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Abstract

In this master thesis, we first present Bessel functions as solutions of a certain second-
order linear homogeneous differential equation, called “ Bessel’s equation 7 .
Secondly, we show that some families of second-order differential equations can be solved by
means of Bessel functions, this throught specific transformations such as

- the change of variables,
- the exp-product and
- the Gauge transformation.

We complete the work by providing explicit examples for each transformation.
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Résumé

Dans cette thése de master, nous présentons prémiérement les fonctions de Bessel comme
solutions d'une certaine équation différentielle linéaire homogéne du second ordre, appelée
équation de Bessel.

Deuxiémement, nous montrons que certaines familles d’équations différentielles du second
ordre peuvent étre résolues a ’aide des fonctions de Bessel, ceci a travers des transformations
spécifiques telles que

- le changement de variables,
- le produit exponentiel et
- la transformation de Gauge.

Nous complétons le travail en donnant des exemples explicites pour chaque transformation.
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Introduction

Ordinary differential equations have always been of interest since they occur in many
applications. Although there is no general algorithm to solve every equation, there are many
methods, such as integrating factors, symmetry method.

A special class of ordinary differential equations is the class of linear homogeneous dif-
ferential equations Ly = 0, where L is a linear differential operator

L= Z aiai,
i=0

with coefficients a; in some differential field K, e.g. K = Q(z) or K = C(z) and 9 = L.
Information on the solutions of the differential equation L(y) = 0, can be obtained by
studying algebraic properties of the operator L, e.g. in [7].

For reducible operators, Beke’s algorithm and the algorithm in [7] can factor L into
irreducible factors. After factoring, if we have a right factor of first order, then we have a
solution which is a Liouvillian solution.

But not all operators have liouvillian solutions. For example, the Bessel operator

Lp, = 220% + 20 + (2* — 1?)

is irreducible in C(z)[0] and has no Liouvillian solution when v ¢ 1 + Z. Although some
irreducible operators have no Liouvillian solutions, their solutions may correspond to special
functions. For example, the solutions of the Bessel operator are Bessel functions. Because of
the availability of various studies relative to special functions, it is useful to find solutions
of second-order differential equations in terms of special functions, along side with algebraic
operations and exponential integrals.

The approach we develop in this thesis will be restricted to Bessel functions. The Bessel
functions were first used by Fredrich Bessel in 1824 to describe three body motion, with
the Bessel functions appearing in the series expansion on planetary perturbation. They are
solutions of an equation which appears frequently in applications and solutions to physical
situations. A linear differential equation with rational function coefficients has a Bessel type
solution when it is solvable in terms of the Bessel functions. The idea for algorithm to solve
linear differential equations in terms of Bessel functions is by Mark van Hoeij, and was
developed in collaboration with Ruben Debeerst in 2006.
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Introduction 2

We only consider irreducible operators with order two, because if the second order-ope
rator is reducible, then it has Liouvillian solutions. So we can solve it by Kovacic’s algorithm
[4]. If the order is higher than two, one looks for Eulerian solution, that is, a solution which
can be expressed as products of second-order operators (using sums, products, field opera-
tions, algebraic extensions, integrals, differentiations, exponential, logarithm and change of
variables).

Singer [6] showed that solving such operator L can be reduced to solving second-order
operators through factoring operators, or reducing operators to tensor products of lower
order operators. An algorithm and implementation for such reduction (order three to order
two) is given in [9]. Such reduction to order two is valuable, if we can actually solve such
second-order equations. That is why we focus on second-order operators.

The main problem here is to decide whether an irreducible operator of order two can be
obtained from the Bessel operator by certain transformations. To have solution, first we will
give some preliminaries about differential operators, they singularities, and an overview over
Bessel functions. Chapter two will deal with formal solutions and generalized exponents,
then will describe the transformations that we use and show how they are obtained in
the case K = C(z). Those transformations associated with parameters are: (i) change of
variables  — f(z), (i) an exp-product y — exp( [ rdx)y, and (iii) a gauge transformation
y — roy + r1y’, where 3/ is %. We will also handle the constant parameter v of the Bessel
function. In the last chapter we will apply the resolution algorithm developed case by case

with explicit examples.
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CHAPTER ONE

PRELIMINARIES

We first introduce some facts about differential operators, their solution spaces and cor-
responding differential equations. After that, we give an overview over the operator singu-
larities and the solutions around those singularities. Finally we give some basic properties of
Bessel functions and their corresponding differential operator. For the proofs of some of the
statements given here, we will refer to specific literatures.

1.1 Differential Operators and Singularities

1.1.1 Differential Operators

Definition 1.1.1. Let K be a field. A derivation on K is a linear map D : K — K satisfying
the product rule

D(ab) = aD(b) +bD(a), Va,be K.
A field K with a derivation D is called differential field.

Theorem 1.1.1. Let K be a differential field with derivation D, then Ck := {a € K| D(a) =
0} is also a field. It is called the constant field of K.
Proof: The proof is trivial and can be found in |7]. O

d

Example 1.1.1. Let us assume that Ck is an extension field of Q, and D = 0 := then

=4
- Ck(z) is a differential field called the field of rational functions over Cyg;
- Ck((z)) is a differential field called the field of formal Laurent series over Ck.

In our context we will consider functions in terms of variable x with the “ usual 7 deriva-
tion &:di.
XL

Definition 1.1.2. Let K be a differential field with derivation O, then

L= Zaiai, a; € K
=0
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1.1 Differential Operators and Singularities 4

is called differential operator. When the coefficient a,, # 0, then n s the degree of L denoted
by deg(L). In case L = 0 we define the degree to be —oo. The leading coefficient of L refers
to the coefficient a,,.

The ring of differential operators with coefficients in K, denoted by K[d], is an Euclidean
ring since for Ly, Ly € K[9] with L; # 0, there are unique differential operators Q, R € K[J]
such that Ly = QL;+R and degR < degL;. The addition is canonical, i.e. a0’+b9d" = (a+b)d",
and the multiplication is completely determined by the prescribed rule da = a0 + a’ where
J(a) = . In general, since there exists an element a € K with o’ # 0 the ring K[0)] is not
commutative. For example 0x = zd + 1

Every differential operator L corresponds to a homogeneous differential equation
Ly = 0 and vice versa. Hence, when talking about differential equations, the term order is
commonly used for the degree of the corresponding operator. We will always assume that
L #0.

Definition 1.1.3. By the solutions of a differential operator L we mean the solutions of
the homogeneous linear differential equation Ly = 0. The vector space of solutions, which is
denoted as V(L), is called the solution space of L.

Remark 1.1.1. The set V(L) is a vector space of dimension at most deg(L) and a set of
deg(L) linearly independent solutions of L is called fundamental system of L.

Note that a linear differential equation is commonly solved by transforming it into a

matrix equation of order one.

Let k be a field and k an extension field of k. Let us consider, for a € k, the homomorphism

and Kery, = { P € k[X]| ¢a(P) = 0} where k[X] is the ring of polynomials with unknown
variable X and coefficients in k.

Definition 1.1.4. We say that a is algebraic over k if Kery, # {0}.

The set of algebraic elements of k over k is a sub-field of & containing k. We call it the
algebraic closure of k, denoted by k.

Theorem 1.1.2. Let k be a sub-field of C, then

k(@) = J k(")

neN*

Proof: The proof can be found in [7]. O
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1.1 Differential Operators and Singularities 5

1.1.2 Singular Points

Let y(z) be a function with values in C.
Definition 1.1.5. A function y(x) is called

(1) regular at p € C if there exists a neighborhood O of p such that y(x) is continuous on
0,

(17) regular at oo if y (i) is reqular at 0,
(1ii) holomorphic at p € C if y(x) is differentiable in a open set around p,

(1) analytic at p € C if y(x) can be represented as a power series
~+00 A
y(z) = Zai(x -p), a €C.
i=0

Definition 1.1.6. Let K be a differential field, Cx it constant field and Ck the algebraic
closure of Cx. We call a point p € Ck a singularity of the differential operator L € K[J], if
p 18 a zero of the leading coefficient of L or p is a pole of one of the other coefficients. All
other points are called reqular.

Remark 1.1.2. - 00 15 also a singular point of Li; to understand it, one can always use
the change of variables x — % and deal with 0.

- At all reqular points of L we can find a fundamental system of power series solutions.

If p is a singularity of a solution of L, then p must be a singularity of L. But the converse
is not true (see apparent singularity in the definition after this following definition).

Definition 1.1.7. If p € Cx U {0}, we define the local parameter t, as

P { r—p if pF o
p 1 if —
- p=00.
Definition 1.1.8. Let L = > 0,0 € K[9] with a,, = 1. A singularity p of L is called
i=0

(i) apparent singularity if all solutions of L are regular at p,

(ii) regular singular (p # o0) if ty'a,—; is reqular at p for 1 <i <n,

an—j
1

(iii) regular singular (p = oo) if == is regular at oo for 1 <i < n, and

(iv) irreqular singular otherwise.
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1.1 Differential Operators and Singularities 6

Theorem 1.1.3. Let L = 0? + P(2)0 + Q(x) € K[9] and let p € C be a point with local
parameter t, = r — p.

(i) If L is reqular or apparent singular at p, then all solutions are analytic at x = p. Hence,
they can be written as convergent power series. Therefore there exists a unique solution

+0 .
y(z) = > ajty’ of L satisfying the initial conditions y(p) = co and y'(p) = ¢1, where
j=0

co and ¢y are given arbitrary constants.

(i) If L is reqular singular at p, then there exists the two linearly independent solutions

+oo
y1(z) =, Z ajt,’, ag#0

j—O

and ys(x) =t,* Z bit,” + cyi(x)In(t,), when by and ¢ are not both zero

with eq,e2,a;5,b5,¢c € Ck are constants and ¢ =0 if ey — ey & Z.

(15i) If L is irreqular singular at p, two linearly independent solutions are
e +o00 ]
1 3
y1(x) =exp </ gdtp) Z:ajtpm, ag # 0
and yo(x) =exp </ —dt ) Zb itpm ot cy1(z)In(t,), bo and ¢ are not both zero

with a;, b;,c € Ck, ey, ey € C_K[tpﬁ], c=0ife;—ey &€ Z and m is 1 or 2 (because the
order of L is two).

Proof: The proof can be found in [10]. O

Definition 1.1.9. In the previous theorem, if ¢ = 0, then the solutions of L do not contain
logarithmic terms. If ¢ # 0, then we say that L has logarithmic solutions at x = p.

Remark 1.1.3. - Note that L can only have logarithm solutions at x = p if e1 — ey € 7.

- In the reqular singular case, the constants e1 and ey can be found by solving the indicial
equation

AA=1)4+poA+q =0

where po resp. qo is the constant coefficient of the power series expansion of (z—zy)P(x)
resp. (z — 20)?Q(x) at z = z:

po = limt,P(z), g0 = lim ;Q(x).

- In both cases, reqular singularity and irreqular singularity, e; and eo are generalized
exponents, which will be explained in the next chapter.
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1.2 Bessel Functions 7

1.2 Bessel Functions

1.2.1 Bessel’s Differential Equation

In the Sturm-Liouville Boundary value problem, there is an important special case called
Bessel’s Differential Equation which arises in numerous problem, especially in polar and
cylindral coordinates.

One of the most important of all variable-coefficient differential equations is

2
tQ% + t% + (N =)y =0, (1.1)
which is known as Bessel’s ordinary equation of order v with parameter A\, where v, \ € C.
By doing a change of variables from ¢t to x using the substitution x = \t we get:
2
x2%+x3—z+ (2 =)y =0, (1.2)
which is known as Bessel’s differential equation of order v. v is called the Bessel’s parame-
ter. The solutions of this equation are called Bessel function of order v. This equation has

singularities at 0 and oo.

Bessel Functions of the first and second kind

Let us be in the vicinity of z = 0 with v € C. Since the equation (1.2) has a regular
singular point at x = 0, we can assume a solution of the form

“+oo +oo
y=a° Z a;z’ = Z ax' e (1.3)
i=0 i=0

with ag # 0 by theorem 1.1.3, and apply Frobenius method using this series. The substitution
of (1.3) in (1.2) gives

+o0 . +o0 .
Z [(Z + 6)2 _ V2]CZZ'CEH_C + Z aixz—l—c—&-Q =0.
=0 1=0

A schift in index, replacing ¢ with ¢ — 2 in the second term, gives

+oo ) +oo .
Z [(Z + 0)2 _ V2] aixz—i-c + Z ai,Q.TH_C =0.
1=0 1=2

The equations for determining the parameter ¢ and the coefficients a; are:

i=0 : (2—=v¥a=0,
i=1 : [(14+¢)*—1v¥a =0, (1.4)
i>2 : [(i+c¢)?—va;+a;_o=0.

The indicial equation is then given by
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1.2 Bessel Functions 8

and it’s roots are ¢; = v and ¢y = —v.
Since ag # 0, then ¢ = +v

case 1: c=v
Substituting ¢ = v into equations (1.4) we get

O.CLO = 0,
(]_ + 2V).(l1 = 0,
Z(Z + 2V)CLZ‘ +a;_o = 0, 1 2 2

The last equation gives us the recurrence relation

1

. 1
R ai—9, 1>2andv ¢ —3 (N\{0,1}). (1.5)

a; =

1- If a1 # 0, then v = —% and the recurrence relation (1.5) give us:
for i = 2k, where k =1,2, ...

1
k(2K — 1) 22
(—=D)F

~ 2Rk - D20k — D2k —3)] ... [2.0.1] "
_ (=DF
2RI (25— 1)

k
(1) ( o |
= 5 - ag using the identity 2°k! = (29)
T @) T2 — ) 11
Nels
ok
Similarly, for ¢« = 2k + 1, where £k =1,2, ...

1
A2k+1 = — maqu

_ (=DF

TRk + D20k - D2k —1)]...2.1.3]"
G

ORI+ 1)

A2k = —

Qg

j=1

—1)* k
= T (QJ)(H? 2 1)a1 (using the identity 2"k! = H(2])>
(=DF

T @k+ I

Master Thesis MOUAFO WOUODJIE Merlin UYTI 2013



1.2 Bessel Functions 9

Plugging back into (1.3) give us

+00
_1 i
Yy=x 2 E a;x
1=0

[ +o00 +o0
1

=1 2 Z ager™ + Z a2k+1$2k+1]

L k=0 k=0

[ foo k Foo k

_1 (_1) 2k (_1) 2k+1
= 2 _ -
v o) @ " ta) 2kt

[ k=0 k=0

=12 (apcosx + arsinx).

2- If a; = 0, then all terms with odd subscript will be zero.

* For v = —1 we have (k=1,2,...)
—_1)*
Qo = %ao and asgi11 = 0.
Therefore

_1
Y= 2apCOST.

* For v =1 we have (k=1,2,...)

1
Q2 = — )a2k;—2

2%k(2k + 1
_ (—1)F
T 2k(2k+ D) 20k — D)2k — 1)] ... [2.1.3] "
_ (—D)F
TSR

(—1)* | e T
H§:1(2j) H§:0(2j n 1)a0 using the identity 2"k! = 1_[1(23)
(—D)F

(2k +1)!

ag.

Plugging back into (1.3) send us

Y G
y=x2 A ;T = x2 g agkz?* | = x2a0 E mx%
i=0 k=0 k=0
400 k
-1 (_1> 2k+1 -1 :
=x 2 — =1z 2qpsinz.
£ (2 +1)! 0
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1.2 Bessel Functions 10

x For | v |# 5 we have:

1
2= e ™
1
MU T a2 ™
1
=766+ 20) ™
1
92 = Tok(2k + 20) Y

Multiplying these equations together and simplifying we get
_ (—1)*F
©2.4.6...(2k) [(2 + 2v) (4 + 20) (6 + 2v)...(2k + 2v)]

_ (—1)*
Y= 92 V(v + 2)(v + 3).. (v + k)
This represents the expression for the coefficients.

A2k Qo

or

ag.

Let us make some modifications for purposes of simplification. Let I'(x) de-
notes the Gamma function

['(x):= /;OO t" Lexp(—t)dt, Re(z)>0

and multiply both numerator and denominator of as, by I'(v + 1). This gives
B (=D (v + 1)
TR+ D+ D) [+ 2) v+ 3) vt B
Since I'(v + 1) [(v + 2)(v + 3)....(v + k)] =T'(v + k + 1) we have

_ (-DFr(r+1)
TR+ k1)
Let us now multiply the numerator and denominator by 2, we obtain
(DRI (v 4 1)
2R EIT (v 4k + 1)
Hence the solution can then be written as

y=2"ael'(v + 1) :;o: k!I‘((_l)k (g)zﬂ&k‘

A2k

A2k

a9 Qagp.

+k+1)
case 2: ¢ = —v
Substituting ¢ = —v into equations (1.4) we get
O.CLQ =0
(1—-2v).a; =0

i(i—20)a;+a;0=0 i>2
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1.2 Bessel Functions 11

The last equation gives us the recurrence relation

1

“= )

G i>2and v % (N\{0,1}). (1.6)

1- If a1 # 0, then v = 1 and the recurrence relation (1.6) give us (k =1,2,...)

(-1 (-1

G2k = “gpyr o AN A2kt = g Ty
Therefore
1
y=2x 2 (aycosx + arsinx).
2- If a; = 0, then all terms with odd subscript will be zero.
* For v = £ we have (k=1,2,...)
—_1)*
Qop, = %ag and asgp11 = 0.
Therefore
Y = x_%ag COS ¥
* For v = —3 we have (k=1,2,...)
1
Qop = ——————— U
T k(2k +1)
(—=1)*
= a
[2k(2k + 1] [2(k — 1) (2k — 1)] ...[2.1.3] *
(—=1)*
= bl 2 - Qo
PRI 5o0(27 +1)
= (-1)* ap  using the identity 2¥k! = ﬁ(Qj)
15, (20) T (27 + 1) P
1)k
S
(2k +1)!
Plugging back into (1.3) send us to
1 < i 1 f 2k 1 f (_1)k 2k
=2 a;x' = x2 agr™"| = z2a —
TS = F=1ER
+oo
-1 (_1>k 2k+1 -1 :
=qa 2 — =1 2qgsinz.
|
— (2k +1)!
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1.2 Bessel Functions 12

x For | v |# 5 we have:

1
2= 790 o)
1
Y T
1
Y7 766 - 2v)
1
92 = TRk — 20) Y

Multiplying these equations together and simplifying we get
(—1)*F
2.4.6....(2k) [(2 — 20) (4 — 20)(6 — 2v)...(2k — 20)] °

(=1)*
22BN (1 —v)(2—v)(B3—v)....(k — 1)
Let us multiply both numerator and denominator of ag, by T'(1 — v): this

A2k =

or

aAgp — ag.

gives
_ (=D —v)
2k = 2ZET(1—v) 1 =) [(2=v)3 —=v)....(k — V)]
Since '(1 —v)(1 —v)[(2—=v)(c+3)....(k —v)] =['(k — v + 1) we have
(-1 —v)
2T (k — v+ 1)
Let us now multiply the numerator and denominator by 27, we obtain
(=1)*27' T (1 —v)
2R Tk — v+ 1) "
Hence the solution can then be written as

» o0 (_1)k T\ —Vv+2k
y=2 Gor(l—V)kgok!F(k—y+1) (5) '

The constant ag is arbitrary and since we are only looking for a particular solution let us

agp.

A2k =

2k =

assign ag the value

! h
Ay — ——=,————~ when c=V
T 2T +1) ’
1
and aozm when c= —v .

Hence, we obtain as solution, in the case ¢ = v, the function

+oo  (=DF 1)k v+2k
k=0 KT (v+k+1) (2) for v I[#

-
NI N

Jy(x) = \/;COS($ for v=— (1.7)
\/szm(x) for v=3.
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1.2 Bessel Functions 13

which is called the Bessel function of the first kind of order v. Since the Bessel’s equation
has no finite singular points except the origin, the series

(—1) ) (g)l/—l-%’

—~ KT(v+k+1

converge for all z # 0. By the D’Alembert criteria we have the convergence for all x if v > 0.
We can relate J,,,(x) and J_,,,(x) (when m is an integer). Let k = k' + m by writing

(_1)k N\ —m+2k
Ton (5 )
Z Ty
with k =k +m

|

o K F(m FE+1)\2

—-1 (_1)kl+m T\ m2K 1)k +m 7\ mA2k
B kz_ KT (m + k' + 1) (E) k"F (m+ Kk +1) <§> '
But £l := oo for k' = —m, ..., —1, so the denominator is infinite and the terms on the left

are zero. We therefore have

(=1)**m M2k
J-m < K\C(m + K + 1) (5)
= (—1)me(x). (1.8)

Note that the Bessel differential equation is second-order, so there must be two linearly
independent solutions.
The wronkian of J, and J_, is

w— JI_Z,JV— JII,J_V _ ZSian’
T

hence

- for v € Z we have sinvm = 0 and then J, and J_, are linearly dependent (as we have
seen before);

- for v ¢ Z we have sinvm # 0 and then J, and J_, are linearly independent.

Our problem now is to find a second solution which is linearly independent with J, in
both cases (when v is an integer and when it is not).
Let us define the function
Jy(x) cos(mv) — J_,(z)

)

Y, (z) =

sin(mv)
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1.2 Bessel Functions 14

it is clear that if v is not an integer Y, (z) must be a solution of (1.2) but if not it will be like
an indefined form since cos(mv) = (—1)” and sin(nv) = 0. Let m € Z, by the application of

Hospital rule:

—msinmvd,(x) + cos(nv)J,(x) — J_,(z)

Yin(2) = Vh_r)% 7 cos(mv)
= [ o] = [l o] 19

|6 S 6]

i oo () Z et ()
(5o (0 (5)) S area (3

() S

N Yoo _1)k 'y ) (@ 2k+Y
=1In <§>Jy($) _kz:%klr(ijk+1)rr((yi:—tll) <§> '

When the value of v tends towards m, the logarithmic derivative of I" is the digamma function

P

"v+k+1) '
To+hrn W HETD:
hence
. dJy,(z) x &= (—1)* N 2k+m
Jim S0 = () o) - Z o e (3) (1.10)

For J_,(z) we use the complements formula:

D)1 —2) = -~

sinmx
which give us

P —v+k) = I'(v—k)sinw(v —k) - (—D)*TC(v — k) sinwv (111)
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1.2 Bessel Functions 15

hence if m is the integer greater that v and nearest to it

S s ()

(5)” ; ot ()]

d |1\ F(V — k) sinmv fa\2*
Cdv (2) k! T <2>
k=0
+o0
T\ (—1)* x\ 2k ,
- — 1.11
+ (2) = KD(—v+k+1) <2> ] using (1.11)
m—1 .
x 1 , sin Ty X\ "vH2k
= —J_,(z)log <§> + kz_; ] (F (v—k) - + (v — k) cos 7TV> <§>
S (D k1) <x>—V+2k
= kI?(-v+k+1) \2 ’
dJ_,(z) 1 r( sm v AN
50 7 = —J_,(z)log ( > + 2; o ( - - +I'(v—k) COSWI/) <§>
(_1)k T\ —v+2k
vk (2
2T (v + &+ Yy Hh+) (3)

When we make the value of v tend towards m,

1

lim%”(x) - _J ()10g<> mmz%Fm k) ( ) —m+2k

v—m 1%

(=1)*
— KI(—m + &+ 1)

b(—m+k+1) (g) e

If we use (1.8) and the relation between I' and factorial function we get by replacing k — m
with k in the last term

tim Ay o tog (5) + mm_lF B (2
e S e (37
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1.2 Bessel Functions 16

k=0
+oo _1\k )\ 2k+m
— % m[w(m—l—k%—l) —(k+1)] <§> . (113)

So our functions J,(x) and Y,(x) for all v € R are two linear independent solutions of
the equation (1.2). The function Y, is what we call the Bessel function of the second kind
(Neumann function or Weber function). The general (real) solution is then of the form:

z, = 1, (x) + oY, (x)

where ¢; and ¢y are constants.

The Bessel function J,(z) can be expressing in term of hypergeometric function.

Definition 1.2.1. A generalized hypergeometric series ,Fy is defined by

+o00
a1, g, ..., Qp (al)k.(az)k...(Oép)k k
F, x| = x"
’ ( By, B, s By ) ,; (B)k- (B2t (By) - !
where (N denotes the Pochhammer symbol

B 1 if k=0
(A)k -—{ AA+1)..A+Ek=1) ifk>0.

They satisfy the differential equation:

Theorem 1.2.1. The generalized hypergeometric series ,F, in the previous definition satis-
fies the differential equation

55+ By — 1)+ B, — Dy(w) = 26+ ar)..(6 + a,)y(a)

where § = xdi.
XL

Remarks 1.2.1. 1. For p < q the series I is convergent for all x. For p > q+ 1 the
radius of convergence is zero, and for p = q+ 1 the series converges for | x |< 1.

2. For p < q+1 the series and its analytic continuation is called hypergeometric function.

PR s _1)k 2 2k
Tolr) = (5) < KIT 1(/+13€ 1) (5)
B <g> I( 1+u Z kT 1/1++kry+ 1) (ZE )

v 2 k
:(5) F(ll—i-u) s k!(liv)k( 4 ) '
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1.2 Bessel Functions 17

which is getting by using the Pochhammer symbol
Fv+1+k)=w+1)I'(v+1).

So in terms of a confluent hypergeometric function of the first kind, the Bessel function is

0= () e, | -)

written

Hankel’s Bessel functions of the third kind

We can define two new linearly independent functions

14

H®(z) =J,(x) —iY, () (1.15)

v

HWY(z) =J,(z) + i, (z) (1.14)

which are obviously solutions of the Bessl’s equation and therefore the general solution can
be written as

y = aH(x) + bH? ()

where a and b are arbitrary constants. The functions Hl(,l)(m) and Hl(,Q)(x) are called Hankel’s
Bessel functions of the third kind.

We can remark that if J,(z) and Y, (z) are taking as cosine and sine functions respectively,
H,(,l)(x) and Hl(,z)(x) can be seen as exponential functions.
Using the expression of Y, (z) in terms of J,(x) and J_,(z) we have

HO(2) =, () + i (COS“”);;(;”W)V; J—v(@)
Jy(x) exp(—inv) — J_,(x)

sin(mv)

HP) (2) =J,(2) — i (COSW)JM - J-u<x>>

sin(mv)
Jy(x) exp(inv) — J_,(x) '

sin(7v)

The expressions of J,(z) and Y, (x) in terms of Hankel’s Bessel functions of the third
kind are:

(@) =5 [HP(2) + H (2)]

— N =

Vi) =5; [H (@) — HP @)
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1.2 Bessel Functions 18

Modified Bessel Functions of the first and second kind
Definition 1.2.2. The modified Bessel equation of order v € C is the differential equation:
$2y// + .ny/ _ (332 + 1/2) y = 0
2

obtained by replacing x by ix (where i* = —1) in the Bessel equation of order v.

By the same computations as in the Bessel’s differential equation, we get two linearly
independent solutions

I 1 2\ v+2k
L(x) = kzzo KT+ k+1) <§>

m(y(x) — 1, (x))

2sin(vm)

and K,(x)=

which are called modified Bessel functions of first and second kind respectively. Hence the
general solution to this equation is of the form:

y=al,(z) +bK,(x)

where a and b are arbitrary constants. These solutions are connected to the solutions of the
Bessel functions by the following relations:

Lemma 1.1. Let v € C and i*> = —1, we have:
(i) I(z) = i~ J,(ix),
(ii) K,(z) = gwl [, (iz) + 1Y, (iz)]

Proof:

(7) By the definition

Jy(ix) = :Z: k!r<(—+1;:+ ; (%) v+2k

B +oo (_1)kiu+2k T\ v+2k
B ; KD (v +k + 1) (5)
=14"1,(x)
so I,(x)=1i"J,(izx). (1.16)
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1.2 Bessel Functions 19

(17) By the definition

_ m (ZVJ_Z,(ZZ’) - ZﬁVJl/(Zx)) usmg th@ proof Of (Z)

2sin(v)
_ T [—iJ_, (i) + 17211, (i)
2 I sin(vm)
[ —2 1
- —iJ_,(ix) + exp(y—+7ri)Jy(iI)
— _Z'V-i-l 2 .
2 sin(v) ’
- 7r
T _ ™ i) (i
e Kofe)— i iJ_, (iz) + exp (( v+ 2) z) (ix)
v 2 sin(vm)
- . . m .. ™ .
T —iJ_,(ix) + <COS (—mr + 5) + i sin <—1/7r + §>> J,(ix)
2 sin(v)

_ T :—z'J_V(i:E) + (sin(vm) + i cos(vm)) Jy(ix)}

2 i sin(v)
_ T [ J,(ix) sin(vr) 4+ i (J, (iz) cos(vm) — J_V(ix))}
2 i sin(vm)
_ T [ PR J,(ix) cos(vm) — J_, (ix)
2 i _JV( )+ ( sin(vm) )}
K, (z) = ng“ [, (iz) + iV, (iz)] . (1.17)

OJ

By the fact that [, (z) = i7" J,(iz), if v € Z then [, (z) and I_,(x) are also two linearly
independent solutions of the modified Bessel’s equation.

Recurrence Relations

There are various recurrence equations and relationships for the Bessel function of the
first kind and its derivative.

Lemma 1.2. Let v,u € C. The Bessel functions of the first kind satisfy

(i) - ()] = 0 (),

(i1) % [u™J,(w)] = —u™" Jpp(u),
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1.2 Bessel Functions 20

(iii) uJ)(u) = ud,_1(u) — vJ,(u),
(iv) uJ)(u) =vJ,(u) —ud,1(u),
(v) 2J,(w) = Jy-1(u) = Jyia (u),

(vi) 2vJ,(u) = u(Jy1(w) + Jy—1(w)).

Proof: The proof can be found in [1] (we use the D’Alembert criteria to prove that J, (u)
is analytic over C, and the rest is just the computations). O

By the definition of Y, (u) in terms of Bessel functions of first kind, similar equations are
satisfying by Y, (u). Since Hankel functions are linear combinations of J,(u) and Y, (u), they
satisty the same recurrence relationships.

Lemma 1.3. Let v,u € C. The modified Bessel functions of the first kind satisfy

(i) 2 [ w)] = T (),

(v) 20(u) = I,_1(u) + 41 (u),

(vi) 2vl,(u) = —u(l,41(u) — I,_1(u)).
Proof: Use the fact that [,(u) = i7" J,(iu) and lemma 1.2. 0O

By the definition of K, (u) in terms of modified Bessel functions of first kind, (—1)" K, (u)
satisfies the same equations as I,,(x).

Zeroes of Bessel Functions

The zeroes of Bessel functions are of great importance in many applications. Bessel
functions of the first and second kind have an infinite number of zeroes as the values of x
goes to oo.

The modified Bessel functions of the first kind (7,(x)) have only one zero at the point
x = 0, and the modified Bessel equations of the second kind (K, (z)) functions do not have
Zeroes.

Notation: B, refers to any element of {.J,,Y,,I,, K,}. For example, the following lemma
hold for all four elements:

Lemma 1.4. Consider S := C(z)B, + C(z)B,,, where B, = L B,. The space S is invariant
under the substitutions v - v+ 1 and v — —v.

Proof: Tt follows from the two last lemmas (See [2] Corollary 1.23 for more details). O
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1.2 Bessel Functions 21

1.2.2 Bessel Operator

Definition 1.2.3. Let v € C and 0 := di
x

(i) The Bessel’s differential equation of order v corresponds to the operator
L =2%0% + 20 + (2? — v?)
which is called the Bessel operator and denoted by Lp,.
(1i) The modified Bessel’s differential equation of order v corresponds to the operator
L =2%0* + 20 — (2* + 1?)
which is called the modified Bessel operator and denoted by Lp,.

Lemma 1.5. The Bessel functions with parameter v € %—l—Z are hyperexponential functions
and in that case L, and Lp, are reducible.

Proof: Let i = —1. For « # 2kn, k € Z we have

J1 (z)' %\/%Siﬂ(x) — \/%cos(x) 1
J3() B \/%sin(x) T (_ - COth(x)) € Cla).

Similarly for x # § + 2kw, k € Z we have

(L )] e
— = = n .
Jfé(x) or | O v
Hence, J%(x) and Jfé(x) are hyperexponential functions.

Ifve {l —l} then the Bessel operator and the modified Bessel operator can be factored:

27 2
1 1
L, =2 (0—1+—)(0+1+—
2z 2z

1 1
L32:x2 (8—|—i+—> (8—2’+—);
2z 2x

so Lp, and Lp, are reducible.
Using the invariance of C(z)J,(z) + C(z)J,(x)" under v — 1 4+ v and v — —v, we can
say that for all integers m, Ji () and J_ 1 +m(x) are hyperexponential functions and for
v e {% +m, —% + m} Lp, and Lp, are reducible.

By the expressions of Y, (z), I,(z) and K,(x) in terms of J,(x) we can also say that
Y%er(a:), Y_%er(x), I%+m(a:), [_%er(x), K%er(x) and K_%+m(a:) are hyperexponential func-
tions. U

Since we only consider irreducible operators, we will exclude the case v € % + 7Z from this
thesis.
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Lemma 1.6. Let v ¢ % + Z. The change of variables x — ix where i* = —1 sends V(Lp,)
to V(Lp,) and vice versa.

Proof: Let y(x) be a solution of L, and consider g(x) = y(iz), then

(@) = i l0)

2
and g'(x) = = Zy(t)

t=1ix

1 . d
. = ()2 (zm pr (t)

By using the expression of 3”(x) in the equation satisfied by y:

— ((iz)* + v*) y(ix)) :

t=iz

22y (@) + vy (@) — (2 + V) y() = 0.

A general differential operator for g(z) is L = 8% + a,0 + ag. Using the equation of ¢’ and
g"” we can transform Lg = 0 into

i—I-m 4 (1)
1 ! dty

Since Lp, is an irreducible operator, if we equate coefficients we obtain a; = 1/ and ay =
(x?2 — v?) /22, Then L = 1/2%Lp, and g(z) € V(L) = V(Lp,). So g(x) is a solution of Lp,.
The reverse work in a similar way. [

| <__1 (2% = %) + ao) y(iz) = 0.

T2

Remarks 1.2.2.
1. Lp, and Lp, have only two singularities, 0 and oo.
2. The generalized exponents of L, are £v at 0 and j:i + % at oo where too = %
3. The generalized exponents of Lp, are £v at 0 and :I:i + % at oo where to = %

4. For Lp, and L, at p = oo, the two generalized exponents belong to different submodules
and there are no logarithmic solutions.

5. For Lp, and Lp, at p =0, there can be logarithmic solutions only if v = —v modulo Z.

6. For Bessel functions and modified Bessel functions, the generalized exponents are un-
ramified (i.e. the ramification index is always 1).

Note that the modified Bessel operator is easier to handle since the generalized exponents
do not create new algebraic extensions.

Lemma 1.7. The change of variables y(x) — y(y/x) reduces L, to
1
Ly =2°0° + 20 — Z(x + %) which is still in Q(z)[0], when v ¢ 1 + Z.
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Proof: Let y(x) be a solution of Lg, and consider g(x) = y(y/x), then

1 d
/
= —— —y(t
1 d 1 d?
d ¢"(z) = ——— —y(t — —y(t
ot 4 (t) +L(:v+l/2)y (V)
2x\/x dt myz  Ada?

by using the expression of y”(z) in the equation satisfies by y:
22y (x) + 2y (z) — (2 + v*)y(z) = 0.

A general differential operator for g(x) is L = 0 + 10 + ag. Using the equation of ¢’ and ¢”
we can transform Lg = 0 into

ﬁ <a1 - i) %y(t) . + (ao + 4—; (z + 1/2)) y (Vz) =0.

Since Lp, is an irreducible operator, if we equate coefficients we obtain a; = 1/ and ay =

1
1z (z+v?). Then L = 1/2%L which is equivalent to L. O
T

Let CV (L, f) denote the operator obtained from L by change of variables x — f.
Lemma 1.8. CV(Lp,, f) can be written as CV (Lg, f?).
Proof: Obvious. [

Lemma 1.9. Let k be a field extension of Q and K = k(x). Let f, v be elements of a
differential field extension of K, and v be constant. Then

CV(Lp,, f) € K[0] <= f? € K and 1* € k.
Proof:

=) Let v be a constant and M := monic(CV (Lp,, f)) = 0* + a,0 + ag. We have to prove
ag,a1 € K= f2, 12 c K
and so we assume ag, a; € K. The previous lemma give us

M = monic(CV (Lg, f?)) = 0* + a10 + ag

with 1= - [( o+ (LY

N7 ) T Py
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ah + 2apay) a ar
let ay = ((/)—01) 4+ 3ay, asz = —4—2 and a4 = as (2&1 + 2
agy + 2apaq as ag

where ' means %. We have as, a3, a4 € K since ag,a; € K. Direct substitution shows

that:

!/
a2:2f?, as = f24+v* and ay =2ff.

Hence, f? = a4/ay € K and v? = a3 — f? € K.

(< If f2 € K and v? € k then CV(Lg, f?) € K[J]. By the previous lemma we have
CV(L327 f) € K[a]

O
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CHAPTER TWO

SOLVING DIFFERENTIAL EQUATIONS IN
TERMS OF BESSEL FUNCTIONS

In this chapter, we apply theory developed in chapter one to solve some second order
differential equations in terms of Bessel functions.

The question of solving an equating in term of Bessel functions is equivalent to the
question whether two differential operators can be transformed into each other by certain
transformations.

2.1 Formal Solutions and Generalized Exponents

In this section, we introduce the idea of generalized exponents. Generally, the general-
ized exponents give us the asymptotic local information about solutions. In this section we
consider operators in C((z))[0]. Since we work with solutions of differential operators we
have to be sure that we can have all of them; that is why we have to construct the universal
Picard-Vessiot ring of C((x)) that contains a fundamental system of solution of differential
operators. Before that, let us give the general definition of the universal extension U (uni-
versal Picard-Vessiot ring) of a differential field:

Let K be a differential field, with Ck as it field of constants

Definition 2.1.1. A universal extension U of K, is a minimal (simple) differential ring in
which every operator L € K[0] has precisely deg(L) Ck-linear independent solutions (Ck the
algebraic closure of Ck). It exists if K has an algebraically closed field Cx of constants of
characteristic zero.

Hence the universal extension U of C((z)) exists and for every nonzero operator L €
C((x))[0], we define the solution space of L, which has dimension deg(L), as follow
V(L) = {y € U|L(y) = 0}.

From now, we will take K = C((z)), i.e. Cx = C.
At the point x = 0 we have the following construction of a universal extension U of

C((2)):
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2.1 Formal Solutions and Generalized Exponents 26

First we denote Q = J,, .. ~Y/™C[[z~/™]], M C C such that M @ Q= C, and C((z)) the
algebraic closure of C((z)) given by C((x)) = C((x*/™)).

neN*

Theorem 2.1.1.  1- Define the ring R = C(()) [{X}aenm; {E(q) }4en, ] as the polyno-
mial ring over C((x)) in the infinite collection of variables {X}oen U{E(q) }gea U{l}

2- Define the differentiation 6 on R by: § is x-& on C((x)), 6X* = aX®, 6E(q) = qE(q),
and 0l = 1. This turns R into a differential ring.
3- Let I C R denote the ideal generated by the elements
X0 —1, X — XX’ E(0) -1, E(qi + ¢2) — E(q1)E(q0).
Hence, I is a differential ideal and I # R.

4- PutU :=R/I;
then U is a universal extension of C((x)) which means:

x the constant field of U is C;
x if L has order n, then V(L) := ker(L: U — U) is a C-vector space of dimension n.

Proof: The proof and other details of universal extension can be found in [7]. O

We can think of E(g), X and [ as

Blq) = exp ( / %m) CX® — exp (aln(z)) and [ = In(x)

a4

e acts:

because x
- on E(q) as multiplication by g,
- on X* as multiplication by a, and

- on [ as the solution of the equation :B% =1

Hence, at x = 0 we have:

Theorem 2.1.2. The universal extension U of K is unique and has the form

U=K [{xa}aEM 1e(@)}geq s l] ’

where M C C is such that M & Q= C, Q = Um21x*1/mC[[af1/m]], [ the solution of the

equation x% =1, and the following rules hold:

(i) The only relations between the symbols are 2° = 1,297 = 2%° ¢(0) = 1 and e(q; +
72) = e(q1)e(qa)-
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(ii) The differentiation in U is given by dz® = az®, 0e(q) = qe(q) and 5l = 1 where 6 = x%.

Proof: To give a complete proof we would have to introduce to many details about
differential ring. This is why we refer to |7] where we the proof. O

A solution whose formal representation in the universal extension U involves | = In(z) is
called logarithmic solution.

A more detailed structure of the universal extension is given by the following lemma.

Lemma 2.1. The universal extension U of C((x)) is a C((x))[0]-module which can be written
as a direct sum of C((x))[0]-module:

U= e(a)C((#) {2 Yaecsar ]

qeN

=@ D T,

qeQ aE(C/(iZ)

where Q =, @7 Y™Cl[z~Y™]] and, in the latter equation, r, is the ramification indez of
q, i.e. the smallest number such that ¢ € C[[z~/74]].

Proof: The first equation is proven in [[7], chapter 3.2] and for the second we refer to
[[8], chapter 2.8]. O

Let R, := C((x))[{2"}aec/a, le(q), then U = @ o Ry Put V(L), = V(L) N Ry; since
the action of L on U leaves each R, invariant, one has V(L) = @, ., V(L),-

qeN

y € V(L), = y = e(q)2’S, S € C((«"™))[In(x)] and b € C

:>y:exp(/Q+bdx) S;
x

e:=q+b e C[[x~'/"]] is what we will call generalized exponent of L in the next definition
(at x = 0).
Note that this construction of U at the point x = 0 can also be performed at other points

x = p by replacing x with the local parameter ¢, which is ¢, = x — p for a point p € C and
ty = % for p = o0.

Definition 2.1.2. Let L € C(2)[0] and let p be a point with local parameter t,. An element
e € C[[t,~ Y]], r. € N* is called a generalized exponent of L at the point p if there exists a

formal solution of L of the form
vo) =exp ([ £t ) 5.8 € €,y (1)

where the constant term of the Puiseux series S is non-zero. For a given solution this repre-
sentation 1s unique and r. € N s called the ramification index of e.

Master Thesis MOUAFO WOUODJIE Merlin UYTI 2013



2.1 Formal Solutions and Generalized Exponents 28

The set of generalized exponent at a point p is denoted by gexp(L, p).

Similarly, we call e a generalized exponent of the solution y at the point p if y = y(x)
has the representation (2.1) for some S € C((¢,/"))[In(t,)].

For a given generalized exponent there is a unique solution of the form (2.1) if we require
the constant term of the series to be one.

If e € C we just get a solution z°S, in this case e is called an exponent. If r = 1, then e
is unramified, otherwise it is ramified.

Remark 2.1.1. Since our main work in this thesis is based on second order differential
operators, . in the definition can be only 1 or 2 because V(L) = @ q V(L), and the
dimension of V(L), is r, (the ramification index of q)

Theorem 2.1.3. Let L € K[0], n = deg(L), r € N* and let p be a point with local parameter
tp.. Suppose that the ramification indices of the generalized exponents at p divide r. Then
there exists a basis Y1, ..., yn of V(L) which satisfies the condition: ¥i € {1,...,n}

Yi = exp ( / :— dx) S, for some S; € C((tY")[In(x)]

p

where e, ..., e, € (C[[t;l/r]] are generalized exponents and the constant term of S; is non-zero.

Proof: We just use the definition of the universal extension and the fact that, for
1=1,...,n

e, | 7 = ei € Cllt,™)
e S; € C((t,Y"))[In(t,)] -

The details can be found in [[8], Chapter 4.3.3, theorem 5|. [J For every regular point p of
L the generalized exponents are 0,1,...,n — 1, where n is the degree of L.

Remarks 2.1.1. By using the definition 1.1.8, theorem 1.1.3 and the definition of generalized
exponent we can finally summarize what we learn from this section for operators of degree
two:

* At every point p there are two generalized exponents ey and ey such that the solution
space is generated by two solutions of the form (2.1).

* If er and ey are both non-negative integers, then the local solutions are power series
and p 1s either a reqular point or an apparent singularity.

* If p is a non-apparent singularity and e1,e5 € C are both constants, p is reqular singular.
If e1, es & C, p is irreqular singular.

* Each generalized exponent e € (eq, es) is unique modulo iZ, where r, is the ramification
index of the generalized exponent e, and by the last theorem the set of generalized
exponent at a point p s unique modulo %Z.
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* If ey # ey modulo TLZ, the generalized exponents belong to different submodules of the
el
universal extension and there are no logarithmic local solutions at the point p.

* If ey = ey modulo TLZ, there can be logarithmic solutions.
el

This remark is restricted to second order differential equations.

2.2 Transformations

Here, we will discuss the transformations that preserve second-order differential opera-
tors. Then we can clarify the method of solving differential equations in terms of solutions of
another equation (in this master thesis, the Bessel equation). We will also discuss the invari-
ance under the transformations, which we use to connect the Bessel operator to the operator
we want to solve. In this section, we also assume the order of the differential operators is
two and the operators are irreducible.

2.2.1 Types of transformations

Definition 2.2.1. A transformation between two differential operators 11,1y € C(z)[0] is a
map from the solution space V(Ly) onto the solution space V(Lsg).

The transformation is invertible if there also exists a map from V(Lz) onto V(L;). There
are three known types of transformations that preserve the differential field and preserve
order two. They are:

Definition 2.2.2. Let L; € C(x)[0] be a differential operator of degree two. For
y=y(z) € V(Ly) we have:

(i) change of variables: y(x) — y(f(z)), f? € C(x)\C,
(ii) exp-product: y — exp (f r d:c) y, r € C(x), and
(15i) gauge transformation: y — roy + r1y’, ro, 11 € C(x).

They are denoted by — ¢, — g, —¢ respectively and for the resulting operator Ls €
C(x)[0] we write Ly L)g Ly, L1 —5 Lo, Ly 25 L, respectively. Furthermore, we write
L; — Ly if there exists a sequence of those transformations that sends L; to L.

The rational functions f, r, 7o and r; will be called parameters of the transformation, and
in case (i7) the function exp (f r d:v) is a hyperexponential function.

Remark 2.2.1. We can consider —¢, — g and — ¢ as binary relations on C(z)[0).
Hence, — g and — ¢ are equivalence relations, but —¢ is not: the symmetry of —¢
would require algebraic functions as parameter. For example, to cancel the operation x — x2,
we would need x — \/x.
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An important question when searching for transformations between two operators L; and
L, is whether we can restrict our search to a specific order of transformations — ¢, — g
and —¢ .

Lemma 2.2. Let Ly, Ly, Ly € C(2)[0] be three differential operators of degree two such
that Ly —¢ Lo — g Ls. Then there exists a differential operator M € C(z)[0] such that
Li —g M —¢g Ls.

Similarly, if Ly — g Le —¢ L we find M € C(2)[0] such that Lj —¢ M — g Ls.

Proof: See [2] Lemma 2.7 . O
We write — g for any sequence of those transformations. Since they are equivalence
relations, — g is also.

Definition 2.2.3. We say Ly € C(x)[0] is gauge equivalent to Ly if and only if Ly —¢ Lo.
And 1y € C(x)[0)] is projectively equivalent to Ly if and only if L1 — ga Lo.

Lemma 2.3. Let Ly, Ly, Ly € C(x)[0] be three differential operators of degree two . The
following holds:

(Z) L1 —E LQ —C L3 — dM € C(m)[@] Ll —C M —E L3
(ZZ) Li —¢g Ly —¢cLy=— dM € C(m)[@] Li —cM—¢ L3

Proof: See [2] Theorem 2.10 . O
Note that the converse of (i) and (i) is not generally true since — ¢ is not symmetric.

By those two lemmas above, we can then have the following statement:

Lemma 2.4. Let Ly, Ly € C(2)[0] be two differential operators of degree two such that
Ly — Lo. Then there exists an operator M € C(z)[0] such that L1 —¢ M — g Lo.

Proof: We use the two lemmas above and the rest follow immediately. [

2.2.2 The Exponent Difference

Definition 2.2.4. Let L € C(x)[0] be a differential operator, let p be any point, and let
e1 and ey be two generalized exponents of L at p. Then the difference e; — eo s called an
exponent difference of L at p.

If deg(Ll) = 2 there exists just two generalized exponents at each point and we define
A(L,p) := *(e; — e2).

We define A modulo a factor —1 to make it well-defined because we have no ordering in the
generalized exponents we compute.

By the two following lemmas, we will see how exponent behave in exp-product and gauge

transformations.
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Lemma 2.5. Let L,M € C(z)[0] be two differential operators such that M —=p L and let
e be an exponent of M at the point p with the ramification index n € N*. Furthermore, let r
have the series representation

+oo )
r:thﬁ, meZ and m< -1, r; € C.
i=m

-1 )
Then e + thﬁﬂ s an exponent of L at p.

Proof: See [2] Lemma 2.12 . O

Lemma 2.6. Let L, M € C(z)[0] be two differential operators such that M —¢ L and let
e be an generalized exponent of M at the point p. The operator L has at p a generalized
exponent € such that € = e mod %Z, where n € N* is the ramification index of e.

Proof: See [2] Lemma 2.14 . O
Hence, the exponent difference A has the following property:

Corollary 2.2.1. Let L € C(x)[0] of order two and p be a point. The exponent difference
A(L, p) mod %Z is invariant under projective equivalence (— pg), where m € Z* is the
ramification index. Here m = 1 if the generalized exponents are unramified, and m = 2 if

they are ramified.

Proof: Use theorem 2.1.3 and the two previous lemmas. [J

2.2.3 The meaning of our problem

With what we have learnt in this section, we can state what we mean by solving equations
in terms of Bessel functions.

Definition 2.2.5. Assume y is a solution of a differential operator Ly, we say we can solve
differential operator L in terms of y when we can find the transformations

Lo ¢ M —pe L
where M s an operator.

To solve differential equations L(y) = 0 in terms of the Bessel functions means to find
a transformation from the Bessel operator Lp, to the operator L. Since we only focus on
second-order differential operators, we only need to find combinations of — ¢, — g, and
—¢ which send Lp, to L:

LB1 LC M —EG L.

M should be projectively equivalent to L. So for computing f, the only information retrieved
from L that we can use is information on invariance under projective equivalence. The
invariant we use is the difference of the generalized exponents of L.
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2.3 Resolution

The main problem we consider here is the following: for a given operator L € C(x)[d] of
degree two, how to find transformations that send the Bessel or modified Bessel operator to
L if they exist. Note that we also need to find the parameter of the Bessel functions involved.
Since Lp, and Lp, are closely connected we just need to consider one of the two. We take
Lp, because it is easier to handle. From now on, L will refer to the modified Bessel operator
Lp,. Using the results of the previous section we just have to consider the transformations

LB —C M —EG L. (22)

So this section will be concentred to the determination of the parameters of this sequence of
transformations.

There are two steps to find Bessel type solutions of L. The first step is to find the middle
operator M (i.e. the change of variables f). If M (or equivalently f) is known, then the next
step is to find the map from M to L, which is projective equivalence: this step has been called
the equivalence of differential operators. We will only discuss the first step because Barka-
tou, Pflugel, Van Der Put and Singer have studied and given algorithms to find projective
equivalence, this is not the case for — .

In the following, we will take a closed look at the part Lg —¢ M. Once we found the
Bessel parameter v and the parameter f we can obtain M from Lg. For fixed M € C(x)[0]
we can already solve the question of equivalence between M and L. We can then finally solve
(2.2).

Since we work with the modified Bessel operator, all generalized exponents should be
unramified.

2.3.1 The Parameter of the change of variables is in C(z)

Let M € C(z)[0] be given. We want to know whether there exists f = f(x) € C(x) and
v € C such that

Ly Lse M

holds.

Let us assume that B,(x) is a solution of Lg. Then B,(f(z)) is a solution of M. Since
B, (x) has singularities at 0 and oo it is obvious that the singularities of B, (f(z)) are at
those points p where f(p) = 0 or f(p) = oo, i.e. at the zeros and poles of f(x). Hence, the
zeros and poles of f(x) must be singularities of M.

We don’t consider apparent singularities of M because there might exists an operator M

which has degree two with V(M) C V(M) and which has no singularities at those points. So
the others singularities of M are exactly the zeros and poles of f.
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If exp-product and gauge transformations are involved we cannot find all zeros of f by
only looking at the singularities of L. which are not apparent singularities. But we will soon
see that we can use a similar approach by developing a property which is invariant under
exp-products and gauge transformations, which can then be used to find f. This property is
the exponent difference modulo %Z, where m is as in corollary 2.2.1.

The Exponent Difference

We will analyze A(M, p) because using the invariance of the exponent difference modulo

Z under — g we can then apply results not only to Lp iﬁ; M but also to
Lg i)c M —EG L.

Theorem 2.3.1. Let M € C(x)[0] such that Lp oM

(1) If p is a zero of f with multiplicity m, € N, then p is a regular singularity of M and
A(M, p) = £2m,v.

(ii) If p is a pole of f with multiplicity m, € N such that
+o0 A
f=> fith,
1=—my
then p s an irreqular singularity of M and
-1
AM,p) =£2 ) ifit,
i=—mmyp
Proof: Let ¢ be the local parameter ¢,.

(1) Let p be a zero of f with multiplicity m, > 0, then f has the representation

400

f=tm Z fit" with f; € C and fy # 0. Furthermore, let y € V(L) be a local solution

i=0
at x = 0 of the form

y:x”Zaixi, a; € C, ag # 0.

=0

If we now replace x by f, we get

—+00
Z:fyzaz’fi
1=0
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which is a local solution of M at p. To compute the generalized exponent at p we
rewrite z such that

+o00
Z = exXp (/ ; dt> Zbltz, bz c (C, b() 7é 0, e c C[[til]]
=0

The fact that f* = t™f where the constant coefficient of f € C[[t]] is non zero, simply
yields e; = myv.

Similarly, for the second independent local solution of Lg at x = 0, which has exponent
—v, we obtain the generalized exponent e; = —m,v. Hence, the singularity p is regular
and A(M,p) = £ (e; — e2) = £2m,v.

If v € Z the second independent solution contains a logarithmic In(z). However, we

can still do the same computation. The solution z would then involve In(¢) and the
result for the exponent is still true.

(i7) A similar approach work in second case. Let p be a pole of f with multiplicity m, € N.

Then, f can also be written as f =t~ )" f,-_mpti with f; € C, f_,,, # 0.
=0

7

We start with the local solution y of Lg at © = oo corresponding to the exponent

1 1
= —+3. There exists a series S € C[[t]] such that

too
y = exp(/tidtoo)s
1 1
- ([ (o) o)

SO .
Yy = exp <_t_> 128 (2.3)
is a solution of Lg. In order to get a solution z of M we have to replace x by f, i.e.
1 1
teo = — by ? Hence, we do the following substitutions:
x
( 1 +oo _ R R
too — fztmpiita fi€C, fo#0
i=0
1
- 1 I _
and tiéZ — m:tmp/QZfitza fie(ca fo?éo
\ =0

We apply these substitutions to (2.3) and get a local solution z of M at x = p:

2= exp(—f)t™/%5, S e C[t],
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where S combines all the new series that we obtain from (2.4). In order to determine
the exponent at p we have to rewrite this expression into the form (2.1). We have to
handle the positive and negative power of t in f separately. For the power series part

fr= Z fit" we get
=0

exp (—f7) —eXp< Zfﬁ’)

+00 o

With exp(z) = Z — Wwe can rewrite this as a power series in ¢:
i!

1=0

exp (—f*) = f%(—fft)J

= Zaiti with a; € C, ag =1

1=0

The negative powers of ¢t remain in the exponential part, which then becomes

—1 -1
exp | — Z fith |t = exp | — Z fiti—i—%ln(t)
= exp / Z (—z')fitlfl—i—Q—; dt
1 -1
= exp /; Z (—i) fit" + p dt

Combining the two results we get

-1

1 A _
Z = exp /? Z(—i)fit’jt% dt | S,

i=—myp

where S € k((t+))[In(t)] has a non-zero constant term. Thus, z has the generalized
-1
, m
t — it | + =5
exponen Z o f + 5

i=—myp
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1 1
If we start with the second independent solution with generalized exponent 7 + 3

—1
, m
we similarly get Z ifit' | + TP' Hence, p is an irregular singularity of M and

i=—my

A(L,p) = £2 i ifit.

i=—myp

By this theorem, we will now distinguish between two more separated cases which will
correspond to zeros and poles of f.

Definition 2.3.1. A point p of L € C(x)[0] for which A(L,p) € Z and L is not logarithmic
at p is called an exp-apparent point. If p is not exp- apparent, p is called

(i) exp-reqular <= A(L,p) € C\Z or L is logarithmic at p,
(11) exp-irreqular <= A(L,p) € C[1/t,]\C .

We denote the set of singularities that are exp-regular by S,., and those that are exp-
irregular by S;,.,..

Remarks 2.3.1. For an operator L € C(x)[0] of order two

1. Regular points are also exp-apparent, and singular points which are erp-apparent are
called exp-apparent singularities. Hence, every point which is not exp-apparent must be
a singularity.

9. If L is such that Ly —5o M — e L

a- exp-irreqular singularities of L are wrreqular singularities of M and correspond
exactly to the poles of f.

b- Since we will look at the exponent difference modulo 7. we might lose some infor-
mation about the zeros of f. Depending on v and the multiplicity of the zero, their
exponent difference can be an integer. Hence, the zeros of f can become either
exp-reqular or exp-apparent singularities of L. So reqular singularities points of
M which are exactly zeros of f become by exp-product and gauge transformation
exp-reqular or exp-apparent singularities of L. Those hold when v € Q. If v € Q,
the zeros of f are exactly exp-regular points of L.

We combine these important results in the following corollary

Corollary 2.3.1. If Ly 50 M — o L, the following holds:
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(i) for L, p € Sy, <= pis a pole of f.

(ii) for L, p € S,ey = p is a zero of f.
Proof: Obvious (we just use theorem 2.3.1 and the definition of S,, and S;..). O

By the equivalence in (i) and theorem 2.3.1 we can compute every polar parts of f using
Sir» and find candidates for the parameter f up to a constant by summing all those polar
parts. The polar part of f at a point p is the negative power part of the series representation

+o0o
of f at p. It is non-zero if and only if p is a pole of f. So if f = Z fit;, m € Z, the polar

t=—m

—1
part of f at pis Z fit;. Theorem 2.3.1 show how to compute those polar parts from the
i=—m

exponent difference A(L, p) at the exp-irregular points. Since the A(L, p) are defined up to
+ signs, we obtain each polar part up to a sign as well. We denoted by § the set of those
candidates of f up to a constant.

We will now summarize this in the following algorithm:

Algorithm 1:

Input: A differential operator L € C(z)[0]

Output: A list § for which the following holds: If Lg im M — g L for some
veC, feC(x) and M € C(z)[0], there exists a constant ¢ € C such that
f—ced.

compute singularities S of L and extract S,

foreach s € S,
ds = A(L, s)

—1

let dg = > ayt!

S

=~ w N =

i=—m
-1

5 ps::% Z %ti

i=—m

ses’i'r'r
7 return §

Since we have no equivalence in (i7) we might not see all zeros of f. If S,., # 0, one use
elements of S,., to compute the constant c for each candidate of f and reduce the set §. But
if S,c;, = 0, then we will need an additional method that is also giving in this subsection.

The Bessel Parameter v

Let consider Lg i>C M — g L. Since v € C, we have many cases for v : v € Z or
v eQ\Z or v g€ Q\Z. 1t follows from that:
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1- The Bessel parameter is an integer if and only if there exists an exp-regular singularity
p of L such that L is logarithmic at p. Hence, if there is one exp-regular point p at
which L is logarithmic, then L is logarithmic at every exp-regular point; So, if v € Z
the zeros of f are exactly the singularities .S,,.

2- A regular singular point of M can become an exp-apparent point of L only if v € Q\Z.
Hence, if v € Q\Z, Then for all s & S;,, we have :

A(L,s) € Z < S,y = 0.

3- For v € Q\Z, the zeros of f are exactly the singularities .S,.,.

The exponent difference is also associated with the Bessel parameter and we can still
distinguish between different cases for v.

Theorem 2.3.2. Consider Lp L>c M —pgq L

(1) Integer case: if Syeq = 0 then v € Q\Z.
The following hold for any p € Syeq:

(7i) Logarithmic case: L logarithmic at p if and only if v € Z,
(11i) Rational case: if A(L,p) € Q\Z then v € Q\Z,
(iv) Base field case: A(L,p) € C\Q if and only if v € C\Q.

Proof: Obvious. [

The following definition will be very important in order to find the Bessel parameter.

Definition 2.3.2. Consider Lp —f>c M —gq L and let s € S,eq be a zero of f. Let my be
the multiplicity of s and m € N*. We define

N {A(L,s)+z‘

2m
N = {2vrmod Z|Vs € Syey, F2s €EZ v+ 25 € N5 or — v+ 2, € N},

and N(m) = {L izl,...,2m—1}.

om’

0§i§2ms—1},

Both set Ny and AV are finite in the case S,., # (0. In the integer case we have an infinitely
large set N' = C.
If s is a zero of f with multiplicity ms and A(L, s) € Z, then N (m,) = N, modulo Z.

Remarks 2.3.2.

1. If Speg 20
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* for every s € Syey, the Bessel parameter v appears in Ny modulo some integer.
« the set N can be regarded as the intersection of all Ny modulo Z, s € Syeq.

% by the invariance of C(z)B,(x) + C(z)B,(x) under v — v+ 1 and v — —v,
we only need to find v modulo an integer. Hence, we can regarde N as a set of
candidates for v.

2. If Speg =0

x there exists p,l € Z such that p | n and v+ 1 € N (p) where n is the degree of the
numerator of f.

x similarly by the invariance of C(x)B,(z) + C(x)B,(z)" under v — v + 1 and
v — —v, we can regarde the set {JN(p) | p divides n} as a set (large) of
candidates for v.

The Algorithm

The input of our algorithm is a differential operator L and we want to know whether the
solutions can be expressed in terms of Bessel functions. We assume that L — L for some
transformations. If we find a solution to that problem, then we also find the solution space
of L. If we do not succeed, we know that the solutions of L. can not be expressed with Bessel
functions.

Let L be a differential operator of degree two with coefficients in C(z) and let’s summarize
the steps of the algorithm that we know from previous results:

A (Singularities) We can compute the singularities S of L by factoring the leading
coefficient of L and the denominators of the other coefficients into linear factors.

B (Generalized exponents) For each s € S we compute d;, = A(L, s), isolate exp-
apparent points with d, € Z, and differ between exp-regular singularities S,., with
ds € C and exp-irregular singularities S;,, with d, € C[t;]\C.

C (Polar parts)We can use the exponent differences d; for s € S;,. to compute candi-
dates § for the parameter f up to a constant ¢ € C.

D (Constant term of f)In all cases but the integer case we know at least one zero of
f by picking some sy € S,.,. So we can also compute the missing constant c for each

fes.

E (The set N') The set N is the set of candidates for ». When not being in the integer
case, this set is finite. But the set might depend on the candidates f € §.

F (Compute M) For each pair (v, f) in N’ x § we can compute an operator
M = M, 5y € C(x)[0] such that Lp Lo M.
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G (Exp-product and gauge transformation) For each M we can decide whether
M — ¢ L, and if so, we compute the transformations.

Steps D and E have to be done by cases differentiation. If we call ” findBesselv f” the
algorithm which treats Steps D and E then the basic procedure will look like this:

Algorithm 2:
Input: An operator L € C(z)[d].
Output: V(L) when it can be represented in terms of Bessel functions and FAIL

otherwise.
compute singularities S of L and S,¢q, Sipr
use algorithm 1 to get §
P={}
for each f € §
P = P UfindBesselv f(f, S,¢,)
for each (v, f) e P
M = changeOfVar(Lg, f)
if Irg,ry,ry € Cz) : M g M
return V(L)
10 return FAIL

71,7

& L for some M € C(z)[d] then

© 0~ O U = W N =

The only case in which this algorithm does not yet work is when S,.., = 0, which we will
study in the next part.

Note that one can also use the cases separation of theorem 2.3.2 to reduce the number
of candidates that we obtain from steps D and E and this will be the next part.

The Cases Separation

For each case we extend the algorithm ” findBesselv f” which will take candidates f € §
and the exp-regular points S,,, and will return a set of pairs (v, f).

Logarithmic Case

Since v € 7Z the zeros of f are exactly the singularities S,.g.

Sreqg # 0, there exists at least one sy € Sye, Which must be a zero of f. We can use it to
compute the constant part c of each candidate in §. With the other points in S,., we verify
the constant or exclude some candidates.

In general, we assume v = 0. By lemma 1.4 taking v = 0 when v # 0 can generate
gauge transformations which may not be needed and the result will not be much simpler
than the result obtained by taking v # 0 which is computed much faster. If there is no gauge
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transformations needed to transform Lg into L, we compute v as follow: take the average of
exponent differences each divided by the corresponding multiplicity.

Algorithm 3:
1 pick one sy € Sy

2 c:=solve (f|,_,+c=0,¢)

3 if f|,_,+c=0forall se S, then
4 return {(0, f +¢)}

5 else

6 return { }

Integer Case

Here all zeros of f are exp-apparent singularities of L.

Let p,l € Z be as in remarks 2.3.2. Since v +1 € N(p), p cannot be one, otherwise v € %
modulo Z and the operator Lp is reducible.

We denoted by deg(numer(f)) the degree of the numerator of f and deg(denom(f)) the
degree of the denominator of f.

For each f € § and n = deg(numer(f)) we take a divisor p € N\ {0,1} of n and check
whether for certain constants ¢ the monic part of the numerator of f become a p —th power.
Hence, we get a finite set €, of possible values for c. We denoted by A" and € the union of
the sets NV (p) and €, respectively. So if the pair (v, c) exists, it must be in the set /' x €.

The problem now is how to find the degree n of the numerator of f without knowing the
constant part c.

Lemma 2.7. Consider Lg —f>C M — g L. Let us be in the integer case and v = ;—; for
some vy € Z, p € N\{0,1} and gcd(vy,p) = 1.

(i) If 0o € Sipr, then deg(numer(f)) = deg(numer(f + ¢)) for all ¢ € C.
(ii) If oo & Sipr, then p | deg(numer(f)) <= p | deg(denom(f)).

Proof: After using the exp-irregular points S, to find the polar parts, f has the form

f=ﬁ+c+f3, (2.5)

2
where f1, fo, f3 € Clz] and deg(f1) < deg(f2) or fi = 0. The polar parts for s € S;,.,.\ {oo}

are combined in f—l The polynomial f3 is the polar part of oo € S;,.,..
2

(7) In this case 0o € Sy and hence f3 # 0. So ¢ does not effect the degree of the numerator

of f.
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(1) Since oo & Sy, f3 =0 in equation (2.5) and f = % + ¢ with deg(f1) < deg(f2).
2

- If ¢ # 0, then deg(numer(f)) = deg(denom(f)) and nothing remains to be proven.

- If c=0, oo is a zero of f. The multiplicity m must be a multiple of p. Otherwise

A(L,00) ¢ Z since A(L,00) = 2mv + z for some z € Z and 2v = n Hence,
p
m = kp for some k € N.

This multiplicity of the point co is m = deg(denom(f)) — deg(numer(f)). This
can be seen if f(%) is written as power series at the points 0. In total we get
deg(numer(f)) = deg(denom(f)) — kp for some k € N and this proves (ii).

OJ
Algorithm 4:

1 P={}

if co € S, then

2

3 n = deg(numer(f))

4 else

5 n := deg(denom(f))

6 for eachp|n

7 g := ispower (numer(f + ¢), z,p) (here ¢ is a variable)

8 ¢ := solve (numer(f +c¢) — g* = 0,¢)  (find solution ¢ € C)
9 for each ce ¢

10 P=PU{(v,f+c¢)|lveN(p)}

11 return P

Rational Case

In this case a zero of f can also be an exp-apparent point of L. because v € Q\Z.
Since S,e;, # 0, we define the set N' = ) g/\/s mod Z which is the set of possible
candidates for v.

SGSTE

With each candidate of f in § we do the sames computations and verifications using S,
as in the logarithmic case. For each s € S,., we can compute the multiplicity m.

Let g = numer(f)/ Hsesmg (x — s)™s, be a polynomial function. If deg(g) > 0 then all
zero of g are exactly exp-apparent zeros of f and similar arguments as in the integer case
are used.

For all zeros s of g, we have A(L,s) = 2msv + z € Z for some z € Z. So mg must be a
multiple of p = denom(2v). Hence, the monic part of g must be a p — th power.

Algorithm 5:
1 P:={}
2 ¢ :=solve (f|

+c¢=0,c¢)

=S
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3 if f|,_,+c=0forall se S, then

4 g = numer(f + c)

5 for each s € S,

6 g=g/(x—sm

7 N = Nyes,., Ns mod Z

8 for each v ¢ N

9 p := denom(2v)

10 if g = h? for some h € Clz| then
11 P:=PU{(v,f+¢)}

12 return P

Base Field Case

In this case all the zeros of f are exactly exp-regular points of L since v € Q.

We define the set of possible candidates of v as in the rational case.

With each candidate in § we do the sames computations and verifications using Sy, as
in the logarithmic case.

Now we will see by the following lemma that each candidate in § must satisfy another
property which is satisfying by f and if not we will exclude it.

Lemma 2.8. Consider Lp —f>c M —pe L. Let v € C\Q, Syey = {51, ..., 50} and
d; = A(L,s;), i =1,...,n. Then we can do the following steps:

1. Compute r;, t; € Q such that d; = r;dy + t;.

2. Let a;,b; € Z be such that r; = % and gcd(a;, b;) = 1.

7

3. Let l =lem(b;, 1 <i<mn).

Then the monic part of the numerator of f is a power of h € Clx| where

n

h=]]-s)". (2.6)

i=1
Proof: Let m; be the multiplicity of s; as a zero of f. Since a gauge transformation can
change the exponent difference by an integer we know

d; = 2mv + z; for some z; € Z. (2.7)

This equation yields for ¢ = 1 the equation

dy — %
V= .
2m1
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Plugging this into (2.7) we get

m; m;z
dz - dl + z; —
my my
So the numbers
m; m;z1
ri=— and t; =z — — (2.8)
my ma

satisfy the equation in step 1. Since d; ¢ Q the rational factor r; is unique.

Now Let a;,b; € Z be such that r; = % and ged(a;, b;)) = 1. Then m; = %ml. Since
m; € Z and b; 1 a; we obtain b;| m;. Then alsé) [:=lem(b;, 1 <i<n)|m;. We usezmi = r;my
and finally get {r;| m;. So the exponents in (2.6) each divide the multiplicity in the numerator
of f.

Let p; € N be such that lr;p; = m;. To prove (2.6) we have to see that all p; are equal.
Using the equation for r; in (2.8) yields Ip; = my. So p = p; = % is independent of ¢ and
the numerator of f must be a scalar multiple of a p — th power of h. [J

Algorithm 6:
1 P={}

2 let Speg ={51,..,Sn}

3 fori=1,...,n

4 d; .= A(L, s;)

5 compute r;, t;, such that d; = r;dy +t;
6 [:=lem(denom(r;),i=1,...,n)

7 h:= ﬁ(x — g;)lri

8 pick (;116 @ € Syeg

9 c:=solve (f|,_,+c=0,¢)

10 if f| _,+c=0forall s € S,

11 and numer(f + ¢) = h? for some p € N then
12 N = Nyes,., Ns mod Z

13 for each v e \/

14 P:=PU{(v,f)}

15 return P

2.3.2 The Parameter of the change of variables is not in C(z)

Note that Lz —2+¢ M is the same as Lg i>C M, where f? = g € C(z). In order to use
the same notation as in the case f € C(z), we will use the second form, i.e L —Z+¢ M.
Since we now work with the operator L, we will take m = 2.

The main problem in the case f ¢ C(z) is to construct a finite set of candidates for (f,v)
from A(L,p).
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The Exponent Difference

We also define:
Definition 2.3.3. A singularity p of L € C(x)[0)] is called:

(i) apparent singularity if and only if A(L,p) € Z and L is not logarithmic at p.
(ii) regular singularity if and only if A(L,p) € C\Z or L is logarithmic at p.

(7ii) irreqular singularity if and only if A(L,p) € C[t;%]\C

We also denote the set of regular singularities and irregular singularities by S,., and
S respectively. As in the case f € C(x), the sets of those three kind of singularities are
separated.

Theorem 2.3.3. Let Ly —5¢ M — ¢ L, where f2 € C(x).
(i) if p is a zero of f with multiplicity m, € %Z*, then p is an apparent singularity or
P € Sreg, and A(M, p) = 2myv.
(i) p is a pole of f with pole order m, € 3Z% such that f = Z;’ifmp fit;, if and only if
p € Sir and A(M,p) =2 Zi_:lfmp ifit;.
Proof: We can use the same proof as in the case f € C(z). O

Remarks 2.3.3.

1. ifp € Syeq, then A(L, p) = A(M, p) mod Z which means that we can compute 2m,v mod
7.

2. If p € Sy, then A(L,p) = A(M, p) mod Z. Then Z;ﬁmp fit; can be computed from
A(L,p) by dividing coefficients by 2i (the congruence only affects the t)- term of A,
but that term is not used when p € Siy ).

Definition 2.3.4. Let f = Y .2 fit:f), N € Z, fn # 0. We say that we have a k-term

N+k—1
ot

truncated power series for f when the coefficients of tV, are known.

Remark 2.3.1. If a k-term truncated series for f is known, then we can compute a k-term
truncated series for f2.

According to theorem 2.3.3 (i7), from A(M, p), we can get a [m,] term truncated series of
[ at p. Since we have to compute g = f% € C(z), we square it to obtain a truncated series of
g which also have [m,] terms (see the previous remark). So we have the following corollary:

Corollary 2.3.2. IfLp oM e L and g = f? then we have:
(1) if p € Speq then p is a zero of g.

(ii) p € Siv if and only if p is a pole of g. We can also get a [my]-term truncated series of
g from A(L, p), where my, is the pole order of f.
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The Bessel Parameter v and The Parameter g = f>

We assume Lp i>C M — g L, we want to get information about f from L and the

A

Bessel parameter v. Since f might not in C(z), but ¢ = f? is in, we can assume g = 5

A, B € Clz], B is monic and gcd(A, B) = 1.
Now, we want to get information about A, B and v from L.

The Bessel Parameter v

All things that we have said about the Bessel parameter in the case f € C(z) hold here,
but with small extension that we will give.

We will divide into three cases by different situations in theorem 2.3.2. We call (i)
logarithmic case, (i) and (iii) rational case, and (iv) base field case. We have to introduce
another case when the number of linear equations for coefficients of A is greater than deg(A).
This case is called the “ easy case ”.

For the rational case we have:

Remark 2.3.2. Since C(x)B,(z)+C(z)B, () is invariant under v — v+1 and v — —v, for
v € Q, we can just focus on v € [0, %] Also since when v = % the operator will be reducible,
it is easy to solve the operator by factoring. So we just consider v € |0, %)

If we fix f, then we have:

Lemma 2.9. Let p be a zero of f with multiplicity m, and let
.ML:{Aﬂuﬁ+i

P om

ogigzmp—Liez}.

D

We can make the rational part of each element in N belong to [0, %] Let the new set be N,.
Thenv e N = N,

pesreg

Proof: The lemma follows from the fact that we know the number A(L, p) = 2m,v mod Z,
and the fact that C(x)B,(z) + C(z)B, () is invariant under v — v+ 1 and v — —v. O
The Parameter g = f?

The following lemma help us about B:

Lemma 2.10. We can retrieve B from S;.,.

Proof: According to theorem 2.3.3, if p € S;;, then p is a pole of f. Let m,, € %Z be pole
order of A(M, p). g has a pole order 2m, at p. The theorem implies B = [ s, (0} (@ —p)?me,
O

The following lemma help us about the degree of A:
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Lemma 2.11. Let
ge— deg(B) + 2me if oo € Si
4 deg(B) otherwise

(i) If 0o € Syey then deg(A) < da;
(i1) If oo € Sip then deg(A) = dy;
(7ii) otherwise deg(A) < da.

. d )
In all cases, we can write A =) 4 a;2°, so we have d4 + 1 unknowns.
Proof:

(1) According to corollary 2.3.2 (i), if co € S, then oo is a zero of g. So we have
deg(A) < deg(B). Hence, deg(A) < da.

(1) According to corollary 2.3.2 (i), if co € S;,. with pole order my, then oo is a pole of
g with pole order 2m.. So deg(A) = deg(B) + 2me,. Hence, deg(A) = da.

(1ii) If oo & Si then f does not have a pole at oo , so that deg(A) < deg(B). Hence,
deg(A) < djy.

0J

Once we have an idea about degree of A, we will now focus about the coefficients of A.
A- Easy, Logarithmic and Base Field Cases

Lemma 2.12. If p € S,¢q, we will get one linear equation for the coefficients of A. If p € Siy,
with my, as pole order of A(L,p), we will get [my]|- linear equations.

Proof: According to corollary 2.3.2 (i), if p € S,.q, p is a zero of A. Then we will get a

For each p € S, with pole order m,, by corollary 2.3.2 (ii) we will have a [m,]-term
truncated series of g at p. Then we can get the truncated series of A = gB. On the other
hand, we can rewrite A = ijo a;z' as a truncated series at p (by Taylor or Laurent series).
Since the terms in a Taylor series or Laurent series depend linearly on the coefficients of A,

by comparing the coefficients, each term will give a linear equation of a;. [

Remarks 2.3.4.

- In the easy case, since the number of linear equations for coefficients of A is greater
than deg(A), then we can solve them and find A.
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- In both logarithmic and base field case, we know all zeros of A. In the base field case
we know their multiplicities as well, but in the logarithmic case, we have to do a com-
binatorial search: try all possible combinations of multiplicities of zeros of A. So in
both logarithmic and base field case, there is only one unknown coefficient, the leading
coefficient of A. To get this coefficient, we only need one equation. But we have %dA
linear equations, enough to get A.

B- Rational Case

Let p be a root of A, i.e a zero of f with multiplicity m,, € Z. Since v € Q\Z, there exists a,
d € Z with gcd(a,d) = 1 such that v = g. We will have d > 2 because v ¢ Z and if v € %Z

then Lp will be reducible. By remark 2.3.2; if we fix d, we get a set of candidates for v :
{ a
d

2
By theorem 2.3.3 (i), A(L,p) = 2m,v mod Z = lea mod Z. If d | 2m,, change of vari-
ables z — f will send p to an apparent singularity and then p & S,.,, which means that not

ged(a,d) =1, 1<a < %d}

all roots of A are known (not all roots of A are in S,¢,). So the multiplicities of all zeros of A
which are apparent singularities must be a multiple of d. Thus, we can rewrite A = CA; A4,
where Aj, Ay € Clz| and C € C, A; is monic and the roots of Ay are the known roots of A
(the elements of S,.,).

Despite we know S,.,, we can not say that A, is getting because we also have to know

the multiplicity order of each element in S,.,. Hence, the problem in this case is to compute
Al, A2 and d.
The rational case include two cases for S,., : Syey = 0 and S, # 0.

For S,.; = 0 we can let A; = 1 and fix d by the following lemma:
Lemma 2.13. If S,., =0, then d|da.

Proof: Since A= CA;AY, if S,e, =0, then Ay =1 and A = CAZ. So d|ds. O

For S,y # (), we have:
Lemma 2.14. If S,y # 0, we can find a list of candidate pairs (d, A1) by solving an equation.

Proof: See [5] Lemma 10 . O

Now the only remaind problem is the computation of A,. Here S,¢, can not help us be-
cause Ay use apparent singularities.
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Lemma 2.15. Let p € S;... We can choose C, such that the d-th root of the coefficient of
the initial term of the truncated series of A/(C'Ay) at p is in C.

Proof: From A(L, p) we can compute a truncated series for f* = CAlA . Let C' be the
coefficient of the first term of this series which will done the proof (note that f?B/A; = CAd)
O

Assume Ay = Zdeg (42) 2 Since deg(As) < +dy %dA, we have:

1
d

Lemma 2.16. For the rational case, we only need %dA + 1 equations to recover A.

A,. Hence we have A. [

Proof: Since deg(As) < %dA, if we have only %dA + 1 equations, we can completely get

Theorem 2.3.4. In the rational case, for A = CAL A%, and Ay = Zdeg(AQ) b;xt, for p € S,
with my, as pole order of exponent difference, we will get [m,]-linear equations of {b;} .

Proof: Since the exponent difference at p will give a [m,]-truncated series of g = % at
T =p, we can also write B and C'A; as a series at p. Then we can get the [m,]-truncated series
of A = . We assume the series is ) |
We can rewrlte the series as cgmptp """ S where S is a power series with the initial term 1. Let
S1/a4 be a power series with first term 1 such that Sf/d = 5. Write S1/q =1+ ..,

ai, ..., am,)—1 are computed by Hensel lifting. Let g = {7’| recC,rt= 1} . By lemma 2.15

my<i<2m,, cit;i where t,, is the local parameter at p.

a;t, where

there should be a d — th root of ¢y, in C. Let ¢ be such a root. Then for each r € g4, let
S, = ct;QWP/drSl/d. Then S, is a truncated series at p whose d — th power is the truncated
series of Cg—fl at p. Then we can also rewrite Ay = Zdeg (A2) b o' as a truncated series at p.
By comparing the coefficients of S, and A,, we will get [m,]-linear equations. Doing this for
every p € S, provides enough linear equations to find A.

Note that we have to try all combinations of r € ug at every p € S;... U

We can use the results from lemma 2.12 to get equations. So we can always obtain > %dA
linear equations, while [%dA] + 1 equations are sufficient. So we always get enough linear
equations.

To sum up, for all different cases, we have:
Theorem 2.3.5. From A(L,p), we can always get a list of candidates for (f,v).

Proof: We always have at least #S,¢, + %d A linear equations for the coefficients of A.
But we may have enough equations (easy case), or only need either 1 (logarithmic case and
base field case) or $da+ 1 equations (rational case) to get g. By remark 2.3.2 and lemma 2.9,
we can also get a finite list of v . [
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Algorithms

The input of the algorithm is a differential operator L of order 2. We want to find whether
there exists solutions which can be represented in terms of Bessel functions. If they exist,
then find the solutions. Otherwise the algorithm output ().

Algorithm 7: Main Algorithm
Input: an irreducible differential operator L

Output: solutions represented in terms of Bessel functions if they exist
Find all singularities by factoring the leading coefficient of L. over C

foreach singularity p do
compute the generalized exponents at p, then ;

compute the exponent differences and then;

the truncated series of g;
end
Get S,y and S;,, according to the generalized exponent differences;
Compute B, d4 (lemma 2.10 and 2.11) and the number of linear equation N
(N > Speg + 3da);

if N > d4 then
| go to easy case;

else if L logarithmic at some p € S,., then
| go to logarithmic case;

else if there is p € Syey with A(L,p) € Q (i.e v ¢ Q) then
| go to base field case;

else
| go to rational case;
end
/* It will give us a list of candidates for (f,v), where f is the function of the change of
variables, and v is the parameter of Bessel functions */
foreach (f,v), in list of candidates do
compute an operator M) such that;
Ly —e Ms0); N _
if Jro, 71,79 € C(): My 20 M 25 for some M € C(z)[0] then
Add the solution to solutions list;

end

end
Output the solutions list;

Now we will explain by algorithms the detail how to retrieve f, v in different cases.
A- (Easy Case)

In this case, we have enough linear equations from lemma 2.12 to recover g. After that,

we can use lemma 2.9 to get v.
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Algorithm 8:

Input: S,cq, Siyr With truncated series, B, da
Output: potential list of (f,v)

Find all linear equations described in lemma 2.12;
Solve linear equations to find f;

if there is no solution then
| output ()

else
| Use lemma 2.9 to get a list A of candidates for v/'s

end

foreach v € N do
| Add (f,v) to output list

end

B- (Logarithmic Case)

We can let v = 0. By remarks 2.3.4, we know all the zeroes of g. We do not yet know the
leading coefficient and the multiplicity of each zero. So we can try all the combinations
of possible multiplicities.

Algorithm 9: Logarithmic Case

Input: S,cq, Siyr With truncated series, B, dj4
Output: list of (f,v)
if not every singularity p € Syeq is logarithmic then
| output ()
else
Let v=0, A= aHpesmg\{oo}(x — p)%r;
if co € S,y then
| as > 11is an integer;
else
| o = O;
end
foreach {a,} such that }_ g ~a,=da — ac, a, 21 are integers do
Use linear equations described in lemma 2.12 to solve a;
if the solution exists then
| Add (%,0) to output list
end

end

end

C- (Base Field Case)
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In this case, by remarks 2.3.4 we have all the zeroes with multiplicities of g. The
only unknown part should be the leading coefficient. But we have at least one linear
equations.

Algorithm 10:

Input: S,.q, Sirr With truncated series, B, da

Output: list of (f,v)

Use remarks 2.3.4 to find all zeroes and multiplicities;

Use linear equations given by lemma 2.12 to get the leading coefficient;
Use lemma 2.9 to get a list of candidates for v/'s;

Add solutions to output list;

D- (Rational Case)

d
This case is the most complicated case. Let d = denom(v) and f? = g = %.

Algorithm 11:

Input: S,¢q, Sirr With truncated series, B, da
Output: list of (f,v)

if S,c; = 0 then
Let the list of candidates for d be the set of factors of dy;
Let Ay = 1;
else
| Use lemma 2.14 to get a list of candidates for d and A,

end

foreach candidate (d, A1) do
Fix C' by lemma 2.15;

Use linear equations given by theorem 2.3.4 to compute As;
If a solution exists, add
{f} x {% |gcd(a,d) =1, 1 < a < 3d} to output list

end
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ILLUSTRATIONS

3.1 Maple Commands

All of our algorithm are developed with Maple and our examples are illustrated with it
too. So in this section we want to introduce some commands we need in Maple.

In Maple, the DEtools package contains commands that help us to work with differential
equations. Every command inside has short version or long version.

- For the version, we always need to tell Maple the variable and the derivation.

- For the short version, one needs to tell Maple the symbol for the variable x and the
derivation D by using the command:

>_Envdiffopdomain:=[D,x]:

This command tell Maple that we use x as variable and D as derivation.

In this Master thesis, we always assume that the DEtools package is loaded and the differ-
ential domain is defined by [D, z].
We use Bessel or Modified Bessel operator as example.

3.1.1 Generalized Exponents

Generalized exponents can be computed in Maple with the command gen exp, which
belongs to the package DEtools. The input is a operator L, a variable ¢t to express the
generalized exponent and a point at which we want to compute the generalized exponent.
The output is a list of pairs [g, eq] which each represents a generalized exponent at the given
point. In this pair the equation eq describes the variable ¢t which is used to express the
generalized exponent g.

>gen_exp (LB1,t,x=0);
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>gen_exp(LB1,t,x=infinity);

RootOf(1+2%) 1, 1
[ e

>gen_exp(LB2,t,x=0);

>gen_exp(LB2,t,x=infinity);

L1, 1)1
t 27 x| ot 2 =z

The equation t = %, t = x indicate that ¢ is the local parameter. The algorithm computes
two generalized exponents at each point.

3.1.2 Logarithmic Solution

If we want to know whether the operator L has logarithmic solutions at a point x = p,
we can use the command formal sol. Let v € Z

>formal_sol(LB1, ’has logarithm?’,x=0);

true

>formal_sol(LB2, ’has logarithm?’,x=0);

true

formal sol will make sure that enough terms of the Puiseux series are computed such that
we know whether a logarithm appears in the formal solution.

3.1.3 Parameter of Transformations

The commands are called changeOfVars, expProduct and gauge, and take an operator L
and the parameters, respectively, f or r or ry, 7. For example (v & % +7)

>L:=change0fVars (LB2,sqrt(x));

1
L = 220" + 20 — Z(I—Fl/z)
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3.1.4 Polar Parts of f

First we compute the irregular singularities and their exponent differences with the func-
tion irregularSing. It takes the operator L, a variable ¢ and a list of roots that generate the
field of constants. The output is a list of elements of the form (p,t,,d,), where each ele-
ment contains a irregular singularity p, the local parameter ¢,, and the exponent difference

d, = A(L, p).

>Sirr:=irregularSing(LB2,t,{});

The list of polar part of f at each irregular singularity of L can be compute with besselsubst.

;|

3.1.5 Factorization of Linear Differential Operators

>F:=besselsubst(Sirr,t,{});

For reducible operator, we can use DFactor to favtor it. Let v = 1

P(om1e) (red)

{$2(8+\/—_1+%>,<3—\/—_1+%>

>DFactor (LB1);

>DFactor (LB2) ;

3.1.6 Equivalence of Linear Differential Operators

We use equiv command to find the parameters of exp-product and gauge transformation
between two operator. The input is two operator and the output is r, G where G = rq + 0.
For example

>LB:=x"2*D"2+x*D-(x"2+nu~2) :
>L:=gauge (subs (nu=0,LB) ,0,1):
>r,G:=equiv(L,subs(nu=0,LB));

1
——,1+20
T
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3.2 Examples

3.2.1 feC(x)

We consider the operator L that is obtained from L with v = % and a change of variables
r— f=(x—2)%r—3)>3x-5):
>LB:=x"2*D"2+x*D- (x~2+nu~2) :
>f:=(x-2)"2*%(x-3)"3*(x-5):

>M:=change0fVars (subs (nu=2/3,LB) ,f):
>L:=M:

L:= (2 =7z +11)(z — 5)*(z — 2)3(z — 3)3D* + (2* — 142 + 722* — 160z
+131)(z — 5)(z — 3)*(x — 2)°D — 4(z — 2)(x — 3)(92'? — 3242"!
+ 5292210 — 5187627 + 340038x° — 1570644x" + 5243652°
— 127523162° + 22426713z* — 278205842° + 231122162 — 11547360
+ 2624404) (2% — Tz + 11)°.

Resolution

The zeros of the leading coefficient of L are: 2, 3,5, ==

>gen_exp(L,t,x=2);

>gen_exp(L,t,x=3);

[—2,2,t =x — 3]

>gen_exp(L,t,x=5);
2 t 5 2 t 5
37 ) 37
>gen_exp(L,t,x=Root0f (z~2-7*z+11)) ;

[[0,2,t =2 — RootOf(2* = 7Z + 11)]]

>gen_exp(L,t,x=infinity);
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[{fi__ 99 +»528 _»1518 +»2142 _»1188 13— 1} {_ﬂ§.+>?9 _»§2§.+>1518
t6 > 4 3 t2 ’ x|’ t6 o t4 t3
LT
12 t ’ x

>formal_sol(L, ’has logarithm?’,x=2);

false

>formal_sol(L,’has logarithm?’,x=3);

false

>formal_sol(L, ’has logarithm?’,x=5);

false

>formal_sol(L,’has logarithm?’,x=Root0f (z~2-7*z+11));

false
We have S, = {2,5} and S;,, = {o0}.

>Sirr:=irregularSing(L,t,{});

1 12 +_180 1056 jL_3036 4284 jL_2376
t6 to t4 t3 12 t

>F:=besselsubst(Sirr,t,{});

(2% — 182 + 1322" — 5062 + 10712” — 1188z]

>eql:=x"6-18*x"5+132*%x~4-506*x~3+1071*xx~2-1188*x+a:
>eQ2:=x"6-18*x"5+132*%x~4-506*xx"3+1071*xx~2-1188*x+b:
>solve(sub(x=2,eql) ,a);

540

>solve(sub(x=5,eq2),b);

540
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>f1l:=factor(x~6-18*x~5+132*x~4-506%x"3+1071*x~2-1188*x+540) ;

fi=(z-2)( -3 -5)

>h:=normal (f1/((x-2)~2*(x-5)));

h = (x — 3)°.

We have: Ny = {2, 3, £, £} and N5 = {2, I}. The intersection is N = {2, I} which is the

set of candidates for v. In both cases the denominator of 2v is 3. Since h = (z — 3)® we have
two pairs: (%,fl) and (%,fl).

>M :=change0fVars (subs(nu=2/3,LB) ,f1);
M := (2% — Tz + 11)(x — 5)*(x — 2)*(x — 3)*D? + (2* — 142° + 722% — 160z
+131) (2 — 5)(z — 3)*(x — 2)?°D — 4(x — 2)(z — 3)(92'% — 324!
+ 529221 — 518762 + 3400382% — 15706442 + 524365225

—127523162° + 22426713z* — 278205842 + 2311221622 — 11547360
+2624404)(z* — 7o + 11)°

>r,G:=equiv(M,L);

0,1
Therefore,
V(L) = {OJ% (¢ — 2%z — 3)*(x — 5)) + BK: (¢ — 2)*(x — 3)*(a — 5)) ) B e @} .
>M :=change0fVars (subs(nu=7/6,LB) ,f1);
M := (2% — Tz + 11) (2 — 5)*(x — 2)*(x — 3)*D? + (2* — 142° + 722% — 160z
+131)(z — 5)(z — 3)*(z — 2)?D — (x — 2)(z — 3)(362" — 12962"
+ 21168z — 20750427 + 13601522° — 62825762 + 209746081°

— 510092642° + 89706852z* — 1112823362° + 9244886422 — 46189440z
+10497649)(2* — Tz + 11)?

>r,G:=equiv(M,L);

0.

So for v = % the operator M is not equivalent to L.
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3.2.2 f¢C(x)
We consider the operator L that is obtained from Lg with v = %, a change of variables
x— [ = % (x2 — 1)3, exp-product r = —%, and a gauge transformation G =

2z 4+ 1)(z + 1)(z — 1)0 + z(4a* + 223 — 62% + 3):

>M:=change0fVars (x~2*D~2+x*D- (x~2+1/9) ,£) :
>M1:=expProduct (M, - (2*x~2-1) / (x* (x-1)*(x+1))):
>L:=gauge (M1, x* (4+x"4+2%x"3-6%x"2+3) , (1+2*x) * (x+1) *(x-1)):

L :=a(z — 1)(z + 1)(322" + 320% — 500" — 562° + 162° 4 282* + 22% + 42 + 1) D?
+ (242® — 320" + 1042° + 282* — 842° — 642" — 3 4 1922° + 402° — 8z + T2?
— 16827)D — 2(642 — 2282 + 842" + 308z — 1822'° — 1682” + 1942® + 5427
—1902° + 672° + 87x* — 572° — 232 + 5z — 3)(x + 1).

Resolution

The zeros of the leading coefficient of L are: —1,0, 1, 00 and the roots of 322% + 322 —
502" — 5625 + 162° + 28z + 223 + 4o + 1.

>gen_exp(L,t,x=-1);

[-1,0,t =2+ 1]]
>gen_exp(L,t,x=0);
[2,0,t = x]]
>gen_exp(L,t,x=1);
[-1,0,t =2 —1]]

>gen_exp(L,t,x=Root0f (1+4*x+28%x~4-56%x"6+2+x"~3+32%x~9-50%x"7+16%*x"5
+32%xx°8)) ;

[[0,2,t =2 — RootOf(1+4Z +282* — 56 2° + 22° 4 322° — 5027 + 162° + 322°)] |

>gen_exp(L,t,x=infinity);

2+1 3t_1 2 1+3t_1
Bt 2 x|t 2
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>formal_sol(L, ‘has logarithm?‘,x=-1);

false

>formal_sol(L, ‘has logarithm?‘,x=0);

false

>formal_sol(L, ‘has logarithm?‘,x=1);

false

>formal_sol(L, ‘has logarithm?‘,x=RootOf (1+4*x+28*x"4-56*x"6+2*x~3+32%x~9
-50%x"7+16%x"5+32%x78)) ;

false
We have S,y = {0} and S, = {oo}. Let g = f2. Since g € C(x), we assume g = 4 where
A, B € C[z], B is monic and ged(A, B) = 1. The truncated series of f at x = oo is 32° —
So the truncated series of g at x = oo is 52° — 32, dqa =6 and B = 1.

It is the rational case with A = CA;Ad. d can only be the factor of da, so d € {3,6}. Since
we do not know zeroes for A, let A; = 1. We can write A = CAJ.

1. If d =3 then A = CA3, Ay = ag+ a1x + asz?. Since B = 1, then the truncated series

of ¢B is the same as g.
4

the only singularity, so C' is the leading coefficient 9of A.

The truncated series of A3 = 2 is 25+ 324+ O(2%) = 2%(1 - 3272+ O(27%)). Since the
only 3rd root of 1 in C is 1, then the only 3rd root of 1—3z72+O0(273) is 1—2724+O0(273).
So by comparing coefficients of z2(1 — 272 + O(27?)) and Ay = ag + a12 + as2?, we
can get Ay = 2> — 1 and then g = 5(2 —1)®. Let a € N, then

{4 ged(a,3) =1,1 < ¢ < 1} ={%| ged(a,3) =1,1 <a < 3} = {1} is the set of can-
didates for v.

The coefficient of the term with highest degree is 5. So we can let C' = %. Since oo is

2. We can do this process for d = 6; in this case, there are no solutions.

So we have <§\/(x2 —1)3, %) as the only possible candidate for (f,v).

>M:=change0fVars (x~2*D~2+x*D- (x~2+1/9) ,f) ;

M:=z(z - 1)*(z+1)*D*+ (x — 1)(z + 1)(2* + 1)D — (42°® — 122 + 122 — 3)2®
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>r,G:=equiv(M,L);

B 2% — 1
z(x+1)(z—1)

(22 + 1)(z + 1)(z — 1)D + z(42* + 22° — 62 + 3)

Therefore, we have the solutions of the form:

wess ([ rae) 1,01 0 ([ rae) 16,1, s
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Conclusion

In this work, we have studied the properties of Bessel functions and show how some
second-order differential equations can be solved by means of the Bessel functions. This has
been done basically by searching for appropriate transformations, namely the change of vari-
ables, the exp-product and the gauge transformation which allow the transformation of the
Bessel operators into some specific second-order operators.

the next steps of this work would be:

1)- First to relax conditions imposed when searching the transformation parameters and
see if the operator obtained is defined over C(z) (in this case, our algorithm is com-
plete).

2)- Apply this formalism to solve difference equations with the Bessel functions replaced
by the Meixner, the Charlier functions.

Master Thesis MOUAFO WOUODJIE Merlin UYTI 2013



Appendix

A.1 Transformations

When we apply to an operator L € C(z)[d] of order two the parameter of the trans-
formations that we use, we can always find L € C(z)[d] with deg(L) = 2 that satisfies the
conditions. From this fact, we can derive algorithms that apply a changes of variables, an
exp-product or a gauge transformation to a differential operator.

Algorithm 12: ChangeOfVars
Input: operator L € C(z)[0] of degree two and rational function f.
Output: operator L € C(x)[0] of degree two such that y(f) € V(L) for every
y € V(L).
[ := lcoeff(L, 0)
ap, a; = coeffs(L,0)/l

) ;
by := @, (f )2

o i @ AV 4
bl Cha f/ <a2 ot (f) f )

return(collect(numer(9* + 0,0 + by), d)).

Algorithm 13: expProduct
Input: operator L € C(x)[0] of degree two and rational function r.
Output: operator L € C(z)[d] of degree two such that exp (frdz)y e V(L) for every
y € V(L).

1 [ :=lcoeff(L,0)

2 ag,a; = coeffs(L,,0)/1
3 by:i=-2r+ Z—;
4
)

bo ::rz—r’—g—;r%—g—g
return(collect(numer(9* + 0,0 + by), d)).
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Algorithm 14: gauge

Input: operator L € C(x)[0] of degree two and two rational functions rg, r;.

Output: operator L € C(x)[0] of degree two such that roy + my’ € V(i) for every
y e V(L).

1 [ :=lcoeff(L,0)

2 ag,a; = coeffs(L,,0)/1

/
O / ag _ Q0 /a1
3 ¢pi= (ro — a27"1) . (7"0 + 7 a2r1>

/
e/ _ ag I a1 _ a1 r_ a1
4 ¢ =71, a2r1+<7’o+r1 mm) @ <T0+7‘1 a2r1>

!
5 cpi=-—-01 <7’6 — Z—grl) + LLgo <r0 +r] — Z—;Tj)

o ag

. a1 T1 /! ag . o
6 C3.—a27”1+r0 <7”0 a2r1) ro — 1]

1
7 byi=—— [004— (r6 — @Tl) ! +C2}

az C3
8 by = ate

9 return(collect(numer(9? + 0,0 + by),0))

A.2 IsPower

In the integer case of the algorithm 11, we had to determine whether a monic polynomial
is a p-th power of another polynomial.

Algorithm 15: ispower

KwlIna monic polynomial f € K[z] and p € N. KwOut g € K[z] with the following
property: if y? = f exists, then ¢ is a solution. 1 if p = 1 then return f

2 d:=degree(f,x)

3 n:=d/p

4 if n € Z then return FAIL

5 A=a"+>,_,arz”

6 fork=1.n

7 py, = solve(coef f(AP,x,d — k) — coef f(f,x,d — k), an_r)
Return: A

A.3 Program Description
We will give an overview over the important functions implemented in the programme.
We will indicate for some the corresponded Algorithm in the thesis.

besselequiv
Input: An operator L € K[J], a rational function f € K, and a constant v € C.
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Output: A sequence M € K[9], [y1, y2] such that y; and y are the (modified) Bessel function
of the first and second kind and M(y) is a solution of L. If such a solution does not exist 0
is returned.

BesselSqrtequiv

Input: An operator L € K[J], a rational function f € K, and a constant v € C.

Output: A sequence M € K[9], [y1, y2] such that y; and y are the (modified) Bessel function
of the first and second kind with change of variable z — +/f and M(y) is a solution of L. Tf
such a solution does not exist 0 is returned.

besselsubst

(implementation of Algorithm 1)

Input: S;,.. and their exponent differences, local parameter ¢.
Output: A list [fi, ..., f,] that corresponds to possibilities Y, _, £ fy.

changeconstant

Input: A rational function f € K = C(z), a point p.

Output: A rational function g = g(z) € K such that g = f + ¢ for some ¢ € C and g(p) = 0.
If p=o00,9 = f is returned.

compare
Input: Two constants a,b € C.
Output: Two rational number r, s € Q such that a = rb + s.

dsolve bessel

Input:(i) A differential operator L € K[0] and optionally the domain
(73)A differential equation and the dependent variable.

Output: The solution space if it can be expressed by Bessel funstions.

equiv

Input: Two operators Ly, Ly € K[0] of degree two.

Output: An operator M such that My € V(Lg) for every y € V(L). If a solution M # 0 was
found, a sequence r € K, G € K[J] which satisfies M = exp (f rdm) G would be returned.

findbesselvf

Input: An integer that indicates the case we are in, S, Syeq, and the variable ¢ for the local
parameter.

Output: A list of pairs (v, f).

findbesselvfln \findbesselvfint \findbesselvfrat \findbesselvfK

Those are the implementations of different cases of the Bessel square-root and non-square-
root case.

Input: S,c, and Sy,

Output: A list of pairs (v, f).
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ispower

(implementation of Algorithm 15)

Input: A monic polynomial f € C[x] and p € N.

Output: g € C[z] with the following property: if a solution for y? = f exists, then g is a
solution.

Simplify Answer

Input: h € C(z), L and a list of functions F

Output: A list of function obtained by applying the operator exp ( i hda:) L to the functions
in F.

singgenexp

Input: L € C(z)[0], a variable ¢, and an optional parameter to pass some information about
singularities.

Output: A list of elements of the form [p, ¢, D, q,n] such that: p is a singularity of L, ¢ is a
polynomial over C with zero p, n = deg(p), and D is the exponent difference d = A(L, p).

singInfo

Collect information of Singularities.

Input: Differential Operator L.

Output:Syeq, Sirr With exponent differences, and determine if it is logarithmic, rational or
base field.

singSeries

Input: S,., and S;,, with exponent differences.

Output: S,cy and S;,, with truncated power series, denominator of possible change of variable
B, the boundary of degree of numerator d4 and a boolean indicate if it is easy case.

sqrtEasy

This is an implementation of Algorithm 8, find solutions for easy case.
Input: Sycq, Sirr With truncated series, B, d4.

Output: List of pairs (f,v).

findnueasylIrrat

given f and the condition v ¢ Q, find all possible v for easy case.
Input: f, Syeq-

Output: List of pairs (f,v).

findnueasyrat

given f and the condition v € Q, find all possible v for easy case.
Input: f, Syeq-

Output: List of pairs (f,v).

findnuLog
given f and we have logarithmic solutions, find all possible v for easy case and logarithmic
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case.
Input: f, Syeq-
Output: List of pairs (f,v).

sqrtLog

This is an implementation of Algorithm 9, find solutions for logarithmic case.
Input: Si;r, Sreg With truncated series, B, d4.

Output: List of pairs (f,v).

searchKnlog

For logarithm case, try all possible multiplicities for zeroes.
Input: Syeq, da

Output: List of f.

sqrtlrrat

This is an implementation of Algorithm 10, find solutions for irrational case.
Input: S,cq, Sirr With truncated series, B, da.

Output: List of pairs (f,v).

sqrtRat

This is an implementation of Algorithm 11, find solutions for rational case.
Input: Syeq, Sirr With truncated series, B, da

Output: List of pairs (f,v).

findnuRat

Given f, find v for rational case.

Input: f, up to d disappearing Singularities, S,q, B.
Output: List of pairs (f,v).

findSqrtf

find possible f for rational case.

Input: S;.., B, up to d disappearing singularities, possible list of A;.
Output: List of f.

testzeros
Input: f € C(z) and a set of points.
Output: True if all points are zeros of f and false otherwise.
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