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Abstract. In this paper, following the approach by Dubé [6] and by applying the Hilbert series
method, we provide an efficient algorithm to compute the Macaulay constants of a monomial ideal
without computing any exact cone decomposition of the corresponding quotient ring. Then, based
on this construction and the method proposed by Mayr-Ritscher [18], a new upper bound for the
maximum degree of the elements of any reduced Grobner basis of an ideal generated by a set
of homogeneous polynomials is given. The new bound depends on the Krull dimension and the
maximum degree of the generating set of the ideal. Finally, we show that the presented upper
bound is sharper than the bounds proposed by Dubé [6] and Mayr-Ritscher [ 18].
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1. Introduction

Grobner bases (as an efficient tool in working with polynomial ideals) together with the first algo-
rithm to compute them (known as Buchberger’s algorithm) were introduced in 1965, by Buchberger
in his PhD thesis, see [3, 4]. Due to the fact that these bases can be computed efficiently, they have
many applications in various domains, including mathematics, science, and engineering. For exam-
ple, some of these applications are in the ideal membership problem, computing the dimension of an
ideal, solving polynomial systems and so on. Presenting upper bounds for the degrees of the elements
of a reduced Grobner basis is a challenging problem in the computer algebra community, because
finding an effective bound is applicable for predicting the practical feasibility of the computations as
well as for the complexity analysis of Grobner bases computations, see [15].

Let us review some of the existing results in literature about degree upper bounds for Grobner
bases. Let denote by R the polynomial ring K[z, ..., x,] where K is a field of characteristic zero
and by Z C R an ideal generated by homogeneous polynomials of degree at most d. The first
doubly-exponential upper bounds for Grobner bases were studied by Mayr, Meyer, Bayer, Moller,
Mora and Giusti, see [20, Chapter 38] for a comprehensive review of the subject. In 1982, Mayr
and Meyer [17] showed that the ideal membership problem has doubly exponential complexity. In
1984, Moller and Mora [19] established the degree upper bound (2d)(2"+2)n+1 for any Grobner
basis of Z. Then, Giusti [8] gave the upper bound (2d)2m2 for the degree of the reduced Grébner
basis of Z with respect to the degree reverse lexicographic ordering provided that Z is in generic
position. In 1990, Dubé [0] by applying a constructive combinatorial argument proved the degree
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bound 2(d?/2 +d)?" . In 2013, Mayr and Ritscher [ 18] improved Dubé’s bound to the dimension-
dependent upper bound 2(1/2(d"~P + d))QDf1 for every reduced Grobner basis of Z where D
stands for dim(Z). Hashemi and Seiler [12] provided dimension and depth depending upper bounds
for the degrees of the elements of the reduced Grobner basis of an ideal in generic position. Finally,
by giving a deeper analysis of the method due to Dubé, the authors improved (and correct) Dubé’s
bound to (d +1)2" ", see [11].

One of the main ingredients in proving Dubé’s upper bound [0] is the construction of the
Macaulay constants of a given monomial ideal and then bounding this constants by using combi-
natorial arguments. This construction relies on an exact cone decomposition of the corresponding
quotient ring. In this paper, by using only the Hilbert series of a given monomial ideal, we describe
an effective method to calculate the Macaulay constants of the ideal without computing any exact
cone decomposition of the corresponding quotient ring. Then, by applying this construction and the
method proposed by Mayr-Ritscher [18] to bound the Macaulay constants, we give a new upper
bound for the maximum degree of the elements of any reduced Grobner basis of an ideal generated
by a set of homogeneous polynomials (see Theorem 4.6). We conclude the paper by showing that
our new bound is sharper than the bounds proposed by Dubé [6] and Mayr-Ritscher [18].

The structure of the paper is as follows. Section 2 reviews the basic notations and terminologies
used throughout this paper. In Section 3, we describe our new method to compute the Macaulay
constants of a given monomial ideal by using only the Hilbert series of the ideal. Section 4 is devoted
to present our new degree upper bounds for Grobner bases by applying the relations between the
Macaulay constants and Hilbert series developed in the previous section.

2. Preliminaries

In this section, we will briefly review some basic notations and background materials which are
used throughout the paper. Let R = K[X] be the polynomial ring over an infinite field C where
X ={x1,...,x,} is a an ordered set of variables. Furthermore, let M be the set of all monomials
in R (a monomial is a power product of the variables and is denoted by X* with o € Z>(). We
consider a finite set F = {f1,..., fr} C R of homogeneous polynomials and the ideal Z = (F)
generated by F'. We denote the total degree of a polynomial f € R by deg(f). The maximum
degree of the polynomials in F' is denoted by d = deg(F'). The Krull dimension of the factor ring
R/Z, denoted by D = dim(Z), is the number of elements of any maximal set S C {X} such that
Z N KI[S] = 0. A total ordering on M is called a monomial ordering if,

1. for monomials XO‘,XB,X7 eM,X*<XP implies that X * X7 < XPX".

2. for each monomial X“ € M itholds 1 < X,
Let us fix a monomial ordering < on R. The leading monomial of a polynomial 0 # f € R, denoted
by LM(f), is the greatest monomial appearing in f with respect to < and its coefficient is called
the leading coefficient of f, denoted by LC(f). The leading term of f is the product LT(f) =
LC(f)LM(f). For FF C R, LM(F) stands for {LM(f) | f € F'}. The leading monomial ideal of T
is the monomial ideal LM(Z) = (LM(f) | 0 # f € Z). A finite set G C Z is called a Grobner basis
for Z with respect to <, if LM(Z) = (LM(G)). The remainder of division f by Grébner basis G
with respect to <, is denoted by NF¢ (f). For a Grobner basis G, we let Nz = {NFs(f) | f € R}
We refer to [5] for more details on the theory of Grobner bases.

Let us recall definitions of Hilbert function, Hilbert polynomial, and Hilbert series of a ho-
mogeneous ideal. If f is an arbitrary polynomial in R, then f can be written as a finite sum of
homogeneous polynomials. These homogeneous polynomials are called the homogeneous compo-
nents of f. A subset S C R is called homogeneous if it is a K-vector space and for every f € S,
each homogeneous component of f lies in S as well. Indeed, one sees that an ideal of R is homo-
geneous if it is a homogeneous set. Moreover, for an arbitrary ideal Z C R, Nz is a homogeneous
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set. For a homogeneous set S, the set of all homogeneous polynomials in S of degree i (includ-
ing zero for being a vector space) is denoted by S;. The Hilbert function of S at ¢ is defined to
be HFg(i) = dimx(S;); the dimension of S; as a K-vector space. For a homogeneous ideal Z,
Hilbert function HF () (resp. HF n, (7)) from a certain value coincides with a unique polynomial
in ¢ which is called the Hilbert polynomial of I (resp. Nz) and is denoted by HPz (resp. HP y,).
We have the equality dim(Z) = deg(HP n,) + 1, see [5, Theorem 12, page 494] and by Macaulay’s
theorem HFy, = HF Nir(zy» [5, Proposition 9, page 492]. Note that in the case that HP,, is
the zero polynomial, its degree is defined to be —1. The Hilbert series of S is the power series
HSs(t) = Y, HF g(i)t". This series can be expressed as the quotient HSy, (t) = N(t)/(1 — )P
with a polynomial N € Q[t] satisfying N (1) # 0 (see [7, Theorem 4.27, page 74]). In the next sec-
tion, we will provide a new representation of this series using the Macaulay constants. Recall that a
sequence of homogeneous polynomials f1, ..., fr € R is called regular if (f1,..., fr) # R and f;
is a non-zero divisor on the ring R /(f1, . .., fi—1) foréi = 2, ..., k. It can be shown that the sequence
iy, fr is regular iff the Hilbert series of Nz, f,y is equal to []r_, (1 — t98U)) /(1 — ¢)™ (see
e.g. [14, Corollary 5.2.17, page 203]).

Let us now give a short review of Dubé’s method [6] and some results from [1 1, 18] which
entail degree upper bounds for Grobner bases. For this, we first recall some basic definitions from
[6]. The notion indet(u) stands for the set of all variables appearing in the monomial © € M.

Definition 2.1. For a given set T C R, the sequence Si,...,S; (possibly infinite) of subsets of
T is called a direct decomposition of T if every p € T can be uniquely expressed of the form
p= ,]i;j] p; where p; € S; and r < t. This property is shown by T = S1 & So @ --- B S;.

Example 2.2. As a simple example, the ideal T = (xy1x9,2913) C Klx1,22,x3) has a direct
decomposition x1xs - K[x1, 22, 23] B 2213 - Kl2a, 23).

Dubé in [6, Example 3] suggested the following construction to find a direct decomposition for
a given ideal: Let F' = {fi,..., fr} be a homogeneous generating set for the ideal Z C R. Then,
there exists the following decomposition for Z:

k
= <f1>@@f’bN<f1,fi_1>fl (1)
=2

Note that the decomposition R = Z & Nz is a direct decomposition for the whole ring R. For a
homogeneous polynomial & and the subset u C X, the set C'(h,u) = {ah | @ € R and indet(a) C
u} is called the cone generated by h and w.

Definition 2.3. Let hq, ..., h; be a sequence of homogeneous polynomials in R, and uy, ..., u; a
sequence of subsets of X. A finite set P = {C(h1,u1),...,C(ht,ut)} is a cone decomposition of
T C R if these cones form a direct decomposition for T

For a cone decomposition P, the notion P+ signifies {C'(h,u) € P | u # (}. Furthermore,
we let denote by deg(P) the maximum of deg(h) with C'(h,u) € P.

Definition 2.4. Let k be a non-negative integer and P a cone decomposition. Then, P is called
k-standard if the following conditions hold:
1. there is no cone C(h,u) € PT with deg(h) < k,
2. for each C(g,v) € PT and k < d < deg(g), there exists C(h,u) € P* with deg(h) = d and
ul = [vl.

By convention, if P is the empty set, then P is k-standard for all k.

Example 2.5. Let T = (23, 170973, ¥322) C K[z1, T2, 23). Then C(1, {z2,23}) ® C(z1, {z3}) ©
C(z129, {x2}) ® C(23,{x3}) is a O-standard cone decomposition for Nz.
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Dubé [6] described the SPLIT algorithm to compute standard cone decompositions for a given
monomial ideal Z as well as for Nz.

Definition 2.6. A cone decomposition P is exact if it is k-standard for some k, and in addition for
each d, there exists at most one C(h,u) € P with deg(h) = d.

For example, one observes that the 0-standard cone decomposition in Example 2.5 is not exact.
We shall notice that if 7 is a homogeneous ideal generated by homogeneous polynomials of degree
at most d then by [6, Lemma 5.1], Z possesses a d-standard cone decomposition. Furthermore, for
any given d, Nz has a d-standard cone decomposition. Dubé in [6, page 766] proposed the SHIFT
algorithm to convert any d-standard cone decomposition into a d-exact one.

Example 2.7. The decomposition C(1,{x2,x3})®C (1, {x3}) ® C(x123, {x2}) ® C(z122,{}) P
C(232,{x3}) is a 0-exact cone decomposition for N presented in Example 2.5.

Definition 2.8. The Macaulay constants of a d-exact cone decomposition P is defined to be:
b; = min{l > d | VC(h,u) € P;|u| > i=deg(h) < ¢}, i=0,...,n+1

We note as a simple observation that by > by > --- > b, 11 = d. In Example 2.7, the Macaulay
constants for Nz are by = 4,by = 4,b, = 1,b3 = 0 and by = 0. In [6, Lemma 7.1], it was proved
that the Macaulay constants by, . . . , b, for .S are uniquely determined provided that b,,; is already
fixed. As an application of this theory, once we have found an exact cone decomposition and the
Macaulay constants of a homogeneous set then we are able to compute its Hilbert polynomial, see
below for more details.

Lemma 2.9 ([0, Lemma 6.1]). Let P be an exact cone decomposition, and by, . . . , by, 1 the Macaulay
constants of P. Then for each i = 1,...,n and each number z with b; 11 < z < b;, there is exactly
one cone C(h,u) € PT such that deg(h) = z and |u| = i.

Let P be an exact cone decomposition for a homogeneous set .S and by, . . . , b,, 1 the Macaulay
constants of P. Based on Lemma 2.9, it is shown that (see [6, page 768]) the Hilbert polynomial of

S is equal to
z2—bpy1+n " (r—bi+i—1
HP = -1- . 2
s(z>< ; ) Z( Z. ) 2

i=1

As another application of introducing the Macaulay constants of Nz (by fixing b,4+1 = 0),
Dubé [6, Lemma 7.2] proved that by is an upper bound for the degree of polynomials in any reduced
Grobner basis of Z. Then, using the above construction of the Hilbert polynomial and applying the
decomposition (1), he found a new upper bound for the maximum degree of the elements of any
reduced Grobner basis of an ideal.

Theorem 2.10 ([6, Theorem 8.2]). Let Z C R be a homogeneous ideal that generated by a set
of homogeneous polynomials of degree at most d. Then, the degree of polynomials in any reduced
217,—2

Grobner basis for T is bounded above by 2(d? /2 + d)*" .

In 2013, by improving the Dubé construction, Mayr and Ritscher [18] presented a dimension-
depending degree upper bound for Grobner bases. To review briefly their method, let us quickly
recall some well-known facts. Let Z be generated by the homogeneous polynomials f1,..., fx € R
with deg(f1) > -+ > deg(fx) and D = dim(Z). One of the main topics discussed in [18] is to
embed a homogeneous regular sequence in Z. For this end, they employed a result due to Schmid
[21, Lemma 2.2] (see also [18, Lemma 9]) according to which one is able to find a homogeneous
regular sequence g1, ..., gn—p in Z such that deg(g;) = deg(f;) for 1 < i < n — D. In the next
step, Mayr and Ritscher provided the following decomposition (see [ 18, Lemma 21])

k
T={g1, - 9n-0) &P fi- Na_,.s, 3)

i=1
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where J; = {g1,...,9n—D, f1,-- ., fi}. They applied this decomposition [18, Lemma 22] to show
that any 0-exact cone decomposition P of N7 may be completed to a deg( f1)-exact cone decompo-
sition Q) of N7 where J = (g1, ..., gn—p) such that deg(P) < deg(Q). So, the Macaulay constant
ap = deg(Q) + 1 of @ is an upper bound for the maximum degree of the polynomials in any re-
duced Grobner basis of Z. Based on this observation, they proved the next dimension-depending
upper bound.

Theorem 2.11 ([18, Theorem 33]). Let Z C R be an ideal of dimension D generated by homoge-

neous polynomials f1, ..., fr of degrees respectively dy > - -- > dy. Then, the maximum degree of
D—1

1
the polynomials in any reduced Griobner basis of L is bounded by 2 (§(d1 coodp_p + dl))

By giving a deeper analysis of the method due to Dubé, we improved in [1 1] Dubé’s bound to
O(l)d2n_2. In addition, we pointed out and fixed a flaw in the proof of his main result [6, Lemma
8.1]. Below, we state the main result of [11].

Theorem 2.12 ([1 |, Theorem 4.7]). Let I C R be an ideal generated by a set of homogeneous
polynomials of degree at most d. Then, the maximum degree of the polynomials in any reduced
Grobner basis of L is bounded above by (d + 1)2"72 ifn > 2. If n = 1,2, then the upper bound
becomes d, 2d, respectively.

3. Efficient computation of Macaulay constants

In this section, by studying the Hilbert polynomial and Hilbert series of a homogeneous set, we
describe an efficient algorithm to compute the Macaulay constants of the quotient of a monomial
ideal without computing any exact cone decomposition of the corresponding quotient ring.

Proposition 3.1. Let S be a homogeneous set, P an exact cone decomposition for S and by, . . . , by 41

the Macaulay constants of P. Then, the Hilbert series of S can be written as

S (L =) (e -t 4 (1) B(?)
(1=0"

HSs(t) = )

for some B(t) € Z[t].

Proof. From the assumption, it is clear that the Hilbert series of .S’ (or equivalently the one of P) is
equal to the sum of the Hilbert series of the cones in P, i.e.
HSS(t) = Z HSc(hyu)(t).

C(h,u)eP
On the other hand, the Hilbert series of C'(h, u) € P is represented in terms of the quantities deg(h)
and dim(C'(h, u)) := |u|. So, we can write

HS tdeg(h)
() = ——.

By applying Lemma 2.9, we can partition the set P into P = (J!_, A;, where for 1 < i < n,
A; ={C(h,u) € P|bi11 <deg(h) < b;,|u] =i} and Ag = {C(h,u) € P | |u| = 0}. Therefore,
the Hilbert series of S can be reformulated as follows

HSs(t)=>_ Y. HScwmu() 5)

i=0 C(hu)€A;
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In particular, we know that for each ¢ = 1,...,n and degree z such that b;1; < z < b;, there is
exactly one cone C'(h, u) € P with deg(h) = z and |u| = 7. Therefore, we get
o bt (1 )i (i b
HS t) = . = . 6

C(h,u)€A;

For Ag, we can write
1—t)"B(t)
HS t) = gaesr) — 1~ D" B(0) 7
Z C(hﬁu)( ) Z (1 _ t)n )
C(h,u)€EAo C(h,u)€Ao
where B(t) = 36 uea, tdee(h) By replacing the equalities (6) and (7) in (5), we obtain the
desired equality (4), ending the proof. (]

Dubé in [6, Lemma 7.1] applied the Hilbert polynomial to prove the uniqueness of the Macaulay
constants. Below, we give an alternative proof of this fact by using Proposition 3.1.

Proposition 3.2. Let S be a homogeneous set and P a d-exact cone decomposition for S. If the
Macaulay constant b, 1 = d is fixed, then the Macaulay constants by, . . ., b, 11 are unique.

Proof. Suppose that there is another exact cone decomposition P’ for S such that ag, ..., a,+1 = d
are the Macaulay constants of P’. We claim that by = a, for 0 < £ < n. According to Proposition
3.1, the Hilbert series of S can be written of the forms

S (L= )i (b e )+ (1= )" Bu()

HSs(t) =

(1—t)»
S (= (e %) 4 (1 — )" Ba(t)
= (1—t)" '
Thus, we have
S A=) T et T+ (L= ) By (t) = ®
i=1
D@ =) T e 9T (1= 1) Ba(t).
=1

The proof, to show that by = a, for 1 < ¢ < n, proceeds by induction on ¢. We start with £ = n.
If in Equality (8), we put ¢ = 1, then we get b,, — b,+1 = a, — a,+1 and in consequence b,, =
arn. Now, assume that the claim is true for any ¢ with £ < ¢ < n. We want to prove it for {. By
replacing the equalities b; = a; for £ + 1 < ¢ < n in Equality (8) and by dividing both sides of
the new equality by (1 — ¢)"~*, we obtain Zle(l — ) (b 2T - (1= 1) By (t) =
S (A=)t 4 %) o (1 — 1) By (t). Again, if in the above equality, we put ¢ = 1,
we get by — by11 = ag — agy1. By using induction hypothesis, it holds by = ay. Now, it remains
to show that by = ag. If in Equality (8), we replace b; = a; for each ¢ > 0 and simplify it, we
have By (t) = Ba(t). On the other hand, it follows from the proof of Proposition 3.1 that By (t) =
ZC(h,u)EAU deg(h) and By(t) = ZC(h,u)EA{) deg(h), where Ag = {C(h,u) € P | |u| = 0} and
Ay = {C(h,u) € P'| |u| = 0}. Thus, from Definition 2.8, we have by = 1+max{b; —1,deg(B1)}
and ag = 1 4+ max{a; — 1,deg(B2)} and this shows by = ag, completing the proof. O

Based on this proposition, we are able to give the next definition.

Definition 3.3. Let S be a homogeneous set and by, . .. , b, 1 a sequence of Macaulay constants of
S such that d := by, 1. Then by, . .., b, 11 are called the d-Macaulay constants of .S.
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Using the fact that the Hilbert function of Z is the same as that of LM(Z), [1] (see also [9,
Algorithm 5.2.4]) described an effective method to compute the Hilbert series of N7 using Grobner
bases. On the other hand, If 7 is a homogeneous ideal, then HSz(t) = HSg (t) — HSn, (t), because
R = T & Nz. In the following, based on Propositions 3.1 and 3.2, we present an algorithm to
compute the d-Macaulay constants of N7 for a given d.

Algorithm 1 COMPUTINGMACAULAYCONSTANTS

1: Input: The Hilbert series HSy, (t) = Q(t)/(1 — )™ for the homogeneous set Nz C R and a
non-negative integer d

2: Output: The d-Macaulay constants of Nz

3: bn+1 =d, b, := bn+1 -+ Q(].)

4: for ¢ from n downto 2 do

s P(t) = (Q(t) — (" + -+t 71)) /(1 1)
6: bi_1:=b; + P(l)

7. Q(t) := P(t)

8: end for

9:

P(t) = (Q(t) = (t* + -+ "7 1)) /(1 — 1)
bo := 1+ max{b; — 1,deg(P)}
: return (by, ..., bn4+1)

—_ =
-

Theorem 3.4. The COMPUTINGMACAULAYCONSTANTS algorithm terminates in finitely many
steps and is correct.

Proof. The termination of the algorithm is ensured by the for-loop in the algorithm. To prove its
correctness, it follows from Proposition 3.1 that
Q) =Y (L —t)" (- "7 4 (1= )" B(1).
i=1

Therefore, Q(1) = b, — bp41 and in turn b,, = b, 11 + Q(1). On the other hand, one observes that
Q(t) — (tbn+1 4. .. 4 tb»—1) is divisible by (1 —t) and we can write Q(t) — (tPn+1 4 - - +tbn 1) =
(1 —t)P(t) with P(t) = S0 (1 — )"~ (91 - 445~ 1) 4 (1 — )"~ 1 B(t). Now, we have
P(1) = bp—1 — by, and b,—1 = b, + P(1). By setting Q(t) := P(t) and repeating this process (in
the for-loop), we can compute b,,_o, . . ., b. Finally, for by, from Definition 2.8, we know that by :=
1+max{b; —1,deg(B)}. At the end of the for-loop, we have Q(t) = (t*2+- - - +t"1~1)4-(1—t) B(t).
Therefore, by setting P(t) := (Q(t) — (t%2 + - -+ + t¥171)) /(1 — t), we have P(t) = B(t) and we
get the correct value for by, as desired. O

Remark 3.5. We shall notice that the termination and correctness of this algorithm hold for any
homogeneous set which can be represented by an exact cone decomposition.

We illustrate the steps of this algorithm through a simple example.

Example 3.6. Let Z = (23, z1w023) C K[21, 72, 23] and d = 2. The ideal T is a homogeneous set
and by using the function HILBERTSERIES of MAPLE, we have HSz(t) = —t2(t2 —t — 1) /(1 — t)3.
Then, Q(t) = —t2(t> —t — 1), by = 2, and b3 = by + Q(1) = 2 + 1 = 3. Next, we have
Q(t) —t? = —t* + 3 = (1 — t)t® and in turn we obtain P(t) = t3 and Q(t) = t>. Furthermore,
we have by = bz + Q(1) = 3 + 1 = 4. Since Q(t) — t3 = 0 then we set P(t) = 0, Q(t) = 0 and
by = ba + Q(1) = 44 0 = 4. Finally, P(t) = 0 and by = 4. Note that we the degree of the zero
polynomial is defined to be —1.

Below, based on the next simple observation, we give more explicit formulas for the Hilbert
polynomial and Hilbert series of the quotient ring of an ideal in terms of its Macaulay constants.
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Lemma 3.7. Let T C R be an arbitrary ideal with D = dim(Z). Further, let P be a d-exact cone
decomposition for Nt and by, . . . , by, +1 the Macaulay constants of P. Then fort = D+1,...,n+1
we have b; = d.

Proof. We know that if P an exact cone decomposition for Nz, then D = dim(Z) = max{|u| |
C(h,u) € P}. Therefore according to the definition of the Macaulay constants, b; = d for i =
D+1,....,n+1. (I

Theorem 3.8. Let T C R be an arbitrary ideal with D = dim(Z). Let P be a d-exact cone
decomposition for Nz and by, . . . , by, 11 the Macaulay constants of P. Then

z—d+D D z—b;+i—1
L HPy,(2) = ("5 7) — 1 7in=1 7,
Y2 A= pPih 4 ) + (1 )P B(1)
(1-t)P
Proof. (1) By Lemma 3.7, we have b; = d fori = D + 1,...,n + 1. By replacing these values in
Equality (2), we deduce that

2. HSn,(t) = where B(t) € Z[t].

n

D . .
z—d+n z—b;+1—1 z—d+1—1
o)) )

i=1

(z—i—i—n) ~ E": (z—d;i—i—l) _1_i<z—bi;—i—1).

i=D+1 i=1

HPN._, (Z)

(”71), we have

By using the combinatorial identity (;’:11) = -

t

z—d+n - z—d+1—1 z—d+ D
()2 -0
i=D+1

and the Hilbert polynomial of N7 can be formulated in the form

HP (2] = (z—dD+D> _1_ZD:(z—b,»i+i—1)_

i=1
To prove (2), we can write

n

D
SO e ) = (A T )
1

i=1 i=
T N I (L
i=D+1
Since bpy1 = -+ = byy1 = d, then P does not contain any cone C'(h,u) with |u| = ¢ and ¢ > D.
Thus, it yields that }_" (1 — ¢)"7*(t"+1 + .- + t*~1) = 0 and we conclude that

S (1 — )i ) (1 — ) B(t)

HSn,(t) = =0
=P ) 4+ (1 - 1) PB(t)
o (1—-t)P ’

O

We conclude this section by discussing two applications of this theorem. As a direct conse-
quence of this theorem, we prove first that the Macaulay constants of a regular sequence depend
only on the degree of elements of this sequence.
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Corollary 3.9. Let g1,. .., g, and g1, . . ., g}, be two regular sequences such that deg(g;) = deg(g})
foranyi.Let J = (g1,...,9k) and J' = (g1, ..., g).). Then, for any given d, the d-Macaulay con-

stants of N7 and of N 7/ coincide. In particular, we can choose gy = z(lleg(gl), NS zgeg(gk).

Proof. We know that HSx, (t) = [T, (1 — t48())/(1 — t)* and HSy,,(t) = [[}/_,(1 —
tde8(99)) /(1 — ). From the equality HSy, = HSy,, and Proposition 3.2, it follows that the
sequence of the Macaulay constants of NV and N7, are equal. ]

Finally, we give an alternative proof of the result about the dimension-depending upper bound
for the degree of a homogeneous ideal, see [2, Theorem 4.5]. Let us recall the definition of the degree
of an ideal.

Definition 3.10. [10, page 52] Let T C R be a homogeneous ideal with D = dim(Z). If D > 0,
then the degree of Z, denoted by deg(T), is (D — 1)! times the leading coefficient of the Hilbert
polynomial of Nz. If D = 0, then deg(Z) is defined to be the sum of the coefficients of HSn (t).

As already mentioned, one of the main issues in the approach by Mayr and Ritscher [18]
is to embed a homogeneous regular sequence in a given homogeneous ideal. However, Lazard in
[16, Proposition 21] proved the next proposition which gives a stronger version of the result due to
Schmid [2 1, Lemma 2.2] (see also [ 8, Lemma 9]) and it can sharpen the bounds presented in [18].

Proposition 3.11. Let T C R be an ideal of dimension D generated by homogeneous polynomials
fi,-.., frx of degrees dy, . .., dy such that do > --- > dy > dy. Then, there is a regular sequence
91y -y 9n—p € I such that deg(g;) = d;.

In order to apply this proposition, from now on we consider the next assumption on the sorting
of the f;’s.
Notation 3.12. Let T C R be an ideal of dimension D generated by the homogeneous polynomials
J1,-- o [k € R of degrees dy, ... ,dg withdy > -+ > dp—p-1 > dp—py1 > -+ 2 dg 2 dp—p.
Under this assumption, we can conclude that there exists a regular sequence g1, ...,9n,—p € Z
of homogeneous polynomials of degrees dy > --- > d,,—p.
Theorem 3.13 (Dimension-depending Bézout bound). With the above notations we have deg(Z) <
di---dnp_p.
Proof. From [13, page 173], we know that deg(Z) = N(1) where HSy, (t) = N(t)/(1 —t)P.
Let us consider the decomposition (3) for the ideal Z. Then, it follows that HSz(¢) = HS7(¢) +
Zle HSfi'N_’qufl;fi (t) where J = <gla s 7gn—D>, s7z = {917 -+ 9n—D, fl) ceey fl}a and the

homogeneous polynomials g1, ...,g,—p is a regular sequence lying in Z with deg(g;) = d; for
1 < < n— D. By subtracting HSx (¢) by both sides of this equality of Hilbert series, we get easily
k
HSy, (t) = HSn, (t) + > _HSj v, ., (1). )
i=1

Now, by applying the algorithms SPLIT and SHIFT we can construct a 0-exact cone decomposition
Q; for Ng,_,.¢, forany i.Itis easy to see that f; - Q); is a d;-exact cone decomposition of f;- N7, _,.f,
for each i. On the other hand, due to the fact that 7 C J; : f;, we have D; := dim(7; : f;) <
dim(J) = D for any i. Since .7 is generated by a regular sequence, HSy , (t) = H?:_lD(l + et
tdi=1) /(1 — )P It follows from Theorem 3.8 and the equality (9) that

1770+t
(1-1)D

N(t) k ijzil(l — )Dimi(ghiarr g b=y 4 (1= £)PiB(1)

i=1
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where b; o,...,b; p,,bi p,4+1 = -+ = b; n4+1 are the Macaulay constants of f; - Ny, .., for each ¢.
Since D; < D, then D D; > 0 and by multiplying the numerator and denominator of the latter
fraction by (1 — ¢)P~Pi we obtain

Hiz_l (14 4t
(1-1)P

N(t) P A= )P (b 4 127 4 (1 £)P By (1)
a-yr * 2 1 (1-0)P '

By multiplying both sides of this equality by (1 — ¢)”, we have

n—D
H(l_'_'.._’_tdi*l) — (10)
=1
k D;
N + YD (@=t)Pi(bee gl + (1 - )P Bi(t).

i=1j=1
Now, for each 4, two cases may arise: If D; = D, then the value of Z]D=1 (1 —t)P=i(thisr ...
thii =1 4+ (1 —t)PB;(t) at t = 1 is positive. Otherwise the value of Zle (1—t)P=i(thisrr 4o 4
thii 1) + (1 — )P B,(t) at t = 1 is zero. Hence, by evaluating both sides of Equality (10) at t = 1,
we get the desired inequality. (I

Remark 3.14. With the notations of Theorem 3.13 and from the proof of this theorem, one sees that
in the case that f1 ¢ J (or equivalently there is some f; with f; ¢ J) then Dy := dim(J : f1) =
dim(J) and in consequence the value ofszzll(l —)P=i(tbrat b ) 1 (1 - 1) P By (t)
at t = 1 is positive. Thus, we have deg(Z) < dy -+ - dp—p.

4. New upper bound for degree Grobner bases

In this section, we use the results discussed in the previous section as well as the method presented
in [18] to give a new degree upper bound for Grébner bases. Assume that Z = (fy,..., fr) C R
for each i, f; is a homogeneous polynomial of total degree d; and D = dim(Z) # n. In whole this
section, we follow the sorting on the f;’s presented in Notation 3.12. Note that in the case that the
generating set of Z contains a linear polynomial f with the leading monomial z;, then to compute
a Grobner basis for Z, we can eliminate f from the generating set of Z and x; from the variables
provided that for each j, we replace f; by its reduction with respect to f. Thus, without loss of
generality, we may assume that d; > 2 for each ¢ and let d = max{dy,...,dx}. Also, let < be a
monomial ordering on k.

The key idea of Dubé’s approach [0, Theorem 4.11] is that for any reduced Grobner basis G of
7 and for any given 0-standard cone decomposition P for Nz we have deg(G) < deg(P) + 1 where
deg(G) denotes the maximum degree of the elements of G. Now, let ag, . . . , a1 be the Macaulay
constants of P, then deg(G) < ag. So, the main goal of [6] is to exploit combinatorial arguments to
find an upper bound for ag.

Now, let g1,...,9,—p € Z be a regular sequence of degrees dy,...,d,_p. As already dis-
cussed, we are sure about the existence of such a regular sequence. Let J = (g1,...,9n—p) C R
and by, ..., b,+1 be the Macaulay constants of N;. Then, Mayr and Ritscher [18] proved that an
upper bound for max{by,d; + --- + d,—p — n} remains a upper bound for the maximum degree
of the elements of any reduced Grobner basis of Z. In addition, they proved that, for this purpose,
instead of the ideal 7, we can consider the simpler ideal £ = (x‘fl ey xi’fg ). However, we shall
note that, a drawback of their approach is that by has not been intervened in their bounds, see [18,
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Theorem 25] and its proof. By applying our investigation on Hilbert series in the previous section,
we are able to involve by and give an explicit formula for computing the b;’s. These allow us to
improve the Mayr and Ritscher upper bound. Let us start with the next lemma from [18].

Lemma 4.1 ([18, Lemma 22]). Keeping the above notations, any 0-standard cone decomposition P
of Nz may be completed to a d-exact cone decomposition Q of N 7 with deg(P) < deg(Q).

Proposition 4.2. With the above notations, let P is a 0-standard cone decomposition of Nt. Then,
deg(P) < deg(S) where S is a d-exact cone decomposition of Np.

Proof. From Lemma 4.1, we can complete P into a d-exact cone decomposition ) of N7 with
deg(P) < deg(Q). On the other hand, from Corollary 3.9, it follows that the Macaulay constants of
Q@ and S are equal. Let by, . . . , b,,+1 be the common Macaulay constants of () and S. Thus, we have
deg(S) = bp — 1 = deg(Q) and in turn deg(P) < deg(5). O

Remark 4.3. If we compare Proposition 4.2 with [18, Theorem 25] then we see that our upper
bound for deg(P) depends only on by. Beside this, Mayr and Ritscher in the proof of [18, Theorem
25], are not able to show that the d-Macaulay constants of N 7 and N coincide completely.

Lemma 4.4. [fby,...,b,1 are the d-Macaulay constants of N, and D > 0 then it holds by = b;.

Proof. Let us consider the following cone decomposition for N
T ={C(h,u) |u=4{Tpn_pi1,..,xn},h =2 20" s.t.0 < a; < d;}. (11)

It is easy to see that 7" is a O-standard cone decomposition. Using [0, Lemma 3.1], for any d € N
we can construct a d-standard cone decomposition Ty for N, and according to the proof of this
lemma and using the assumption D > 0 we have deg(Ty,0) < deg(Ty) where Ty o = {C(h,u) €
Ty | w = (}. Furthermore, by applying the SHIFT algorithm [6, page 766], we can convert T,
into a d-exact cone decomposition Sy and by the structure of this algorithm deg(Sg,0) < deg(Sq)
where Sg0 = {C(h,u) € Sq | v = 0}. Let d = b,,11. From the uniqueness property of Macaulay
constants (Proposition 3.2), we know that by, ...,b,+1 are the Macaulay constants of S; and it
follows that by = b;. O

In the following, we present a recursive formula for calculating the d-Macaulay constants of
N, for a given d.

Theorem 4.5. Let by, . .., b, 11 be the d-Macaulay constants of N¢. Then by = d for ¢ > D+ 1 and

bp = dy--dy_p+d (12)
dy---d, p

bp-1 = f(dl"’dnfD‘i‘Qd'Fn‘f'l_(d1+"'+dn7D+D))+d

bp_x =

(-1 S ()P J!
bp—ki1 + k! (f(k)(l) - i:;c+l [m g j—zb:iﬂ m})

bi—1

wherek =0,...,D =1, f(t) = I} (1 4 -+ t% 1) and f*)(t) is the k-th derivative of f.

Proof. Let P be a d-exact cone decomposition of N. Since dim(£) = D, from Lemma 3.7 and
Theorem 3.8, we conclude that by = d for D + 1 < ¢ < n + 1 and in addition
S =P+ ) + (1= )P B(Y)

(1-tP

HSn,(t) =
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for some polynomial B(t). Since z*, ... ,a:‘i"f[’f forms a regular sequence, we have HSy . (t) =
H;:lD(l —td) /(1 — )" = H?:lD(l + -+ t471) /(1 — t)P. From the two latter equalities, it
results
n—D D
[T+t => A =p)P (@ 4+ ")+ (1= )P B(). (13)
i=1 i=1
If in Equality (13), we put ¢ = 1, then we get f(1) = dy---dn—p = bp — d and in turn bp =
dy -+ -d,_p + d. For simplicity, we denote f;(t) = t¥+1 + ... + %=L and h;(t) = (1 — )P~
To calculate bp_1, it is enough to take the derivative with respect to ¢ of both sides of (13) and
to put t = 1. More precisely, some elementary calculus shows that the derivative of the left hand

di--d,_
side is f(V(1) = %

F591) + bp — bp_1. By replacing £5 (1) =

dy-dy_
%(d1+---+dn_D—(n—D)) = 5 +bp—bp_1. (14

Replacing bp by d; - - - d,,—p + d in (14) and making some simplifications leads to

dy--d,_
bp_q1 = %(dl..~dn,D+2d+n+1— (di+-+do-p+D))+d. (15
Similarly, to calculate bp_j;, we shall proceed by taking % times derivative of both sides of (13),
ie. f(t) = Zil hifi + (1 — t)PB(t) and putting ¢ = 1 in it. Note that, in this computation,
(1 — )P B(t) can be ignored. Using elementary calculus, it is not hard to show that

o) = Z (hit)® (1

(di + -+ 4+ dy—p — (n — D)) and the one of the other side is
(bp —d)(bp+d—1)
2

(bp —d)(bp +d—1)

in this equality, we get

i=D—k
k
(hifi)(k)(l) — Z( )h(J) f(k 7) (1) = (le_i>h§Di)(1)fi(kD+i)(l)
7=0
bi—1 .
(D—i) _ (_1\D=i(p _ (k=D+i),y _ N~ J
RPT1) = (=1)Pi(D i), f (1)_]‘;{“ TRy

It is worth noting that to calculate (h; f;)*) (1), we use the well-known Leibniz formula and the fact
that if 4 # D — 4 then hgj)(l) = 0. Therefore, we can write f*)(1) as

D k b N b;i—1 i
— i:;k [<D—i)(_1) (D —i)! xj_zb:m m}
D ; bi—1 .
(=1)P k! X J!
I T A

From this equality, we can find the value of bp_j, as follows

(-1 DRSS !
= (f(’“)() > [mx > m])'

i=D—k+1 j=bis1

We state now the main theorem of this paper.
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Theorem 4.6. Let T C R be an ideal generated by homogeneous polynomials f1,. .., fr of de-
grees dy, ..., dy (satisfying Notation 3.12) and D = dim(Z). Then, the maximum degree of the
polynomials in any reduced Gribner basis G of T is bounded by

dy

1 2D—2
2(ch1---dn,D(czl---dn,D+2d1 4n+1—(d++dnp+D))+ 7) (16)

whenever D > 2. In the case that D = 0, 1, the upper bound becomes dy + --- + d,, —n + 1 and
dy---dp_1 + dy, respectively.

Proof. Suppose that D > 2. Let bg,...,b,4+1 be the di-Macaulay constants of N, with £ =
(zd ... ,xi":ﬁ’ ). By Proposition 4.2, deg(G) < bg. On the other hand, according to Theorem 4.4
bo equals by. To prove the desired bound we follow the approach due to Mayr and Ritscher in [18,
Lemma 31] by using the inequality b,_; < b2/2. It was proved by proceeding an induction on
s = D,...,2. However, unfortunately, they have not proved the base step of the induction, i.e.
bp_1 < b2D /2. Note that to give the proof of this step, one needs the values of bp_1 and bp as given
in Theorem 4.5. Let us first complete the proof of this step. By applying Theorem 4.5 for d = d;
and Equality (14), we know that bp_1 = bp + (bp —d)(bp +d —1)/2 —d; - -- dn,D(dl + 4
dp—p — (n — D))/2. Thus, by replacing bp by d; - - - d,,_p + d in this expression (only where bp
has degree one), we can write

b2D —d2+2d_d1-~-dn,D

o=t 2

Since d > 2 then (—d? + 2d)/2 < 0. In addition, from d; > 2 for each i and n > D, it follows
that dy + -+ + dp—p — (n — D + 1) > 0 and in consequence bp_; < b% /2, proving the base
step. Now, we can use the inequality bs_1 < bg /2 for 2 < s < D. Therefore, if D > 2 then

D—s—1
b, < 2(bD_1/2)2 for 1 < s < D — 1. From Theorem 4.4, we have

(14 +dyp—(n—D+1)). (17)

1
bDfl:idl"'dnfD(dl"'dnfD‘f'le+n+1—(d1+"'+dn7D+D))+d1

and for D > 2, we deduce that
D—-2

1 d
deg(G) < by = by < 2(3d1 -+ dup(d -+ dup+2drFn+1~(di -+ p+D)) + )

Let us now discus the remaining cases D = 0, 1. If D = 1, then b; = bp and deg(G) < by =b; =
bp = dy---dn_1 + dy. For the case D = 0, any standard cone decomposition of N is exact. So,
the set {C'(h,{}) | h = «{* -+ 28" 8.t.0 < a; < d;} forms a d;-exact cone decomposition for
N,. From the definition of Macaulay constants, by is the maximum of d; and one plus the maximum
degree of the cones in the above decomposition i.e. by = max{dy,(dy — 1) +---+ (d, — 1) + 1}.
From the fact that d; > 2, ityields that by = d1+- - -+d,, —n+1and deg(G) < d1+- - -+d,,—n+1,
completing the proof. ]

Remark 4.7. To compare our new bound with the one presented in [1 8, Theorem 33], let us present
these bounds by 2(%/1) and 2(%3)2]3_2, respectively where A = dy - - - dn_D(dl ~oodp_p +
2dy +n+1—(dy+--+dn_p+ D)) +2dy and B = (dy---dn_p + dy)? We claim that
B—-—A> Q”_D(n—D—l). Sincen > D and d; > 2 for 1 <i < n — D, we can write
B-—A = di—2d+di - dy_p(di++dop—(n—D+1))
> dy---dypln—D—-1)>2""Pmn-D-1)

2D—2

and this proves that our bound is sharper than the Mayr and Ritscher one. Since our bound depends
on the dimension of the ideal, then it is clear that our new bound is sharper than that of Dubé [6].
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Corollary 4.8. Let T C R be an ideal generated by a set of homogeneous polynomials of degree
at most d and dim(Z) = D. Then, the maximum degree of the polynomials in any reduced Grobner
basis of T is bounded by

D—-2

1 2
2(5 (@ + ) — & + 2d))
(@77 +d)” = d* +2d)
if D > 2. If D = 0,1, then upper bound becomes nd —n + 1 and d"~' + d, respectively.

We end this section by extending Theorem 4.6 to non-necessary homogeneous ideals. It is
well-known that by considering a new variable x,, 1, we can transform a given non-necessary ho-
mogeneous polynomial f into a homogeneous one, denoted by f*. Let T = (fi,..., fx) C R and
d; = deg(f;) and dim(Z) = D. We consider the sorting of the f;’s as presented in Notation 3.12.
Mayr and Ritscher applied [ 18, Lemma 35] to prove the upper bound

1 2P
2(5((d1 . dn_D)2(nfD) + dl))

for the degrees of the elements of any reduced Grobner basis of Z. In doing so, they exploited
the fact that the homogenization of Z contains a homogeneous regular sequence of degree at most
(dy--- dn,D)z. The proof of [2, Theorem 4.19] entails that there are polynomials g1,...,9n—p € Z
such that g%, . . .| gZ; p is a regular sequence of degree at most d; - - - d,,_ p. Based on this observa-
tion and Corollary 4.8, we can state the next theorem.

Theorem 4.9. Let T C R be an ideal generated by a set of non-necessary homogeneous polyno-
mials f1,..., fr of degrees d, . .., dy. Then the maximum degree of the polynomials in the reduced
Grobner basis is bounded by

2D—1

1, e
2(F((@" " + ) - di +241) )

provided that D > 1. If D = 0, then upper bound becomes (dy - - dy,_1)" "' + dj.
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