Analysis and Application of the Formal Theory of Partial Differential Equations

by Dipl. Phys.

Werner Markus Seiler

School of Physics and Materials Lancaster University and Institut für Algorithmen und Kognitive Systeme Universität Karlsruhe

Thesis submitted for the degree of Doctor of Philosophy Lancaster University — September 1994

Abstract

An introduction to the formal theory of partial differential equations is given emphasizing the properties of involutive symbols and equations. An algorithm to complete any differential equation to an involutive one is presented. For an involutive equation possible values for the number of arbitrary functions in its general solution are determined. The existence and uniqueness of solutions for analytic equations is proven. Applications of these results include an analysis of symmetry and reduction methods and a study of gauge systems. It is shown that the Dirac algorithm for systems with constraints is closely related to the completion of the equation of motion to an involutive equation. Specific examples treated comprise the Yang-Mills Equations, Einstein Equations, complete and Jacobian systems, and some special models in two and three dimensions. To facilitate the involved tedious computations an environment for geometric approaches to differential equations has been developed in the computer algebra system AXIOM. The appendices contain among others brief introductions into Cartan-Kähler Theory and Janet-Riquier Theory.

Contents

1 Introduction 7

2 Formal Theory 11 2.1 Geometric Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2 Involutive Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.3 Involutive Symbols and Multiplicative Variables . . . . . . . . . . . . . . . . 17 2.4 Cartan-Kuranishi Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.5 Power Series Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.6 Characteristics and the Tableau . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.7 δ-Regularity and the k-Tableaux . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Arbitrariness 39 3.1 General Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.2 Cartan Characters and Hilbert Polynomial . . . . . . . . . . . . . . . . . . . 40 3.3 Algebraic Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.4 Representations with Integrals . . . . . . . . . . . . . . . . . . . . . . . . . 44

4 Initial Value Problems 47 4.1 Formally Well-Posed Problems . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.2 Intrinsic Description of Initial Value Problems . . . . . . . . . . . . . . . . . 50 4.3 Cartan-Kähler Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 4.4 Holmgren Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 4.5 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 5 Symmetries and Reduction 61 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 5.2 Reduction of Differential Equations . . . . . . . . . . . . . . . . . . . . . . . 63 5.3 Loss of Generality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 5.4 Finding Differential Constraints . . . . . . . . . . . . . . . . . . . . . . . . . 67

6 Field Theories 73 6.1 Gauge Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 6.2 Strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 6.3 Constrained Dynamics I — Point Mechanics . . . . . . . . . . . . . . . . . . 77 6.4 Constrained Dynamics II — Field Theory . . . . . . . . . . . . . . . . . . . 80 6.5 Constrained Dynamics III — Symplectic Formalism . . . . . . . . . . . . . 83 6.6 Yang-Mills Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 6.7 Electrodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 6.8 Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4 CONTENTS

7 Miscellaneous Applications 97 7.1 Complete and Jacobian Systems . . . . . . . . . . . . . . . . . . . . . . . . 97 7.2 Topologically Massive Models in 3 Dimensions . . . . . . . . . . . . . . . . 101 7.3 Two-dimensional Dilaton-Gravity . . . . . . . . . . . . . . . . . . . . . . . . 104 7.4 A Final Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 8 Computer Algebra 111 8.1 Computer Algebra and Differential Equations . . . . . . . . . . . . . . . . . 111 8.2 AXIOM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 8.3 Implementation I — General Remarks . . . . . . . . . . . . . . . . . . . . . 116 8.4 Implementation II — Jet Bundles . . . . . . . . . . . . . . . . . . . . . . . . 118 8.5 Implementation III — Higher Structures and Applications . . . . . . . . . . 124 8.6 Implementation IV — Utilities . . . . . . . . . . . . . . . . . . . . . . . . . 127 8.7 Examples I — Completion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 8.8 Examples II — Other Applications . . . . . . . . . . . . . . . . . . . . . . . 133 8.9 Outlook and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

9 Conclusions 141

A Cartan-Kähler Theory 147 A.1 Exterior Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 A.2 Pfaffian Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 A.3 Cartan-Kähler Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 A.4 Relations to Formal Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

B Janet-Riquier Theory 159 B.1 Passive Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 B.2 Relations to Formal Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

C Miscellaneous 165 C.1 Modified Stirling Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 C.2 Reduction to First Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

D Reference Manual 169

Bibliography 179

Glossary 187

Index 189

List of Figures

2.1 Reid diagram for (2.20). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.2 Algorithm for the Cartan-Kuranishi Theorem (sketchy version). . . . . . . . 22 2.3 Algorithm for the Cartan-Kuranishi Theorem (detailed version). . . . . . . 23 2.4 q̂(n, m, 1) for different values of m and n. . . . . . . . . . . . . . . . . . . . 25 2.5 “Algorithm” to compute power series solution of involutive Rq. . . . . . . . 28

4.1 Reid diagram for the Heat Equation. . . . . . . . . . . . . . . . . . . . . . . 48 4.2 Reid diagram for the two-dimensional Maxwell Equation. . . . . . . . . . . 49

8.1 Overview of the implemented categories, domains, and packages. . . . . . . 117 8.2 Abbreviations of the new categories, domains, and packages. . . . . . . . . 118 8.3 Cole-Hopf transformation of the Burgers Equation. . . . . . . . . . . . . . . 134 8.4 In- and output for the Janet example (2.19). . . . . . . . . . . . . . . . . . 137 8.5 In- and output for the Euler Equation (8.1). . . . . . . . . . . . . . . . . . 138 8.6 Output for the constrained system (8.5). . . . . . . . . . . . . . . . . . . . 139 8.7 Determining system for the Heat Equation. . . . . . . . . . . . . . . . . . . 140

B.1 Algorithm for the completion to a passive system. . . . . . . . . . . . . . . 160 B.2 Reid diagram for equations (B.1,B.2). . . . . . . . . . . . . . . . . . . . . . 163

D.1 Procedures in JetBundleCategory. . . . . . . . . . . . . . . . . . . . . . . . 172 D.2 Procedures in JetBundleFunctionCategory. . . . . . . . . . . . . . . . . . 173 D.3 Procedures in DifferentialEquation. . . . . . . . . . . . . . . . . . . . . . 174 D.4 Procedures in VectorField. . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 D.5 Procedures in Differential. . . . . . . . . . . . . . . . . . . . . . . . . . . 175 D.6 Procedures in CartanKuranishi. . . . . . . . . . . . . . . . . . . . . . . . . 176 D.7 Procedures in SparseEchelonMatrix. . . . . . . . . . . . . . . . . . . . . . 177 D.8 Procedures in SymmetryAnalysis. . . . . . . . . . . . . . . . . . . . . . . . 178 D.9 Procedures in JetCoordinateTransformation. . . . . . . . . . . . . . . . . 178 D.10 Procedures in LUDecomposition. . . . . . . . . . . . . . . . . . . . . . . . . 178

6 LIST OF FIGURES

Chapter 1

Introduction

Though this be madness, yet there is method in’t.

W. Shakespeare: Hamlet, II.2.205

Systems of partial differential equations occur in all branches of physics (and many other sciences). Whenever a continuous process must be modeled mathematically, there is a high probability that differential equations appear. Thus it is not surprising that they represent one of the vastest fields in mathematics. Although in the quotation above Polonius was probably thinking more of Hamlet’s state of mind than of differential equations, it characterizes nicely the approach we will take.

Systems of partial differential equations display such a variety of phenomena that it may really appear as madness to try to tackle general systems. But the main feature of our approach will be that it provides us with a method, i.e. a systematic way, to treat such systems. This has on one side the advantage that we will be able to unify apparently very different computations for which previously individual techniques had to be found. On the other hand it might often be more efficient to employ some special ad hoc tricks.

The main emphasis in this thesis will be put on initial value problems, i.e. on problems where the initial state of a system is given and a system of differential equations describes its dynamics. One of the central questions will be, how much and what data is necessary to specify an initial state such that the subsequent evolution is unique.

Although this represents a really fundamental problem surprisingly little is known. And this knowledge is not very wide spread. It is well-known that an ordinary differential equation of order q possesses q functionally independent solutions and that this implies that q constants can be prescribed as initial data. This generalizes to a single partial differential equation where q functions defined on a submanifold of codimension 1 can be given as initial data. In typical physical applications this is a space-like submanifold of space-time described in some local coordinate system by the equation t = t_0.

As soon as one proceeds to systems of partial differential equations, the situation becomes considerably more complicated. Now only for so-called normal systems, i.e. systems which can be brought into a form satisfying the conditions of the Cauchy-Kowalevsky Theorem, we obtain a direct generalization of the previous cases, namely if the system contains m unknowns or dependent variables, one can impose mq functions defined on a submanifold of codimension 1 as initial conditions.

However, one encounters in physics many non-normal systems; e.g. no gauge systems can be of this form. This implies that if one still tries to prescribe initial data on a submanifold of codimension 1, then this initial data can no longer be chosen arbitrarily. The

8 CHAPTER 1. INTRODUCTION

conventional way to deal with this effect is to say that one has a system with constraints. Many papers have been devoted to the problem of solving the constraints for specific systems like Einstein’s field equations in general relativity.

One of the main results of this thesis will be to propose another approach. Instead of insisting on prescribing initial data on one submanifold of codimension 1 we will use a flag of nested submanifolds of different dimensions, i.e. some initial conditions are given as usual on a submanifold of codimension 1, others are given on one of codimension 2 and so on. The main advantage of this ansatz is that the initial data can be chosen completely arbitrary, they do not have to satisfy any constraints.

This does not imply that we have implicitly solved the constraints. What happens is that we do not draw the in many respect artificial distinction in evolutionary equations and constraints. All differential equations are treated on the same footing. This approach should also be interesting for numerical calculations, although we will not pursue this point.

Neither will we consider the problem of quantization, but it is worth while pointing out that our approach might be of considerable interest in this context. Since the initial data are not constrained, they can be considered as an explicit parameterization of the state space which could serve as a starting point for a canonical (or geometric) quantization.

It turns out that the notion of an involutive differential equation is of central importance for such a study. Although this concept (and related ones) was already introduced early in this century, it is not very well-known. It is very difficult to find a textbook on differential equations mentioning it at all. Only older books often contain a discussion of complete and Jacobian systems. As we will show in Section 7.1, this is equivalent to studying involution restricted to linear, first order equations in one dependent variable.

One of the goals of this thesis is to show that involution is an important and useful concept for mathematical physics. We will for instance see in Section 6.3 that the wellknown Dirac algorithm to compute all constraints of a dynamical system described by a Lagrangian makes nothing else than to complete the equations of motion to an involutive system. This has important implications for the generalization to field theories.

In several respects the here presented theory could be considered as “trivial”: We will treat only local problems, although every differential geometer knows that the really difficult questions are the global ones; we will almost all the time restrict our attention to analytic functions, although it is well-known that local solvability becomes really challenging only for smooth or worse functions (and we will not mention at all distributions or Sobolev theory!); finally we will not even try to solve differential equations. We hope, however, that we will be able to convince the reader that there still remain many interesting questions which may even be relevant to applications.

Since all analysis will be of a completely local character, we will often be negligent in our notations. Especially, we almost always omit to denote neighborhoods. In many places one should, strictly seen, read “local neighborhood” instead of “manifold”. A similar remark holds for the occurring bundles. Their global structure is never considered and we always operate as if they were trivial. Since in many applications all manifolds will be of the form IRn and the coordinate systems can be used globally, we do not think that this “sloppiness” harms.

In the geometric approach to partial differential equations one does not distinguish between single equations and systems of equations, as one deals with a geometric object, namely a submanifold in a jet bundle. We will try to reflect this definition in our terminology. Equation usually refers to such a submanifold, whereas system means a local description of it. However, systems usually consist of equations, thus it is not really

9 possible to maintain such a distinction. . .

The second chapter contains a detailed introduction into the formal approach to partial differential equations. It explains the fundamental notions and theorems centering about the problem of completion to an involutive equation. Comparing with the books of Pommaret [117, 118, 119] we present the theory more from a computational point of view. Thus all our proofs use local coordinates and operate directly on the equations, whereas he prefers the abstract approach of diagram chasing which is much more powerful for proofs but less useful for practical computations. Due to its introductory character most of this chapter repeats well-known results. New ones can be found in the last two sections, especially the k-tableaux seem to be a new tool.

Chapter 3 applies the machinery of formal theory to an analysis of “general solutions”. This requires first a definition of this term. We follow here ideas of Ampère and Hermann and translate them into our geometric language. This definition is surely of more theoretical than practical interest. The main part of this chapter consists of analyzing the number of arbitrary functions which can occur in a representation of a general solution. These results have already been published in [138].

As the results of the previous chapter have been completely formal, we turn our attention to initial value problems in Chapter 4. As already mentioned our approach here is fairly different from the standard one. We give a new intrinsic description of formally well-posed problems, where exactly the right amount of Cauchy data is prescribed on a flag of submanifolds. In the analytic category we prove the existence and uniqueness of solutions: the Cartan-Kähler Theorem. This theorem is well-known in the framework of exterior systems; a coordinate dependent version can be found in [117] from where we have taken our proof. For linear systems we extend the classical Holmgren Theorem from normal systems to arbitrary involutive ones.

The application of the machinery developed in the previous chapters starts in Chapter 5 with an analysis of symmetries and different reduction methods for partial differential equations. After a brief introduction into the basic notions of this field we consider the loss of generality occurring during a reduction and the task of finding differential constraints. Whereas we can present some definite results for the former point, published in [137], the latter one remains a big problem.

Chapter 6 is the first one which contains applications to physics, namely to field theories. It compares our approach to the arbitrariness of the general solution with the one taken by Einstein [47] using the strength of a system. We show, how one can subtract the effect of a gauge symmetry on the arbitrariness. The theory of systems with constraints is studied extensively from a formal point of view. As specific examples the Yang-Mills and the Einstein Equations are analyzed. Some results have already been published in [137, 138].

Some miscellaneous applications are collected in Chapter 7. It starts with reviewing the theory of complete and Jacobian systems from a formal point of view. These systems appear in many places in physics and mathematics. Some of the results have already been used in Chapter 5. Then we study the effect of adding some topologically motivated terms to Yang-Mills and Einstein Equations, respectively, in 2+1 dimensions. These models have interesting physical properties, quite different from the standard theories. After a discussion of the two-dimensional dilaton-gravity we finally treat an example stemming from variational calculus.

Since formal computations tend to become very soon very tedious, we have developed in the computer algebra system AXIOM an environment for them. It is described in Chapter 8. After a brief introduction to AXIOM which emphasizes the differences between this system

10 CHAPTER 1. INTRODUCTION

and others, more “standard” ones, a detailed overview of the implementation is given which can also serve as a kind of user’s manual. The application of the environment is demonstrated on several examples. An earlier version of it was presented in [132].

Two appendices briefly describe alternative approaches to the formal analysis of partial differential equations, namely the Cartan-Kähler Theory and the Janet-Riquier Theory, as both have decisively influenced the development of the formal theory. Especially our computational point of view draws heavily on the Janet-Riquier approach. A third appendix contains some smaller calculations concerning the so-called modified Stirling numbers which are needed in Chapter 3 and the reduction of arbitrary equations to first order ones. We also provide a kind of reference manual for our AXIOM environment in form of an appendix.

Finally, a few words of thank are appropriate. I have worked on this thesis at three different universities with three different supervisors. It is a pleasure to thank them all: Prof. J. Calmet at the Institut für Algorithmen und Kognitive Systeme in Karlsruhe for his continuous support and his patience during the long initial phase without any results; Prof. P. Winternitz at the Centre de recherches mathématiques in Montréal for his hospitality and many interesting discussions during my stay there; and last but not least Prof. R.W. Tucker at the School of Physics and Materials in Lancaster for the surprising invitation to come here and his readiness to supervise the final stage of my thesis on short notice. I learned a lot from all of them.

I would also like to thank the many colleagues I met at the different universities for creating a warm atmosphere and for many fruitful discussions. I cannot name them all, but I want to mention especially Prof. J.F. Pommaret for introducing me into the world of formal theory and for many patient explanations and Prof. G.W. Bluman and Dr. G.J. Reid for inviting me to Vancouver and for giving me an occasion to present some of my results in a seminar series, especially most of Chapter 1 was written on this occasion.

I thank the Studienstiftung des Deutschen Volkes for their long and generous financial support and the School of Physics and Materials in Lancaster for a postgraduate grant.

Last but no way least I must thank my family and especially my wife for patiently bearing the live with a physicist. Only their love and support made it all possible.