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Abstract

Using techniques coming from the theory of marked bases, we develop new
computational methods for detection and construction of Cohen-Macaulay,
Gorenstein and complete intersection homogeneous polynomial ideals. Due
to the functorial properties of marked bases, an elementary and effective proof
of the openness of arithmetically Cohen-Macaulay, arithmetically Gorenstein
and strict complete intersection loci in a Hilbert scheme follows, for a non-
constant Hilbert polynomial.
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Introduction

Marked bases are special sets of generators of polynomial ideals in enough
generic position. They have nice theoretical and computational properties
which are similar to those of Grobner bases. However, in contrast to Grobner
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bases, they are able to provide an open cover of Hilbert schemes (see [2, 12]
and the references therein). Among other properties, this feature has already
been applied to investigate problems in Commutative Algebra and Algebraic
Geometry (see [9], for instance).

Inspired by the article [45], we use techniques coming from the theory of
marked bases to develop constructive characterizations of Cohen-Macaulay,
Gorenstein and complete intersection homogeneous polynomial ideals by con-
ditions on the coefficients of the polynomials of the marked bases of their
Artinian reductions. These conditions even characterize the coefficients of
the polynomials of the marked bases we consider due to the procedure that
is used to obtain the Artinian reductions (see Proposition 3.5).

Among the important roles of these ideals in several contexts, it is rele-
vant that they satisfy some openness conditions, such as the Cohen-Macaulay
locus and the Gorenstein locus in a Hilbert scheme are open subsets ([22,
Théoreme (12.2.1)(vii)] and [46]) and the family of (strict) complete inter-
section curves in P? is an open subset which may not be closed (for example,
see [24, Exercises 1.3 and 1.4]). Moreover, the Nagata criterion holds for
Gorenstein and complete intersection properties in rings (see [21] and [31]
for a module version).

By means of our constructive characterizations, we obtain an elementary
proof of the openness of the three loci of points in a Hilbert scheme corre-
sponding to either arithmetically Cohen-Macaulay schemes or arithmetically
Gorenstein schemes or strict complete intersection schemes, for every non-
constant Hilbert polynomial, also providing an explicit representation via
suitable equations and inequalities. Up to our knowledge, in this generality,
these results are a novelty.

For a presentation of Cohen-Macaulay, Gorenstein and complete inter-
section rings and corresponding closed projective schemes, we refer to [23, 4,
28, 35, 29, 17, 38].

Concerning constructive approaches to the study of these objects, general
structure theorems of Gorenstein ideals are given in [11] in codimension 3
and discussed in [42] for a generalization to codimension 4. Some explicit
constructions of Gorenstein ideals are given in specific cases (for example,
see [10, 39, 19]). See also [1, 43] and the references therein for some recent
related interesting investigations and open problems. Nevertheless, in an
affine framework, a study of general constructions of Gorenstein and complete
intersection ideals can be found in [33, 34] by means of properties of border
bases and border schemes, whose relations with marked bases and marked



schemes are investigated in [6].

In our paper, we develop general constructions in every codimension and
every polynomial ring on a field in terms of marked bases. Here is an outline
of the content.

After recalling the main features of marked bases and marked schemes and
their relations with Hilbert schemes, which we will refer to when necessary
(see Sections 1 and 2), the first relevant step consists in observing that, up
to a deterministic linear change of variables, marked schemes over quasi-
stable ideals that are Cohen-Macaulay parameterize all the Cohen-Macaulay
homogeneous polynomial ideals (see Theorem 3.3 and Corollary 3.4). We also
provide a method to recognize Cohen-Macaulay ideals among those having
a marked basis over a truncation of any saturated quasi-stable ideal (see
Algorithm 4.4 and Theorem 4.5).

In a marked scheme over a Cohen-Macaulay quasi-stable ideal, a Goren-
stein ideal can be recognized by the dimension of the socle of its Artinian
reduction even in terms of marked bases. Hence, thanks to Theorem 5.2, we
obtain a new constructive method for Gorenstein homogeneous ideals by a
characterization of Artinian Gorenstein homogeneous ideals in terms of the
shape of their marked bases (see Corollary 5.3). Moreover, for a non-constant
Hilbert polynomial, the openness of the arithmetically Gorenstein locus in a
Hilbert scheme follows (see Corollary 5.5).

Regarding complete intersection ideals, we first focus on the process of
distinguishing such ideals using the expected number of their minimal gen-
erators. We propose a solution that performs minimization of marked bases
of homogeneous Artinian ideals by linear algebra only (see Section 6). This
minimization procedure is developed using the notion of border basis in the
homogeneous framework of our paper. Like for the arithmetically Gorenstein
property, an explicit characterization of complete intersection Artinian ho-
mogeneous ideals follows (see Corollary 6.17), together with an elementary
proof of the openness of the strict complete intersection locus in a Hilbert
scheme, for a non-constant Hilbert polynomial (see Corollary 6.18). Then,
we focus on the more general task to construct a regular sequence contained
in a given polynomial ideal. For this task we obtain a qualitative answer,
adapting to marked bases a result of Eisenbud and Sturmfels, which has been
developed in [18] for Grobner bases (see Theorem 7.4).

Throughout the paper, we recall the definitions that are needed and give
examples and applications of the computational methods that arise from our
results.



1. Preliminaries on marked bases

Let R := K]z, ..., z,| be the polynomial ring over a field K in n+ 1 vari-

ables ordered as g < x1 < -+ < xp,, and T = {z°z7" ... 2% : (ag, ..., qp) €
Z%,} be the set of its terms. For every term z® := zg°z{" ... xp" # 1 we
denote by min(z®) := min,—o__,{z; : @; # 0} the minimum variable that

appears in % with a non-null exponent. Analogously, we set max(z®) :=
max;—o_n{z;: a; # 0}. Given a term x®, a variable x; is called a multiplica-
tive variable of x if x; < min(z®), otherwise it is called a non-multiplicative
variable of x®.

An ideal J is said a monomial ideal if it is generated by terms. The
minimum set of generators of a monomial ideal J made of terms is denoted
by Bj. The sous-escalier of J is the set AN'(J) made of the terms outside J.

For every Noetherian K-algebra A, we set Ry := A® R = Alxg, ..., 2,]
and consider the standard grading for which deg(z;) = 1, for every i €
{0,...,n}, and deg(a) = 0 for every a € A. The degree of a term z“ is
af =22 i

For every set N of homogeneous polynomials in R4, we denote by (V)
the ideal generated by N and by (N)4 the A-module generated by N over
A. Moreover, for every integer ¢, we denote by N> the set of the homoge-
neous polynomials of degree >t of N and by NV, the set of the homogeneous
polynomials of N of degree t.

For a homogeneous ideal I C R4, we continue to write I>; even to denote
the ideal (I>;) and I; to denote the A-module (I;)4. The Hilbert function
Hpg,/r is the function Hg,;; : Z — 7Z such that Hg,/;(t) is the number of
generators of a A-basis of (Ra/I);, being (R4/I) a free module. For ¢t > 0,
Hp,/1(t) assumes the same value of a numerical polynomial p(z) that is called
Hilbert polynomial.

A monomial ideal J is said quasi-stable if for every term 27 € J and every
non-multiplicative variable z; > min(z”) of z” there exists an exponent sy
such that the term ﬁ;,)xi’“ belongs to J.

A monomial ideal J is quasi-stable if and only if there is a (unique)
finite set of generators P; of J made of terms such that, for every term
x™ € J\ Py, there exists a unique term x° € P; so that 2™ = 2°z% with
max(x°) < min(z”). The set P, which is called the Pommaret basis of J,
contains B;. When P; is equal to By, the ideal J is said a stable ideal. Every
Artinian monomial ideal is quasi-stable.

For any homogeneous ideal I C R we denote by sat([) its satiety, which



is the minimum integer s such that I is equal to the homogeneous part of
degree s of the saturation I** := {f € R| Vi € {0,...,n} Ik, e N: 2Fi f € I}
of I. The satiety of a quasi-stable ideal J coincides with the maximum degree
of a term divisible by the last variable in the Pommaret basis of J.

A marked polynomial f is a polynomial together with a given term z¢
that appears in f with coefficient equal to 1, and which is said head term
of f and denoted by Ht(f). Usually we will write f, to denote a marked
polynomial with head term equal to z“.

Definition 1.1. A P;-marked set H = {ha}zeep, is a set of homogeneous
marked polynomials such that, for every term x® € P, there exists a unique
polynomial h,, € H such that every term other than Ht(f) = x® that appears
in h, with a non-null coefficient belongs to N'(J). A P;-marked set H is said
a Py-marked basis if (Ra)y = (H); & (N (J))a, for every degree t.

When we say that an ideal I has a marked set (resp. basis) over a quasi
stable ideal J we mean that I is generated by a Pj-marked set (resp. basis).
For every P;-marked set ‘H and for every integer ¢ we consider

HY = {2°hg : hq € H,2° = 1 or max(z°) < min(z®), deg(2°z%) = t}.

(1.1)

If a polynomial 2°h, belongs to H® we say that 2°z® is its head term.

Definition 1.2. Given a Pj-marked set H = {hq}zeep,, for every integer ¢
we denote by —4, ) the transitive closure of the relation f —4,¢ f —A\2°hy,
where f is a polynomial, 2°h, belongs to H® and %z is a term that appears
in f with coefficient \. We will write f —>;;(t> gif f —y» g and g belongs

t0 (N(J)a.

The relation — 4, gives rise to a rewriting procedure that, for every
polynomial f, provides the following unique standard representation

f=> Ph+y, (1.2)

heH

where P, is a linear combination of terms made of powers of multiplicative
variables of Ht(h) and g belongs to (N (J))a (see [2, Proposition 4.11]). The
polynomial g is denoted by Rf;(f) and called the reduced form of f by I.
By Definition 1.1 a P;-marked set H is a Pj-marked basis if and only
if for every polynomial f there is a unique polynomial p € I such that
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f—p€ N(J))a. In this case the reduced form of f is called the normal
form of f by I = (H) and denoted by Nf(f).

It will be useful to collect the “coefficient polynomials” P, of a standard
representation (1.2) in a vector that we denote by Sr(f — g), given an order
for the polynomials in H.

The relation — 4 is Noetherian, and even confluent (see [2, Proposi-
tions 4.8 and 4.11]) thanks to the uniqueness of standard representations.
This property also implies the additivity of — ), for which Sr(f + f') =
Sr(f) + Sr(f’), for every two polynomials f, f’.

Theorem 1.3. /2, Corollary 4.15 and Theorem 4.18] Let H = {hy }zoecp, be
a Pj-marked set. The following conditions are equivalent:

(i) H is a Pj-marked basis.
(i) (H); = (HD) 4, for every t < reg(J) + 1.
(iii) Iy V(N (J))a = {0}, for every t < reg(J) + 1.
(1v) xihg —>;(t) 0, for every hy € H, x; > min(z®) and deg(z;x*) = t.

A fundamental syzygy S, of a Pj-marked basis H is a syzygy obtained
by rewriting a polynomial x;h, using the procedure of Definition 1.2, where
he belongs to H and z; is a non-multiplicative variable of the head term x® of
he. The components of S, ; are the coefficients P, from the standard repre-
sentation z;h, = Y Pyh guaranteed by Theorem 1.3(7v) and Formula (1.2).

It is noteworthy that the set of the fundamental syzygies generate the
module of syzygies of H [2, Theorem 6.5]. Hence, a polynomial hg € H
depends on H \ {hs} if and only if there exists a fundamental syzygy of H
with a constant non-null element corresponding to the polynomial Ag.

The following result is a generalization of [15, Corollary 2.3] to quasi-
stable ideals.

Proposition 1.4. Let I be the ideal generated by a Pj-marked set H C R.
(i) The codimension of I is higher than or equal to the codimension of J.

(i1) If H is a Pj-marked basis, then the codimension of I is equal to the
codimension of J.



Proof. For item (i), by the standard representation (1.2) we have R = I +
(N(J)))k, hence dimg I, > dimg Jg, for every s > 0 and the degree of the
Hilbert polynomial of R/I is lower than or equal to the degree of the Hilbert
polynomial of R//J.

For item (ii), it is enough to observe that by the definition of marked
basis we have R = I & (N(J)) k. O

2. Marked functor and Hilbert scheme

The set of ideals I having a Pj-marked basis is called the Pj-marked fam-
ily and can be parametrised by an affine scheme which represents a functor
from the category of Noetherian K-Algebras to that of Sets. We briefly recall
the definition of this functor and the construction of the representing affine
scheme.

The marked functor from the category of Noetherian K-algebras to the
category of sets

Mf ; : Noeth K—Alg — Sets

associates to any Noetherian K-algebra A the set
Mf ;(A) := {(H) C Ra | H is a J-marked basis}

and to any morphism of K-algebras o : A — A’ the map

Mf,(0) : Mf,;(A) — Mf,(A)

(H)  — (o(H)).

Note that the image o(H) under this map is indeed again a Pj-marked
basis, as we are applying the functor — ®4 A’ to the decomposition (Ry4), =
(H)s ® (N (J)s) 4 for every degree s.
Remark 2.1. Generalising [36, Proposition 2.1] to quasi-stable ideals, we

obtain {(H) C Ra | H is a Pj-marked basis} = {I C R, ideal | Ry =
I'e (N(J))a}-

The functor Mf ; is represented by the affine scheme Mf; that can be
explicitly constructed by the following procedure. We consider the K-algebra
K[C], where C' denotes the finite set of variables {Cy, | z* € P,,a" €
N(J),deg(z") = deg(z)}, and construct the Pj-marked set 7 C Rgjc
consisting of the following marked polynomials

hy = 2% — Z Clant” (2.1)
IWEN(J)‘O“
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with 2® € P;. According to (1.1), we consider ), for every integer .

Then, by the Noetherian and confluent reduction procedure given in Def-
inition 1.2, for every term z® € P; and every non-multiplicative variable x;
of %, like in (1.2) we compute a polynomial go; € (N(J)|a+1)4 such that
Tiho — Gai € (W) 4, for some integer ¢.

We denote by % the ideal generated in K[C| by the z-coefficients of the
polynomials g, ;. Hence, we have Mf; = Spec(K[C|/% ) (see [12, Remark
6.3] and [2, Theorem 5.1}), thanks to Theorem 1.3.

If J is in particular a saturated quasi-stable ideal, then zy does not divide
any term of B; and R/J has positive Krull dimension. For every integer ¢,
J>¢ is quasi-stable too, so that we can consider Mf;_,.

Let p(z) be the Hilbert polynomial of R/J and Hilb%? be the Hilbert
scheme that describes flat families of closed subschemes of P* having Hilbert
polynomial p(z). Then, Mf,_, embeds in Hilbgsbz), for every integer t, like
a locally closed subscheme (see [8, Proposition 6.13]). This result can be
refined in the following way.

If P; does not contain any term divisible by x1, we set p; := 1. Otherwise,

we set py = max{deg(z®) | * € Py is divisible by z1} = sat((‘(]g)(;)).

Proposition 2.2. /8, Corollary 6.11, Proposition 6.13(ii)] With the above
notation,

1. foreveryt>p;—1, Mf; , =Mf; ;

2. for everyt > py—1, Mf,_, is an open subscheme of Hilbpg).

3. Cohen-Macaulay conditions by marked bases

Let I C R = K|z, ..., z,] be a homogeneous ideal such that the Krull-
dimension dim(R/I) of R/l is d, with K any field. If we denote by M
the graded R-module R/I, the codimension (or height) of I is codim(/) =
dim R — dim M.

For any (graded) R-module M we only take M-regular sequences that
are made of homogeneous polynomials. All the maximal M-regular se-
quences have the same length, which is called the depth of M and denoted
by depth(M). In general, the inequality depth(A/) < dim(M) holds.

Definition 3.1. A graded R-module M is called a Cohen-Macaulay (CM
for short) module if and only if depth(M) = dim(M). If M = R/I, then
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the ideal I is said CM if and only if M is CM. Analogously, we will say that
the closed projective scheme defined by I is arithmetically Cohen-Macaulay
if and only if 7** is CM (see [38]).

The arithmetically Cohen-Macaulay locus in a Hilbert scheme is the subset
of points corresponding to arithmetically Cohen-Macaulay schemes.

From now we assume M := R/I. If R/I is Artinian then it is CM.

If Zis a linear non-zero divisor on M, then M is CM if and only if M /(€)M
is CM. If £y, ..., 041 is a maximal M-regular sequence made of linear forms,
then the module M/(4y,...,lq_1)M is called an Artinian reduction of M
and, analogously, I/(Co, ..., la1)] >~ (I + (bo,...,lq-1))/(lo,-..,lq_1) is an
Artinian reduction of I. Up to a linear change of variables, we can assume
that zq, ..., x4 1 is a maximal M-regular sequence.

Our first aim is to explore effective methods to check if a homogeneous
ideal I is CM exploiting the features of marked bases only. Hence, from now
we assume that I C R is a homogeneous ideal generated by a P;-marked
basis H = {hy,...,h} and d is the Krull dimension of M = R/I.

Recall that the variables of the polynomial ring R = K|xy,...,z,] are
ordered as g < 1 < --- <z, and J C R is a quasi-stable ideal.

By the properties of quasi-stable ideals, the sequence zq,..., x4 1 is a
generic sequence on R/J in the sense that z; is not a zero-divisor on the
ring R/(J, xg,...,x;_1)%", for every i € {0,...,d — 1}. Then, the sequence
Zoy...,Tq—1 is a R/J-regular sequence if and only if R/J is CM (see [44,
Proposition 2.20]). Hence, R/.J is CM if and only if J is generated by terms
in Klzg, ..., x,].

Generally, it can happen that J is not CM even if [ is CM, as the following
example shows (differently from what happens when J is the initial ideal of
I with respect to the degrevlex order).

Example 3.2. Let I be the ideal (23, 2129 + 23) C K[zg, 71, To], with null
characteristic and zg < x; < w9. The ideal I is CM and, for every term
order, its initial ideal is (23, 2129, ¥379, z3). If < is the degrevlex term order,
then gin(I) = (22, x179, 23) is a CM ideal. If < is the deglex term order, then
gin(l) = (23, x129, 239, 1) is a quasi-stable and non-CM ideal, on which the
image of I by a generic change of variables has a marked basis.

On the other hand, if J is CM then [ is CM, as the following result shows.
This has already been stated in [8, Corollary 3.9] with a hint for its proof.
Here we give a proof in terms of the properties of quasi-stable ideals only.
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Theorem 3.3. Let I be an ideal generated by a Py-marked basis. If J is CM
then I s CM.

Proof. Since J is CM, dim(R/J) = depth(R/J). Since the ideal I is gener-
ated by a P;-marked basis, d = dim(R/I) = dim(R/J). The free resolution
of the quasi-stable ideal J induced by its Pommaret basis is generally non
minimal, but its length is the projective dimension of R/J (i.e. minimization
does not affect the length of the resolution) implying pd(R/J) =n+1—d
[44, Theorem 8.11]. By [2, Corollary 6.8], pd(R/I) < pd(R/J) =n+1—
d. A strict inequality would imply, by the Auslander-Buchsbaum formula,
depth(M) > d, which is not possible since depth(M) < dim(R/I) = d.
Hence, pd(R/I) = n + 1 — d and we conclude that I is CM, too. O

Recall that zero-dimensional projective schemes are always arithmetically
Cohen-Macaulay. Thus, Hilbert schemes corresponding to constant Hilbert
polynomials are made of arithmetically Cohen-Macaulay schemes.

For Hilbert polynomials of positive degree we can now recover the result
that the arithmetically Cohen-Macaulay locus in the corresponding Hilbert
scheme is an open subset, in terms of marked schemes.

Corollary 3.4. [8, Remark 3.10] The arithmetically Cohen-Macaulay locus
in a Hilbert scheme with a non-constant Hilbert polynomial coincides with
the union of the open subschemes Mf ;, with J CM quasi-stable ideal, and of
their images by linear changes of variables.

Proof. Since the ideal J is CM, then p; = 1, and hence Mf; ~ Mf, |
for every integer t > 0. So, thanks to Proposition 2.2, Mf; is an open
subscheme of the corresponding Hilbert scheme, for every J CM, and it is
made of Cohen-Macaulay schemes, by Theorem 3.3. On the other hand,
if K is a CM ideal defining a Cohen-Macaulay scheme in a certain Hilbert
scheme, we can find a deterministic change of variables g (see [26]) such that
g(K) has a quasi-stable CM ideal J as initial ideal with respect to the degree
reverse lexicographic order. So, up to a suitable change of variables the ideal
K belongs to Mf ;(K). O

The use of changes of coordinates in Corollary 3.4 is unavoidable, because
MTf (K) can contain CM ideals even if J is not CM, as we have already high-
lighted in Example 3.2. Thus, the following question arises: if we consider
Mf ; with J non-CM, how can we detect I € Mf ;(K) such that I*** is CM,
using the features of marked bases only?

10



In Section 4 we will give an answer to this question in the particular
situation that J = (J%%)s,, and consequently I = (I*%),,, for a suitable
integer m (see [8, Corollary 3.7]). This is the situation that allows us to
embed marked schemes in Hilbert schemes, in the further hypothesis that
the Krull-dimension of R/J is d > 1, as recalled in Section 2.

Finally, the following refinement of the result of Theorem 3.3 gives us a
suitable construction of Artinian reductions.

Proposition 3.5. Let I be an ideal generated by a Pj-marked basis. If
xo, ..., Tq_1 18 a R/ J-reqular sequence, then

(i) xo,...,xq-1 is a R/I-reqular sequence too, and

(i1) the polynomials obtained from the Pj-marked basis of I selting xo =
oo =x4.1 = 0 form a marked basis of the Artinian reduction of I over
the quotient (J + (zo,...,xa-1))/(z0y ..., Ta—1)-

Proof. 1t xq,...,x4-1 is a R/J-regular sequence, then J is CM and I is
CM too by Theorem 3.3. Then, item (i) follows by applying recursively [8,
Theorem 3.5].

Item (ii) follows from the fact that, being every hyperplane section of [
saturated because [ is Cohen-Macaulay, the differences of its Hilbert func-
tion coincide with the Hilbert function of the hyperplane sections. Then we
conclude by Theorem 1.3(ii). O

4. Marked schemes over a truncated quasi-stable ideal

We here focus on the identification of Cohen-Macaulay ideals generated
by a Pj-marked schemes in the particular situation J = (J%%),, ; and then
I = (I*")>,,_1, where m > p;.

First we recover a technical lemma which concerns hyperplane sections.
Recall that if I°* has a Pjs-marked basis then (I°*)s; has a P(sat). -
marked basis, but the converse is not always true (see [8, Example 3.8]).

Lemma 4.1. [7, Lemma 9.4] Let J C R be a saturated quasi stable ideal such

that d = dim(R/J) > 0, J' := ((‘(]:’Cf)‘;))sat and p be the satiety of (J,xo)/(xg) C

Klzy,...,2,]. For everym > p, if I belongs to Mf ;  (K), then <(fz()’)>
>m— €T Zm
belongs to Mf ; (K).
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Recall that zg, ..., x4 1 is a generic sequence for every quasi-stable ideal
H with R/H of Krull-dimension d.

Lemma 4.2. If J = (J*")s,,—1 and I = (I°™)sp,—1 withm as in Lemma 4.1,
then xg,...,xq_1 is a generic sequence on R/I°™.

Proof. By [8, Theorem 3.5], g is generic on R/I. If d =1 we have finished.

(I,z0)
o) >2m belongs

(
to Mf 7 (K) and we can repeat the same argument on (((Ia’f)‘;)> obtaining
>m >m

Otherwise, by Lemma 4.1 and with the same notation, (

that o,z is a generic sequence on R/(I°*®")s,,. Then we repeat the same
argument until we obtain the thesis observing that I°* = ((I5"")s,,14_2)%".
[

We have already observed that every quasi-stable ideal H with R/H of
Krull-dimension d is CM if and only if zy, ..., z4_1 is a R/ H-regular sequence.
This result can be extended to any ideal generated by a marked basis over the
truncation of a quasi-stable ideal, under the same hypothesis of Lemma 4.2.

Proposition 4.3. If J = (J**)s,,1 and I = (I*")>,,—1 with m like in
Lemma 4.1, then the ideal 15 is CM if and only if xg, ... ,xq_1 5 a Teqular
sequence on R/I°".

Proof. 1f zg, ..., x4 1 is a regular sequence on R/I** then I*** is CM by def-

inition. Conversely, recall that zg, ..., 241 is a generic sequence on R/I5%,
by Lemma 4.2. Since I°** is CM by hypothesis, then its generic linear sections
are saturated too and hence wy, ..., z4_1 is a R/I**-regular sequence. O

In the same hypotheses of Proposition 4.3, we give the following compu-
tational strategy to check if 5% is CM.
Algorithm 4.4. Let J = (J**)s,,—1 be a quasi-stable ideal and I = (I°%)>,, 4
be an ideal in Mf; (K) with m > sat(M). Let d := dim(R/J). The

> (wo)
following instructions allow to check if I** is CM or not.

(1) Compute I** and set k := 1.

(2) Compute a marked basis of the ideal N := (M)>m—l and then

(—1)
compute its saturation N%,
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(3) If the first difference of the Hilbert function of I** does not coincide
with the Hilbert function of N**, then I** is not CM and the procedure
ends. Otherwise, if d = 1 then I*** is CM and the procedure ends, if
d > 1thenreset d :=d—1, k:=k+1, I :== N (hence [** = N*%),

J, X0, T
m = max {m, sat(m) }, and go to step (2).
Proof. For what concerns item (1), we observe that the equality 5% = (I :
xy®) holds thanks to [8, Theorem 3.5] and we will give a method to compute
it by marked bases in next Theorem 4.5.

For what concerns item (2), the ideal N := (%)m_1 belongs to
MTf (00) (K) due to Lemma 4.1 and we can compute a marked basis

(20) >m—1
of N. Moreover, we can compute N** thanks to next Theorem 4.5 because
Nt = (N : z¢°) by [8, Theorem 3.5] again.

For what concerns item (3), it is enough to observe that the check on
the Hilbert functions is equivalent to check if zg, ..., x4 1 is a R/I**-regular
sequence, and hence that I** is CM by Proposition 4.3. O]

The strategy of Algorithm 4.4 is pretty standard, except for the computa-
tional method that we now propose for the saturation of the ideals involved
in the strategy. Indeed, by arguments analogous to those we use in Section 5,
we obtain the following description of 15" = (I : 25°).

Theorem 4.5. Let J and I be ideals in R such that, for some m > p,
J = (J*"sm1 and I = (I°*)s,,_1, and I is generated by the Pj-marked
basis H.

Let Ho = {hays - - ha, } € H be the set made of the marked polynomials
in ‘H with head term divisible by xo. For every polynomial h,, € Ho, let
ha, = i, + hg, ). be the decomposition of ha, such that the terms in hj,
are divisible by xf and the terms in hy,. i are not divisible by zk. Let S be the
set

' h/ . k T
S = {ank% s af | Ht(ha,), ok €KY cawhl, = 0}
=1

i=1 0 k=1,....,m—2

Then, we have the following (graded) decomposition.:

(I:25) = 1@ (S)y.
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Proof. Since (I : x3°) 2 I, to obtain a first inclusion it is sufficient to prove
that (I : 2°) contains any polynomial in S.

. hy,. .
Consider g € S: g =37, c%kﬁ, with > ca,xhl, = 0. So, we can

T r r
k ! "
Tog = anivkhai,k + E :Cai,k g,k § Cai,khai-
=1 =1 i=1

This proves that g belongs to (I : zF).

In order to prove the other inclusion, under the current hypotheses on
J and I, first we note that every polynomial in H, has degree m — 1 by [8,
Lemma 3.4].

Consider f € (I : z3°). By using the P;-marked basis H, we obtain the
writing f = >, <y Paha + f, where the support of f is contained in N(.J).

If f = 0, then f belongs to I. Otherwise, we consider the smallest
exponent k such that zff € I. Again by [8, Lemma 3.4], zff has degree
m — 1. Furthermore, z§ f belongs to I too, hence we can rewrite it by the
polynomials in H.

Let 7 be a term in supp(f) such that zfr € J. Hence, there is 2% €
Py such that zfr = 2°2% with max(2°) < min(z®). By [8, Lemma 2.7
(iv)], min(z®) = z, and being deg(z®) = m — 1 = k + deg(f), we have
that xf divides 2. Hence in the rewriting procedure on zf f we use only
polynomials in H, whose head term is divided by zf, and every new term
that is introduced by a rewriting step belongs to the sous-escalier of J and
hence it is not rewritable.

Then we can write:

T T T
kg _ _ / "
xOf - E Cai,khai - § :Cai,khai,k + § :Cai,khai,k‘
=1 1 =1

1=

write

This is possible if and only if ) cq, 1hp, , = 0, where the coefficients cq,
belong to K. O]

Example 4.6. In the ring Kz, 21, x2, x3] with 2o < -+ < x3, consider the
saturated quasi-stable but not CM ideal J = (23, zox3, ¥3x3, 23) with p = 3.
The Krull dimension of the quotient over .J is 2. We take m = 4 and the
truncation J>3 = (xg, l’Q!E%, x%xg, xlxg, T1T9T3, xgx?,), l’%l‘g, ToTals, x%) and the
ideal I generated by the following P;. ,-marked basis

{23, wo?, 2dws + 23 + 20122 + 222y, 2122, 212003 + 2122 + 2020y + 23,
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xox?,,, ZL‘%J,‘g — a:% — 4x1x§ — 5&7%@ — 21“;’, ToToxsg + xgxg + 2x0x129 + xgx%,
4 3 2,.2 3 4
x5 + dxyxy + 6xxs + drixs + 1}
y [7, Lemma 9.4], in K[z, xs, z3], we compute the marked basis of N :=

(zo)
H zi{hl =23 hy = 1923, hy = 2323 + T3 + 20173 + 1379, hy = 1173,
hs = 210273 + 1123 + 20309 + 23, he = 2223 — 5 — 41123 — Hriwy — 223,
hy = 3 + 4xq 23 + 62223 + 4adey + 27}

and applying Theorem 4.5 with x; in place of xq

B
I J -
<( ’xo)) on (ﬂ) = {a3 woxl 373, 1122, 117973, 33, 75}, Obtaining
>3 >3

N*% = N @ (23, mox3 + 25 + 22129 + 23)x = (23, T2x3 + T3 + 27179 + T7).

The Hilbert function of I°? is 1 4t and its first derivativeis 134 4.... Since
the Hilbert function of N* is 1 34 4... too, we can conclude that I°? is
CM.

In order to give some more details of the computation of N**, consider
Hi = {hy = 2122, hs = 21T0w3+ 1175+ 20309 + 23, he = 2303 — 25 — 4175 —
Sriry — 273}

For k = 1 the condition in Theorem 4.5 is:

c4173 + 51 (Toms + 25 + 22129 + 23) + o1 (virs — dai23 — Badxy — 223)
such that cmxg = 0, which implies ¢; = 0 and ¢4 1,¢5; € K.

For k = 2 the condition in Theorem 4.5 is:

co2(T3 — Hre — 227)
such that cgo(—x3 — 4z123) = 0, which implies cg5 = 0.

Example 4.7. This example is inspired from [7, Example 9.10]. Consider
the saturated quasi-stable but not CM ideal J = J*% = (x9z4, 23, 117324,
123, 25, w3xy) in Kz, ..., 24], with m = p = 3 and 79 < -+ < m4. Ob-
serve that Jso coincides with J. The saturated ideal I = [ = (xqz4 —
T3 — T3Ty, T3, 173 + T1X3Ty, ToT5, TS, v314) coincides with s, and is gen-
erated by a Py ,-marked basis. By [7, Lemma 9.4], in K[zy,...,z4] we
. I .
can compute the basis of <—((9’£‘;)> that is marked on the Pommaret ba-
>3

; (Jyxo) _ (.3 2 2 2 2 2 2 .3

sis of (W 3 = (ZE47ZIZ3I4,IL‘2.I4,$1[E4,JZ21‘3£L’4,J]2{E47 XT3T4,T2T3, T3, T1T2Ty,
ToToTy, ToTs, T12374) and obtain N = (a3, w322, 2022, 1122, Box324, T324,
T3xy, ToT3, TS, X1 9Ty — T1 T3, 1123 + T120374), and applying Theorem 4.5

sat 3 2 2 2 3 2 2
N = (xy, ¥y, TaTsTa, T3X4, ToXy, Ty, Taly — T3, Ty + T3Tya).
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The Hilbert function of I°* is 1 5 t?4-4t+1 and its first differenceis 1 4 8 2¢t+3,
but the Hilbert function of N* is different, being 1 4 2t + 3. Hence, I** is
not a CM ideal.

5. Gorenstein conditions by marked bases

In a polynomial ring over a field K, the study of Gorenstein homogeneous
ideals can be reduced to the study of Artinian homogeneous ideals, like for
CM ideals.

Indeed, a Cohen-Macaulay ideal I is Gorenstein if and only if its Artinian
reduction is Gorenstein or, equivalently, the socle of its Artinian reduction
has dimension 1 as a K-vector space or, equivalently, the last module of
its minimal free resolution has rank 1 (see [17, Proposition 21.5 and Corol-
lary 21.16]). If I C R is a Gorenstein ideal, we say that R/I is a Gorenstein
ring. It is noteworthy that the Hilbert function of every Artinian graded
Gorenstein K-algebra is symmetric.

A closed projective scheme defined by a homogeneous polynomial ideal 1
is arithmetically Gorenstein if and only, if 1°* is Gorenstein.

The arithemtically Gorenstein locus in a Hilbert scheme is the subset of
points corresponding to arithmetically Gorenstein schemes.

Thanks to Proposition 3.5, if J is a CM quasi-stable ideal with d as Krull
dimension of R/.J and [ is an ideal with a P;-marked basis, then the quotient

(I + (zo,..-,24-1))/(x0,...,T4-1) is an Artinian reduction of I with marked
basis over the Artinian quasi-stable ideal (J + (xq, ..., Zq-1))/(Zo, .-, ZTq_1).
Hence, I is Gorenstein if and only if (I + (zo,...,24-1))/(x0,. .., T4-1) 18
Gorenstein.

Remark 5.1. Recall that a monomial ideal is Gorenstein if and only if it is
a complete intersection (see [5], for example). The ideal I in Example 3.2
is Gorenstein and is generated by a Pj;-marked basis, where J is a non-
Gorenstein quasi-stable ideal. On the other hand, in Example 7.1 we will
find a Gorenstein quasi-stable ideal J and a Pj-marked basis H generating
an ideal which is not Gorenstein.

We now aim to describe the non-trivial elements of the socle of an Artinian
ideal generated by a P;-marked basis. To this end, we adapt a method for
socle computation due to Seiler [45, Theorem 5.4] (slightly corrected in [41,
Satz 63]) which is valid for Artinian ideals generated by Pommaret (Grébner)
bases with respect to the degree reverse lexicographic term order. We use
the following notation.
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Let I be an Artinian homogeneous ideal generated by a Pj-marked basis
H =A{hy,...,n} and let Hy = {ha,, ..., ha,} be the subset of H made of the
polynomials with head term divisible by xg. For every polynomial h € H,,
let h = h' + h” be the decomposition of h such that A’ is divisible by zy and
h" is linear combination of terms that are not divisible by .

For each k € {1,...,n}, we associate to H the square matrix Ai(H) €
K™ whose entry in row ¢ and column j is the constant term of the coef-
ficient polynomial Phai in the standard representation riphe, = ZheH P,h
(see (1.2)).

Theorem 5.2. Let I be an Artinian homogeneous ideal generated by the P;-
marked basis H, with associated matrices Ay := Ax(H) for k=1,...,n. Let
m be the irrelevant mazimal ideal in K|z, ..., x,]. Then the ideal quotient
(I :m) is a direct sum of K-vector spaces as follows:

T /

(I:m)-I@({ZCi};—C::ci eK,ilcihgi =0,A,c=0,V k = 1,...,n}>K.

i=1 =

Proof. 1f f is a polynomial in (I : m), then in particular zof belongs to [
and we can represent zof by the rewriting procedure with H:

vof =Y _ Puh.

Recalling that the terms of zyf are all divisible by xy, observe that xy7
belongs to J if and only if there exists h € H such that zo7 = x{z°Ht(h),
where 2° is not divisible by o and max(z°) < min(Ht(h)). Two cases can
NOW OCCur:

(a) ¢ >0, and hence at least one term in P, is divisible by x
(b) £ =0, and hence Ht(h) is divisible by zo; thus, 2° = 1 and 2o = Ht(h).

In case (a) every new term that is introduced by the rewriting procedure is

divisible by . In case (b) every new term that is introduced by the rewriting

procedure belongs to the sous-escalier of J and so it is not rewritable.
Hence we can write:

Tof = Z Phh‘f“ Z pa,-ha,- = Z Phh—l— Z Paih’ai_i_ Z paihg“

xo‘Ph Po‘i =c; €K :po\Ph Po‘i =c; €K Po‘i =c; €K
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and this is possible if and only if ) ¢;h;;. = 0.
As a consequence, we obtain

and for every k > 0 we now have:

T f = Zx—omkthkacl O".

x0| Pp,

Hence, x;f belongs to I if and only if kacl o is

equivalent to having the standard representation

JCkZCz = Zth

heH

T Z Cih;i = Z 2oQrh

heH

and hence

which is a standard representation too, as the variable x( is multiplicative
for every term (see (1.2)). This implies that the components of the standard
representation of x; ) | ¢;h,, are free of constant terms, for which we use the
following notation:

Sr(z, Y cihl)o =0, (5.1)

where Sr(z, ) c;hy,.) is the vector of the coefficient polynomials of the stan-
dard representation of xy ) ¢;hy,,, as already set in Section 1.

Recall that ) ¢;h, = 0. Using the additivity of standard representations
and (5.1) we now deduce

0=Sr kacZ o+ Sr(0)y = Sr( kaczh —i—kac,h”

:erkg ciha,)o

Observe that also the opposite implication holds true, because every term
in h;, is divisible by zo. Moreover, (5.2) is equivalent to the conditions
Are =0, for every k € {1,...,n}, because the possible non-null coefficients
of the polynomials A € H \ Ho must be divisible by z( by construction. [

(5.2)
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Let X4 denote the system of homogeneous linear equations given by the
conditions describing the socle (I : m)/I of I in Theorem 5.2, in the r
variables ¢y, ..., c,. Then, we obtain the following.

Corollary 5.3. Let J be an Artinian monomial ideal.

(i) Anideal I generated by a P;-marked basis H is Gorenstein if and only
if the associated matriz of coefficients of ¥y has rank r — 1.

(i) The arithmetically Gorenstein locus in Mf; is an open subset G

OfoJ.

Proof. Recall that the ideal I is Gorenstein if and only if the K-dimension of
the socle of I is equal to 1, that is the vector space of solutions of the linear
system ¥ has dimension 1, thanks to Theorem 5.2. Being r the number of
variables in ¥, we obtain item (i).

Now, consider the P;-marked basis .7 C Rk|c) as described in Section 2,
modulo the ideal % defining the marked scheme Mf ;. By item (i), Goren-
stein ideals in Mf ; are obtained if and only if at least a minor of order r—1 of
the associated matrix of coefficients of the linear system 3. ,» does not vanish.
We conclude recalling that the socle of a proper homogeneous ideal H is not
null, because it contains the part of degree s — 1 of the quotient R/H, when
s is its regularity. O]

Remark 5.4. Since the number r of variables of a linear system ¥4 is bounded
from above by the cardinality of the sous-escalier N/(J), the linear system %
has a number of equations of order O(|N(J)| - n) in r < |N(J)| variables.

Corollary 5.5. The arithmetically Gorenstein locus in a Hilbert scheme with
a non-constant Hilbert polynomial is an open subset.

Proof. Recall that every homogeneous ideal can be transformed into an ideal
with a marked basis over a quasi-stable ideal by a certain linear change of
variables, like suggested in [26] and already done in the proof of Corollary
3.4. Hence, let I be the homogeneous ideal generated by the marked basis
H C Rgjco) over a Cohen-Macaulay quasi stable ideal .J, modulo the ideal
% defining the marked scheme Mf; (see Section 2). Being the Hilbert
polynomial of J non-constant by hypothesis, then p; = 1 and Mf is an open
subscheme in the corresponding Hilbert scheme, thanks to Proposition 2.2.
In this particular situation, setting to zero the variables xg,...,z4_1 in
the polynomials of the marked basis .77, we obtain the marked basis 7" of
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an Artinian reduction I’ of I over the Artinian reduction J’ of J. Recalling
that an ideal is Gorenstein if and only if its Artinian reduction is Gorenstein,
we now consider on the polynomials of 7 the conditions on the common
coefficients of the polynomials of 7’ that define the open subset G, of
Mf ;; of Corollary 5.3, obtaining an open subset G ; of Mf ;.

Hence, the arithmetically Gorenstein locus in Hilbert schemes with non-
constant Hilbert polynomials coincides with the union of the open subsets
G of Mf;, with J CM quasi-stable ideal, and of their images by linear
changes of variables. m

Example 5.6. Let us consider J = (z%,y?) C Klx,y] with z < y. The
Pommaret basis of J is P; = {z?,y* 2%y}. For every constant value of the
parameters dj 1, da 2 the following polynomials form a P;-marked basis:

hy = 2% + diaxy, hy= ?/2 +dyary, hs = ny.

We have Hy = {h1, hs} and h{ = h% = 0. By the rewriting procedure we find
yhl = (1 — d11d271)h3 + dLll‘hQ and yhg = I'Zhg — ngl’hg, so the matrix Al is

0 0
1— d171d271 0 .

The system ¥ in the two variables ¢y, ¢o is only made by the equation (1 —
di1dsq)cr = 0 and its associated matrix has rank 1 if and only if 1 —d; 1doy #
0. Under this condition, for every ideal I = (hy, hy, h3), the socle (0 : m) C
R/I is generated by [zy] € R/I. For example, the ideal I = (2% + zy, y* —
zy, v?y) is Gorenstein.

Example 5.7. The quasi-stable ideal J = (z3, %, 22) is Artinian in the ring

Klxo, 71, Z2] (xo < 71 < ) and its Pommaret basis is Py = {3, 2%, 22, 237,
T3To, T3T9, T3 22 }. The following polynomials form the Pj-marked set H:

2

hy = 20" + di 2071 + di2T0T2 + di 37172,
2

ho = 21" + dawow1 + do @02 + do 37172, (5.3)

2 2 :

hs = 9" + d3 12071 + d3 2002 + d3 32172,  ha = 2o 21 + da1ToT122,

2 2 2
hs = xo°xy + ds 1207172,  he = x1°02 + ds 1207172,  h7 = 20" T122.

The marked set H is a Pj-marked basis if and only if the coefficients d; ;
satisfy the equations listed in (A.1).
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We have 7‘[0 = {hl, h4, h5, h7} and hlll = d1739711'2, while hl} = h/5/ = h{7/ = 0.
Hence, we need to set ¢1(dy sz122) = 0 in order to compute the socle, so that
dy 3¢ = 0 is one of the equations of the system ¥,. There are 6 more non-
null equations in the system >, obtained from the matrices Ay, Ay, Ay as
in Theorem 5.2. The complete coefficient matrix of ¥4, can be seen at (A.2).
The complete list of equations describing the non-Gorenstein locus in the
marked scheme defined by J can be found at (A.3). They are the minors
of order 3 of the matrix of the system Y4,. Indeed, these equations describe
the loci were the socle of the ideal (H) has not dimension 1, as stated in
Corollary 5.3.

6. Complete intersection conditions by marked bases

Referring to [35], recall that a proper ideal I in a Noetherian ring is
called a complete intersection if the length of the shortest system of minimal
generators of I is equal to the height (or codimension) of I. A proper ideal
I that is generated by a regular sequence in a Noetherian ring is a complete
intersection and the converse holds if the ring is Cohen-Macaulay, like a
polynomial ring over a field.

A closed projective scheme defined by a homogeneous polynomial ideal I
is a (strict or global) complete intersection if and only if I°* is a complete
intersection (see [23, Exercise 8.4, chapter II]).

The strict complete intersection locus in a Hilbert scheme is the subset of
points corresponding to strict complete intersection schemes.

In this section we describe and use a method to identify Artinian com-
plete intersection ideals among the ideals generated by marked bases using
minimization in terms of linear algebra only.

The strategy that we propose here is inspired by the minimization method
of Grébner bases that has been described in [14, Section 3] based on an in-
terpretation of [37, Lemma 13.1] in terms of linear algebra only. The setting
is that of zero-dimensional schemes which well fits with our problem. In-
deed, we can consider Artinian ideals only, because complete intersections
are preserved by general linear sections, as well.

Given an Artinian monomial ideal J, the main tool is the notion of bor-
der 9O of the order ideal N'(.J), from which the concept of dO-marked basis
arises (see [37, 40] where a 0O-marked basis is called a border basis). In [6] a
comparison between a 0O-marked basis and a Pj-marked basis is described.
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Here we develop our strategy referring to [6] for definitions and features re-
lated to 0O-marked bases and their relations with Pj-marked bases, although
in [6] both P -marked bases and 0O-marked bases are not necessarily homo-
geneous.

Here we deal with homogeneous P;-marked bases, implying that also
the corresponding dO-marked bases must be homogeneous, thanks to [6,
Theorem 1].

Definition 6.1. Let J be an Artinian ideal. The border of J is
00 :={z;x" : 2" e N(J) and i € {0,...,n}}NJ

If H :={ha}a is a Pj-marked basis generating an ideal I, the following
set of homogeneous marked polynomials

B:={b, := 2" — Nf;(27) : 27 € 00}

is the (homogeneous) 0O-marked basis of I (see [6, Theorem 1]), being
Nf;(z7) the normal form of z™ by I as defined in (1.2), and 2" the head
term of the polynomial b,. Indeed, the additional condition of homogeneity
that we consider here does not forbid the application of [6, Theorem 1].

Analogously to (1.1), for every 0O-marked basis B and for every integer ¢
we set

BY .= {2°b, : b, € B,2° = 1 or max(z°) < min(z7),deg(2°27) = t}. (6.1)

If 2°b, belongs to B we say that 2°z7 is its head term. Observe that H®
is contained in B® for every integer ¢. We highlight that two polynomials
belonging to B can have the same head term, differently from H®.

Definition 6.2. Given a 0O-marked basis B = {b; },cg0, for every integer ¢
we denote by —> g1 the transitive closure of the relation f — 3w f— \z°b,,
where f is a polynomial, 2°z7 is a term that appears in f with coefficient A
and 2°b, € BY. We will write f — 1, g if f —pw g and g € (N (J))a.

Lemma 6.3. If 27 is a term that belongs to 0O \ Py, then it is a multiple
of another term in the border by a multiplicative variable.

Proof. Let x™ = x,m, with m € N(J), and let x5 := min(z”). Then 27 /zy
belongs to J, otherwise 27 € P;. So x, # x; and xuﬁ belongs to 00,
because 7 belongs to N(J). O
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Lemma 6.4. Let 2°m be a term that belongs to J \ 0O with m € N(J).
Then, for every term 7 € 0O and term x" such that x°m = 2"z and
max(x") < min(z7), 27 < 2°.

Proof. With the same notation of the statement, if 7 belongs to P;, then
we refer to [2, Lemma 3.4(vi)].

Otherwise, there exist m’ € N(J) and a variable x, such that z7 =
xym/, where z, > min(z?) because 27 does not belong to P;. By Lemma
6.3, 7 = xpx?, where z° € 00 and z; := min(z?). If 27 € P, then
217, <iex 2° thanks to [2, Lemma 3.4(vi)] and hence 27 < 2°, because
x = min(z”). Otherwise we repeat the same argument on z7 until we find
a term 27 belonging to P; such that 7 = 22 with max(z"2¢) < min(z”)
and we conclude as before because 272 <)o, 27 by [2, Lemma 3.4(vi)] and
max(z") < min(z) by construction. O

Proposition 6.5. The relation — ) s Noetherian and confluent.

Proof. We show that the rewriting procedure given by the relation — ;@)
ends after a finite number of steps when applied to any term.

Let 2°2% any term that belongs to J \ 0O, with * € 9O. Then there
exist a term 27 € 90 and a term 2" such that max(z”) < min(z”) and
2or® = 227,

Hence the first step of the rewriting procedure consists in computing
2o — x"b,, in which every term that appears with a non-null coefficient is
of type x"m, with m € N(J). If 27m belongs to J \ dO then we can apply
Lemma 6.4 and conclude.

For confluency, it is now enough to observe that for every g € R, by
Noetherianity there exists h € (N(J)) such that ¢ —>gw h. Then h —
Nf;(g) € IN(N(J)), but the latter is {0} since [ is generated by the marked
basis H. Hence h = Nf/(g). O

Remark 6.6. In terms of reduction structures [13], B and the terms that allow
the definition of B®) give a substructure of the border reduction structure
considered in [32]. The difference is that in [32] the authors admit multi-
plication of polynomials in B by any term. The polynomial reduction of
Definition 6.2, being Noetherian, proves that the border reduction structure
of [32] is weakly Noetherian [13, Definition 5.1].

Proposition 6.7. If H is a Pj-marked basis then, for every integer t, for
every b, € By_1 and for every non-multiplicative variable x; of x™, we have the
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following decompositions, where Ly is a linear form of multiplicative variables
of the head term of b and ¢, € K:

wiby = Y Lib+ Y b, (6.2)

beBi_1 heH

if xxT = xpx?, with x multiplicative variable of x7 € 00,

miby — by = > Lib+ > enh, (6.3)

bEBy—_1 heH:
if xix" = xR, with xy, non-multiplicative variable of 7 € 00 \ {z"}.

Proof. 1f ‘H is a Pj-marked basis then f —>g(t> 0 for every polynomial f € I
because I; N (N (J);)a = 0, for every ¢t < reg(J) + 1.

Let p := x;b; — x1by in both cases that are considered in the statement.

If ;27 = z,2” with z; multiplicative variable of 7 then z;b, — 3w p =
;b — z1bsy.

We now observe that in any case the terms appearing with a non-null
coefficient in the polynomial p = ;b — xb, are multiples of a term in N(J)
by a variable, i.e. they are of type xym, with m € N (J). Hence, they belong
to either N'(.J) or 00O;.

If zym belongs to N'(J) then xym —%'m Tem.

If xym belongs to Py, then there is 1 € K such that p —ge) p — 1t byym.

Otherwise, if zym belongs to 0O \ P; then xz,m = xyxpm’, where z; =
min(z,m), m' = m/x, € N(J)and z;m’ € 00. Hence, p — g1y p— b Tpbaym
for some p € K, because x;, is multiplicative variable of x,m’ .

We can conclude by repeating the above argument. O

The following result is a version of [30, Definition 20 and Proposition 21]
in terms of multiplicative and non-multiplicative variables (see [27] for a
careful study of syzygies of 0O-marked bases).

Lemma 6.8. The couples of distinct terms x™ and x7 in 0O such that either
rxT = a7 € Py or xaT = xpx? = zwpm, with m € N(J) and either x;
non-multiplicative of x™ or x non-multiplicative of x7, give rise to a set of
syzygies of type [... x4 ..., —1,...] and [... 2. .., —T,...], Tespectively,
of 00 which generate the first module of syzygies of 00.
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Proof. The statement holds without the request on the variables thanks to
[37, Lemma 13.1 and Corollary 13.2], because 0O is a Grobner basis for
J, being J a monomial ideal. Then it is enough to observe that z; and
x), cannot be both multiplicative otherwise they both should coincide with
min(z;zm). O

Theorem 6.9. A polynomial hg of H depends on H\ {hg} if and only if hg
appears with a non-null constant coefficient in a representation of type (6.2)

or (6.3).

Proof. We recall that the family of all 9O-marked bases is flat. This fact can
be proved observing for example that the family of all 0O-marked bases is
isomorphic to the family of P;-marked bases (see [6, Corollary 2]), which is
flat.

Letting B = 0O, the syzygies arising from (6.2) and (6.3) generate the
first module of syzygies of the border (see Lemma 6.8). Then, for any 0O-
border basis B, the corresponding syzygies of B that are obtained from them
by —gm generate the first module of syzygies of B, thanks to the criterion
of Artin for flat morphisms (see [3, Corollary to Proposition 3.1]).

Now we can conclude observing that in a representation of type (6.2) and
(6.3) only proper multiples of polynomials of B;_; and polynomials of H;
appear. ]

Proposition 6.10. Let I be the ideal generated by a Pj-marked basis H. Let
x7 be a term in 00,1 and x; a variable. If Nf;(x7) = ijeN(J)t,l c;mgj,
then

Nf;(z;2%) = Z c;Nfr(x;my;). (6.4)

ijN(J)tfl
Proof. By construction, the polynomial z7—Nf(27) = 27 =3 ), ¢
belongs to I, hence z;x7 — ijeN(J)t,l c;xym; belongs to I, as well.
Since 3, en(ry_s GiTiMG = 2om,en(ry,, CiNE1(xim;) belongs to I too, we

have

fL’Z‘[EU — Z Cij[(.I’ﬂTLj) el

ijN(J)tfl
Being z;x° — Nf;(x;27) a polynomial of I and I, N (N(J);)4 = 0, then
Nf;(z;x7) = ijeN(J)t_1 ¢;Nf;(z;m;) and we conclude. O

Corollary 6.11. Formula (6.4) allows a recursive computation of the poly-
nomials in By \ H, for every t, knowing the polynomials of H,.
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Proof. With the same notation of Proposition 6.7, if x;m; belongs to 0O\ Py,
then x;m; = xpz® for a suitable term 2 € 9O and a variable z;, <jex i,
thanks to Lemma 6.3.

Hence, the polynomials of B, with head term of type xqz? must belong to
H. For the polynomials of B; with head term of type x127, we can apply the
formula of Proposition 6.7 in which only polynomials of B; with head term
divisible by z are involved. And so on. O

Remark 6.12. In [37, Appendix], the analog of formula (6.4) for Grobner
bases is called a FGLM-formula (see [20]) and its use for the computation of
the polynomials in a border basis is reported referring to a discussion with
Marie-Francoise Roy.

For every t higher than the initial degree of I and lower than or equal to
reg(J) 4+ 1, we consider the matrix M, constructed in the following way.

A first block of rows correspond to the terms of degree t that are multi-
plicative multiples of the terms in 0O;_; and to the terms of degree ¢ in Pj,
in increasing order with respect to the degrevlex order. A second block of
rows correspond to the terms of N'(J);.

The columns of M, are arranged in three blocks. The first block is made
by the vectors of the coefficients of the polynomials that are multiples of the
polynomials of B;_; by a multiplicative variable of the corresponding head
term and by the vectors of the coefficients of the polynomials of H;, ordered so
that their head terms are in increasing degrevlex order (like the first block of
rows). The second block are the vectors of the coefficients of the polynomials
x;b; that fit the case (6.2). The third block of columns are the vectors of the
coefficients of the polynomials x;b, — xb, that fit the case (6.3).

It is noteworthy that, thanks to the features of quasi-stable ideals, the
columns in the first block have the coefficient 1 of the head term on pairwise
different rows, so that these coefficients will become the pivots of the first
block of columns in the completely reduced form of M; and any division can
be avoided in the performance of the reduction.

Remark 6.13. If we denote by a := min{t : I; # 0} the initial degree of I,
the matrix M, is made of the coefficients of the polynomials of degree a of
the P;-marked basis of I only, which are independent by construction. For
this reason we do not need to consider M,.

Remark 6.14. For every degree t, both the number of rows and the number
of columns of a matrix M, are of order O((n + 1)? |N'(J);_a]).
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Example 6.15. Let us take the Artinian quasi-stable ideal J := (2%, 22) C
K[zg, x1] with xy < z1. The following polynomials

hy = 13 + dywoxy,

hy = 22 + dywoxy,

hg = ngl
form a P;-marked basis, for every choice of the value of the parameters dy, ds.
The multiples of the polynomials h; and hy by the multiplicative variables
of the respective head terms are:

zohy = T3 + dyziry,

Tohy = Tox? + dgl’%xl,

l’th = ZE:{’ + de(]x%
and the multiples of the polynomials h; and hs by the non-multiplicative
variables of the respective head terms are:

r1hy = zir) + dywer?.
Here is the matrix M3, where the first row gives labels to the columns by
the corresponding polynomials and the first column gives labels to the rows

by the corresponding terms. The second block of rows is empty because
N (J)3 = (. Also the third block of columns is empty.

zoh1 hs zoha z1ha z1h1

1 0 0 0] 0\ 4
d1 1 dg 0 1 1(2)361 (6 5)
0 0 1 dg d1 zoz?

0 0 1| 0/

The following result follows by standard linear algebra.

Proposition 6.16. Let H be a Pj-marked basis, M; the matriz constructed
above for a certain degree t and M| the complete reduced matriz of M.

A polynomial hg of degree t depends on H \ {hg} if and only if there is
a non-null element in at least a crossing of one of the columns of M, of the
second or third block and the row corresponding to the head term of hg.

Corollary 6.17. Let J be an Artinian monomial ideal. The strict complete
intersection locus in Mf ;(K) is an open subset CI; of Mf ;.

Proof. Let % C K|C] be the ideal defining the scheme Mf; and 7 C Rk
be the Pj-marked basis modulo % as decribed in Section 2. For every
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t < reg(J), the polynomials in the corresponding dO-marked basis B; can
be computed by 77, like described in Corollary 6.11. Hence, the elements of
the matrices M, are polynomials in the parameters C.

Let M, be the completely reduced form of M;, which can be obtained
without divisions, thanks to the shape of the matrix M;. Thus, the open
subset CI; of Mf; parametrizing the complete intersections is defined by
the non-vanishing of the elements corresponding to polynomials of H in the
second or third block of columns of M/, in every combination and number
that is sufficient in order to have no more than ¢ minimal generators for the
ideal generated by 7, modulo % . O

Corollary 6.18. The strict complete intersection locus in a Hilbert scheme
with a non-constant Hilbert polynomial is an open subset.

Proof. Thanks to Corollary 6.17, it is enough to argue analogously to the
proof of Corollary 5.5. O

Example 6.19. We go back to Example 6.15 where we considered the Ar-
tinian quasi-stable ideal J := (2%, 22) C K[z, 71| with 2o < z1. The ideal J
is a complete intersection. Hence, the subscheme of Mf ;(K) parameterizing
the complete intersections defined by a P;-marked basis is non-empty. In
order to apply our strategy to compute such subscheme, we now continue to
study the matrix M3 already constructed in the previous example.

By a complete reduction process, starting from the matrix M3 as in (6.5)
we get:

100 0| 0
(01 0 0[[T—dids
0010] d&
000 1| 0

We highlight the second row, which corresponds to the head term of hg,
and the last column, which belongs to the second block of columns of Msj.
We focus on the element 1 — dydy. By Proposition 6.16, if this element is
non-null; then hz depends on H \ {hs}. Hence, from the last column we
obtain z1h; = (1 — dydy)hs + dizohy and so the syzygy [—xo, dix1, 1 — didy].
Thus hs is dependent if and only if 1 — d;dy # 0, i.e. an ideal generated by
a Pj-marked basis of the given type is a complete intersection if and only if
(1—dydy) # 0. Note that in this case, being the codimension 2, the property
to be a complete intersection is equivalent to the property to be Gorenstein.
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Remark 6.20. In Examples 6.15 and 6.19 the matrix M3 does not have rows
corresponding to terms in N (J) because N (J)s3 is empty.

However, to our aims we do not need the rows corresponding to terms of
N (J) because the non-null constants which we are interested in are elements
of other rows, in which the pivots appear, by construction and by Proposi-
tion 6.7. Hence, the second block of rows can be avoided in the construction
of the matrices M;, for every t.

7. Construction of complete intersections inside a given ideal

In this section, we focus on the problem of constructing a complete inter-
section contained in a given polynomial ideal I, with the same height of I,
even if [ is not a complete intersection. Indeed, every ideal I in a Noetherian
ring has a set of generators containing a complete intersection with the same
height of I, even if I is not a complete intersection.

A classical proof of this statement is in [35, Chapter VI, Proposition 3.5,
for example, but it does not give an efficient constructive method. The prob-
lem is that the knowledge of a primary decomposition is required. For this
reason, it is noteworthy that very recently an efficient method to recognize
complete intersections has been given in the paper [25].

In [18, Section 1] the authors gave a computational method to construct
a regular sequence in I of length equal to the codimension of I, for every
polynomial ideal I. However, this method requires a further step to check
that some suitable given polynomials are a regular sequence.

In [45, Proposition 5.1] the author shows that every Pommaret (Grébner)
basis contains a complete intersection with the same height of the ideal that
the Pommaret basis generates, explicitly exhibiting the complete intersection
without the necessity of any computation. Indeed, the polynomials that gen-
erate the complete intersection are those in the Pommaret basis with initial
term equal to one of the powers of the variables contained in the Pommaret
basis of the initial ideal. Even in this case the properties of Grobner bases
have a crucial role. Is there an analogous result for marked bases over a
quasi-stable ideal? The following example shows that an analogous result
does not hold for marked bases.

Example 7.1. Consider the quasi-stable ideal J = (23,2%) C K[zg, z1, 7]
with 7y < 71 < x5 and the Pj-marked basis H = {hy := x5 — w271 — X270 +
T1T0, hy 1= 1% — 2971, hy 1= 1973 — 2x9x1 1 + 22175 }. We have (x5 + x9)hy =
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—x1h1 € (hy), hence hs is a zero-divisor on K[zg, 1, z2|/(h1) and so hy, hy
is not a regular sequence, although their head terms are powers of variables.
Note that H is not a Grobner basis with respect to any term order because
197y > 27 and the polynomial hy is marked on the term z2. However, hy, hs
is a regular sequence because ((hy) : (h3)) = (hy) and the ideal generated by
‘H is not a complete intersection. Since it has codimension 2, it is also not
Gorenstein, indeed, thanks to a result of Serre (see [28] and the references
therein).

On the other hand, the different Pj;-marked basis H' = {h} = 23 —
1/22911 — 2o, WYy := 23 — 1/2x901 — 1170, Iy := 923 — 2797170 } satisfies the
expectation that b}, h) is a regular sequence. In this case the ideal generated
by H’ is a complete intersection and coincides with the ideal generated by
Ry, hi.

Example 7.2. We can also have the following situation. Given the quasi-
stable ideal J = (22, wox3, 2323,75) C Klzg, 21, vox3] With 7y < --+ < 3,
consider the Pj-marked basis H = {h; := x%, hy = xax3 + x% + 2z129 +
23 hy = irs—as—4r 2 —5rire—213 hy = 1h+4x 25 +63 i+ 4nire ot}
The polynomials h; and hy give the expected regular sequence, but the ideal
generated by H is the complete intersection generated by the regular sequence

hi, ha.

Example 7.1 does not exclude that a marked basis contains a regular
sequence with the length equal to the codimension of the polynomial ideal I,
even when this regular sequence is not the expected one.

Hence, the following questions arise: Given a marked basis H, when does
H contain a regular sequence of length equal to the height of (H) and how
can we compute it? Is there a method to compute a regular sequence of
length equal to the height of (H) which is contained in (H)?

We will give a qualitative answer to the above questions in terms of
marked bases adapting [18, Theorem 1.3] to the setting of marked bases,
instead of Grobner bases.

From now, let J C R = Klzg,...,z,| be a quasi-stable ideal of codi-
mension ¢ and H = {hy,...,h:} be a P;-marked basis. Let I be the ideal
generated by H.

Proposition 7.3. [18, Proposition 1.4] On an infinite field K, let Fi, ..., F.
be sets of polynomials in R such that, for every subset U C {1,...,c}, the
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set of polynomials U;ep F; generates an ideal of codimension > |U|. Then the

polynomials
fl = Z Tl,ffa--'vfc = Z 7ac,ff

fer feFe

generate an ideal of codimension c in R, for every values of r; ; varying in a
suitable non-empty Zariski open subset.

Theorem 7.4. There exists a non-empty subset K C H and a partition
K=KiU---UK, into non-empty subsets, such that the polynomials

A=) rpfofe=Y rest (7.1)

feky feK.

generate an ideal of codimension c in R for values of r; y varying in a suitable
Zariski open subset.

Proof. Consider the subset F = {r € P; : min(t) > n—c+ 1} C P,.
By construction F is the Pommaret basis of the quasi-stable ideal (F) C J.
Then, the set K := {h € H : Ht(h) € F} is a F-marked set and the codimen-
sion of the ideal generated by K is higher than or equal to the codimension
of the ideal generated by F thanks to Proposition 1.4(i). Observe that the
codimension of (F) is equal to ¢, by construction.

Following [45, Remark 5.2], let F; := {7 € P; : min(7) = z,_j41} C
(Tp—jp1) and K; := {h € H : Ht(h) € F;}, for every j € {1,...,c}.

Now, we have a partition F = F; U---U F, where the sets F; satisfy the
hypothesis of Proposition 7.3. Indeed, for every subset U C {1,...,c}, the
set of terms U;ep F; generates an ideal of codimension > |U| thanks to the
fact that terms of types x°° belong to U;cpy F;, for every ¢ € U.

n—c+i
For every subset U C {1,..., ¢} consider the set of variables

Xv ={2p—ctj:j €U and j > c}.

Then the image U;epF; in R/(Xy) is the Pommaret basis of the ideal Jy; it
generates and the image of U;c//KC; is a marked set on this Pommaret basis.
Hence, thanks to Proposition 1.4, the codimension of the ideal (U;epKC;) is
higher than or equal to the codimension of (Jiy), that is |U| by construction
(see [16, Chapter 9, Section 1, Proposition 3] for an easy computation of the
codimension of a monomial ideal).

In conclusion, even the partition IC = Ky U- - -UK, satisfies the hypothesis
of Proposition 7.3 and the thesis is proved. O

31



Remark 7.5. It is clear that a Pj;-marked basis ‘H contains a complete in-
tersection of codimension c if Theorem 7.4 gives a regular sequence of type
(7.1) such that every coefficient in each polynomial f; is null, except one.

Remark 7.6. The partition I = K; U --- U K. that has been constructed in
the proof of Theorem 7.4 satisfies the property that U,<,K; is a marked set
which generates an ideal of codimension > s, for every 1 < s < ¢, and equal
to cif s = c.

In conclusion, together with the application of one of the already known
methods to check if a sequence of polynomials is a regular sequence, the
above results provide an algorithm to compute a regular sequence in I with
the same height of I, starting from a marked basis of I. This algorithm is
an adaptation to marked bases of an algorithm obtained for Grébner bases
in the paper [18].

Although from the proof of [18, Proposition 1.4] it can be deduced that
a description of the non-empty Zariski open subset involved in Theorem 7.4
should need irreducible decomposition of varieties and thus is computation-
ally expensive, some examples can be worked out.

Example 7.7. Consider the quasi-stable ideal J = (z3, 2922, 2323, 1123,

T1ToT3, ToT3, Tiw3, Towaxs, T3) C Rlxg, ..., x3] with 2y < -+ < x3 and the
ideal I generated by the following P;- marked basis
H = {x3, xoxk, rirs+x3+20125+23T0, 11203, 1193+ T1TE+ 2030+ 23,
Tox3, iy — w3 —Adwyxd — Sring — 273, xoTow3 + XTI + 21071 T + T3,
ry + 4wa3 + 62323 + dadwy + xi}
With the notation introduced in the proof of Theorem 7.4, we have:
K ={h =23 hy = x92% h3 = 2323 + 23 + 22123 + 2iw9, hy = 75 +
4y w3 + 62323 + dadxy + 2t}
Ki={x3}, Ko={wo23, 2323+ 25+ 21123 + 23w9, 24 + 42125 + 62323 +
4a3xy + 21}
Like we already observed in Remark 7.6, K = Ky U Ky is a marked set on
the quasi-stable ideal J = (23, 1523, 2373, 23), but it is not a marked basis.
Indeed, a reduced form of z3 - hz by K is not 0, but zizyxs — 4wixs — 2x3x,.
Moreover, we highlight that if a sequence of polynomials of I is a regular
sequence, then it is not necessarily characterized by the shape of the poly-
nomials given in (7.1). For example, h; + ho, hy is a regular sequence of I of
length equal to the codimension of I, but it does not have the shape of (7.1).
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Appendix A. Data for Example 5.7

The equations defining the marked scheme of J in Example 5.7 are the
following ones, where the d; ;s are the coefficients of the marked polynomials
of the set H listed in (5.3):

didadyy + dydapdsy — didag — diadey + dig — dyy =0,
di3dy1d3dyy + dysdaadsdsy — diodsidsy — dypdsads + dy3de3ds +
—dy3d33ds1 — dipdzz — di3d3a +dig +ds1 =0,
—dy1da3ds 1ds — doodosds 1ds 1 + daodsday + doods ods 1 + d2,32d3,1+

+da3d33ds 1 — dapds s — dazdz s + day — dg1 = 0.
(A.1)
The coefficient matrix of the system 34 is the following one, where we are
omitting some zero rows:

I di3 0 0 0]
—diady +1 0 0 0
—dy1da o 0 0 0
do1dy + daods 1+
0 —dy1ds 1 + dag ~dsade 10
—dy3dyd3y — dyad3; 0 0 0
—dy3dapdsy — dyad3 s+ 1 0 0 0
i 0 AV Az 0 |
(A.2)

with
A7y = —d2,1d3,1d12171 — doads dsds 1 — dogds i dsy — dssdsdey — dzadsr + 1,
A7s = —dg1ds dsds g — d2,2d3,1d§71 —dy3ds dsy —ds3ds1de 1 +dsidar +dss.
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The matrix (A.2) of the system ¥ has the following five non-zero minors
of order 3:

(di,1d21 — 1) (d§,1d3,1d371d5,1 + 2d2,1d2,2d3,1d4,1d§,1 + d§,2d3,1d§,1+
2dy1do 3d3,1da1d51 + do1d3 3da1ds 1de 1 + 2d2,2d2,3d3,1d§,1 + d2,2d3,3d§,1d6,1+
- 2d2,1d3,1d42171 — 2da2d3,1d4,1d5,1 + d§73d3,1d5,1 + do 3d3 3ds 1dg 1 + d3,1d421,1d6,1+
d3ody1ds1de 1 — do1d33ds — doad33ds 1 — 2d 3d31da,1 — do3ds 3z — d3ods 1+
—ds1dg1 + 1),
dy1dop (d%71d3,1di,1d5,1 + 2d2,1d2,2d3,1d4,1d§71 + d§,2d3,1d§71+
2dy1do 3d3,1da1ds 1 + do1d3 3da1ds 1ds 1 + 2d2,2d2,3d3,1d§,1 + d2,2d3,3d§,1d6,1+
— 2dpd3di | — 2dpadsidadsy + d5 3dsidsy + dosdssdsdes + dsid] de1+
d3odsds1ds — do1d33dsa1 — daadzzds 1 — 2d 3d31ds1 — do3d3 3 — d32da 1
—ds1dg1 + 1),
—di3 (d§,1d3,1di1d5,1 + 2d2,1d2,2d3,1d4,1d§,1 + d§72d371d§,1 + 2dy1do 3d3,1d41d51+
+ da,1ds 3dads 1 dey + 2dooda 3ds 1 dE ) + dapdssds dsy — 2da,1ds1d] 1+
— 2dood31dy1ds + d§,3d3,1d5,1 + do 3d3 3ds 1dg,1 + d3,1d421,1d6,1 + d32d4,1ds5 1d6 1+
—do1d33ds — doods3ds 1 — 2da3ds 1ds — doads 3 — dsodsy —dsadsy + 1),
— (d13daods 1 + diads o — 1) (d5 1 d31d] ds1 + 2da1dads 1da1d3 |+
d%zd&ldg,l + +2dy 1d 3d3,1d41d5,1 + do1d3 3ds1ds1de 1 + 2d272d2,3d3,1d§,1+
dads 3d? 1 dg1 — 2da1ds1d] | — 2daods1da1dsy + d3 3ds1dsy + d23dssdsds 1+
d3,1di,1d6,1 +d3odsds1ds — do1d33ds — dood3 3ds 1 — 2da 3d31dy 1+
—dy3d33 — dsodsy —dsade1 + 1),
—dg,1 (dy3da1 + di2) (d%71d3,1d42171d5,1 + 2d2,1d2,2d3,1d4,1d§,1 + d§,2d3,1d§,1+
+ 2do1d2 3d3,1da1d51 + do1d3 3da1ds 1de 1 + 2d2,2d2,3d3,1d§,1 + d2,2d3,3d§,1d6,1+
— 2dyd3df | — 2dyads1dadsy + d5 3dsidsy + dosdssdsdey + dsidi de1+

d3dy1ds 1de1 — da1d33ds — doad33ds 1 — 2da 3d3 1da,1 — do3ds 3z — d3ods 1+
—d571d671 + 1) .

(A.3)
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