 

> > 

(17.1)(17.1)

> > 

(17.3)(17.3)

> > 

(9.5)(9.5)

(16.11)(16.11)

> > 

(7.9)(7.9)

(12.2)(12.2)

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

> > 

(5.3)(5.3)

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

(16.10)(16.10)

> > 
(16.7)(16.7)

[3,6],x,2)):
Comparison between the bounds and the extreme zeros
hypAQK:=(n,p,N,q)-> n<=N and 0<p*q and p*q<1

hypAQK(25,1.15,30,0.85)
true

xnAQK:= sort([solve(expand(subs({p=1.15,N=30,q=0.85},AQK(20,p,
N,x,q))),x)]):
extzeroxnAQK:=evalf[15]([min(xnAQK) ,max(xnAQK)]);

AQK300:=unapply(boundAQK1,[n,p,N,q]):
evalf[15](AQK300(20,1.15,30,0.85))

19.5461986932290
AQK360:=unapply( boundAQK2 ,[n,p,N,q]):
evalf[15](AQK360(20,1.15,30,0.85))

1.01371523462766

the little q-Laguerre/Wall polynomials
LQLW:=(n,alpha,x,q)->add(qphihyperterm([q^(-n),0],[alpha*q],q,
q*x,k),k=0..n);

Flqlw:=(qphihyperterm([q^(-n),0],[alpha*q],q,q*x,k));
The weight function
rhoLQLW:=alpha->(alpha*q)^k/qpochhammer(q,q,k)

cLQLW:=qsimplify(rhoLQLW(alpha*q^s)/rhoLQLW(alpha))

cLQLW is a polynomial of degree s of the variable q^k
Mixed recurrence equation involving ) giving an upper bound of x_(n,1)
recLQLW1:=qMixRec(Flqlw,q,k,S(n),3,alpha,6,0,0):
recLQLW11:=combine(denom(rhs(recLQLW1))*lhs(recLQLW1)  =collect
(numer(rhs(recLQLW1)),[S(n, alpha, 0),S(n-1, alpha, 0),x],
qsimpcomb),power)



> > 

(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

(17.7)(17.7)

(8.7)(8.7)

> > 

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

(17.5)(17.5)

(17.6)(17.6)

(15.7)(15.7)

> > 

(11.7)(11.7)

> > 

> > 

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

(2.7)(2.7)

(13.7)(13.7)

> > 

> > 

> > 

(9.5)(9.5)

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

> > 

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

> > 

> > 

GLQLW[3,6]:=collect(op([2,2],recLQLW11)/S(n-1, alpha, 0)/(
(alpha*q^6-1)*(alpha*q^5-1)),x,simplify):
boundLQLW1:=(-coeff(GLQLW[3,6],x,1)+sqrt(((coeff(GLQLW[3,6],x,
1)^2-4*coeff(GLQLW[3,6],x,0)*coeff(GLQLW[3,6],x,2)))))/(2*coeff
(GLQLW[3,6],x,2))

Comparison between the bounds and the extreme zeros
xnLQLW:= sort([solve(expand(subs({alpha=0.1,q=0.9},LQLW(20,
alpha,x,q))),x)]):
extzeroxnLQLW:=evalf[15]([min(xnLQLW) ,max(xnLQLW)]);

LQLW360:=unapply(boundLQLW1,[n,alpha,q]):
evalf[15](LQLW360(20,0.1,0.9))

0.0926461669560155

the q-Laguerre polynomials
QL:=(n,alpha,x,q)->qpochhammer(q^(alpha+1),q,n)/qpochhammer(q,
q,n)*add(qphihyperterm([q^(-n)],[q^(alpha+1)],q,-q^(n+alpha+1)*



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

(18.3)(18.3)

> > 

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

(11.7)(11.7)

> > 

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

> > 

(18.4)(18.4)

(2.7)(2.7)

(13.7)(13.7)

> > 

(18.5)(18.5)

> > 

> > 

> > 

> > 

> > 

(9.5)(9.5)

(18.2)(18.2)

(18.6)(18.6)

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(1.8)(1.8)

> > 

(12.13)(12.13)

> > 

(10.7)(10.7)

(5.3)(5.3)

> > 

> > 

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

x,k) ,k=0..n);

Fql:=qpochhammer(q^(alpha+1),q,n)/qpochhammer(q,q,n)*
(qphihyperterm([q^(-n)],[q^(alpha+1)],q,-q^(n+alpha+1)*x,k));

The weight function
rhoQL:=alpha->x^alpha/qpochhammer(-x,q,infinity)

cQL:=qsimplify(rhoQL(alpha+s)/rhoQL(alpha))

Mixed recurrence equation involving    giving a lower bound of x_(n,n)
recQL1:=subs(A=q^alpha,qMixRec(subs({q^alpha=A,q^(alpha*k)=A^k}
,qsimpcomb(Fql)),q,k,S(n),3,A,0,0,0)):
recQL11:=combine(denom(rhs(recQL1))*lhs(recQL1)  =collect(numer
(rhs(recQL1)),[S(n, q^alpha, 0),S(n-1, q^alpha, 0),x],
qsimpcomb),power)

GQL[3,0]:=op([2,2],recQL11)/S(n-1, q^alpha, 0):
boundQL1:=(-coeff(GQL[3,0],x,1)+sqrt(((coeff(GQL[3,0],x,1)^2-4*
coeff(GQL[3,0],x,0)*coeff(GQL[3,0],x,2)))))/(2*coeff(GQL[3,0],
x,2))

Mixed recurrence equation involving   giving an upper bound of x_(n,1)
recQL2:=subs(A=q^alpha,qMixRec(subs({q^alpha=A,q^(alpha*k)=A^k}
,qsimpcomb(Fql)),q,k,S(n),3,A,6,0,0)):
recQL21:=combine(denom(rhs(recQL2))*lhs(recQL2)  =collect(numer
(rhs(recQL2)),[S(n, q^alpha, 0),S(n-1, q^alpha, 0),x],
qsimpcomb),power)



(1.2)(1.2)

> > 

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

> > 

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(15.5)(15.5)

(18.9)(18.9)

(15.7)(15.7)

> > 

(18.10)(18.10)

(11.7)(11.7)

(18.8)(18.8)

> > 

> > 

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(18.7)(18.7)

(7.7)(7.7)

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

(13.7)(13.7)

(19.1)(19.1)

> > 

> > 

> > 

(9.5)(9.5)

> > 

(18.6)(18.6)

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

> > 

(1.8)(1.8)

(12.13)(12.13)

(10.7)(10.7)

(5.3)(5.3)

> > 

> > 

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

GQL[3,6]:=collect(op([2,2],recQL21)/S(n-1, q^alpha, 0)/((q^
(alpha+n)-1)*(q^(alpha+3)-1)),x,qsimpcomb):
boundQL2:=combine((-coeff(GQL[3,6],x,1)-sqrt(((coeff(GQL[3,6],
x,1)^2-4*coeff(GQL[3,6],x,0)*coeff(GQL[3,6],x,2)))))/(2*coeff
(GQL[3,6],x,2)),power)

Comparison between the bounds and the extreme zeros
xnQL:= sort([solve(expand(subs({alpha=-0.95,q=0.9},QL(40,alpha,
x,q))),x)]):
extzeroQL:=evalf[15]([min(xnQL) ,max(xnQL)]);

QL300  :=unapply(boundQL1 ,[n,alpha,q]):
evalf[15](  QL300(40,-0.95,0.9))

9496.15922563230
QL360  :=unapply(boundQL2 ,[n,alpha,q]):
evalf[15](  QL360(40,-0.95,0.9))

0.000547997705314085

the alternative q-Charlier polynomials
AQC:=(n,alpha,x,q)->add(qphihyperterm([q^(-n),-alpha*q^(n)],
[0],q,q*x,k),k=0..n);



> > 

(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

(19.8)(19.8)

> > 

(3.4)(3.4)

(16.3)(16.3)

(19.2)(19.2)

(19.3)(19.3)

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

(11.7)(11.7)

> > 

(1.13)(1.13)

> > 

> > 

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

> > 

> > 

(13.7)(13.7)

> > 

> > 

(19.6)(19.6)

> > 

> > 

(9.5)(9.5)

(18.6)(18.6)

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(19.5)(19.5)

(1.8)(1.8)

(19.7)(19.7)

(12.13)(12.13)

(10.7)(10.7)

(19.4)(19.4)

> > 

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

> > 

Faqc:=(qphihyperterm([q^(-n),-alpha*q^(n)],[0],q,q*x,k));

The weight function
rhoAQC:=alpha->alpha^k*q^binomial(k+1,2)/qpochhammer(q,q,k)

cAQC:=qsimplify(rhoAQC(alpha*q^s)/rhoAQC(alpha))

cAQC is a polynomial of degree s of the variable q^k
Mixed recurrence equation involving   giving an upper bound of x_(n,1)
recAQC1:=qMixRec(Faqc,q,k,S(n),2,alpha,4,0,0):
recAQC11:=combine(denom(rhs(recAQC1))*lhs(recAQC1)  =collect
(numer(rhs(recAQC1)),[S(n, alpha, 0),S(n-1, alpha, 0),x],
qsimpcomb),power)

Bound (13) of the manuscript
bound10:=combine(solve(op([2,2],recAQC11),x),power)

Mixed recurrence equation involving   giving an upper bound of x_(n,1)
recAQC2:=qMixRec(Faqc,q,k,S(n),3,alpha,6,0,0):
recAQC21:=combine(denom(rhs(recAQC2))*lhs(recAQC2)  =collect
(numer(rhs(recAQC2)),[S(n, alpha, 0),S(n-1, alpha, 0),x],
qsimpcomb),power)

GAQC[3,6]:=op([2,2],recAQC21)/S(n-1, alpha, 0)

The upper bound (14) of the manuscript  for x_{n,1}    



(19.11)(19.11)

(1.2)(1.2)

(20.2)(20.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

(19.9)(19.9)

(19.2)(19.2)

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

> > 

> > 

(20.1)(20.1)

(15.7)(15.7)

> > 

(11.7)(11.7)

> > 

(1.13)(1.13)

(2.4)(2.4)

> > 

> > 

> > 
(19.12)(19.12)

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

> > 

(13.7)(13.7)

(20.4)(20.4)

> > 

> > 

> > 

> > 

> > 

> > 

> > 

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

> > 

(20.3)(20.3)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

(5.3)(5.3)

> > 

(19.10)(19.10)

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

boundLQJC2:=combine((-coeff(GAQC[3,6],x,1)-sqrt(((coeff(GAQC[3,
6],x,1)^2-4*coeff(GAQC[3,6],x,0)*coeff(GAQC[3,6],x,2)))))/(2*
coeff(GAQC[3,6],x,2)),power)

Comparison between the bounds and the extreme zeros
xnAQC:= sort([solve(expand(subs({alpha=100,q=0.8},(AQC(70,
alpha,x,q)))),x)]):
extzeroxnAQC:=evalf[15]([min(xnAQC) ,max(xnAQC)]);

AQC240:=unapply(bound10 ,[n,alpha,q]):
evalf[15](AQC240(70,100,0.8))

AQC360:=unapply(boundLQJC2 ,[n,alpha,q]):
evalf[15](AQC360(70,100,0.8))

the q-Charlier polynomials
QC:=(n,alpha,x,q)->add(qphihyperterm([q^(-n),x],[0],q,-q^(n+1)
/alpha,k),k=0..n);

Fqc:=(qphihyperterm([q^(-n),x],[0],q,-q^(n+1)/alpha,k));
The weight function
rhoQC:=alpha->alpha^x*q^binomial(x,2)/qpochhammer(q,q,x)

cQC:=qsimplify(rhoQC(alpha*q^s)/rhoQC(alpha))

cQC is a ploynomial of degree s of the variable q^x.
Mixed recurrence equation involving   giving a lower bound of x_(n,n)
recQC1:=qMixRec(Fqc,q,k,S(n),3,alpha,0,0,0):
recQC11:=combine(denom(rhs(recQC1))*lhs(recQC1)  =collect(numer



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

> > 

(3.4)(3.4)

(16.3)(16.3)

(19.9)(19.9)

> > 

(19.2)(19.2)

(8.7)(8.7)

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

(11.7)(11.7)

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

> > 

(20.6)(20.6)

(13.7)(13.7)

> > 

(20.4)(20.4)

> > 

(20.5)(20.5)

> > 

> > 

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

(rhs(recQC1)),[S(n, alpha, 0),S(n-1, alpha, 0),x],qsimpcomb),
power)

GQC[3,0]:=op([2,2],recQC11)/S(n-1, alpha, 0):
boundQC1:=(-coeff(GQC[3,0],x,1)+sqrt(((coeff(GQC[3,0],x,1)^2-4*
coeff(GQC[3,0],x,0)*coeff(GQC[3,0],x,2)))))/(2*coeff(GQC[3,0],
x,2))

Mixed recurrence equation involving  giving an upper bound of x_(n,1)
recQC2:=qMixRec(Fqc,q,k,S(n),3,alpha,-6,0,0):
recQC21:=combine(denom(rhs(recQC2))*lhs(recQC2)  =collect(numer
(rhs(recQC2)),[S(n, alpha, 0),S(n-1, alpha, 0),x],qsimpcomb),
power)

GQC[3,6]:=collect((op([2,2],recQC21)/S(n-1, alpha, 0)/((q^3+
alpha)*(q^n+alpha))),x,qsimpcomb):
boundQC2:=combine((-coeff(GQC[3,6],x,1)-sqrt(((coeff(GQC[3,6],
x,1)^2-4*coeff(GQC[3,6],x,0)*coeff(GQC[3,6],x,2)))))/(2*coeff
(GQC[3,6],x,2)),power)



> > 

(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

> > 

(3.4)(3.4)

(16.3)(16.3)

(19.9)(19.9)

> > 

(19.2)(19.2)

> > 

(21.1)(21.1)

(8.7)(8.7)

> > 

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

> > 

> > 

(11.7)(11.7)

> > 

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

(20.9)(20.9)

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

(13.7)(13.7)

(20.4)(20.4)

> > 

(21.2)(21.2)

> > 

> > 

> > 

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

> > 

(1.8)(1.8)

(20.8)(20.8)

(12.13)(12.13)

> > 

(21.3)(21.3)

(10.7)(10.7)

(5.3)(5.3)

> > 

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

(20.10)(20.10)

Comparison between the bounds and the extreme zeros
xnQC:= sort([solve(expand(subs({alpha=15,q=0.9},QC(40,alpha,x,
q))),x)]):
extzeroxnQC:=evalf[15]([min(xnQC) ,max(xnQC)]);

QC300:=unapply(boundQC1 ,[n,alpha,q]):
evalf[15](QC300(40,15,0.9))

QC3m60:=unapply(boundQC2 ,[n,alpha,q]):
evalf[15](QC3m60(40,15,0.9))

7.14402718821895

the Stieltjes-Wigert polynomials
SW:=(n,x,q)->1/qpochhammer(q,q,n) *add(qphihyperterm([q^(-n)],
[0],q,-q^(n+1)*x,k),k=0..n);

Fsw:=1/qpochhammer(q,q,n) *(qphihyperterm([q^(-n)],[0],q,-q^
(n+1)*x,k));

Equation (16) of the manuscript involving giving a good lower bound for x_{n,n}
recSW1:=qMixRec(Fsw,q,k,S(n),3,0,0,0,0):
recSW11:=combine(denom(rhs(recSW1))*lhs(recSW1)  =collect(numer
(rhs(recSW1)),[S(n, 0, 0),S(n-1, 0, 0),x],qsimpcomb),power)

GSW[3]:=op([2,2],recSW11)/S(n-1, 0, 0)

bound17:=(-coeff(GSW[3],x,1)+sqrt(((coeff(GSW[3],x,1)^2-4*coeff
(GSW[3],x,0)*coeff(GSW[3],x,2)))))/(2*coeff(GSW[3],x,2))



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

(21.7)(21.7)

> > 

> > 

> > 

(3.4)(3.4)

> > 

(16.3)(16.3)

> > 

(19.9)(19.9)

(19.2)(19.2)

(8.7)(8.7)

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(15.5)(15.5)

> > 

(15.7)(15.7)

> > 

(22.2)(22.2)

(11.7)(11.7)

> > 

> > 

(20.7)(20.7)

(1.13)(1.13)

> > 

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

(14.3)(14.3)

(21.6)(21.6)

> > 

(21.9)(21.9)

(2.7)(2.7)

(22.1)(22.1)

(13.7)(13.7)

(20.4)(20.4)

> > 

> > 

> > 

> > 

(21.5)(21.5)

(9.5)(9.5)

> > 

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(21.8)(21.8)

(18.1)(18.1)

(1.8)(1.8)

(12.13)(12.13)

> > 

> > 

(10.7)(10.7)

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

> > 

Equation involving giving a good lower bound for x_{n,n}
recSW2:=qMixRec(Fsw,q,k,S(n),4,0,0,0,0):
recSW21:=combine(denom(rhs(recSW2))*lhs(recSW2)  =collect(numer
(rhs(recSW2)),[S(n, 0, 0),S(n-1, 0, 0),x],qsimpcomb),power)

The polynomial -A_3(x) given by  Equation (17) in the manuscript
GSW[4]:=op([2,2],recSW21)/S(n-1, 0, 0)

Comparison between the bounds and the extreme zeros
xnSW:= sort([solve(expand(subs(q=0.98,SW(30,x,q))),x)]):
extzeroSW:=evalf[15]([min(xnSW) ,max(xnSW)])

SW30:=unapply(bound17,[n,q]):
evalf[15](SW30(30,0.98))

6.74396892396525
SW40:=unapply(GSW[4],[n,q,x]):
evalf[15](max(solve(SW40(30,0.98,x),x)))

7.45024245429932

the discrete q-Hermite I polynomials
DQHI:=(n,x,q)->q^binomial(n,2)*add(qphihyperterm([q^(-n),1/x],
[0],q,-q*x,k),k=0..n);

Fdqh1:=q^binomial(n,2)*(qphihyperterm([q^(-n),1/x],[0],q,-q*x,
k));

recDQHI1:=qMixRec(Fdqh1,q,k,S(n),6,0,0,0,0):
recDQHI11:=combine(denom(rhs(recDQHI1))*lhs(recDQHI1)  =collect



> > 

(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

> > 

(23.3)(23.3)

(19.9)(19.9)

> > 

(19.2)(19.2)

(22.4)(22.4)

(8.7)(8.7)

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

(22.2)(22.2)

> > 

(11.7)(11.7)

(22.3)(22.3)

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

(13.7)(13.7)

(23.2)(23.2)

(20.4)(20.4)

> > 

> > 

(23.1)(23.1)

> > 

> > 

(22.5)(22.5)

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

> > 

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

> > 

(numer(rhs(recDQHI1)),[S(n, 0, 0),S(n-1, 0, 0),x],qsimpcomb),
power)

GDQHI[3,6]:=op([2,2],recDQHI11)/S(n-1, 0, 0):
boundDQHI:=combine(sqrt((-coeff(GDQHI[3,6],x,3)+sqrt(((coeff
(GDQHI[3,6],x,3)^2-4*coeff(GDQHI[3,6],x,1)*coeff(GDQHI[3,6],x,
5)))))/(2*coeff(GDQHI[3,6],x,5))),power)

Comparison between the bounds and the extreme zeros
xnDQHI:= sort([solve(expand(subs(q=0.98,DQHI(50,x,q))),x)]):
extzeroDQHI:=evalf[15](max(xnDQHI))

DQI60:=unapply(boundDQHI,[n,q]):
evalf[15](DQI60(50,0.98))

0.490937892965192

the discrete q-Hermite II polynomials
DQHII:=(n,x,q)->(I)^(-n)*q^(-binomial(n,2))*add(qphihyperterm(
[q^(-n),I*x],[],q,-q^(n),k),k=0..n);

Fdqh2:=(I)^(-n)*q^(-binomial(n,2))*(qphihyperterm([q^(-n),I*x],
[],q,-q^(n),k));

Equation involving giving a good lower bound for x_{n,n}
recDQHII1:=qMixRec(Fdqh2,q,k,S(n),5,0,0,0,0):
recDQHII11:=combine(denom(rhs(recDQHII1))*lhs(recDQHII1)  =
collect(numer(rhs(recDQHII1)),[S(n, 0, 0),S(n-1, 0, 0),x],
qsimpcomb),power)



(23.5)(23.5)

(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

(23.9)(23.9)

> > 

(3.4)(3.4)

(16.3)(16.3)

> > 

(23.3)(23.3)

(19.9)(19.9)

> > 

(19.2)(19.2)

> > 

(8.7)(8.7)

> > 

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

> > 

(15.5)(15.5)

(15.7)(15.7)

(23.6)(23.6)

> > 

> > 

(22.2)(22.2)

> > 

> > 

(11.7)(11.7)

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

(13.7)(13.7)

(20.4)(20.4)

> > 

> > 

(23.7)(23.7)

> > 

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(23.8)(23.8)

(23.4)(23.4)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

(23.10)(23.10)

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

> > 

(2.5)(2.5)

> > 

GDQHII[5]:=op([2,2],recDQHII11)/S(n-1, 0, 0)

The bound (18) of the manuscript
bound19:=sqrt(combine((-coeff(GDQHII[5],x,2)+sqrt(((coeff
(GDQHII[5],x,2)^2-4*coeff(GDQHII[5],x,0)*coeff(GDQHII[5],x,4)))
))/(2*coeff(GDQHII[5],x,4)),power))

Equation involving giving a good lower bound for x_{n,n}
recDQHII2:=qMixRec(Fdqh2,q,k,S(n),7,0,0,0,0):
recDQHII21:=combine(denom(rhs(recDQHII2))*lhs(recDQHII2)  =
collect(numer(rhs(recDQHII2)),[S(n, 0, 0),S(n-1, 0, 0),x],
qsimpcomb),power)

GDQHII[7]:=op([2,2],recDQHII21)/S(n-1, 0, 0)

Comparison between the bounds and the extreme zeros
xnDQHII:= sort([solve(expand(subs(q=0.98,qsimpcomb(DQHII(10,x,
q)))),x)]):
extzeroDQHII:=evalf[15](max(xnDQHII))

DQHII50:=unapply(bound19,[n,q]):
evalf[15](DQHII50(10,0.98))

0.729684868073074
DQHII70:=unapply(GDQHII[7],[n,q,x]):
evalf[15](max(solve(DQHII70(10,0.98,x),x)))



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(24.5)(24.5)

(3.4)(3.4)

> > 

(16.3)(16.3)

> > 

(23.3)(23.3)

(19.9)(19.9)

(24.1)(24.1)

(19.2)(19.2)

(8.7)(8.7)

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(15.5)(15.5)

(15.7)(15.7)

> > 

(22.2)(22.2)

(11.7)(11.7)

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

(24.2)(24.2)

> > 

> > 

(13.7)(13.7)

(24.6)(24.6)

(20.4)(20.4)

> > 

> > 

> > 

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(24.3)(24.3)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

> > 

(23.10)(23.10)

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

> > 

(1.15)(1.15)

(2.5)(2.5)

(24.4)(24.4)

(24.7)(24.7)

0.764180845761768

the Al-Salam-Carlitz I polynomials
ASCI:=(n,alpha,x,q)->(-alpha)^n*q^(binomial(n,2))*add
(qphihyperterm([q^(-n),1/x],[0],q,q*x/alpha,k),k=0..n);

Fasc1:=(-alpha)^n*q^(binomial(n,2))*(qphihyperterm([q^(-n),
1/x],[0],q,q*x/alpha,k));

The weight function 
rhoASCI:=alpha->qpochhammer(q*x,q,infinity)*qpochhammer(q*
x/apha,q,infinity)

cASCI:=qpochhammer(q*x/(a*q^s), q, s);

since  , a shift on   will change the interval of orthogonality and we can not apply 
Theorem 1. So we just consider the bound from Equation (2)
recASCI1:=qMixRec(Fasc1,q,k,S(n),3,alpha,0,0,0):
recASCI11:=combine(denom(rhs(recASCI1))*lhs(recASCI1)  =collect
(numer(rhs(recASCI1)),[S(n, alpha, 0),S(n-1, alpha, 0),x],
qsimpcomb),power)

GASCI[3,0]:=op([2,2],recASCI11)/S(n-1, alpha, 0)

boundASCI:=[solve(GASCI[3,0],x)]



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

> > 

(23.3)(23.3)

(19.9)(19.9)

(19.2)(19.2)

> > 

> > 

(8.7)(8.7)

(25.2)(25.2)

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

(24.8)(24.8)

(15.5)(15.5)

(15.7)(15.7)

> > 

(22.2)(22.2)

(11.7)(11.7)

> > 

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

(25.1)(25.1)

(24.10)(24.10)

> > 

> > 

(24.9)(24.9)

(13.7)(13.7)

(20.4)(20.4)

> > 

> > 

(24.11)(24.11)

> > 

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

(23.10)(23.10)

(5.3)(5.3)

> > 

> > 

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

(24.7)(24.7)

combine((-coeff(GASCI[3,0],x,1)+sqrt(((coeff(GASCI[3,0],x,1)^2
-4*coeff(GASCI[3,0],x,0)*coeff(GASCI[3,0],x,2)))))/(2*coeff
(GASCI[3,0],x,2)),power)

Comparison of the bounds and the extreme zeros
hypasc1:=(alpha)->alpha<0

xnboundASCI:= sort([solve(expand(subs({alpha=-50,q=0.9},
qsimpcomb(ASCI(30,alpha,x,q)))),x)]):
extzeroboundASCI:=evalf[15]([min(xnboundASCI),max(xnboundASCI)]
)

ASCI30:=unapply(boundASCI,[n,alpha,q]):
sort(evalf[15](ASCI30(30,-50,0.9)))

the Al-Salam-Carlitz II polynomials
ASCII:=(n,alpha,x,q)->(-alpha)^n*q^(-binomial(n,2))*add
(qphihyperterm([q^(-n),x],[],q,q^(n)/alpha,k),k=0..n);

Fasc2:=(-alpha)^n*q^(-binomial(n,2))*(qphihyperterm([q^(-n),x],
[],q,q^(n)/alpha,k));



> > 

(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(16.3)(16.3)

> > 

(23.3)(23.3)

(19.9)(19.9)

(25.7)(25.7)

> > 

(19.2)(19.2)

(8.7)(8.7)

(25.2)(25.2)

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

> > 

(15.5)(15.5)

> > 

(15.7)(15.7)

> > 

(22.2)(22.2)

(11.7)(11.7)

> > 

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

> > 

(2.7)(2.7)

> > 

(25.4)(25.4)

(13.7)(13.7)

(20.4)(20.4)

> > 

(25.5)(25.5)

> > 

> > 

> > 

(25.9)(25.9)

(25.3)(25.3)

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

> > 

(12.2)(12.2)

(18.1)(18.1)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

(25.6)(25.6)

(23.10)(23.10)

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

(25.8)(25.8)

(24.7)(24.7)

The weight function
rhoASCII:=alpha->q^(k^2)*alpha^k/qpochhammer(q,q,k)/qpochhammer
(alpha*q,q,k)

qsimplify(rhoASCII(alpha*q^(-s))/rhoASCII(alpha))

qsimpcomb(subs(s=4,qsimplify(rhoASCII(alpha*q^(-s))/rhoASCII
(alpha))))

cASCII is  a polynomial of degree s in q^{-k}.
Equation (4) is valid only for negative shifts k=0,-1,-2,...... For example 
qMixRec(Fasc2,q,k,S(n),2,alpha,-2,0,0)

Theorem 1 can not be applied. Therefore we use Equation (2)
recASCII1:=qMixRec(Fasc2,q,k,S(n),3,alpha,0,0,0):
recASCII11:=combine(denom(rhs(recASCII1))*lhs(recASCII1)  =
collect(numer(rhs(recASCII1)),[S(n, alpha, 0),S(n-1, alpha, 0),
x],qsimpcomb),power)

GASCII[3,0]:=op([2,2],recASCII11)/S(n-1, alpha, 0)

boundASCII:=[solve(GASCII[3,0],x)]



(1.2)(1.2)

(12.10)(12.10)

(2.6)(2.6)

> > 

(3.4)(3.4)

(25.12)(25.12)

(16.3)(16.3)

> > 

(23.3)(23.3)

(19.9)(19.9)

(19.2)(19.2)

(8.7)(8.7)

(25.2)(25.2)

(21.4)(21.4)

(11.6)(11.6)

(13.6)(13.6)

> > 

(15.5)(15.5)

> > 

> > 

(15.7)(15.7)

> > 

(22.2)(22.2)

(11.7)(11.7)

(25.13)(25.13)

> > 

(20.7)(20.7)

(1.13)(1.13)

(2.4)(2.4)

> > 

(10.8)(10.8)

(7.7)(7.7)

> > 

(14.3)(14.3)

> > 

> > 

(2.7)(2.7)

(25.11)(25.11)

(13.7)(13.7)

(20.4)(20.4)

> > 

> > 

(25.10)(25.10)

> > 

> > 

> > 

(25.9)(25.9)

(9.5)(9.5)

(18.6)(18.6)

> > 

> > 

(7.9)(7.9)

(12.2)(12.2)

(18.1)(18.1)

(1.8)(1.8)

(12.13)(12.13)

> > 

(10.7)(10.7)

> > 

(23.10)(23.10)

(5.3)(5.3)

> > 

> > 

> > 

(17.4)(17.4)

(1.15)(1.15)

(2.5)(2.5)

(24.7)(24.7)

combine((-coeff(GASCII[3,0],x,1)+sqrt(((coeff(GASCII[3,0],x,1)
^2-4*coeff(GASCII[3,0],x,0)*coeff(GASCII[3,0],x,2)))))/(2*coeff
(GASCII[3,0],x,2)),power)

Comparison of the bounds and the extreme zeros
hypasc:=(alpha,q)->0<alpha*q and alpha*q<1

xnboundASCII:= sort([solve(expand(subs({alpha=1.05,q=0.7},
qsimpcomb(ASCII(20,alpha,x,q)))),x)]):
extzeroboundASCII:=evalf[15]([min(xnboundASCII),max
(xnboundASCII)])

ASCII30:=unapply(boundASCII,[n,alpha,q]):
sort(evalf[15](ASCII30(20,1.05,0.7)))


