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' Let S denote the family o:ﬁ unj.Valeut .a.uucnons L of tae
unit disk D , norma.L:.zed by

(1) (z) =z + a222

+ a‘az3 +. .

Let X denote the subset oxf convex“i"unctious, i.e. Iunctions
that have a couvex range. A function f , norualizéd vy 1), is
ca}.le\d closé—tp—convex of order Py p 20, if ‘there is a
convex function . ¢ such that Ia::'g(ei.l>c f'(z)/q'(z)l< B %
for some o € R . Let C(p ) -denote the family of close~to-
~convex functions of order fr» For pg {1 it turns out that
a functlon is close-to-convex of order f, y 1T and only it
11: maps D univalently onto a domain whose complemem: B is
the union of rays which are pairwise disjoint up to tueir cips,

sucn that every ray is the bisector of a sector of ancle
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('i; p)jf wm.cn wholly 11e.s in E (see [9] p.1‘?6) . Obv:n.ously )

b(O) equals K. . ,
Kenari showed that. 1:5 a locally univalent funct:l.on f s’atia‘-v

ifies a concu.tion oi’ tne form

.(6

. L L oweie o o ie2
(2 = 12122 [ E) @) - ) @)

with 6 = 2.,‘~then bl ié univa].ent ['7] Later he. showed that

eqoh convex. 1unctlon satisfies the univalence criterion [8]
\.

Tne - next '.lheorem glves a general:.zed version of this result for

close—uo-convex functlons. -

_Theorem 1. Let {5)0 end £ €op) . Then ‘2 satisfies

a Nehari type conditn.on (2) with

N 2 4 i 1
(3) 6 = * ﬁ 1"  : Pé )
‘ - 2(52+4p if pAT '

and tnis result.is sharp.-

‘de indicate the idea of the proof, which is in [4]. The

. first vs.'te.p is to show the rgsultb _a'tvthe origin, i.e,
@ [a5 - g22~| £ 66 -

wheré G is defined by (3). Therefore one uses the represen-
Gation . . - :

e

£(z) =: e"?“ Lf'-(i)(COsx p(Z) +'ri‘Sinoc)
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3 . ’ o 2 ‘ 5 ' o
with gome _q\z)=g+ qaz‘ + (psg__-+ ese EX .

plz) =1+ p,‘z}- 9222 + ... wibn positive real parc and

"-'cosx So  , #ith aid of the eétimates ‘
J 2 ,< - Wala)

[1] waa -

- o] (- AP

~ (see e.g. [10]", p.166, formula (1())) one gets‘using e trianglev
.inequality ‘ '

foeg?| e [l » pesse -1 freorrcn £
3la3-a‘12. l < 1- llfal + ﬁcosoc 2—-.-_2-.. (1= l-—cps g(’l—-z.z) +

.+.pcoéoc (pql["f’al -

- (5)

Now it is well known that [p,ll e [0 , 2] [(le € [04 , 'IJ
and cos X 6 [0 ’ 1] . A careful analysn.s shows that the righs
nand side of (5) is maximized at ([p,] , ¢l » coswt) =

=w0,0,1 1z pefo, ] amaaw |
([p,]l, "-f’zl , cosot) =(2, 1, 1) ig (5}1 which :giw,'es (4).

Now the linear-inveriance of C(p) is used (see e.g. [3]).
Composing with an automorphlsm of D ¢Ghe imormatlon at Ghe '
origin is transported to an aro:.trary po:.nt z €D y which

- finisnes tide proof. The sharpness is eas:l.ly veriiied.

Becker showed that if a locally uuivalent func'bién I
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satisfies a condition of the form ..

f;;(z) | B B
e
f,(Z)4l ~ ..

) - el?)
with .Ke 1, en £ is univalent [ﬁ]. lhe Becker unlvalence
- erluerlon is often used to construct exotic unlvalent functions\

Cwivn Dad oeuavxour"‘ in most cases tnese examples are gap se-

We ghow converselv that m -fold symmetrlc close-to-convex

nles,

1uncnions w1tn large_ i} fulllll tne Becaer uniValence crlterlou.
4 Tuuction I VIS called u -lold symmetric if it has the speclal
sor A : A s R L : - R

'7lf(z},; z + éﬁ+1sz1 #.32m+422m*1 toees

rneorem 2. ‘
’ (a) Lec l(z) = 4 + am+qz m+1 + am+azm+2 + ;;a'eli'. Tnen fv

:Sgtlsflus d Beckexr ' type conditlon (6) with A 4/m . In 9art1~~

| cular, if m )»4-, vhen £ fulfills the Becker unlvalence
: Criteribn. : . , - o |
(b)  Let p,-e(o , 1) and let r be an m -fold s,ymmebric

Fed

clos=-to-convex function of order p . Iuen i satlsfles a
'necxer type conaltlon (6) witn A= 4/m * 2'5 . In partlcular,
it pd1/2 ana_ m> 4/(1-2,;) , tnen T ful£ills the decker

=univalence criterlon. moreover, the results are’ sharp

Tne proor ot 1ueorem 2 is. 1n [b]._lhe idea for (a) is to use

Y

. a euuolulnatlon 1esult ioxw convex runctlons of the glven form,
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namely £ < (1-z5'2/m . The statewent < g means that
£ = gew , where o satisfies the hypotheses of Scawarz’s
Lemma. 1t iwplies that '

, iyl 2y s
(7) - :uﬁ]_)._D (1 [z ] )l _(z)l \< lepn 1 lz | )16 (z)

(Seé e.g. [jo], P+ 35, formulak(4)), which is used to decuce {(a).
i#his result and a further application of (7) leads to (b). ‘the

sharpness is again easily verified.
¥rom Theorem 2 one could deduce a conaition which guarantees
that an m ~Fold sywmetric close-to-convex function of order [

nas a quasiconforwal extension. & more precise resule is

Theorew 3., Let plé[p ' 1)’ and I e an w -fold symmetric

. close-to-convex fuuction or order p .

(a) If m >>2/(1- p) , then f has a rectifiable ooundary;

-

(b) if m > 4/(1~ p)', toen I Dpas & qQuasiconforual exbtersion,

This result is in [6]. For o prove (a) one uses an estimate
on the inﬁegral méans'qf the derivative of m -rold symnstric
close-to-convex functions of or&er &' ([5], Taeorew 5), aad
for (b) a general condition, waich implies the existeﬁce of a
quasiconformal extension for Bazilevié Tunctions [?], gives the

result.
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STRESZCZENIE

Niech C(8) bgdzie rodzing funkcji prawie wypuklych rzedu
e (o; 1). Znaleziono dokladng wartoéé normy szwarcjenu Sell= 6
dia f =« c(f) (tw. 1). Wykazano réwniez, ze m~symetryczna funkcja
f klasy C(f2) speinla warunek jednolistnosci Beckera, jesli 5 < 1/2 ~
oraz m > 4[(1-2 ). (tw. 2). Ponadto, jesli m>4/(1-f3), to f ma
przediuzenie quaslkonforemx;:e na caly ptaszczyzng {tw. 3).

PESEME

“Miyers  C (p) cemeiicTBO MOUTHM BROYKJAHX (yHKURF nopanka
Pe (93 4) . Haiimema ToOuHa® OLlEHKaA HODMH lBaApLU&HA ° 54 || =G KIS
fel( pJ {reop, 1). Jloxasano TOme, uTO m - CUMMETPHYSCKAS PyHK~
nus £ C (p) ucnoauseT npusHax Bekepa ans P-<-§ s L/ = )
freop. 2j . Hpome roro, eq.u'n‘ m 4/(1=p) roraa f xBacuKondoprio
NpONONAUMA HA HEAYD OXOCKOCTH (TEOP. 3J). ' i



