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Bieberbach Conjecture

• Let

S =
{
f : D → C | f(z) = z + a2z

2 + a3z
3 + · · ·

analytic and univalent } .

• The Riemann mapping theorem states that for every

simply connected domain G ∈ C there is a univalent

function f ∈ S with range similar to G.



Compactness of S

• Riemann had formulated his mapping theorem already

in 1851, but his proof was incomplete. Carathéodory

and Koebe proved the mapping theorem about 1909.

• Moreover, Koebe showed that S is compact w.r.t. the

topology of locally uniform convergence.

• Hence, since an is a continuous functional,

kn := max
f∈S

|an(f)|

exists.



Bieberbach Conjecture

• In his 1916 article

– Über die Koeffizienten derjenigen Potenzreihen,

welche eine schlichte Abbildung des Einheitskreises

vermitteln. Semesterberichte der Preussischen

Akademie der Wissenschaften 38, 940–955

Bieberbach proved that k2 = 2. In a footnote he wrote

– Vielleicht ist überhaupt kn = n.

• This was the birth of the Bieberbach Conjecture.







Where does the conjecture come from?

• Bieberbach showed moreover that for n = 2 essentially

only the Koebe function

K(z) :=
z

(1− z)2 =
1
4

((
1 + z

1− z

)2

− 1

)
=

∞∑
n=0

nzn

that maps the unit disk onto a radially slit plane, solves

the coefficient problem.

• Hence he conjectured that the same is true for n > 2.



Ludwig Bieberbach conjectured |an| 5 n (1916)



Loewner Method

• In 1923 Loewner proved the Bieberbach conjecture for

n = 3.

• His method was to embed a univalent function f(z)
into a Loewner chain, i.e. a family {f(z, t) | t = 0} of

univalent functions of the form

f(z, t) = etz +
∞∑
n=2

an(t)zn, (z ∈ D, t = 0, an(t) ∈ C)

which start with f

f(z, 0) = f(z) ,



Loewner Differential Equation

and for which the relation

Re p(z, t) = Re

(
ḟ(z, t)
zf ′(z, t)

)
> 0 (z ∈ D)

is satisfied.

• The above equation is referred to as the Loewner

differential equation.

• It geometrically states that the image domains of

f(D, t) expand as t increases.



Charles Loewner proved |a3| 5 3 (1923)



Logarithmic Coefficients

• After some decades one knew that it was very difficult

to obtain informations about the coefficients an(f) of

univalent functions.

• By Loewner’s method, it seemed to be simpler to

obtain results about the coefficients dn(f) of the

function

ϕ(z) = ln
f(z)
z

=:
∞∑
n=1

dnz
n .

• These are called the logarithmic coefficients of f .



The Milin Conjecture

• In the mid 1960s Lebedev and Milin developed

methods to exponentiate informations about dn.

• They showed in 1965 by an application of the

Cauchy-Schwarz inequality, that the inequality

n∑
k=1

(n+ 1− k)
(
k|dk|2 −

4
k

)
5 0

for some n ∈ N implies the Bieberbach conjecture for

the index n+ 1. This is called the Milin Conjecture.



The de Branges Theorem

• In 1984 Louis de Branges proved the Milin and

therefore the Bieberbach Conjecture for all n ∈ N.

• In 1991 Lenard Weinstein gave a completely

independent proof of the Milin Conjecture.

• Nevertheless, it turned out that the two proofs share

more than expected.



De Branges’ Proof
• De Branges considered the function

ψ(t) :=
n∑
k=1

τnk (t)
(
k|dk(t)|2 −

4
k

)
.

• Applying Loewner’s theory he could show that for

suitably chosen functions τnk (t) the relation ψ̇(t) = 0
and therefore

ψ(0) = −
∫ ∞

0
ψ̇(t)dt 5 0

follows, hence Milin’s Conjecture is valid.



The de Branges Functions

• The de Branges functions τnk (t), k = 0, . . . , n are

defined by the coupled system of differential equations

τnk (t)− τnk+1(t) = −1
k
τ̇nk (t)− 1

k + 1
τ̇nk+1(t)

with the initial values

τnk (0) = n+ 1− k .



Further Properties of the de Branges
Functions

• By these properties the family τnk (t) is already uniquely

determined. For the success of de Branges’ proof,

however, we need moreover the properties

lim
t→∞

τnk (t) = 0

as well as

τ̇nk (t) 5 0 .



The Askey-Gasper Inequality

• Whereas the limit lim
t→∞

τnk (t) = 0 can be established

easily, de Branges could not verify the relation

τ̇nk (t) 5 0.

• By a phone call with Dick Askey, de Branges finally

realized that this relation had been proved by Askey

and Gasper shortly before, namely in 1976. To find this

connection, de Branges had established an explicit

representation of his functions τnk (t).



Dick Askey and George Gasper







History Reversed

• Assume for the moment, for some reason the 1976

paper did not exist, and—after a while—de Branges

would have published his result anyway.

• Then I am sure, Askey and Gasper would have finally

filled the gap in the proof of the Milin conjecture.

• In this case we would probably attribute the proof of

the Bieberbach conjecture to Askey and Gasper.



Askey-Gasper Identity

• The Askey-Gasper inequality was proved by detecting

ingeniously the Askey-Gasper identity

(α+ 2)n
n!

· 3F2

(
−n, n+2+α, α+1

2
α+1, α+3

2

∣∣∣∣∣x
)

=
bn−k

2 c∑
j=0

(1
2

)
j

(
α
2 +1

)
n−j

(
α+3

2

)
n−2j (α+ 1)n−2j

j!
(
α+3

2

)
n−j

(
α+1

2

)
n−2j (n− 2j)!

·

3F2

(
2j−n, n−2j+α+1, α+1

2
α+1, α+2

2

∣∣∣∣∣x
)



Computer Algebra Proof of the
Askey-Gasper Identity

• Using Zeilberger’s algorithm which was developed in

1990, computer calculations can prove the

Askey-Gasper identity easily.

• This proof goes from right to left, but there is no way

to detect the right hand side from the left hand side.

This part still needs Askey and Gasper’s ingenuity.

• Computer Demonstration using Maple



The software used was

developed in connection

with my book

Hypergeometric Summa-

tion, Vieweg, 1998,

Braunschweig/Wiesbaden

and can be downloaded

from my home page:

http://www.mathematik.uni-kassel.de/˜koepf



Clausen’s Identity

• The clue of the Askey-Gasper identity is the fact that

the hypergeometric function occurring in its right hand

summand is a complete square by Clausen’s identity

3F2

(
2a, 2b, a+ b

2a+ 2b, a+ b+ 1/2

∣∣∣∣∣x
)

= 2F1

(
a, b

a+ b+ 1/2

∣∣∣∣∣x
)2

.

• Clausen’s identity can also be proved by Zeilberger’s

algorithm. For this purpose, we write the right hand

side as a Cauchy product.



Weinstein’s Proof

• In 1991 Weinstein published a completely different

proof of the Milin Conjecture.

• Whereas de Branges takes fixed n ∈ N, Weinstein

considers the conjecture for all n ∈ N at the same time.

• For his proof Weinstein needs the following Loewner

chain of the Koebe function, sometimes called Pick

function.



Loewner Chain of the Koebe Function

• This function family w : D × R=0 → D is given by

W (z, t) = K−1
(
e−tK(z)

)
.

• For any particular t > 0 the range of this function is the

unit disk with a radial slit that grows with growing t.

• A computation shows that

W (z, t) =
4e−tz(

1− z +
√

1− 2(1− 2e−t)z + z2
)2 .







Weinstein’s Proof

• Weinstein computes the generating function of the

(negative) Milin expression using the Pick function W :

M(z) :=
∞∑
n=1

(
n∑
k=1

(n+ 1− k)
(

4
k
− k|dk(0)|2

))
zn+1

=
z

(1− z)2

∞∑
k=1

(
4
k
− k|dk(0)|2

)
zk

= −
∞∫

0

etW

(1−W )2

d

dt

( ∞∑
k=1

(
4
k
− k|dk(t)|2

)
W k

)
dt .



Weinstein’s Computation

• Using the Loewner differential equation Weinstein

shows that for the generating function M(z) one

finally gets the equation

M(z) =
∞∑
n=1

(∫ 2π

0
Λn
k(t)Ak(t)dt

)
zn+1

where Ak(t) = 0 (by the Loewner differential equation)

and
etW (z, t)k+1

1−W (z, t)2 =:
∞∑
n=1

Λn
k(t)z

n+1 .



End of Proof

• Hence, Milin’s conjecture follows if for the coefficients

Λn
k(t) of the function

Lk(z, t) :=
etW (z, t)k+1

1−W (z, t)2 =
∞∑
n=1

Λn
k(t)z

n+1

it can be proved that Λn
k(t) = 0.

• Weinstein shows this relation with the aid of the

Addition theorem of the Legendre polynomials (1893).



De Branges versus Weinstein

• The question was posed to identify the Weinstein

functions Λn
k(t).

• Todorov (1992) and Wilf (1994) independently proved

the surprising identity

τ̇nk = −kΛn
k(t) .

• This shows that the t-derivatives of the de Branges

functions and the Weinstein functions essentially agree.

In particular, the essential inequalities are the same.



Another Generating Function
• The strong relation between the de Branges functions

and the Koebe function can be seen by their

generating function w.r.t. n [Koepf, Schmersau 1996]:

Bk(z, t) :=
∞∑
n=k

τnk (t) zn+1 = K(z)W (z, t)k

=
∞∑
j=k

(−1)j+k
2k
j + k

(
2j − 1
j − k

)
K(z)j+1e−jt

= K(z)k+1e−kt2F1

(
k, k + 1/2

2k + 1

∣∣∣∣∣−4K(z)e−t
)
.



Automatic Computation of Power Series

• Given an expression f(x) in the variable x, one would

like to find the Taylor series

f(x) =
∞∑
k=0

Ak x
k ,

i.e., a formula for the coefficient Ak.

• For example, if f(x) = ex, then

f(x) =
∞∑
k=0

1
k!
xk ,

hence Ak = 1
k!.



FPS Algorithm

The main idea behind the FPS algorithm is

• to compute a holonomic differential equation for f(x),
i.e., a homogeneous linear differential equation with

polynomial coefficients,

• to convert the differential equation to a holonomic

recurrence equation for Ak,

• and to solve the recurrence equation for Ak.

The above procedure is successful at least is f(x) is

hypergeometric.



FPS Algorithm for W (z, t)

• As a first application of the FPS algorithm, we compute

the Taylor series of w(z, y) = W (z,− ln y), considered

as function of the variable y := e−t,

w(z, y) =
4yz(

1− z +
√

1− 2(1− 2y)z + z2
)2 .

which turns out to be hypergeometric.

• Essentially by computing and simplifying the coefficient

term ratio, from the above result one gets the

hypergeometric representation for w(z, y).



Maple Results

• Using the Maple package FPS.mpl one obtains

w(z, y) = − 1
2yK(z)

· 1F0

(
−1

2
−

∣∣∣∣∣−4yK(z)

)

• A second application of FPS w.r.t. z yields a

hypergeometric representation for the Taylor

coefficients An(y) of the function

w(z, y) =
∞∑
n=0

An(y) zn .



Closed Form Representation of the
Weinstein functions

• An application of this method automatically generates

the hypergeometric representation for the Weinstein

functions Λn
k(t) directly from their defining generating

function:

Λn
k(z, t)=e−kt

(
k+n+1
1 + 2 k

)
3F2

1
2+k, k−n, 2+k+n

1 + 2 k,
3
2

+ k

∣∣∣∣∣∣e−t
.



Positivity and Sturm Sequences

• When de Branges had found his function system τnk (t),
he was able to check the Bieberbach conjecture by

hand computations for n 5 6. For this purpose he

proved the nonpositivity of τ̇nk (t) for 1 5 n 5 5,

1 5 k 5 n, t = 0.

• He asked his colleague Walter Gautschi from Purdue

University to verify this inequality numerically, which

was done for n 5 30, and de Branges became confident

of the validity of the general statement.



Sturm Sequences
• Note, however, although Gautschi used Sturm

sequences, because of the oscillatory nature of Λn
k his

numerical computations had to be very careful to

obtain correct results.

• Nowadays, we can apply Sturm sequences in a

computer algebra system and count the roots easily by

rational arithmetic to obtain correct countings since

the input polynomials have rational coefficients.

• In this way Milin’s conjecture for n 5 30, e. g., is easily

checked within seconds.


