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Abstract In this paper, using both an analytic and algorithmic approach, we derive the
coefficients D,,(n, a) of the multiplication formula

n
pn(ax)= ) Dp(n,a)pm(x)

m=0

or the translation formula

n
pnx+a)= Y Dp(n,a)pm(x),

m=0

where {p,},=0 is an orthogonal polynomial set, including the classical continuous or-
thogonal polynomials, the classical discrete orthogonal polynomials, the g-classical or-
thogonal polynomials, as well as the classical orthogonal polynomials on a quadratic and
a g-quadratic lattice. We give a representation of the coefficients D,,(n, a) as a single,
double or triple sum whereas in many cases we get simple representations.
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1 Introduction

Let 22 denote the linear space of polynomials with coefficients in C, the field of complex
numbers. A polynomial sequence {p,},=0 in 2 is called a polynomial set (or system) if p,,
is of exact degree n for all nonnegative integers n. Given a polynomial set {p,} =0, the so-
called multiplication problem associated to this family consists in finding the coefficients
D,,(n, a) in the expansion

n
pn(ax) =Y Dp(n,a)pm(x), @)
m=0
where a designates a nonzero complex number. Such identities have applications in
many problems in pure and applied mathematics, especially in combinatorial analysis.
The multiplication formula (1) is sometime called dilation formula, see e.g. [37], [38].
Chaggara and Koepf [8], Ismail [21] and Rainville [30] used generating functions to
solve the multiplication problem for some classical continuous orthogonal polynomials
and classical discrete orthogonal polynomials (only for the specific case a = —1). In this
work, we use the same approach as in [21, page 103], [30, page 209] and also an algorith-
mic approach to solve the multiplication problem for the classical continuous orthogo-
nal polynomials (Jacobi, Gegenbauer, Laguerre, Hermite, Bessel polynomials), the classi-
cal discrete orthogonal polynomials (Hahn, Meixner, Krawtchouk, Charlier polynomials),
the g-classical orthogonal polynomials (Big g-Jacobi, g-Hahn, Big g-Laguerre, etc.) as
well as the classical orthogonal polynomials on a quadratic lattice (Wilson polynomials,
etc.) and a g-quadratic lattice (Askey-Wilson polynomials, etc.). The major algorithmic
tools for our development are Zeilberger’s algorithm ([25], [29]), the PetkovSek-van-Hoeij
algorithm [25], Algorithm 2.8 of [25] and it g-analogue. Our results recover and extend
works by Chaggara and Koepf [8], Ismail [21] and Rainville [30]. Moreover, proceeding as
in [21] and [30], we find the coefficients D, (n, a) of the translation formula

pu(a+x)= Y Dpy(n,a)pn,(x)
m=0

of the Hahn, Meixner, Krawtchouk and Charlier polynomials. If we define the notion
of degree of complexity as the number of summations of elementary terms in D, (n, a),
then it is useful to note that we obtain nice results with degree of complexity zero whereas
others are of degree of complexity one, two or three.

Classical orthogonal polynomials of a continuous, a discrete and a g-discrete vari-
able, and on a quadratic or g-quadratic lattice x = x(s) are known to satisfy, respectively,
the following second-order differential, difference, g-difference and divided-difference
equations (see e.g. [11], [23], [27]):

o0 Ly + 700 L yx) + A, y(x) =0,

TgX)AVyX)+1(x)Ayx)+ A, y(x) =0,
0(x) Dy D% Y(x)+T1(X) Dy y(x) + Ap,q y(x) =0, 2)

0 (X())D5 Y (x(5)) + T(x())SxDx Y (X(5)) + Apyn(x(5)) =0, 3

where A, V, and Dy, are, respectively, the forward, the backward and the Hahn operators
defined by
flgx) - f(x)

Af(x)=fx+1) - f(x), VFf(x) = f(x) - f(x=1), Dgf(x) = TG-Dx q#1, x#0,
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with D, f(0) = lin}) Dy f(x) = f'(0), provided that f'(0) exists. Dy and Sy are the operators
x—
defined by [11]

fx(s+3) = flx(s—1)
x(s+ %) —x(s— %)

s+ 3+ flx(s— 1))

Dy f(x(s)) = >

, Sxf(x(s) =

o(x) = ax® + bx +c, T(x) = dx + e, are polynomials of maximum degree 2 and 1 respec-
tively, and A,, 1, 4 are constants depending on the coefficients a and d of o and 7.

The content of this paper is organized as follows: In Section 2, we compute the mul-
tiplication coefficients of classical orthogonal polynomial of a continuous variable. Sec-
tion 3 is devoted to coefficients of the multiplication and translation formulas of classical
discrete orthogonal polynomials. In Sections 4 and 5, the multiplication coefficients are
given for g-classical orthogonal polynomials and classical orthogonal polynomials on a
quadratic and g-quadratic lattice, respectively.

2 Multiplication Coefficients of Classical Continuous Orthogonal Polynomials

Note that by P{“P (x), CW (x), L' (x), Hy(x), B (x), we denote, respectively, the Ja-
cobi, Gegenbauer (ultraspherical), Laguerre, Hermite and Bessel polynomials. Their hy-
pergeometric representations are given as [23]

a+1 -n,nta+f+1|1-x
PPy = &3 n priil-x La>-1, f>-1
n! a+1 2
+1 -mn+a+p+1|1+x
S L prt|lix)
n! p+1 2
) 2" x" -n/2,-n/2+1/2| 1 1
CW(x) = L2F1 — | a>-sanda#0,
n! -n—a+1 X 2
a+1 —-n
L(na)(x) = ( )anl x)) a>-1,
n! a+1

-nl/2,-n/2+1/2
Hy(x) = 2"x",Fy

1
e
X

-mn+a+1
5 n=01,....N,a<-2N-1.

BW(x) = 2Fo(

In the above definitions,

pFq

a,...,ap o= x (al)m"’(ap)mﬁ
bl,...,bq m=0 (bl)m(bq)m m!'

where (a);, denotes the Pochhammer symbol (or shifted factorial) defined by

(@o=1,(@m=ala+1)(a+2)---(a+m-1)ifm=1,2,....
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To get the multiplication formulas of the above classical orthogonal polynomials of a con-
tinuous variable, we use their inversion formulas, that is, a formula expanding a general
basis b, (x) into a family of orthogonal polynomials p, (x)

bp(x) = Y. In(n)pm(x). )

m=0

Theorem 1 The following representations of the powers in terms of the classical continu-
ous orthogonal polynomials are valid:

B (a+B+2m+DIl'(a+pf+m+1) plap)
a-x" 2F(a+n+1)zF(a+m+1)1"(a+ﬁ+n+m+2)( WimPm ™ (1)

(seee.g. [21], [24]),

(a+ﬁ+2m+1)F(a+ﬁ+m+1)P(a,ﬁ)(x)
FB+m+Dl(a+f+n+m+2) ™

Q+0)"=2"T(B+n+1) Y D" (=n)p

m=0
(seee.g. [5], [21], [24]),
1) (22 i) (-n-a) n e nta-2m
2 2 m m m _ (06)
((X) 2n m=0 (= g_%)mm! 1) Cn 2m(x)_ n Z m'(a)n+l m n Zm(X)

(seee.g. [24], [30]),

n _ n
=(1+a), Z (ﬂL(m“)(x) =n! Z (Z+:1)(—l)mL(,Z)(x)
m=0\"""

m=o 1+a&)m

(seee.g. [21], [24], [33]),

<

L3l —my (—nyly Lz
2/m{=5 T 3)m n.

= E —= = < 7 X)=— —— Hy_om(x

= ml2n—2m n—2m(Xx) = n Om'(n 2m)! n—2m(x)

(seee.g. [21], [24]),

3
= (-2 & (_n)m(a'f'l)m(%"'i)mB%)(x)

(@+2)n = (n+2+a) (% +3)mm!

= —
2"y (2m+a+1)( mml(a+m+1)

B9 (x
= mIn+m+a+2) ™ @)

(see e.g. [24], [33]), where |n/2] denotes the largest integer smaller or equal to n/2.

In the following theorem, using the hypergeometric representations of classical continu-
ous orthogonal polynomials and their inversion formulas given in Theorem 1, we provide
known multiplication formulas and moreover, we get new results for Jacobi and Gegen-
bauer polynomials.
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Theorem 2 The following multiplication formulas of the classical orthogonal polynomi-
als of a continuous variable are valid:

nonem (—a)"(L=a)! (~n) e j(@+ 1) p(n+a+f+1) my

Pﬁla’ﬂ)(ax) =y 3

m=0 j=0 2inljia+ 1) myejl@+f+m+1)p
a+m+1,—-j | 2a
*2h1 —— PP ),
a+p+2m+2|a-1
ln/2) n+a-—2m —mm-n—-al 1
CYax)=T(n+a)a” Llew
" (@) ( : W;O mlr(a+n—m+1)2 ! —n—a+1 a2 n—2m( )
" (a+1Dpa™(1l-a)? ™
L' (ax) = Y (@+Dpa”(-a L' (x)
m=o (m—mi(a+1)y,
(seee.g. [8], [21], [30, p. 209], [34, Exercise 67, p. 387], compare [26]),
|n/2] a"n!(l—a‘z)m
Hy(ax)= ), ——————Hy,_
(a9 mzzo (n—2myimiin-2m)
(seee.g. [8], [21], compare [16]),
- CaTCmmatntl m-n,a+m+n+1l
B@ (= y, O CMnl g 2590
m=0 mia+m+1)y aA+2m+2

(seee.g. [10], [26]).

Remark 3 1. The multiplication coefficients given above for the Laguerre and Hermite
polynomials were already given by Rainville [30, p. 209, formula (5)] (only the Laguerre
formula), Ismail [21, (4.6.32), (4.6.33)] and Chaggara and Koepf [8] using generating func-
tions. Those of Jacobi are new, as far as we know. However, Chaggara and Koepf [8] ex-

panded Pﬁla’ﬁ) (1 - ax) in terms of Piff’ﬁ) (1-x) and got

n al+a)pla+B+1+n)y m-nm+n+a+f+1

(a,p)
P 1- =
ey rsz::o(ﬂ—m)!(1+a)m(06+ﬂ+1+m)m2 ! 2m+a+f+2

a)pif,"ﬁ)(l —x).

From this formula, the multiplication formula for the Laguerre polynomials can be de-
rived following the limit relation

L@ (x) = Jim POP(1-2p71x).
— 00

2. In the proof of this theorem, we use Zeilberger’s (see e.g. [25, Chap. 7]') and the

Petkoviek-van-Hoeij algorithms? (see e.g. [25, Chap. 9]). Zeilberger’s algorithm deals

with the question of how to determine a holonomic recurrence equation ( i.e., homoge-
o0

neous and linear with polynomial coefficients) for sums S,, = Z F(n, m) where F(n, m)
m=—oo0

is a hypergeometric term, i.e., the term ratio £ (F'Zzlm';” d ;’z'nmr;)l) represents a rational func-

tion of the variable n and m, respectively. The Petkovsek-van-Hoeij algorithm finds all

hypergeometric term solutions of a holonomic recurrence equation.

1 explicitly the Maple procedure sumrecursion of the accompanying hsum package
2 explicitly the Maple procedure LREtools [hypergeomsols] written by van Hoeij [17]
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Proof In the proof, we consider three cases. In every case, the coefficients A;(n) and
I, (n) are, respectively, those of the hypergeometric representations and the inversion
formulas.

1. Jacobi family Pff'ﬁ ().

We use the following variant of the binomial theorem

o J i .
(1-ax)’ =) Bi(j,@1-x* with Bk(j,a)=ak(i)(1—a)]_k.
k=0

Combining

PP (ax) =

n
Jj=

. . j
Ajm(1-ax), 1-ax))=Y Bi(j,a1-x*
0 k=0

and

k
1-0%= Y L.0PYPw

m=0

and interchanging the order of summation yields the representation
@p) - @p)
P, (ax) =Y Dp(n,a)Py," (x)
m=0
with

n-m Jj
Dn(n,a)= ). Y Ajem()Bpsi(j+m,a)In(k+m).
j=0 k=0

To complete the proof, we use Algorithm 2.8, p. 22 of [25]% to convert the sum
J

Y. Bm+k(j+ m,a) I, (k+ m) into hypergeometric notation.

k=0

2. Gegenbauer family C, ﬁl‘” (x) and Hermite family H,, (x).
In the Gegenbauer and Hermite cases, we combine

12) _ Y
Pyax)=) Ajnax"* and x/=) In(j)Pj_2m(x)

j=0 m=0
which yield
o Lgl-
X" = N Lp(n—2j)Pn-pj-2m(x)
m=0

and substitute m by m — j to obtain

L3) m

Pp(ax)= ) Din(n,a)Pn_zm(x) with Din(n,a) =}, Aj(n,a)Im-j(n—2j).

m=0 Jj=0

In the Hermite case, Zeilberger’s algorithm finds a holonomic recurrence equation of
first order with respect to m from which the result follows. But in the Gegenbauer
case, we get a recurrence equation of order 2 which according to the Petkovsek-van-
Hoeij algorithm doesn’t have a hypergeometric term solution.

3 explicitly the Maple procedure Sumtohyper of the hsum package
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3. Laguerre family L& (x) and Bessel family B'® (x)
In both cases, we combine

n ; |
Ppax)=)Y Ajma)x! and x/= ) In(j)Pu(x)
j=0 m=0

and interchange the order of summation to get

n-m

Dp(n,a)= Y Ajym(n,a)In(j+m).
j=0

For the Laguerre family, Zeilberger’s algorithm finds a recurrence equation of first
order with respect to m from which the result follows. But in the Bessel case, we get a
recurrence equation of order 2 which according to the PetkovSek-van-Hoeij algorithm
doesn’t have a hypergeometric term solution.

O

3 Coefficients of Multiplication and Translation Formulas of Classical Discrete
Orthogonal Polynomials

3.1 Multiplication Coefficients of Classical Discrete Orthogonal Polynomials

Using generating functions, Chaggara and Koepf [8] solved the multiplication problem

pr(ax) =Y Dp(n,a)pm(x)

m=0

for the Charlier, Meixner and Krawtchouk polynomials but only for the specific case a =
—1. Recurrence relations satisfied by the multiplication coefficients were also given. Area
et al. [4] presented an algorithmic approach to obtain these recurrence relations. Their
approach was based on the so-called NaViMa algorithm. In this section the general mul-
tiplication problem for classical discrete orthogonal polynomials is solved.

We denote by Q,(x; a, 8, N), My, (x;v, ), K, (x; p, N) and C,(x; u), the Hahn, Meixner,
Krawtchouk and Charlier polynomials, respectively. Their hypergeometric representa-
tions are given in [23]

-n,-x,n+l+a+p
a+1,-N 1)’

n,x=0,1,...,N,a>-land >-1,ora<—Nand S < —N,

Qu(x;a,B,N) = 3F

-n,—Xx 1
My(x;y, 1) = 2F1 1——),y>0,0<,u<1,x:O,l,...,
Y ©
-n,—x|1
Ky(x;p,N) = 2 _N ; ,0<p<l,nx=01,..., N,
-n,—-x| 1
Chlx;) = 2Fy ——),,u>0,x=0,1,....
- ©
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In the continuous case, the polynomials were represented in terms of the powers x”.
The corresponding choice in the discrete case is a representation in terms of the falling
factorials

M=x(x-1)-(x-n+1)==D"(-x)p.

To get the multiplication formulas of the classical discrete orthogonal polynomials, we
use their inversion formulas. Gasper [14], Koepf and Schmersau [24], Ronveaux et al. [32]
(compare [1], [41]) proved that

Theorem 4 The following representations for the falling factorials in terms of the classical
discrete orthogonal polynomials are valid:

. 2”: 1+ a)p(=N),(=1)" (a+B+1+2m) (-n)m(a+p+ DQO(x;a,ﬁ,N), 5)

0 (a+p+2), (a+p+1) (+2+a+P)ym!

n (=D"(Y)n(5)"(=n)

M=) - ”,1 = M (57,10,
m=0 m.
n —_1\(_ no_

=y C N)’ip Cm g s, V),
m=0 m:

Using the hypergeometric representations and the inversion formulas of the classical dis-
crete orthogonal polynomials, we get

Theorem 5 For the classical discrete orthogonal polynomials, the following multiplica-
tion relations are valid.

Onlax; a, f,N) = i (@+B+1+2m)(a+B+1), "I (@+1,-N)y—j(=n+j)m
PR = (@+p+m! o @B+ jlatptn—j+2mn-))
j (=mn+a+pf+Djin-j

n—j )
x Z (—l)l(nl J)(—al)k+n_ij(x;a,ﬁ,N),

X
2 @+ 1, =N)gopjktn-l - =

noncm(y),_i(-n+m (1) sk p—1k
My(ax;y, 1) = - .
(a5 K mzz()];) mi(n—j)! szo(n+k—1)!(y)n+k-j( ju )
n—j o
<L (—1)’(" l ’)(—al)n+k_,~Mm(x;y,u),
=0
n n-m (_N)n—j(_n+j)m
Ky(ax;p,N) = -
manp mZ:O ];0 mi(n- )
. CMnsk-j =i
X - (=D (=al) pik— i Km(x; p, N),
];)pk(_N)n+k—j(n+ k—])' [;0 ( l n+k-jfim p

2 (—n+ ), j (=MW n+k—j nj n—=j
C T = - -1 —al _iCp(x; ).
(@K mz=o jg() mi(n—j)! kgo (n+k—Pl-wk lgo( ) ! D nekef CmBH)
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The proof of this theorem uses the following result, namely the discrete analog of the
Taylor expansion.

Lemma6 (Compare [7, p. 35]) If f is a polynomial w.r.t. x of degree n, then

n
f =Y fixk, (6)
k=0

where

1 & [k

fe=7 2 Df ’(l)f(l)-
=0

Replacing f(x) by (ax)Z in (6), we are led to

Corollary 7 The following multiplication formula holds:

(ax)=Y Ex(n,ax*=Y

(_ 1) n+k k (k-
k=0 k=0

" an, <k
o E)( D l)( al)px=.

Proof (of Theorem 5) Combining

n k . i
pnlax) =Y Axm)(ax)k, (axk=Y" Ei(k, a)xt with Ei(k,a)= Y Fi( k a),
k=0 i=0 =0

and

1

xb= Y In(D)pm(x),
m=0

interchanging the order of summation and substituting i by n—m — j yields the multipli-
cation relation

pn(ax)= Y Dpu(n,a)pm(x)

m=0
with

n-m j n-j
Dp(na)= ) > Y Aken-jF(n—j,k+n—j,a)l,n-j),
j=0 k=01=0

where the coefficients Ax(n), F;(i, k,a) and I,,(i) are, respectively, those of the hyper-
geometric representations, the multiplication formula of the above Corollary 7 and the
inversion formulas. O

Remark 8 We remark here that the degree of complexity of the above multiplication co-
efficients is three, which is rather high. It could be necessary to find conditions on the
parameters a to reduce it or to find another approach to simplify this degree. In fact if
we give some specific values to the parameter a (for example a = —1 or a = 2), then the

(—l)l(";])(—al)mk,j simplifies to a hypergeometric term and the degree

last sum Y.,/
of complexity of the coefficients D,,(n, a) decreases to two.
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3.2 Coefficients of Translation Formulas of Classical Discrete Orthogonal Polynomials

In this section, proceeding as in [21, page 103], [30, page 209], we use generating func-
tions of classical discrete orthogonal polynomials to find their translation formulas. The
generating functions of the Charlier, Meixner and Krawtchouk polynomials are given be-
low (see e.g. [23]), respectively, with some relevant relations they verify:

G1(x,0) := (1—7) = oi: Cn(x,u) ,Gl(ax,t)z(l—i)aGl(x,at),
=
Golx, 1) := (1—7) ( -1 Y_EO (’2!” W', Go(ax, t):(1—&)“(14)7“62(;(,410,
Gs(x, 1) = (1 - prt)x(l +nN=¥ = ngo (]Z)Kn(x; PN, Galax, b = (1 - %t]a(l - t)_”Gg(x,at).

Using the above generating functions, we prove that

Theorem 9 The following translation formulas are valid for the Charlier, Meixner, Krawtchouk
and Hahn polynomials, respectively:

n —
Colx+a;p) = V;O(;)(Jil)—_",;’”cm(x;u),
" (V) m (@) (@) p-m—k
0 k=0 MK npk(n—m—k)!
nom ()R (N (@) (1 - p) R (@) ek
0 k=0 (Mkipk(n—m- k!

Z m(-1)™(m - n)]( nm(—a; (a+ﬁ+n+1)m+]
=0 jimm-N)jl@a+m+1)jla+p+m+1py,

My, (7, 1),

My(x+a;y,1) =

K (x; p, M),

Ky(x+a;p,N) =

Qula+x;a,p,N) =

ﬁ[vh ﬁ[v]: 5[\4:

—-jm—-N,a+m+1
x3Fp

1 ;a, B, N).
a+l—ja+p+2m+2 )Qm(xaﬁ )

Proof The translation formulas for the Charlier, Meixner and Krawtchouk polynomials
follow by equating coefficients of ¢" in the relations between G;(ax, t) and G;(x, at), i =
1,2,3 using the binomial theorem

(1-2)7%= Z(fl)” 2" 1zl < 1.

n=0

For the Hahn polynomials, we combine the representation of Q,(x + a; a, §, N) in terms
of (—x — a),, the Chu-Vandermonde identity

n

@+x),= 3 (Z)(a)n_m(x)m

m=0

and the inversion formula (5) to get the result.
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4 Multiplication Coefficients of g-Classical Orthogonal Polynomials

The polynomial systems which are solution of the g-difference equation (2) form the g-
Hahn tableau. They are represented as basic hypergeometric series ¢ defined by

ay,...,ar oo (al,._.,ar;q)k k (k) I+s-r z
jz|=) ————|[(=1D"g'2 —_—,
’¢s( br,....bs |7 ) ggé(bl,u.,bs;q)k ( 1 ) (G Dk

k

where (ay,...,ar; @)k := (a1; @k~ (ar; @), is the product of the g-Pochhammer symbol
defined by

@@Po=1,@qr=0-a)1-aq)d-aq?)---0-aqg" Vif k=1,2,3,...,

and

(o)
(@ oo =[] 1 -agh),0<lgl<1.
k=0

The following systems are members of the g-Hahn tableau [23]:

o}
CIJQ)’

q;q), withx=¢g *andn=0,1, ..., N,

q; Q)v

q; qx),

1. the big g-Jacobi polynomials

q’",aﬁq”“,x

Py(x;a,B,7;9) =32 (
aq,yq

which for @ = f =1 are the big g-Legendre polynomials
q—n qn+1 X

a,v4q

Py(x;7;9) =3¢>2(

2. the g-Hahn polynomials

q—n'aﬁqnﬂ,x
ag,q N

Qn(J_C, a!ﬁ»qu) :3(,[)2(

3. the big g-Laguerre polynomials

q7"x,0

Pn(x;a,B;q) = 3(/)2(
aq,Bq

4. the little g-Jacobi polynomials

q—n’ aﬁqn+1
pn(x;a, Blq) =21 ( o

which for @ = =1 are the little g-Legendre polynomials

-n n+l

pn(xlq) =21 ( q;qx),

5. the g-Meixner polynomials

-n

q"x
Bq

qn+1
Mu(%;8,7; 9) =z¢>1( q;—T), with x=¢g"7%,
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6. the quantum g-Krawtchouk polynomials
qtm o q"x RS IR
K, (% p,N;q) =20 _N |GPa ,withx=¢g "andn=0,1, ..., N,
q
7. the g-Krawtchouk polynomials
) q",x,-pq" o
K, p,N;q) =3¢2 q‘NO g;q|with x=g *andn=0,1, ..., N,
8. the affine g-Krawtchouk polynomials
AR q" %0 P
K,"(%;p,N;q) =3¢ pa q_N g;q|withx=qg *andn=0,1, ..., N,
9. the little g-Laguerre / Wall polynomials
q "0
pn(x;alq) =21 q;9x|,
10. the g-Laguerre polynomials
(CAaT)) q"
L(na) (x; 6]) — (q; q)n n 1(/)1 qa+1 q;_qn+a+1x ,
11. the alternative g-Charlier or g-Bessel polynomials
q—n, _aqn
yn(X;0;q) =201 ( 0 q;qx)’
12. the g-Charlier polynomials
q‘", x qn+1
Cn()'c;a; q) = 2([)1 ( 0 q,— ), with x = q—x,
13. the Al-Salam-Carlitz I polynomials
n q‘”,x‘l X
U9 ) = (~a)" g ( G q—),
0 a
14. the Al-Salam-Carlitz I polynomials
e a’x| q"
Vi) = (-a)"q (2)2<P0( e %)
15. the Stieltjes-Wigert polynomials
1 g’
Sn(xq)= ——— =g x|,
n(x:q (q;q)nl(pl( o |T74
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16. the discrete g-Hermite I polynomials

-n -1
n,x

h(x; ) = g2y (

q;—qx),

the discrete g-Hermite I polynomials are the Al-Salam-Carlitz I polynomials with a =
—lie hy(x;q) =USV(x; ),

17. the discrete g-Hermite II polynomials

Mix

hn(x;q) = i_"q_(g)z%(

9 —q"),
the discrete g-Hermite 1T polynomlals are related to the Al-Salam-Carlitz II polyno-
mials with @ = —1 by h,(x;q) =i "V V(ix; ).

The representation of the polynomials p,(x) belonging to the g-Hahn tableau as basic
hypergeometric series suggests four natural bases {7} to obtain expansions of the form

pn(xX) =Y Ap(n)Vm(x).

m=0

These expansion bases are the g-shifted factorials (i.e. 7;,,(x) = (x; q) ), the powers of x
(i.e. n(x) = X™), Vin(x) = (i; ) and ¥y (1) = (x =D (x—q) -+ (x=q" ") = (x5 9) x™.
These four bases can be generalized to the g-power basis [36]

n_|—a)b-aq) - (b—aq™™"), neN,
(b©a)q—{1’ n=0,
where a, b € C. Indeed, we have
(G @n=0100 x"=x00, (ixq, =100} and (x"';q),x" = (xO 1)},

For g-classical orthogonal polynomials (in short g-COP), we propose two different meth-
ods to solve the multiplication problem (1).

4.1 First Method

Here once more, we proceed as in [21, page 103], [30, page 209], using generating func-
tions of some g-COP given below with some relevant relations they verify:

1. the discrete g-Hermite II polynomials

X S gL —@* 1 4Moo
G(x, 1) := hn(x; t", Glax, t) = ————5—2G(x, at),
(~1%4%)o0 Z NG (=1%G%)o0
2. the discrete g-Hermite I polynomials
2. 2
; ) S hy H )
Glx, ):= L) =2 059 1 Gax, = LT Gy ap),

(G Dn (@®1%g%) o
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3. the Stieltjes-Wigert polynomials

G 0= ——opr | |gi—gxt|= 3 Suma", Glax, 0 = 25D Gix an
) - 0P1 y - ) ) ’ - ’ ’
(5 oo 0 o (6 oo
4. the Al-Salam-Carlitz IT polynomials
t x (-1)"ql2) t,aat;
Glx, ) 1= 2 Do Z( gz V(x5 q), Glax,n = L2295 D0 G,
(t,at; oo n=0 (G Pn (t,at; Qoo
5. the Al-Salam-Carlitz I polynomials
tat; x W (y; tat;
Glx, )= Do 58 Un 5D 0 o 006D G g,
X690 =0 (@ Dn (at,aat; q)oo
6. the g-Charlier polynomials
1 - 41 X Calsaqg) o, (at; oo
G(x, 1) := = = — 1, Glax, ) = G(x,at),
0 (t;q)ooO(Pl( —alg [T ‘m) L Catggpn O™ ae 00
7. the g-Laguerre polynomials
6= ——onn| 7 lamgmrie] = § EEED 0 gy 2 @, o
T Gt gt a=q =0 @, ’ GEPoo
8. thelittle g-Laguerre / Wall polynomials
(6900 - _® (gl (6 Doo
G(x, 1) := (xt;q)oo()(pl( wq q,aqxt)—ng’oi(q;q)n pn(x;alg)t", Glax, 1) = @ta )OOG(x ,at).

Using the above generating functions G(x, t) and the relations between G(ax, t) and G(x, at)
we prove

Theorem 10 The following multiplication and translation formulas are valid for:

1. thediscrete q-Hermite Il polynomials

_ L3 (_qym n-2m ( )
hnlax;q) =) Ch7a @ D@ T m

(n) hn—Zm(x; (7),
m=0 a2 (@% a*) m(@; D n-2m
2. thediscrete q-Hermite I polynomials
LgJ an(  q) (a—z. 2)
hplax;qy= Y, LD G 0my, ),

=0 (@ a*) m(@; @) n-2m
3. the Stieltjes-Wigert polynomials

i a(a; Dn-m

Sylax;q) =
" 9 m=0 (@D n-m

Sm(x% ),

4. the Al-Salam-Carlitz II polynomials

i nem (—aymak g2 (q; q) 0 (a; @) 1@ @) nemk

V@ (x; q),
m=0 k=0 (=1"q2 (@ D@ Dm G D pemrc

V¥ (ax; q) =
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5. the Al-Salam-Carlitz I polynomials

U (ax: ) = i "im a"aX(q; Pn@™ ;@™ @ n-m-k U (),
m=0 k=0 (@ Dm (@ DG D n—m-k

6. the q-Charlier polynomials

Cnlq~* s ) = i g "q"% q)n-m_(;a‘lq, G Dn
m=0 (@G PDn-m(-a7 4, G Pm

Culqg % a;9),

7. the q-Laguerre polynomials

n mg,. a+l1.
qua)(ax;q): Z a (arCI)n—m(q yq)n

L' (x; q),
= @G Dn-m@ P, " 9

8. the little g-Laguerre / Wall polynomials

no_nm_ A0 -1.
pn(ax;alq): Z (=D™( (’? q‘2 (Q»Q)n(tl ;q)n—m
m=0 4% (G D) (@ D nm

pm(x;alq).

Proof The results follow by equating coefficients of ¢" in the relations between G(ax, 1)
and G(x, at), using the g-binomial theorem (see e.g. [23, page 16])

(az o _ (a;q)nz",0<|07|<1'|zl<1'
(z; q)oo n=0 (fl, q)n

4.2 Second Method

In this method, for the remaining families of g-classical orthogonal polynomials we use
the inversion formulas (4). It has been shown that

Theorem 11 (See [28], [39], compare [2], [12]) The inversion coefficients of the polyno-
mial systems of the q-Hahn class are given in Table 1.

Due to the bases in which the g-COP are represented, we consider here two cases.

4.2.1 Multiplication Coefficients of q-Orthogonal Polynomials Expanded in the Basis {x""}

We suppose that the g-COP p, (x) are expanded in the basis x”, i.e.
n .
pa(x)=) Aj(n)x/,
j=0
so that

pnlax)=Y Ajmalx’.
j=0

We combine the latter expression with the inversion formula

. j
= Ln()pm(x)
m=0



16 D. D. Tcheutia et al.

Table 1 Inversion coefficients for g-COP

Family Basis Im(n)
i - , _pym[ 25 @qygqni-apg™th
big g-Jacobi (wawa | D™ ] g ey
] . _yym[B] 2l (ag,q-Niq)(1-apg?™tY
g-Hahn {5 @ ntn (=1 [m]qq 2 @Bq™ L;q)n(1-afqtm+)
. mm=-1) rpn
big g-Laguerre {5 Qnkn (=D™Mg 2 [m]q(“qvﬁq? Dn
1 _

q-Meixner @anin | 0" T] gz g g,

m mm=1) rpn _N
affine g-Krawtchouk {5 g nt (-D"q 2 [m]q(q s Dn(PqG;Pn
) . ym M=l (qN;qn
g-Krawtchouk {6 @)n} (-D"q 2 [m]q(_pqm;q)m(_pq2m+1;q)n_m

1
quantum g-Krawtchouk | {(x;q)n} (71)mq?(m+”(m_2")p_"[Zl]q(q_N; Dn

i ] ) B m n] mm-l)  (agiq)a0-apg®™)
little g-Jacobi {x"n (=1 [m qq @Ba™ L) (—afqg™ )
n mepl) (+ag®™)
o . n _pym[?] 4z d+aq®™)
alternative g-Charlier {x"tn (-1 [m]q(iaqm+1;q)n(1+aqn1)

to get

n .
pnlax)=) Dpun,a)pn(x) with Dpy(n,a)= ), a’*™Aj ()1, +m).
m=0 j=0

We use the g-analogue of Algorithm 2.8 of [25, p. 22]* to convert Dy.(n, a) into g-hypergeometric
notation. It follows that

Theorem 12 The multiplication formulae of the little q-Jacobi and alternative q-Charlier
polynomials represented in the basis {x""} are given, respectively, by:

m(m+1)
2o—a)mq 2 (@Bg™ S Dm T Om qm ", afgmrnt
(ax;a, Blg) = ya (x;a, Blq),
Pn Blg mZ:O CET s D 201 wpgtm? g;aq|pmxa, Blq

(m+1)

a™q" T (@ Pm—aq Om </>1( qm " —ag™"

(@G Dm(—aq™; @)m —ag?mtl

n
ynlax;a;q) = ) q;aq)ym(x:a;q).
m=0

4.2.2 Multiplication Coefficients of q-Orthogonal Polynomials Expanded in the Bases
{6 g)n} or {lix; @)n}

To solve the multiplication problem in these cases, we need the following result given in
[15, Exercise 1.3].

Lemma 13 The multiplication formula of the basis {(x; q) ,} is given by

L]
(ax;q)n = a™ (@ @ n-m (X Q) m- @
rr;O [m]’?

4 explicitly the Maple procedure sum2qhyper of the accompanying qsum package
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Proof Since
Dg(ax; q)n = —alnlg(aqx; q)n-1,
it follows by iteration that

n—k+1.

*) (g 7))

Tagr e

Di(ax;q)n = (-a)*q

In order to obtain (7) we apply the operator D’,; to both sides of the relation (ax; q), =

n
Y. Dp(n,a)(x; q) . This yields
m=0

n
a“ @ Pkaq s k= Y D@ (@ @1 % @ ke
m=k
For x = g%, since (1;g)x = 0, k #0, the latter equation gives the result. O

Remark 14 Another proof of (7) is by observing that the right hand side equals

CIWI)

which is evaluated by the g-Chu-Vandermonde formula

—-n

q X
(@ P n21 alghn

q"a nca”lsq)n
iq|=a"————.
2¢1( e |1 Q) D
This gives
q " x (@a)'q" " @
(@ P n2th1 ( a_lql‘” q; 6]) = (a; Q)nm =(ax; q)n.

Using the representation of p,(x) in the basis (x; q) ,, Equation (7) and the inversion for-
mulae of these polynomial systems, we prove

Theorem 15 For the classical q-orthogonal polynomials represented in the basis {(x; q) »},
the following multiplication and translation formulae are valid:
1. g-Meixner

~ n n-m (_1)m+quaqmn+nj+j(q—a;q) ,(q—n;q) (qm—n;q) .
Mp(g D8y = Y Y ! - !

m=0 j=0 a2y (g q) (@ @) (@ Dm
R g
><2¢>1( gt | B Mm(q™%8,7; ),

2. quantum q-Krawtchouk

n n=m (-a@)"pl g G ) i (@ @) (TN Dm
K"Maxp, N = Y Y G £ !
m=0 j=0 a2 D) jem (@ Q) j (@ D m

1 qrm
4 — | K (6p,N;q),
pq’”) "
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3. q-Krawtchouk

n nom g G PG D a0 0N
Kn(q_(““);p,N;q): Z Z q q 949 5 Dm+j=Pq 5 Dm+jq 59 jq "5 q)m

m=0 j=0 GNP+ @D j (G Dm—pa™ Dm

x| A0
3%2 gimi*a, _pgrm+i

a; Q)Km(q‘x;p, N;q),

4. big q-Laguerre

n o - g @) Dm0
Pp(ax;a,p;q) = Z Z (@g™+l.q); m+lj. a-a)(a- !
m=0 j=0 aq rq)](ﬁq vq)](q»q)](qrq)m

q—jyaqmﬂ,ﬁqm-*—l
x3¢2

4
aql’

q; q) Pm(x;a,B;q),

5. affine q-Krawtchouk

. m(m+1) _ —
T Gl N @ @) Dm @ )

n n-m(-a"q

Kf,lﬁ(ax;p,N;q) = Z Z

m=0 j=0 Pa™ L@ | (@G Dm@™ D (@ PN
q—j qm—N pqm+1
><3¢2( a, q;q)Kfnff(x;p,N;qJ,
aql’
6. q-Hahn
_ ., m(m+1) _ _ _
Ol g = 35 ST @0, Dm0 @Pa" D
m=0 j=0 (@D (@ Dm @™ N; q) j(@q™ L @) j (@Bg™ O m
m+1

at,q™"N,aq
qu—j+1 aﬁq2m+2

q q)Qm(q""; a, B, Nlq),

7. big g-Jacobi

m(m+1)

non=m(—a)"q* T2 (") (@S Dm (@) @Bg T @ s
Pplaxia,pyiq) = ), ). ; N m+l. . mil. ! m+l. 2
m=0 j=0 (@D (@ Dmag™ 5 q) j(yqg™ 5 q) j (@B q)m

( q—j,aqm+1'},qm+l

4 dﬁq2m+2

q; q) Pm(xa,B,7;q).

Proof Combining

n J k
pnlax) =) Aj(n)(ax;q)j, (ax;q)j= Y Br(j)(x; )k and (x; Q)= Y Im(k)pm(x)
j=0 k=0 m=0

and interchanging the order of summation gives

n n-m Jj
pn(ax)= ) Dp(n,a)pm(x) with Dy(n,a@)= Y Y Ajem(0)Bpsk(j+m) Lk +m).
m=0 j=0 k=0

J
We use the g-analogue of Algorithm 2.8 of [25, p. 22] to convert Y By, (j+m) [, (k+m)
k=0

into g-hypergeometric notation. O
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Riese [31] developed an algorithm which finds recurrence equations for g-hypergeometric
multiple sums and implemented it in Mathematica in his package gMultisum. Using this
algorithm, we get

Proposition 16 The following recurrence relations are satisfied by the multiplication co-
efficients of:
1. g-Meixner polynomials

_Yazqﬁ (g" - q™) (1 _ q1+mﬁ) (1 _ q2+mﬁ) Dy(n, @) - aqS (1 _ ql+m] (1 _ q2+mﬁ) (q2m+4

_ ., m+n+3 m+1

aq +ayq" A+ @) +yq" P - ayq" 0+ g+ q*) - Pyrq

2m+4 m+n+3)

+apyq Dy+1(n,a)
+6](1— q1+m) (1 _q2+m) ((aq5+2m _a2q3+m+n +aqu+3 _ aﬁyq2m+5 +a2ﬁqu+n+3)(l +q)
—q8+3mﬁ+a2q6+2m+”ﬁ+a2q2+m

_a(_1+ql+m) (_1+q2+m) (_1+q3+m) (—q3+m+aq") (q3+m+Y)D3+m(n, a) =0,

y-a*¥q"(1+q+4*)Dns2(n,a)

2. quantum q-Krawtchouk polynomials

a2q6 (qm _ q") (q1+m _ qN) (qN _ qm) Do (n,a) + (qu (q1+m _ 1) (q1+m _ qN) (apq3+m+n+N
2+m+n _ 3+2m 3+m+N _ , _4+2m+N n+N(

q +4q pra —aq

+q1+N(_l+ql+m) (_1+q2+m)(_pq7+3m+a2pq5+2m+n_a2q2+m+N+a2qn+N(1+q+q2)

+aq 1+ti+q2)+uq1+’”+N(1+q))Dm+1(n,a)

+(aq —-a“q aq +apq

4+2m _ 2 2+m+n _ , 3+m+N 5+2m+N—azpq3+m+"+N)(l+q))Dm+2(n, a

_anN (_1 4 q1+m) (_1 +q2+m) (_1 +q3+m) (_1 +pq3+m) (_q3+m +aqn)Dm+3(n’ a) =0,

with the initial conditions D,,(n,a) = a”, Dy,.+s(n,a) =0, s=1,2,3.

5 Multiplication Coefficients of Askey-Wilson and Wilson polynomials

In this section, we solve the multiplication problem for the Askey-Wilson and Wilson
polynomials defined, respectively, by

pn(x;a,b,c,dlq) =

(ab,ac,ad; q), g ", abcdq" !, ae®, ae "
T

q; q), X =cosH,

1)

Our results can be extended to other families of classical orthogonal polynomials on a
quadratic or g-quadratic lattice by means of specialization and / or limiting processes
following the Askey scheme and it g-analogue [23]. To illustrate this approach, we solve
the multiplication problem for the g-Racah polynomials.

The basic hypergeometric resp. the hypergeometric representation of the Askey-Wilson
resp. the Wilson polynomials suggests to use the basis B, (a, x) resp. 9,(a, x) defined by
By(a,x) =1,

ab,ac,ad

) -mn+a+b+c+d-1,a+ix,a—ix
Wy(x%a,b,c,d) = (a+Db)y(a+c)p(a+d)paFs
a+b,a+c,a+d

n—1
s Dn=(aq'; Pnlaq ;@)= [ A-2axq"+a*q*%), n=1, 8)
k=0

By(a,x) = (ae'’; q) ,(ae™™®
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Sy gs .
where x = x(s) = cos0 = %, q° = e,

Ila,x)=(a+ix)p(a—ix),. 9

The operator Dy is appropriate for B,(a, x) whereas the corresponding operator for the
basis {9, (a, x)} is the Wilson operator ([9], [22]) defined for an even function f by

o et

5.1 Multiplication Formula of Askey-Wilson Polynomials
In order to get the multiplication coefficients D,, (n, @) of the relation
n
pulax;a,b,c,dlq)= ) Du(n,a)pm(x;a,b,c,dlq)
m=0

we need the multiplication coefficients of the basis family (B, (a, x)), given by the follow-
ing

Proposition 17 For the Askey-Wilson polynomial basis (By(a, x)) ,, the multiplication for-
mula

n
Bp(a,ax) =Y Ex(n)Bi(a,x) (68))
k=0
holds with
12 421 "1 (1 - ad?ai — agl + @ g
P IHO( aaq aq'™l+a q")
Ex(n) = g* = .
k q ]g() (q,(1qu+2];q)k—j(qra_qu_zj;q)j

The proof of this proposition uses Theorems 18 and 20 which follow below.

Theorem 18 (Expansion theorem, see e.g. [19], [20]) Let f be a polynomial of degree n,
then

fx) =) fiBila,x),
k=0

where .
(g-1) SV
=——— (@Dg ) (xk) (12)
fk (za)k(q,q)kq qf xk

with )

Xp = E(aq/clz L
where 24 is the Askey-Wilson operator defined by (see e.g. [6] )
f(ql/ZeiH) _ f(q—l/zeig)

Dqf(x) = 8(q'/2ei0) — 8(qg112¢i0)’

°+q°
2
have f(e'?) := f(x), that is

with x = x(s) = cosf = ,q° = %, where for a function f defined on (-1,1) we

f@)=fz+1/2)/2), z=e€",

and é(x) = x.
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N N

Remark 19 When we set x = x(s) = cosf = q

+2qi , ¢° = e, wehave Dy f(x(s)) = Dy f(x).

n
Proof For m=0,1,...,k, we apply @g‘ to both sides of f(x) = Y fxBx(a, x) to get
k=0

27 f(x) = ka@’”Bk(a X) = fm@y' Bm(a, ) + Z fx27' Bi(a, x). (13)

k=m+1

By iteration of equation

a(l-qg")
IDxBn(a,x)—q—Bn 1(av/q,x),
we have
2a0)™ k—m+1; m(m=1) m
@;”Bk(a,x)z( a”q Dmd_*_ g (g™ . (14)

(g-1)"
Forall k #£0, Bi(aq?,x) =0 & x = X,y = 3 (aqg™? + a~' g~™'?). We substitute x by x,, in

(13) and use (14) to get the result. O

We also need the following g-derivative rule due to Cooper [9] which is a generalization
of Relation (14).

Theorem 20 ([9]) The action of 2, on a function f is given by

n(1-n) k)
4

k(n—k) 2k—nf~(q(n—22 2
q(q1+n 2kz2 q)k(qZk n+l,-2. q)n k

n

D1 fix )—(12,26’—_1,2)"2[k]

(15)

where x = cosf = %(z+z‘1) and f(z) = f((z+1/2)12) withz = e'%.

Proof (of Proposition 17) We have x; = %(aqg +alg?)= F(z+z Hwithz= aq®. The

combination of Equations (12) and (15) with x = x; and z = uqliC yields

£ = gt k g/ =0 q2U0=5 Fagk=iy
k =@, @ q'+2%=0); q) (g, a2 q =2k~ D; )i
If we substitute j by k — j, f(x) by B,(a, ax), the result follows. O

Finally we use the inversion formula of the Askey-Wilson polynomials.

Proposition 21 (See e.g. [3], [13]) The inversion formula of the Askey-Wilson orthogonal
polynomial family is given by

L m(m— —a)m m m m. _
By(a,x) = Z [ZJ %( a)"(abq™, acq™, adq"™; q)n-m

sa,b,c,d|qg). 16
(abcdqm‘l;q)m(abcdqzm;q)n_mpm(xa c,dlqg). (16)

We can now state and prove the multiplication formula of the Askey-Wilson polynomials.
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Theorem 22 The following multiplication formula is valid for the Askey-Wilson polyno-
mials:

n
pnlax;a,b,c,dlq) = )Y, Dm(n,a)pm(x;a,b,c,dlg), a7

m=0
with
Dy(na) = (—l)mam’”q(g)”"(ab, ac,ad; q)n "I n- ] G5 (abq™, acq™, adq™; @) n—m—s .

" (abedq™ Vs q)m =0 L ™M lq (abcdq?™; q) n—m—s

i(,—n n-1 sl 2 lvi_ o leiy 2 21
n-s a—Ziq—iz iq](ﬂi ,abedq ;Q)n+j_s ll;[o (l-aa g™ —aq’™" +a"q~)
=0 (g, a2q2”1;q)n7s7i(q,a2iﬂ;q)i j=0 (q,ab,ac,ad; @) p+ j-s

Proof From the basic hypergeometric representation of the Askey-Wilson polynomials,
since i
pn(x;a,b,c,dlq) = Aj(n)Bj(a, x) with Bj(a, x) defined by (8), we have

=0

]

pnlax;a,b,c,d|q) =

J

n
Aj(n)Bj(a,ax).
=0

From (11) and from the inversion formula (16), we have

J k
Bj(a,ax)=Y_ Er(j)Br(a,x) and Bi(a,x)= Y In(k)pm(x;a,b,c,dlq),
k=0 m=0

respectively. The combination of the above representations yields

n
pnlax;a,b,c,dlq) =) Dpy(n,a)pm(x;a,b,c,dlqg)

m=0
with
n-mn-m-k
D)= 3, Y Im(k+m)Ajiksem(n)Egim(j+k+m).
k=0 j=0
Since

iy .n-1 . ,
q—tz a—Zl H (1- aanl-H _ aql—t + anzl)

k
: =0
Ex(m) =Y Fi(k,n) with F;(k,n) = g* ‘ ‘
k ;) i i q (q, (lquZl;Q)kfi(q,dfqule;q)i

it follows that

n—-mn-m—k k+m

Dm(n,a) = Z Z Im(k+m)Ajikrm(n) Z Fi(k+m,j+k+m).
k=0 j=0 iz0

From the substitution n—m —k = s, we get

n-m S n-—s§
Y Inn=9) Y Ajin-s(mFi(n—s,j+n-s)
5=0 j=0i=0

Dm(n,a)

n-m n—-s s
Y Inn=9Y Y Ajn-s(Fi(n—s,j+n-s).
s=0 i=0 j=0
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5.2 Multiplication Formula of Wilson Polynomials

It is possible to proceed by a limiting process to get the multiplication formula for the Wil-
son polynomials from the Askey-Wilson multiplication formula. However, we use here
the Wilson operator defined by Equation (10). Furthermore we need the following multi-
plication formula of the Wilson basis (9,(a, x)) 5.

Proposition 23 The following multiplication formula is valid for the Wilson basis (9, (a, x)) n:

nok -k, Qa+2l)(a-aa-al),la+aa+al),

Opla,ax)=) )

& Kl 2a+Din

Ir(a, x). (18)

The proof of this proposition needs the following theorems which are the analogues of
Theorems 18 and 20.

Theorem 24 (See e.g. [22]) Let
V=1 (a+ I—C),
2

and assume that f(x) is a polynomial of degree n in x*. Then

1 1
f@ =Y fidkla,x), with fi= E(Dk N. 19
k=0 :

. n
Proof Let j =0,1,..., k. We apply D/ to both sides of f(x) = Y fi9r(a,x) and use the
k=0

relation " )
Djt‘)k(a,x):F'j)!ﬁk_j(a+%,x),05jsk
to get
D/ f(x) = f;j! ff—k!f) ( j)
xX)=Jj]'+ k " k—ila+ =,X).
! k=jr1 - (K=t ! 2

For x = i(a+ %), since 9 (a, ai) =0, Vk =1, we obtain

Djf(i (a+ %)) = fijL
This proves the theorem. O

Theorem 25 (See [9]) The action of D¥ on an even function f is given by

k (_ iy — _
(-k); QRix—k+2D) ( k 211,)' 20)

DFfx)=)" 5

= I Rix—k+Dis
Proof (of Proposition 23) We combine (19) and (20) with x = i(a + ]g) to get

k
& -k (—2a-2k+2])
f’“‘,;) Ik (—2a—2k+ Dgay

flita+k-D).

If we substitute [ by k-1 and f(x) by 9,(a, ax), using (- (—2q—k- Dis1=Ra+Dgy1,
the result follows. O
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We combine the representation of the Wilson polynomial w.r.t. the basis (9,(a, X)), the
multiplication formula (18) and the inversion formula of the Wilson polynomials given
by ([28], [39])

“n| D"(m+a+bm+a+c,m+a+d)—pm )
(@)= Wi (x5 a,b,¢,d).
e mZZO(m)(“+b+0+d+m—1)m(a+b+c+d+2m),,_m m(X%5a,b,c,d)

Then we proceed as in the proof of Theorem 22 to get

Theorem 26 The following multiplication formula is valid for the Wilson polynomials:

n
Wa((ax)%;a,b,c,d)= Y. Dpu(n, &)Wy (x%a,b,c,d) with

m=0

(~D™(a+b,a+c,a+d), "2 (") m+a+bm+a+c,m+a+dn-ms
(a+b+c+d+m-Dm o (n-9)C2m+a+b+c+d)p-—m-s

) S (
>
j=0

Dy (n,a) =

=5 (-n+9);a+2l
& M2a+Dp_sn

-mn+a+b+c+d—1p,j_sla-aa—al,a+aa+al)jip—

(j+n-9lla+ba+c,a+d)jip—s

5.3 Multiplication Coefficients of the g-Racah Polynomials

The g-Racah polynomials defined by
a " apq",q7*,y6q
aq,poq,vq

x+1

Ru(u(x);a, B,7,01q) = 4¢3

q;q), n=0,1,...,N,

where

px):=qg  +ydg andag=g Norpsg=qg Noryq=q7",

with a nonnegative integer N, are related to the Askey-Wilson polynomials in the follow-
ing way. If we substitute [23, p. 421]

2i6 2x+1

a*=y6q, b* =a’y 167 q, &> =2y 16q, d> =ys g and e?'® =y5q

in the definition of the Askey-Wilson polynomials, we find
(oq)2"

1 11 1 1 1 1
—————————— pa(v(X); YO ) 2, a(y6) " 2q2,By 2(0g)2,(yq)26 2|q),
(@q, 56q, vd:)n " Yoq)?,a(yd) 2q2,py 2(69)%,(yq q

21

Rn(u(x);a, B,7,01q) =

where . .
v(x) = E'y%&% qx+% + E}/—%(S_% q_x_% .
The following multiplication formula for the g-Racah polynomial family is deduced from

the multiplication formula for the Askey-Wilson polynomials using the above Relation
(21):

n
Ry(A-p(x);, B,Y,619) = Y Dpy(n, AR (u(x); , B,y,619)
m=0

with
m (3)+2n . n-m m+1 m+1 ., m+1.
Dpi(n A):(—l) q'2" " (aq,p6q, Y4 @)m [n—s (g™ B ya"™ i n-mes
m\n, (aﬁqm“;q)m solmlqg qzs(“ﬁqzm+2;q)n—m—s
. 1 j+n—-s-1 it i .
T 46q) g 3 L R | L (e

0 (4,049,860, Yq D+ j-s

, , 2
i=0 (@, Y8G* % @) p-s-iq, T )i
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6 Conclusion and Perspective

In this work, we have used both analytic and algorithmic approaches to compute the
coefficients of the multiplication and translation formulas for all families of classical or-
thogonal polynomials of a continuous, a discrete and a g-discrete variable, and for the
Askey-Wilson, the Wilson and the g-Racah polynomials. Outside the multiplication co-
efficients for the Hermite, the Laguerre and the Bessel polynomials which were already
known, our results are new to the best of our knowledge. As perspective, it would be inter-
esting to simplify multiplication coefficients appearing in double or triple summation or
to see for which values of the parameter a the degree of complexity of those coefficients
can decrease.

Acknowledgements

This work has been supported by the Institute of Mathematics of the University of Kassel
(Germany) and a Research-Group Linkage Programme 2009-2012 between the Univer-
sity of Kassel (Germany) and the University of Yaounde I(Cameroon) sponsored by the
Alexander von Humboldt Foundation. All these institutions receive our sincere thanks.
Additionally we would like to thank the three anonymous referees of this paper for very
carefully reading the manuscript, and also for their valuable comments and suggestions
which improved the paper significantly.

References

1. Alvarez-Nodarse, R., Yéfiez, R.J., Dehesa, J.S.: Modified Clebsch-Gordan-type expansions for prod-
ucts of discrete hypergeometric polynomials. J. Comput. Appl. Math. 89, 171-197 (1997)
2. Area, I, Godoy, E., Ronveaux, A., Zarzo, A.: Inversion problems in the g-Hahn tableau. J. Symbolic
Comput. 28, 767-776 (1999)
3. Area, I, Godoy, E., Ronveaux, A., Zarzo, A.: Solving connection and linearization problems within the
Askey scheme and its g-analogue via inversion formulas. J. Comput. Appl. Math. 136, 152-162 (2001)
4. Area, I, Godoy, E., Ronveaux, A., Zarzo, A.: Classical discrete orthogonal polynomials, Lah numbers,
and involutory matrices. Appl. Math. Lett. 16, 383-387 (2003)
5. Askey, R.: Orthogonal Polynomials and Special Functions, vol. 21. CBMS Regional Conf. Ser. in Appl.
Math., Philadelphia (1975)
6. Askey, R., Wilson, J.A.: Some basic hypergeometric orthogonal polynomials that generalize Jacobi
polynomials. Mem. Amer. Math. Soc. 319 (1985)
7. Boole, G.: A Treatise on the Calculus of Finite Differences Macmillan and Company, Third ed. London
(1880)
8. Chaggara, H., Koepf, W.: Duplication coefficients via generating functions. Complex Var. Elliptic Equ.
52, 537-549 (2007)
9. Cooper, S.: The Askey-Wilson operator and the g¢5 summation formula. Preprint (2012)
10. Doha, E.H., Ahmed, H.M.: Recurrences and explicit formulae for the expansion and connection co-
efficients in series of Bessel polynomials. J. Phys. A 37, 8045-8063 (2004)
11. Foupouagnigni, M.: On difference equations for orthogonal polynomials on non-uniform lattices. J.
Difference Equ. Appl. 14, 127-174 (2008)
12. Foupouagnigni, M., Koepf, W,, Tcheutia, D.D., Njionou Sadjang, P: Representations of g-orthogonal
polynomials. J. Symbolic Comput. 47, 1347-1371 (2012)
13. Foupouagnigni, M., Koepf, W,, Tcheutia, D.D.: Connection and linearization coefficients of the Askey-
Wilson polynomials. J. Symbolic Comput. 53, 96-118 (2013)
14. Gasper, G.: Projection formulas for orthogonal polynomials of a discrete variable. J. Math. Anal. Appl.
45, 176-198 (1974)
15. Gasper, G., Rahman, M.: Basic Hypergeometric Series, vol. 35. Encyclopedia Math. Appl., Cambridge
University Press, Cambridge (1990)



26

D. D. Tcheutia et al.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34,

35.
36.

37.
38.

39.

40.

41.

Godoy, E., Ronveaux, A., Zarzo, A., Area, I.: Minimal recurrence relations for connection coefficients
between classical orthogonal polynomials: Continuous case. J. Comput. Appl. Math. 84, 257-275
(1997)

van Hoeij, M.: Finite singularities and hypergeometric solutions of linear recurrence equations. J.
Pure Appl. Algebra 139, 109-131 (1999)

Horn, P, Koepf, W.,, Sprenger, T.: m-fold hypergeometric solutions of linear recurrence equations
revisited. Math. Comput. Sci. 6, 61-77 (2012)

Ismail, M.E.H.: The Askey-Wilson operator and summation theorems. Contemp. Math. 190, 171-178
(1995)

Ismail, M.E.H., Stanton, D.: Application of g—Taylor theorems. J. Comput. Appl. Math. 153, 259-272
(2003)

Ismail, M.E.H.: Classical and Quantum Orthogonal Polynomials in One Variable, vol. 98. Encyclope-
dia Math. Appl., Cambridge University Press, Cambridge (2005)

Ismail, M.E.H., Stanton, D.: Some combinatorial and analytical identities. Ann. Comb. 16, 755-771
(2012)

Koekoek, R., Lesky, PA., Swarttouw, R.E: Hypergeometric Orthogonal Polynomials and Their g-
Analogues. Springer, Berlin (2010)

Koepf, W,, Schmersau, D.: Representations of orthogonal polynomials. J. Comput. Appl. Math. 90,
57-94 (1998)

Koepf, W.: Hypergeometric Summation. An Algorithmic Approach to Summation and Special Func-
tion Identities, second edn. Springer-Verlag, London (2014)

Lewanowicz, S.: The hypergeometric functions approach to the connection problem for the classical
orthogonal polynomials. Techn. report, Inst. of Computer Sci., Univ. of Wroctaw (2003)

Nikiforov, A.E, Uvarov, V.B.: Special Functions of Mathematical Physics. Birkhduser Verlag, Basel
(1988)

Njionou Sadjang, P: Moments of classical orthogonal polynomials. Phd dissertation, Universitat
Kassel (2013)

Petkovsek, M., Wilf, H., Zeilberger, D.: A= B. A K Peters, Wellesley (1996)

Rainville, E.D.: Special Functions. The Macmillan Company, New York (1960)

Riese, A.: gMultisum—a package for proving g-hypergeometric multiple summation identities. J.
Symbolic Comput. 35, 349-376 (2003)

Ronveaux, A., Belmehdi, S., Godoy, E., Zarzo, A.: Recurrence relation approach for connection co-
efficients. Applications to classical discrete orthogonal polynomials. In: D. Levi, L. Vinet, P Winter-
nitz (Eds.), Proceedings of the International Workshop on Symmetries and Integrability of Difference
Equations, CRM Proceedings and Lecture Notes Series, vol. 9, pp. 321-337 (1996)

Sanchez-Ruiz, J., Dehesa, J.S.: Expansions in series of orthogonal hypergeometric polynomials. J.
Comput. Appl. Math. 89, 155-170 (1997)

Szeg6, G.: Orthogonal Polynomials. American Mathematical Society, Colloquium Publications 23,
Providence, Rhode Island, Fourth edition, 1975

Sprenger, T.: Algorithmen fiir mehrfache Summen. Diplomarbeit, Universitédt Kassel (2004)
Sprenger, T.: Algorithmen fiir g-holonome Funktionen und g-hypergeometrische Reihen. Ph.D.
dissertation, Universitédt Kassel (2009)

Strain, J.: A fast laplace transform based on Laguerre functions. Math. Comp. 58, 275-283 (1992)
Talman, J. D.: Some properties of three-dimensional harmonic oscillator wave functions. Nuclear
Phys. A 141, 273-288 (1970)

Tcheutia, D.D.: On Connection, Linearization and Duplication Coefficients of Classical Orthogonal
Polynomials. Ph.D. dissertation, Universitat Kassel (2014)

Wegschaider, K.: Computer generated proofs of binomial multi-sum identities. Diploma thesis, J.
Kepler Universitdt Linz, 1997

Zarzo, A., Area, 1., Godoy, E., Ronveaux, A.: Results for some inversion problems for classical contin-
uous and discrete orthogonal polynomials. J. Phys. A 30, 35-40 (1997)



	1 Introduction
	2 Multiplication Coefficients of Classical Continuous Orthogonal Polynomials
	3 Coefficients of Multiplication and Translation Formulas of Classical Discrete Orthogonal Polynomials
	4 Multiplication Coefficients of q-Classical Orthogonal Polynomials
	5 Multiplication Coefficients of Askey-Wilson and Wilson polynomials
	6 Conclusion and Perspective

