Two Finite Classes of Orthogonal Functions
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1. Introduction. There exist ten sequences of real polynomials [@, that are
orthogonal with respect to the Pearson distribstiamily

d, el |_ dx+ e \
W(& b, JX]—GXP( ax2+—bx+cdxj (abgdéR) 1)
and its symmetric analogue [10]
1, s rx’+s
w X|=exp, —dx] (pgrdslR). 2
(p, q J UX(prw)

Five of them are infinitely orthogonal with respeéctspecial cases of the two above-
mentioned distribution (weight) functions and figéher ones are finitely orthogonal

[6,10] which are limited to some parametric corigtea The following table shows the

main properties of these ten sequences.
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Table 1:Characteristics of ten sequences of orthogonalrpmiyials

Kind, Interval &

Symbol Weight Function Parameters constraint
P (x) W(_u__ljl’ OTUI Y Xj ==X+ % D:?flijn;te_,l[;/]i]_,l
LY (%) W[o,_l’l, Y Xj = X exp(-X) mgr:,teu’ io’-of)’
H,(x) W(O,_Z’O, OJJ XJ =exp(-X) Infinite, (—co, o0)

J (x;a,b,c,d)

((ax+b)* + (cx+d)?)™

ax+b
x expfvarctan——)
cx+d

Finite, (-, ),
maxn<u-1/2,
det(a,b,c,d) 0

Finite, [0, ),
() - -
M " (X) W( u, Vv x}z R ( 1) maxn<(u-1)/2,
1, 1, 0 v>-1
-u, . Finite, [0, ),
NS (%) w 1. 0 0 x| = X" exp-1/x) maxn < (u—-1)/2
-2u-2v-2, u (-2u-2v, 2u . . Infinite, [-11],
Sn[ —:L 1 Xj W ( _1' 1 XJ— )g (1_ )8) u >_1/2, V>_l

-2, 2u (-2, 2u . Infinite, (—oo, ),
S{ 0 1 XJ W (0, 1 XJ— X' expE X) U>—-1/2
Finite, (-, ),
—2u-2v+2, -2u J[-2u-2v, -2 i} ; <u+v-1/2,
s, oL w x| = x2 @+ )" maxn<u+v-1/2
1 1 1, 1 u<1l/2,v>0
—2u+2, 2 (=2a, 2] ), Finite, (—c0, ),
"( 1, OXJ W[ 1, OX]_X (-1 %) maxn<u-1/2

where the sequence
r, s & ([n/2]
o0-5(0 Y- ()
p. g k=0 k

L[nlz](kﬂ) (2i +(-1)" + 2n /2]) p+ r} X2 (3)

(2i+ " +2)q+s

is a basic class of symmetric orthogonal polynosia0] satisfying the equation

X (P + ) D" (X) + X(rx2 +9) D', (x) = (n(r + (N -1 p)x? + A (-1)")s/2)d, (X) = 0.

(4)



-2u-2v+2, -2u

Except the two finite orthogonal polynomial seqmﬁn( L

x] and

1
been found. Indeed, in [8] Fourier transforms @& ¢eneralized ultraspherical polyno-

—2u-2v-2, 2 . . (=2 2
1 1 XJ and generalized Hermite polynom|a:|‘>§( o 1 XJ

have been derived. In [9] the Fourier transformRafuth-Romanovski polynomials
JU(x;a,b,c,d) has been obtained, and in [5] the Fourier tramsforof finite

orthogonal polynomial$ “*(x) and N (x) have been calculated. In this sense, note

that the Fourier transforms of classical Jacobgueare and Hermite polynomials are
already known, see e.g. [3,7]. Hence, to complét dnalysis of the families of

orthogonal polynomials of table 1, only Fouriemséorms of the two above-mentioned
finite sequences remain, which should be determimedreach this purpose, we need
the general properties of these two sequences.

(—2u+2, 2
S,

XJ in table 1, Fourier transforms of all ten afordssequences have

mials Sn(

1.1. Finite orthogonal polynomials with weight x™*(1+ x?)™ on (-0, )
If (p,q,r,s)=(1,1,-2a-2b+2,-2a) is substituted in (4), then the equation
X2 (X2 +1) D (x) - 2x((a+b-1)x* +a) ', (x) + (n(2a+ 20— (n+1)) X* + (1~ (-)")a) >, (x) =0,

(5)

has the explicit solution

__(-2a-2b+2, -2a| ) Wa([n/2 [EH“”2i+2[n/2]+(-1)n+1+ 2-2-D| n
qnn(x)—Sn[ L 1 XJ_;( k ‘] U 2i+(-1)+2-2 * o
(6)
whose monic form is equivalent to the hypergeoroeapresentation
_(-2a-2b+2, -2 -[n/2], a+1/2-[(n+1)/2
Aga,b)(x) - Sn a a X | = anFl [n ] a [(n ) ] _iz
1 atb-n+1/2 X
(7
,F () in (7) is a special case of the generalized hygmreetric functions [1,4]
a .. a i a,),...(a k
qu al 2 Ply :Z(a‘l)k( Z)k ( p)kx_’ (8)
b b, .. b, = (b)), (b)), ...(b,), K

where(r), =r( +1)...¢ +k —1).
The monic polynomials (7) satisfy the orthogonatgiation



T X b Aan —2a-2b+2, -2a
F(b+a 1/2)F(—a+1/2)5
I (b) e
in which
Cj[—Za—2b+2, —ZaJ:(j—(.l—(—l)i)a)(j—(.1—(—1)i)a—2b)’ (10)
1 1 (2j—2a-2b+1)(2]j-2a-2b-1)
and
Tox® Gt r(b+a- 1/2)'ea+1/2)
Lmdx_l(lﬂ) dt= B- a+— b+ a—z)— o) (11)

According to [10], relation (9) is valid only ifm,n=01....N<a+b-1/2 where
N =max{m,n}; a<1/2; (-1)** =1 and b >0. Moreover, B(4,,4,) in (11) denotes
the Beta integral [1] having various definitions as

1 1 ©
B(A;A,) = [x* (A=) dx= [ x4 1= x?)Hdx= [
0 -1 0

(l+ X)/l1+/]2
2 (12)
=2 jsinml‘” x cos? ™ xdx = T () B(1,;4,)
FA+A) 5
in which
M(z) = j Xt e* dx Re( > 0, (13)
0

denotes the well-known Gamma function satisfyirggequation (z+1) = z (2).

1.2. Finite orthogonal polynomials with weight x 2ag /¥

on (—oo, )
Similarly, if (p,q,r,s) = (1,0,—2a+ 2,2) is substituted in (4), then the equation
X4 ®" (x) +2x((1- a)x2 +1) @' (X) - (n(n+1-2a) x2 +1-(-1)" )P (x) =0, (14)

has the explicit solution

o Z‘X} Jn/z}([”/zlj D i agni2)+ ()" +2-2a |

1 0 K rj 2 o

(15)

cDn(X)=5n[

k=0

whose monic form is equivalent to the hypergeoradtntim



_(-2a+2 2 -[n/2
Brﬁa)(x):S{ a H—xnla( [n/2] =
X

X | =
1 0 a+(-1)"/2

! J (16)

Moreover, the orthogonality relation correspondimghese polynomials takes the form

s n (-2a+2 2
x e *B@(x)B® (x)dx=| (-)"[] C,
J POBY e (DT e T

where [10]

1
B r@=2) %m (17)

C(—2a+2 ij —.2(—1)j(j—.a)—2a | (18)
: 1 0) (2j-2a+1)(2j-2a-1)

andm,n=01...,N <a- 1/2with N =max{m,n} and(-1)* =1.

It is known that some orthogonal polynomials areppsal onto each other by the
Fourier transform. In this paper, we follow thispapach for the two finite orthogonal
polynomials ( described in sections 1.1 and 1.8 plitain two new classes of finite
orthogonal functions via Parseval’s identity.

2. Fourier transform of monic polynomials A®”(x) and B®(x) and their
orthogonality relations

The Fourier transform of a function, sayx), is defined by [2]
F(s)=F(g(0) = [ e™g(x)dx, (19)
and for the inverse transform we have
1 ® iSX
g(x) =—j e¥F(s)ds. (20)
2n->
For g,h0 ?(R), the Parseval identity related to a Fourier tramsfis given by [2]
© - 1 ro S
[ gy de=_=[ F(d HF(LY d (21)
00 277' 00

By noting the relations (9) and (21), let us define functions

{g(x) =X @A+x*) P AL (N st (=)™ =1, 22)

h(x) =x @+ x*) " AY(x) s.t. (-)* =1,

in terms of the monic polynomials (7) to which weh apply the Fourier transform.



Notice that for both above functions the Fouriangform exists. For instance, fgfx)
defined in (22) we have

F(g(X)) — ]3 e—iSX (l+ XZ)—E X—2a Agc,d) (X) dx

_ T arisx g 4 o218 y-2aen| S (AIN/2]), (€ +1/2-[(n+D)/2]), (- 1)

B '[e L+ %) " x (g (c+d-n+1/2), K jdx (23)
_IE (/2] e+ 12-[(n+D/2]), (D" [ T - 2a+n-2k

g (c+d-n+1/2) k! [Le (L x5 x dXJ

Now it remains in (23) to evaluate the definitesnal

Imdsmﬂyzjéma+%yﬁf””ﬂﬂx (24)

—00

There are two ways to compute the integral (24)tHe first way, by noting that
(-1)* =1, we can directly compute, , (s;a,B) for n=2m as follows

-0

2mk (sa,B)= J‘ (z (- ISX) J x~2a+am-2k 1+ Xz)—ﬂ dx= i(_l);:jsj(ixjamm—zk 1+ XZ)—ﬁ dX] —

j=0

) r Q2r b4 r 2r
> (=)'s ijz' 2av2m2k (1 + x2) A dx z( Y's B(r—a+m—k+1;,8—r+a—m+k—1),
= (2r)! = (@n)! 2 2

(25)
where we have used the third kind of beta inteigrgl2).
The last sum in (25) can be represented in ternashyfpergeometric function, so

S2
;)

(26)

Lomi (S50, B) =

M-a+m-k+1/2)r(f+a-m+k-1/2) -a+m-k+1/2
r(B) Y12, -p-a+m-k+3/2

By knowing that
in—2a+2m+l—2k @+x*)#dx=0 forany j = 0,24,....,

this method can be similarly applied tg, ., (s;a@, ) so that after some computations
we obtain

S2

)

. T(—a+m-k+3/2T(B+a-m+k-3/2 -a+m-k+3/2
s (S, 8) = (is) ¢ )T (B )| 2[3/2

r(B) -f-a+m-k+5/2
(27)
Hence, combining both relations (26) and (27) asidaithe identity
n+l_n (28)




gives the final form of (24) as

(@B =T (a—k+ 2+ (g +a+k-— -4
= o 29
B I g @
r(ﬁ) 1 21__1 _ﬁ_a_k+3/2+[(n+1)/2] 4 .

2

The second way of computinig , (s;a, 5) is that we respectively suppose= 2m and

n=2m+1 and then directly apply the cosine and sine Fourensforms [2] to the
function 1+ x*) ™ x2**"? For example, by noting thgt1)** =1 we have

Lk (ssa,B) = J cosEX) (L+ x?) A x 2 2m2k gy — J sin(sx) (L+ x2) # x2a+2m2k gy

s
|
(30)

Remark 1. To prove the last equality of (30), one can use idated convergence
theorem (DCT) [11] so that define the sequence

=2[ cosExX) (L+x?) x> dx
0

_Ta+m-k+1/2)r(B+a-m+k-1/2) —a+m-k+1/2
r(B) V12, -p-a+m-k+3/2

()= 1+x2)FPx? i—(_l)(;ST)ZK for (-1 =1, (31)

and then conclude
| @, (x)| < coshex) L+ x*) P x? =d(x). (32)

Inequality (32) allows us to explicitly computg,, (s;a, ) in (30) as the same form

as we have done in (25).
By referring to remark 1, we can similarly conclutat

Lok (S0, 8) = j COSEX) (L+ x*) F x 20 2m =2y — '[ Sin(sx) (L+ x?) 7# x~2a2mi-2k gy

SZ
Z.

= (_2|)J Sin(SX) (1+ XZ)‘ﬁ 20 2mil=2k gy
0

-a+m-k+3/2

. 3 3
=(-is)F(—a+m-k+)r(B+a-m+k--) ,F
()T ruls 2 2(3/2, ~B-a+m-k+5/2

(33)
Therefore, the result (29) would simplify (23) as



="
F(g(x))=%r(—a+§+[”T”]>r(ﬁ+a—%—[”7”1>(—is> > x

[f (-n/2])(c+1/2-[(n+D/2]), (B+a -12-[(n+1)/2]),

= (c+d-n+1/2), W/2+a-[(n+1)/2]) k!
s
l

1/2-a-k+[(n+1)/2]
oL 1—(_1) -B-a-k+3/2+[(n+1)/2]
A% R B B B)= ;(%1)"[”’22] (-[n/2]),(p,+1/2-[(n+1)/2]) (R + p—1/2-[(n+1)/2])

(34)

2

If for simplicity in (34) we define the symmetriariction

) (ps+ p,—n+1/2), (@/2+ p- [(nt 1)/ 2]) k!
1/2-p -k+[(n+1)/2] 2
xF, 1 (=" — |
e -p, - p,—k+3/2+[(n+1)/2]| 4
(35)
then clearly
Y 1 n+ 1 n+

F(9(x) = (=) mr( a+§+[T]])l'(,6’+a > [—21) A(sa B ¢d. (36)

By substituting (36) in the Parseval identity (2hd noting (22) one gets

© (-1)"-1)"
277.'[ X—2(a+|)(1+ XZ)—(,B+U)AP1(C,d)(X) '%('.V’W)()g e | 2 r(_a+%+[n_;]])

1 1 n+ 1 m+ 1. mt+
XWF(WG-E-[T]])F(-I+—2+[—21)F(U+I-—2-[—2ﬁ (37)

<] AlsaBcd A(s|uyyds

Now, if in the left hand side of (37)
c=v=ag+l and d=w=pfS+u, (38)
then according to the orthogonality relation (9) hewe,

Theorem 1. The special functiorA, (X p, p,, B, R) defined in (35) satisfies the finite
orthogonality relation



17 (Fi+a-cp)(i-0-cyp-2)
Lﬂ(mﬁ p.o A(x% pa, B, pi dx n Bi-2-m+(3-2- 2]

2
r(B)ra-p)r(p+q-1/2)r (- p+1/2) o,,
I'(q)l'[ a+;+[]]j (a' ,5——[4] (a—p+;4{”—;]1)r(p+q—a—ﬁ—${ n;]]]
(39)

for mn=0L...N=maxmn < p+q-1/2, p<1/2, (-D?**=1, q>£>0,
O<a<l/2 anda+[(>1/2.

This approach can similarly be applied for the nagrolynomialsB!® (x )in (16). First,
let us define the functions

-1 -1

e2’B®(x) and v(x)=x*e*BY(x) for (-)® =(-1)*=1.  (40)

u(x) =x*

The Fourier transform of e.gx) is computed as

-1 -1 [n/2] -] 2k
Fu) = [ e=x et BY (9 dx= [ et _zam(é(bfr([?l/)z"]/);)k & de

—00 —00

[n/2] o -1 (41)
— Z (_[n/Z])k J' e—lserXZ -2a+n— dex
im0 (b+(=D)"/2), K| =,
Again, the following definite integral should beadwated
1
Rn (S, a) - J. e 'SXeZX —2a+n— dex (42)

To do this, we can use the same method as we dplig ,(s,a,/f) , i.e.

[ -1

R2m,k (sa)= T [EMJ ezxz x22+2m=2k (s — Zw( J‘e2><zxj—za+2m—2kdxj

= ! =0 J!

—00

(-D's ¥ —r+a-mik—2

(o] l
e 1
— 2 X2r 2a+2m— 2ke2x dX - 2 2r _r+a_m+k__
ZO (2r)| ( | J Z @2n)! ( >

r=0

k-< 1
=2 2Ma-m+k-=) F,| 1
2 o

(43)
as well as



o -1

( 1) i's! 2y \, j-2a+2m+1-2k = (- ( 1)r s” T 21 -2aram-2k+2 2_712
2m+1k(s a) Z _[e X dX Z (2r +1)| J- e dX

SZ
E.

. a—m+k—§ 3
= (-is)2 2F(a—m+k—2)0F2[g’ g—a+m—k

(44)
Consequently we have
ark-24"h 1 .n+ e B s
=2 2 2r k== —[—1 (- 2 _1\n =,
Ru(s 3 o) CL R T N IpIey
2 2
(45)
and therefore
a-ign+l (-1
FU) =r@-5 -2 2 (s *
1 n+ 46
wa (D a2 -1, - o) OO
F -1)" 3. .n+l|—|.
(b+( 1) /2>k CIREE rackeorlle
Now if for simplicity in (46) we define the symmietifunction
e D s P - :
Bi(6q q)= x 2 2, ( e 1) 2y, kO o 3ty g )
2 2 2
(47)

then by referring to definitions (40) and applyiPgrseval identity we get

2nj w2e0gt B (3 B ) dx

- I_(a—*—[ ]]) rc-—- 41) (48)

_a++[]] ]] IB(SQD%(SCdd‘

It is sufficient in (48) to assume thdi=d =a+c and then refer to the finite
orthogonality relation (17) to reach,

Theorem 2. The special functiolB, (x ¢, ) defined in (47) satisfies the orthogonality
relation

10



17 2 (U 0 2(=1) (j—b)+ 2
ZTLBn(xa,w(xtr ab de2 N Gi-oi(5- -1

r(b-1/2) 5 (49)

1 n+ 1 .n+ mm?
a1 Drea- "

for m,n=01,...,N = max{m,n} sb—%, (-)* =1 and%<a<b—%.

X
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